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FOREWORD 


This  report  was  prepared  by  the  staff  of  Batteile  Memorial  Institute  for  the  Aeronautical 
Research  Laboratory,  Wright- Patterson  Air  Force  Base,  under  Contract  AF  33(038)- 13501,  Task 
70148,  Project  3012,  "Monograph  on  Injection  of  Liquids  Into  a  GaB  Stream". 

Work  on  this  report  was  performed  by  A  A  Putnam,  F.  Benington,  H.  Einbinder, 

H.  R.  Hazard,  J.  D.  Kettelle,  Jr. ,  A,  Levy,  C.  C.  Mieaoe,  J.  M.  Pilcher,  R.  E.  Thomas,  and 
A  E.  Weller  under  the  administrative  direction  of  B.  A.  Landry.  Editing  was  carried  out  by 
It.  E.  Thomas  and  A.  A  Putnam  of  Batteile  Memorial  Institute. 

The  project  was  initiated  by  Dr.  D.  G.  Samaras  in  1950,  and  was  supervised  by  Joseph  Ix)ch 
until  May,  1954.  Since  that  time,  Dr.  D.  G.  Samaras  acted  as  the  Task  Scientist  for  the  Aeronau¬ 
tical  Research  Laboratory,  Wright  Air  Development  Center,  Wright- Patterson  Air  Force  Base, 
Ohio. 


ABSTRACT 


This  Monograph  contains  a  review  of  material  in  the  unclassified  literature  relating  directly 
to  the  fundamental  physical  phenomena  involved  in  steady  flow  processes  in  high- intensity  combus¬ 
tors.  To  systematize  the  presentation,  the  report  has  been  divided  into  six  partSj  as  follows: 

I.  Atomization  of  Liquid  Fuels,  IL  Ballistics  of  Droplets,  III.  Evaporation  of  Droplets, 

IV.  Fluid  Dynamics,  V.  Homogeneous  Combustion,  and  VI.  Heterogeneous  Combustion.  The 
sections  have  been  further  subdivided  into  a  total  of  19  chapters.  The  information  in  each  of  these 
chapters  may  be  summarized  briefly  as  follows: 


Part  I.  Atomization  of  Liquid  Fuels 


Chapter  1.  "The  Mechanism  of  Atomization"  -  It  is  shown  that  atomization  generally  takes 
place  in  three  steps:  (a)  the  initial  disturbance  of  the  surface  of  the  liquid  jet,  (b)  the  formation  of 
ligaments  which  then  break  up  into  fragments,  and  (c)  the  further  breakup  of  the  fragments  into 
smaller  droplets.  The  most  important  factors  that  influence  drop  size  in  the  atomization  process 
are:  (a)  nozzle  design,  (b)  operating  conditions,  especially  pressure,  (c)  the  properties  of  the 
liquid  and  of  the  air  into  which  it  is  injected,  and  (d)  the  relative  velocity  between  the  liquid  and 
the  air. 

Chapter  2.  "Methods  of  Atomization"  -  Five  basically  different  methods  of  atomization  are 

(1)  solid  injection,  using  pressure  nozzles,  (2)  two-fluid  atomization,  whereby  the  liquid  is  disin¬ 
tegrated  when  it  encounters  a  high-velocity  stream  of  gas,  (3)  atomization  by  rotating  discs  or 
cups,  (4)  atomization  by  vibrating  devices  employing  sonic  or  mechanical  vibrations,  and  (5)  atom¬ 
ization  by  impinging  jets,  whereby  the  collision  of  two  or  more  liquid  jets  results  in  atomization. 

Chapter  3.  "Design  of  Atomizers"  —  The  requirements  of  a  good  fuel-spray  nozzle  are 
summarized,  and  the  fundamental  principles  of  nozzle  design  are  discussed. 

Chapter  4.  "Spray  Analysis"  —  Six  classes  of  experimental  methods  for  determining  drop- 
size  distribution  are:  (1)  microscopic  examination  of  drops  collected  on  slides  or  in  cells, 

(2)  freezing  of  drops  in  spray  followed  by  sieving,  (3)  direct  photographic  methods,  (4)  optical 
methods  based  on  the  scattering  or  absorption  of  light,  (5)  electronic  and  radioautographic  tech¬ 
niques,  and  (6)  selective  impaction.  Each  method  has  its  advantages,  but  none  is  entirely  satis¬ 
factory.  Mathematical  representations  of  drop-size  distribution  are  discussed.  Other  important 
factors  in  spray  analysis  are  the  angl  :B  formed  by  the  conical  spray  and  the  distribution  of  droplets 
about  the  axis. 


Part  IL  Ballistics  of  Droplets 


Chapter  5.  "Ballistic-  of  i., if  Ooplet"  -  The  methods  of  classical  hydrodynamics  are 
employed  to  obtain  those  fu-darr  1  '•  i>t*  which  pertain  to  the  translation  and  rotation  of  solid 
Or-.ieres  in  an  ideal  fluid;  th  c  i  i'u  r  i  *n  extended  to  the  motion  of  solid  or  liquid  spheres  in 
real  fluids.  Recent  modifications  to  u.ose  t  '•atments  are  covered,  the  various  theories  regarding 
the  wake  formation  behind  a  mo>  ng  sphere  .  *  compared,  a  mathematical  analysis  of  droplet  de¬ 
formations  is  given,  and  the  equations  for  fc  motion  of  a  droplet  injected  into  a  uniform  and 
curved  flow  field  are  developed. 

Chapter  6,  "Dynimics  of  Dispersions"  -  This  treatment  is  based  on  the  assumption  that  the 
injection  process  may  be  analyzed  by  applications  of  basic  results  which  have  been  established  in 
the  related  fields  of  fixed  beds',  fluidized  beds,  and  pneumatic  transport.  The  problems  of  sedi¬ 
mentation,  flocculation,  diffusion,  coalescence,  and  sonic  agglomeration  arc  treated  briefly. 
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Part  III.  Evaporation  of  Droplets 


Chapter  7,  "The  Thermodynamics  and  Kinetics  of  Evaporation"  -  A  fundamental  discussion 
is  given  of  the  principal  factors  that  enter  into  both  the  thermodynamics  and  kinetics  of  evapora¬ 
tion.  Both  of  these  aspects  of  the  evaporation  process  are  interrelated  through  transition  energies. 
Kinetics,  however,  determine  the  rate  of  material  transport  during  the  phase  change  by  specifying 
the  energy  necessary  for  the  activation  of  phase  transitions  having  thermodynamic  feasibility. 
Experimentally  determined  evaporation  rates  of  a  wide  variety  of  liquids  are  found  io  be  in  good 
agreement  with  theoretical  rates. 

Chapter  8.  "Single- Droplet  Evaporation"  -  The  Maxwell  theory  of  droplet  evaporation  's 
presented,  then  modified  by  introducing  the  Fuchs'  concep/t  of  a  stagnant  boundary  layer  surround¬ 
ing  the  evaporating  droplet,  and  finally  the  theory  is  extended  to  include  the  evaporation  of  drops 
in  a  finite  enclosure.  It  is  shown  that  while  diffusion  transport  of  small  molecules  from  the 
boundary  layer  can  be  completely  described  by  theory,  the  opposing  thermal- transport  process  is 
less  completely  understood. 

Chapter  9.  "Evaporation  of  a  Moving  Droplet"  -  The  evaporation  of  a  rigid  liquid  Bphere 
under  conditions  of  ambient-gas  motion  is  described  in  terms  of  a  set  of  simultaneous  differential 
equations  which  relate  heat  and  mass  transfer  to  the  hydrodynamic  variables  f  gaa  flow  in  the 
region  of  the  liquid  surface. 

Chapter  10.  "Spray  Evaporation"  -  An  analysis  of  dynamic-spray  evaporation  is  given  that 
is  based  upon  the  aerodynamic  and  transport  aspects  of  single-droplet  evaporation.  The  evapora¬ 
tion  rates  for  individual  drops  are  integrated  to  obtain  a  total  evaporation  rate;  droplet-interaction 
effects  are  neglected. 


Part  IV.  Fluid  Dynamics 


Chapter  11.  "The  Equations  of  Fluid  Dynamics"  —  The  basic  equations  of  fluid  flow  are 
derived  in  Cartesian  tensor  notation.  Included  are  the  continuity  equation,  the  equation  for  the 
dissipation  of  energy  by  viscosity,  the  energy  equation  for  a  viBcous  fluid,  and  the  Navier-Stokes' 
equation. 

Chapter  12.  "Turbulence"  -  This  review  is  divided  into  two  main  sections,  the  phenomeno¬ 
logical  theories  of  turbulence,  and  the  statistical  theory  of  turbulence.  In  both  sections,  experi¬ 
mental  data  from  the  literature  are  compared  with  the  various  theories. 

Chapter  13,  "Hydrodynamic  Recirculation"  -  Most  of  the  work  recorded  in  the  literature  has 
been  carried  out  on  iscthermal-flow  Bystems,  such  as  the  stable  flow  pattern  around  a  bluff  body 
at  low  Reynolds  numbers,  (2)  the  unstable  flow  pattern  around  a  bluff  body  at  high  Reynolds  num¬ 
bers,  and  (3)  the  unstable  flow  pattern  typical  of  a  closed  system  with  one  or  more  entries  and 
exits.  The  changes  made  in  these  flow  patterr.B  by  the  presence  of  a  flame  arc  discussed.  The 
types  of  recirculation  encountered  in  practice  arc  illustrated  by  the  use  of  typical  combustion  units. 


Part  V.  Homogeneous  Combustion 


Chapter  14.  "Laminar  Flame  Propagation"  -  The  various  theories  of  flame  propagation  are 
outlined,  methods  of  measuring  burning  velocity  are  covered,  and  their  limitations  and  advantages 
noted.  The  physical  effect  on  burning  velocity  of  temperature,  pressure,  mixed  fuels,  and  n^n- 
hydrocarbon  fuels  are  considered. 

Chapter  15.  "Turbulent  Flames  of  Premixed  Gases"  —  The  theories  of  turbulent  flame 
propagation  fall  naturally  into  three  groups  -  those  in  which  the  scale  of  turbulent*  is  considerably 
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smaller  than  the  flame  thickness,  those  in  which  the  scale  of  turbvlence  is  considerably  larger  than 
the  flame  thickness,  and  those  in  which  the  scale  of  turbulence  and  the  flame  thickness  are  about 
the  same.  The  various  treatments  of  flame  instability  which  might  lead  to  flame-generated  turbu¬ 
lence  are  covered.  Following  the  evaluation  of  the  mathematical  aspects  of  the  turbulent  flame 
phenomena,  the  experimental  data  reported  in  the  literature  are  discussed. 

Chapter  16,  "The  Stability  Limits  of  Premixed  Flames"  -  The  flammability  limits  of  a 
static  mixture  are  considered  first.  These  limits  are  affected  by  composition,  pressure,  and 
chamber  size  in  a  manner  that  seems  related  to  certain  phenomena  observed  in  studies  of  flame 
stability.  The  stability  of  flames  in  low-velocity  streams  is  next  examined,  both  from  an  experi¬ 
mental  and  theoretical  point  of  view.  Finally,  flame  stability  in  a  high-velocity  stream  is  covered; 
stability  in  this  latter  case  appears  to  depend  on  a  different  mechanism  than  stability  in  a  low- 
velocity  stream. 

Chapter  17.  "Ignition  of  Combustible  Mixtures'1  -  Weaknesses  in  early  research  techniques 
used  in  studies  of  spark  ignition  resulted  in  conclusions  at  variance  with  present  knowledge.  Re¬ 
cent  workers  have  been  more  successful  in  correlating  ignition  test  data  with  significant  variables 
and  with  theories.  Important  variables  are:  (a)  properties  of  the  gas  mixture,  including  fuel 
properties,  and  proportions  of  fuel,  oxygen,  and  diluents,  (b)  imposed  conditions  of  pressure  and 
temperature,  and  (c)  spark  conditions,  including  energy  and  duration  of  the  discharge,  and  shape 
and  spacing  of  the  electrodes. 


Part  VI.  Heterogeneous  Combustion 


Chapter  18,  "Droplet  Combustion"  -  The  various  theories  of  droplet  combustion,  which  are 
closely  related  to  theories  of  evaporation,  are  considered.  The  experimental  results  of  studies  of 
flammability  limits  and  propagation  rates  in  fuel  mists,  and  the  effect  of  the  physical  properties  of 
iprays  on  flame  stability  limits  in  high-velocity  stream  are  discussed. 

Chapter  19.  "Diffusion  Flames"  -  Diffusion  flames  may  be  classified  into  four  types:  the 
onfined  laminar  flame,  the  i.nconfir.ed  laminar  flame  and  the  confined  and  unconfined  turbulent 
flames.  In  the  confined  flame,  both  fuel  and  oxidant  are  in  limited  supply,  while  in  the  unconfined 
flame,  only  the  fuel  is  limited.  Also,  in  the  unconfined  flame,  buoyancy  effects  may  play  a  large 
part  in  the  observed  phenomena.  The  mixing  process,  is  usually  the  rate-controlling  factor  in  the  1 . 

d'  Jusion  flame;  thus,  the  conditions  of  mixing  are  often  of  more  importance  than  chemical  kinetic 
considerations. 
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INJECTION  AND  COMBUSTION  OF  LIQUID  FUE^S 


INTRODUCTION 


Less  than  twenty  years  ago,  workers  in  the  field  of  combustion  were  divided  into  several 
groups,  each  functioning  more  or  less  independently  of  the  others.  There  were  those  interested  in 
the  burning  of  solid  fuels  in  beds,  and  those  interested  in  the  burning  of  these  same  fuels  in  pul¬ 
verized  form  or  in  suspension.  Some  were  interested  in  the  burning  of  light  fuel  oils,  principally 
for  residential  heating,  while  others  were  developing  or  improving  burners  and  auxiliary  equip¬ 
ment  for  the  burning  of  the  heavy  fuel  oils  in  boiler  furnaces.  Gas  burners,  both  small  and  large, 
had  been  studied,  burning  velocities  had  been  measured  and  the  data  used  to  design  against  flash¬ 
back.  The  advantage  of  turbulent  flames  had  been  recognized  and  empirical  burner  designs  were 
developed  that  permitted  the  use  of  such  flames.  Piston  engines  of  the  internal  combustion  type  had 
been  studied  and  the  influence  of  fuel  properties,  defined  by  octane  and  cetane  numbers,  were  well 
recognized.  Some  liquid-propelled  rockets  had  been  successfully  fired.  Finally,  small  groups, 
here  and  there,  were  tackling  the  intricate  questions  of  combustion  kinetics  by  ingenious  if  not 
always  completely  rewarding  experiments.  Then,  reaction  propulsion  became  a  practical  reality 
in  the  field  of  aeronautics. 

Combustion  engineers  were  immediately  faced  with  the  problem  of  supporting  a  flame  in  air 
streams  moving  at  hurricane  velocities,  of  releasing  huge  quantities  of  heat  in  small  enclosures, 
and  of  ensuring  that  combustion  would  be  completed  before  the  hot  gases  passed  to  a  turbine  or 
nozzle.  By  dint  of  ingenuity,  satisfactory  solutions  of  a  temporary  nature  were  found  to  the  prob¬ 
lems  of  burner  design  for  aircraft  reaction  power  plants.  However,  the  growing  requirements  for 
more  speed  and  power  in  aircraft  constantly  place  greater  stress  on  the  combustion  art,  so  that  a 
strong  scientific  basis  for  what  may  be  called  the  unit  processes  of  high  duty  combustion  is  needed. 
The  processes  of  high  duty  combustion  are  now  under  intensive  study,  and  the  various  segments  of 
the  previously  separated  fields  of  combustion  research  are  becoming  united.  To  the  fields  of 
science  previously  associated  with  combustion  have  bean  added  those  of  aerodynamics  and 
thermodynamics. 

It  was  originally  planned  that  this  monograph  would  comprise  an  integration  of  the  informa¬ 
tion  in  the  various  fields  of  science  associated  with  combustion,  and  that  the  monograph  would  be  a 
joint  effort  of  several  people  working  in  the  separate  fields.  However,  it  was  soon  discovered  that 
even  the  uniting  of  the  information  in  each  of  the  separate  fields  from  the  viewpoint  of  combustion 
was  a  great  task.  Many  of  the  contributions  to  the  literature,  especially  from  workers  not  directly 
concerned  with  combustion,  were  felt  to  be  of  great  importance.  On  the  other  hand,  the  under¬ 
standing  of  the  total  combustion  problem  is  not  yet  at  a  state  where  relative  importance  can  always 
be  weighed.  Thus,  the  evaluation  of  the  literature  by  the  authors  of  this  monograph  could  not  be 
as  critical  as  was  desired.  In  the  light  of  the  above  discussed  experience,  the  aim  of  the  mono¬ 
graph  was  therefore  altered  from  one  of  critically  surveying  and  correlating  this  literature  to  one 
of  bringing  together  descriptions  of  some  of  the  more  important  findings  relating  directly  or  in¬ 
directly  to  understanding  the  fundamental  physical  phenomena  involved  in  steady  flow  processes  in 
high  duty  combustors. 

Because  the  entire  combustion  process,  from  atomization  to  completion  of  combustion,  takes 
place  rapidly,  and  in  a  compact  region,  it  is  not  usually  pcssiblc  in  production-type  combustion 
equipment  to  separate,  time-  and  space-wise,  all  the  vari ius  effects  that  follow  one  another  and 
cooperate  in  the  establishment  of  a  stable  flame.  Thus  knowledge  of  these  effects  must  be  obtained 
from  separate  studies  sometimes  far  removed  from  combastion  conditions.  This  monograph  con¬ 
tains  a  review  of  the  literature  in  a  number  of  separate  ti  Hds  related  in  some  degree  to  the  com¬ 
bustion  process.  To  systematize  the  presentation,  the  fi  Ids  have  beer,  divided  into  six  categories: 

I.  Atomization  of  Liquid  Fuels;  II.  Ballistics  of  Droplet  i;  IIL  Evaporation  of  Droplets;  IV.  Fluid 
Dynamics;  V.  Homogeneous  Combustion;  VL,  Heterogeneous  Combustion.  In  each  of  these  arbi¬ 
trary  classifications  of  the  various  unit  processes  in  combustion,  the  subject  matter  has  been 
further  subdivided  into  chapters.  The  styles  of  the  va  ious  chapters  reflect  the  individuality  and 
viewpoints  of  the  different  authors. 
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One  of  the  challenges  that  faces  workers  in  the  field  of  combustion  research  is  to  provide  the 
means  for  the  extrapolation  and  the  integration  of  data  obtained  with  relatively  slow  transport  or 
slow  reaction  processes,  to  represent  conditions  of  high  intensity  combustion.  It  is  hoped  that  this 
monograph  will  encourage  further  research  to  obtain  data  better  suited  for  this  difficult  problem 
of  extrapolation  and  integration,  and  that  it  will  stimulate  work  on  methods  of  using  such  data  in 
design. 

#This  manuscript  was  released  for  publication  by  the  authors  May  1954, 
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"INJECTION  AND  COMBUSTION  OF  LIQUID  FUELS" 


CHAPTER  1.  THE  MECHANISM  OF  ATOMIZATION 


ABSTRACT 


The  numerous  theories  postulated  for  ihe  mechanism  by 
which  a  jet  of  liquid  is  disintegrated  into  droplets  are  reviewed. 
Atomization  generally  takes  place  in  three  steps,  (a)  the  initial 
disturbance  of  the  surface  of  the  jet  of  liquid,  (b)  the  formation 
of  ligaments  which  then  break  up  into  fragments,  and  (c)  the 
further  breakup  of  the  fragments  into  smaller  droplets.  The 
problem  of  determining  theoretically  the  form  of  disturbance  that 
most  rapidly  leads  to  jet  instability  has  been  solved  for  several 
typical  cases,  based  on  a  number  of  reasonable  physical  assump¬ 
tions;  but  the  ultimate  problem  of  determining  the  drop-size  dis¬ 
tribution  that  finally  results  is  far  from  solution.  It  has  been 
established,  however,  that  the  most  important  factors  that  influ¬ 
ence  drop  size  are  (a)  nozzle  design,  (b)  operating  conditions, 
especially  pressure,  and  (c)  the  properties  of  the  liquid  and  of 
the  air  into  which  it  is  injected.  The  major  consideration  is  the 
relative  velocity  between  the  iiquid  and  the  air. 
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CHAPTER  1 

THE  MECHANISM  OF  ATOMIZATION 


by 


J.  M.  Filcher  and  C.  C.  Miesse 


Atomization  is  the  first  and  possibly  the  most  important  step  involved  in  the  combustion  of 
liquid  fuels  in  propulsion  devices.  The  combustion  of  liquid  fuel  is  a  vapor-phase  process,  and  to 
accelerate  vaporization  by  breaking  up  the  liquid  into  droplets  of  the  proper  size  is  the  fundamental 
function  of  atomization.  An  additional  and  equally  important  function  cf  atomization  is  to  distribute 
the  fuel  particles  throughout  the  combustion  spac'i.  The  distribution  of  droplets  is  the  initial  step 
in  the  mixing  of  the  fuel  with  air.  The  three  processes  of  atomization,  vaporization,  and  mixing 
are,  therefore,  closely  related.  All  three  processes  greatly  affect  the  functioning  of  the  fuel  and 
combustion  systems  that  Lucas^-^  calls  the  "heart  and  soul"  of  the  aircraft  turbine  power  unit. 

The  literature  includes  several  hundred  papers  and  reports  on  the  atomizetion  of  liquids  for 
many  different  uses,  for  example:  agricultural  and  insecticidal  sprays,  therapeutic  aerosols, 
internal-combustion  engines,  humidification  and  scrubbing  operations,  and  sprays  for  drying  solids 
suspended  in  liquids.  In  this  monograph,  however,  the  references  on  atomization  will  be  re¬ 
stricted  to  literature  related  to  the  continuous  injection  of  liquids  into  gases,  as  for  jet  engines  and 
rockets;  this  is  considered  to  include  all  fundamental  studies  of  atomization,  such  as  its  mecha¬ 
nism,  and  the  resulting  drop-size  distribution,  regardless  of  application.  The  available  literature 
is  extensive,  and  care  was  exercised  to  select  the  most  pertinent  and  useful  references.  Intermit¬ 
tent  processes,  such  as  diesel-fuel  injection,  and  the  injection  of  liquid  into  liquid,  or  of  gas  into 
either  liquid  or  gas,  will  not  be  considered  here. 

The  extent  to  which  atomization  increases  the  surface  area  of  the  liquid  exposed  to  air  is 
effectively  illustrated  by  Joyce^-^),  who  points  out  that  the  surface  area  of  1  cu  cm  of  liquid  in  the 
form  of  a  single  sphere  is  only  4.83  sq  cm;  whereas  the  same  volume  of  liquid  in  a  normal  spray 
containing  10  million  particles,  ranging  from  5  microns  up  to  500  microns  in  diameter,  has  a 
surface  area  that  may  range  up  to  1200  sq  cm.  The  surface  area  of  a  given  weight  of  liquid  is 
inversely  proportional  to  the  diameter  of  the  droplets. 

The  energy  of  the  surface  of  the  droplets,  as  determined  by  multiplying  the  surface  of  the 
droplets  by  the  surfkce  tension  of  the  liquid,  is  small;  however,  because  the  efficiency  of  atomiza¬ 
tion  is  usually  less  than  one  per  cent,  considerable  energy  is  required  to  accomplish  a  high  degree 
of  atomization. 

The  influence  of  "pray  particle  size  and  distribution  in  the  combustion  of  oil  droplets  i3 
emphasized  by  Proberc^"^/,  who  showed  that  by  far  the  most  important  characteristic  of  a  spray 
is  the  size  constant  of  the  Rosin-Rammler  relation,  whereas  the  distribution  conetant  has  a 
marked  effect  on  the  time  required  for  complete  evaporation  of  the  spray.  These  considerations 
will  be  enlarged  upon  later. 

Before  going  into  a  discussion  of  the  mechanisms  of  atomization,  the  meaning  of  a  few  terms 
peculiar  to  the  art  will  be  discussed.  The  term  "atomization",  according  to  Romp0"4),  was 
probably  introduced  in  1875  by  Commander  Isherwood,  of  the  American  Navy,  who  made  a  study 
of  oil  burning  for  naval  purposes.  The  etymology  of  the  word,  as  explained  by  Castleman^-1’), 
implies  the  formation  of  drops  so  fine  as  to  be  indivisible.  Such  a  concept  has  a  definite  physical 
significance  for  liquid  jets,  Castleman  claims,  because  of  a  limit  in  drop  fineness  that  is  reached. 
However,  the  existence  of  a  lower  size  limit  of  about  seven  microns  is  a  controversial  matter  that  is 
discussed  later  in  the  following  section  on  Physical  Processes  that  describes  various  mechanisms 
of  atomization.  Since  "atomization"  means  the  formation  of  very  fine  droplets,  Castleman  recom¬ 
mends  that  the  term  "disintegration"  be  used  when  the  drop  sizes  are  larger  than  the  limiting 
value  that  he  claims  does  exist.  Although  "atomization",  in  the  connotation  of  "reducing  liquid  to 


WADC  TR  56-344 


1-1 


atoms”,  is  a  very  exaggerated  term  for  the  formation  of  sprays  of  liquids,  it  is,  nevertheless, 
a  term  now  generally  used  in  all  English-speaking  countries  and  will  be  used  here. 

The  recent  literature  tends  to  make  a  distinction  between  "atomizing  nozzles"  and  "spray 
nozzles".  The  former  are  two-fluid  or  pneumatic- type  atomizers  that  use  air  or  steam  to  ac¬ 
complish  atomization,  and  the  latter  are  pressure-type  nozzles  in  which  the  pressure  on  the  liquid 
supplies  the  energy  for  "breakup".  The  use  of  the  adjective  "atomizing"  for  two-fluid  nozzles 
probably  results  from  the  fact  that  smaller  droplets  usually  are  formed  with  them  than  with  the 
pressure-type  "spray  nozzles". 

To  summarize  the  terminology:  "breakup"  refers  to  the  initial  breaking  up  of  a  liquid  jet; 
"disintegration"  implies  the  formation  of  more  or  less  coarse  drops;  and  "atomizhtion"  means 
the  formation  of  very  fine  droplets, 

From  the  practical  point  of  view,  Mock  and  Ganger^-^)  claim  that  the  achievement  of  a  high 
degree  of  atomization  and  evenness  of  distribution,  particularly  at  low  fuel  rates,  are  major  needs 
in  the  field  of  fuel-spray  nozzles  i'or  gar-turbine  power  plants.  Similarly,  LawrenceU-?)  states 
that  a  highly  atomized  fuel  is  required  under  idling  conditions  at  altitude  when  the  fuel  flow  rate  is 
least. 


PHYSICAL  PROCESSES 


Numerous  theories  have  been  postulated  concerning  the  mechanism  by  which  a  liquid  jet 
breaks  up,  disintegrates,  and  is  atomized;  in  many  instances  the  various  writers  do  not  agree. 
Much  of  the  disagreement  is  attributed  to  two  facts:  (a)  the  mechanism  by  which  atomization  is 
accomplished  is  quite  different  for  different  conditions;  and  (b)  atomization  may,  and  usually  does, 
take  place  in  successive  stages  involving  more  than  one  single  mechanism.  There  is  general 
agreement,  however,  on  one  point:  the  atomization  of  a  liquid  is  an  extremely  complicated 
process. 

The  actual  physical  steps  involved  in  the  transformation  of  a  liquid  into  droplets  have  been 
studied  principally  with  the  aid  of  high-speed  photography.  The  purely  theoretical  analyses  that 
have  been  made  will  be  reviewed  more  thoroughly  in  the  succeeding  section  entitled,  "Theoretical 
Analysis  of  Jet  Instability  and  of  Secondary  Atomization". 

The  most  logical  order  for  the  discussion  of  physical  mechanisms  is  a  chronological  one 
that  shows  how  the  thinking  has  progressed  from  the  time  of  the  early  work  of  Lord  Rayleigh,  in 
1878,  to  the  present. 


RayleighU-fl).  The  classical  work  of  Lord  Rayleigh  was  the  first  theoretical  investigation  con¬ 
cerning  the  breakup  of  liquid  jets.  Rayleigh  very  properly  treated  the  problem  as  one  of  instability 
resulting  from  two  causes.  The  first  is  operative  in  the  case  of  jets  of  heavy  liquids,  as  for  water 
projected  into  air,  and  is  due  to  capillary  force,  or  surface  tension,  which  renders  the  cylinder 
unstable  and  favors  its  breakup  into  detached  masses  of  larger  diameter,  the  aggregate  surface  of 
which  is  less  than  that  of  the  cylinder.  The  principal  problem  here  was  to  determine  the  wave¬ 
length  of  the  disturbance  from  which  may  be  determined  the  number  of  masses  into  which  a  given 
length  of  jet  may  be  expected  to  distribute  itself,  Rayleigh  showed  that  the  growth  rate  of  the  dis¬ 
turbance  caused  by  surface  tension  was  at  maximum  when  the  wavelength  was  4.  508  times  the 
diameter  of  the  jet.  The  size  of  drops  formed  would  then  be  slightly  less  than  twice  the  size  of 
the  nozzle  opening. 

The  second  cause  of  instability,  which  operates  even  when  the  jet  and  its  environment  are  of 
the  same  material,  is  dynamical  in  character  and  has  its  origin  in  the  general  translatory  motion 
of  the  jet.  Lord  Rayleigh's  mathematical  treatment  of  this  dynamic  effect,  illustrated  by  the  in¬ 
fluence  of  wind  on  wave:  in  water,  will  be  reserved  for  the  theoretical  analyses  of  atomization  in 
the  next  section.  A  point  to  be  kept  in  mind,  when  considering  Rayleigh's  excellent  contribution  to 
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a  better  understanding  of  the  mechanism  of  disintegration,  is  that  his  theoretical  work  provides  a 
basis  for  computing  the  initial  size  of  the  droplets  into  which  a  low-velocity  jet  will  disintegrate, 
but  it  in  no  way  explains  the  complicated  mechanism  of  the  limiting  form  of  disintegration,  namely 
atomization,  which  is  of  much  greater  practical  significance  in  combustion  systems. 


(fl) 


(b) 


(c) 

FIGURE  1-1.  SURFACE  DISTURBANCES 

(a)  and  (b)  Rotationally  symmetric 
(c)  One-sided  wavelike 

(Haenlein)!-^ 

Haenlein(*~9)  and  Weber(^~^).  Haenlein  made  an  experimental  investigation  of  the  process  of 
disintegration  and  atomization  in  its  simplest  form,  and  his  results  were  then  treated  analytically 
by  Weber.  Haenlein's  shadow  pictures  showed  five  characteristic  forms  of  disintegration  as 
follows: 

(1)  Surface  disturbances  resulting  from  imperfections  in  the  jet,  from  vibrations  of  the 
nozzle,  or  from  particles  of  dust  or  from  air  bubbles. 

Figures  l-l(a)and  l-l(b)show  the  most  important  rotationally  symmetric  disturbances 
and  Figure  l-l(c)  shows  the  one-sided  wave-like  disturbances  that  occur  in  different  places.  The 
ratio  of  the  wavelength  to  the  jet  diameter  -£/d  is  characteristic  of  its  effect  on  the  jet.  The  initiul 
disturbances  occur  simultaneously  and  overlap  one  another.  These  disturbances  increase  or 
decrease  according  to  the  forces  acting  on  them,  and  thus  lead  to  the  disintegration  of  the  jet. 

(2)  Drop  formation  without  the  influence  of  the  surrounding  air  occurs  at  low  velocities, 
when  the  air  does  not  appreciably  affect  the  shape  of  the  jet.  The  only  disturbing  force  then 
acting  on  the  jet  is  the  surface  tension,  which  causes  the  jet  to  become  unstable  because  of 
rotationally  symmetric  disturbances,  and  to  break  up  into  drops  as  described  by  Lord  Rayleigh^-**), 
Rayleigh,  it  will  be  remembered,  found  that  the  drops  were  formed  most  easily  when  the  dis¬ 
turbance  gave  a  ra.,o  of -£/d  equal  to  about  4.  5.  Haenlein,  however,  found  that,  for  viscous 
liquids,  this  ratio  was  somewhat  greater,  and  that  ratios  were  as  high  as  30  to  40  for  castor  oil. 

If  it  is  assumed  that  the  initial  disturbances  arc  of  uniform  magnitude,  a  constant  disintegration 
time  elapses  from  the  beginning  of  the  disturbance  to  the  formation  of  a  drop.  Consequently,  a 
definite  disintegration  length,  L,  is  developed  until  a  drop  is  cut  off,  which  length  increases  in 
proportion  to  the  velocity. 
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Figure  l-2(a)  represents  the  disintegration  of  a  jet  without  air  influence  for  an  initial 
disturbance  of-^/d  *  4.  42.  Since  the  initial  disturbances  actually  fluctuate,  the  disintegration 
length  of  constant  velocity  is  not  perfectly  constant,  but  oscillates  about  a  mean  value,  and  the 
differences  in  the  disturbances  may  be  so  great  that  the  jet  will  be  simultaneously  broken  up  into 
drops  at  several  points. 

(3)  Drop  formation  with  the  influence  of  air  is  shown  in  Figure  l-2(b).  The  aerodynamic 
forces  act  similarly  to  wind  blowing  over  water  and  produce  a  definite  initial  disturbance.  The  air 
velocity  increases  over  the  wave  crests  aud  decreases  over  the  troughs.  At  the  same  time,  the 
pressure  decreases  over  the  crests  and  increases  over  the  troughs  so  that  the  wave  motion  is 
intensified  and  drops  are  formed. 


Direction  of  flow 


FIGURE  1-2.  DISINTEGRATION  PHENOMENA 

(a)  Drop  Formation  Without  Air  Influence 

(b)  Drop  Formation  With  Air  Influence 

(c)  Wave  Formation  Through  Air  Influence 

(Haenlein)^"^ 

(4)  Wave  formation  due  to  the  action  of  air  occurs  when  the  velocity  is  further  increased, 
and  the  initial  disturbances  become  one-sided  under  the  augmented  influence  of  the  air,  as  shown 
in  Figure  1  -2(c).  The  one-sided  disturbances  seem  to  be  trying  to  bend  the  jet,  and  develop  more 
rapidly  than  the  rotationally  symmetric  disturbances,  as  shown  in  Figure  l-2(b).  Surface  tension 
has  a  retarding  effect  on  wave  formation  by  tending  to  return  the  jet  to  its  original  form  with  the 
minimum  surface  tension. 

(5)  Complete  disintegration  of  the  jet  occurs  when  the  velocity  is  further  increased,  and  the 
jet  loses  all  regularity  of  form.  The  liquid  flowing  from  the  nozzle  is  broken  up  in  a  chaotic  and 
entirely  irregular  manner  under  the  influence  of  the  air;  however,  Haenlein  offers  no  explanation 
concerning  the  mechanism  of  this  last  and  most  important  form  of  disruption  of  the  jet. 

The  transitions  between  the  different  jet  forms  take  place  gradually,  so  that  the  formation 
of  drops  and  of  waves,  or  of  waves  and  complete  disintegration  of  the  jet,  may  take  place 
simultaneously. 

Weber  made  a  theoretical  investigation,  which  is  discussed  in  the  next  section,  in  which  he 
derived  mathematical  relations  that  in  character  agree  with  the  experimental  results  of  Haenlein. 


Castleman^  ■5)0-H),  The  actual  process  of  atomization,  according  to  Castleman,  is  rather 
simple  and  is  explained  by  his  "ligament  theory".  A  portion  of  the  large  mass  of  liquid  is  caught 
up  by  the  air  and,  being  anchored  at  the  other  end,  is  drawn  out  into  a  fine  ligament.  This  liga¬ 
ment  ts  quickly  cut  off  by  the  rapid  growth  of  a  dent  in  its  surface,  and  the  detached  mass,  being 
quite  small,  is  quickly  drawn  up  into  a  spherical  drop.  Atomization  occurs  at  the  surface  under 
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the  influence  of  the  relative  motion  of  gas  and  liquid,  and  the  physical  mechanism  is  identical 
whether  atomization  takes  place  in  an  air  stream  or  accompanies  solid  injection.  According  to 
Castleman,  a  minimum  drop  size  is  reached  at  an  air  speed  of  about  330  to  400  ft  per  sec.  The 
minimum  diameter  that  he  reported  for  water  droplets  was  about  10  microns  when  atomized  in  a 
high-speed  air  stream.  Diameters  of  7  to  8  microns  were  found  for  the  smallest  droplets  of  gas 
oil  atomized  by  solid  injection  into  air  of  atmospheric  density.  This  compares  favorably  with 
the  mean  diameter  of  about  7  microns  found  by  Sauter^-^)  in  the  high-speed  air-stream  atomiza¬ 
tion  of  kerosene,  which  has  a  surface  tension  about  the  same  as  that  of  gas  oil.  The  size  of  the 
smallest  drops  was  observed  to  be  practically'  independent  of  the  injection  pressure,  and,  since  a 
spray  becomes  more  homogeneous  the  higher  the  relative  air  speed,  the  mean  drop  size  approaches 
the  minimum.  In  other  words,  a  higher  degree  of  atomization  means  that  a  greater  percentage  of 
the  droplets  are  of  the  smallest  size,  not  that  the  smallest  droplets  are  any  smaller. 

Figure  1-3  shows  spark  photographs  of  continuous  sprays  at  injection  pressures  varying 
from  30  psi  to  1500  psi.  These  photographs,  obtained  by  Lee  and  Spencer0"13)}  tend  to  support 
Castleman' s  theory  in  that  they  indicate  ligament  formation  as  an  intermediate  step  in  the  detach¬ 
ment  of  a  small  drop  from  a  large  mass  of  liquid,  the  ligaments  extending  from  the  unatomized 
mass  in  the  direction  of  relative  motion,  and  appearing  to  decrease  in  size  and  length  as  the  rela¬ 
tive  air  speed  i3  increased. 

Castleman  considers  that  Haenlein's  explanation  of  atomization  as  a  result  of  increase  in 
waviness  is  insufficient,  and  that  the  small  drops  are  formed  only  by  means  of  ligaments  torn 
from  the  main  mass.  A  difference  in  the  methods  for  producing  the  sprays  used  by  Haenlein  and 
by  Castleman  may  account  for  this  difference  of  opinion  concerning  the  physical  mechanism  of 
atomization. 


Lee  and  Spencer^" ^).  A  large  number  of  excellent  photomicrographs  of  fuel  sprays  were  taken 
by  Lee  and  Spencer,  who  studied  the  structure  of  sprays  and  the  process  of  spray  formation. 

These  investigators  supported  the  theory  advanced  by  Castleman,  and  observed  that  with  injected 
sprays,  the  fuel  leaves  the  nozzle  as  an  unbroken  column,  becomes  ruffled,  and  then  is  torn  into 
small  irregular  ligaments  by  the  action  of  air.  The  ligaments  are  then  quickly  drawn  up  into  drops 
-by  the  surface  tension  of  the  fuel.  They  learned  further  that  turbulence  accelerates  the  disintegra¬ 
tion  of  the  fuel  jet  by  ruffling  its  surface  close  to  the  orifice,  but  turbulence  has  relatively  small 
disintegrating  power  in  itself.  They  found  that  the  degree  of  disintegration  of  the  jet  increases 
with  the  distance  from  the  nozzle,  the  air  density,  the  fuel  velocity,  or  the  fuel  turbulence,  but 
decreases  with  an  increase  of  fuel  viscosity,  surface  tension,  or  nozzle-orifice  diameter. 

Figure  1-4  is  an  excellent  illustration  of  three  of  the  forms  of  jet  disintegration  described 
by  Haenlein,  caused  by  rotationally  symmetric  and  wave-like  disturbances.  In  Figure  l-4(a)  the 
jet  velocity  is  so  low  that  the  air  plays  no  part,  and  the  fuel  column  is  separated  into  drops  solely 
by  the  forces  of  surface  tension. 

In  Figure  l-4(b),  taken  at  higher  magnification  than  (a),  the  jet  velocity  has  been  increased 
until  the  aerodynamic  forces  also  play  a  part  in  the  disintegration  of  the  jet 

In  Figure  l-4(c)  the  jet  velocity  is  still  greater,  and  waves  have  been  formed  in  addition  to 
the  rotationally  symmetric  disturbances.  These  waves  arc  also  the  result  of  aerodynamic  forces, 
and  at  the  higher  velocities  they  develop  more  rapidly  than  do  the  rotationally  symmetric  dis¬ 
turbances,  causing  the  jet  to  be  broken  into  many  irregular  parts. 

Figure  1-5  shows  the  progressive  effect  of  the  various  forces  acting  on  the  fuel  jet  at 
increasing  distances  from  the  nozzle.  The  Jet  issuing  from  the  orifice  contains  slight  irregu¬ 
larities  that  may  be  caused  by  fuel  turbulence,  imperfections  in  the  nozzle,  or  by  vibrations  of  the 
nozzle.  These  i-regularitics  arc  accentuated  by  the  action  of  air  until  the  jet  consists  of  many  ir¬ 
regular  parts;  these  parts  arc  then  drawn  out  into  ligaments  by  further  action  of  the  air.  and  the 
ligaments  subsequently  collapse  to  form  drops. 
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Injection  pressure  <30  psi 


Injection  pressure  750  psi 


Injection  pressure  200  psi 


FIGURE  1-3.  CONTINUOUS  SPRAYS  AT  VARIOUS  INJECTION  PRESSURES. 
NACA  SPARK  PHOTOGRAPHS  (Lee  and  Spencer)  U13 
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Injection  pressure  100  psi 


Injection  pressure  1,  500  psi 
0.008-in.  orifice  diameter 
15/16  in.  from  orifice 


Injection  pressure  700  psi 
0,020-in.  orifice  diameter 
4-3/4  in,  from  orifice 


'  -am 


FIGURE  1-4.  FORMS  OF  JET  DISINTEGRATION  DESCRIBED  BY  HAENLEIN 


(a)  Rotationally  Symmetric  Disturbances  Without  Air  Influence,  x3.  25 
Injection  Pressure  Less  Than  10  Pounds  per  Square  Inch 

(b)  Rotationaliy  Symmetric  Disturbances  With  Air  Influence,  xlO. 
Injection  Pressure,  50  Pounds  per  Square  Inch 

(c)  Wave  Formation,  xlO,  Injection  Pressure,  100  Pounds  per 
Square  Inch  (Lee  and  Spencer) 
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Figure  1-6  shows  that,  as  the  air  density  is  increased,  the  degree  of  disintegration  of  the 
jet  at  a  given  distance  from  the  nozzle  becomes  greater,  and  the  sizes  of  the  fuel  particles  are 
apparently  reduced.  Substantially  the  same  results  may  be  obtained,  however,  by  keeping  the 
air  density  constant  and  increasing  the  distance  from  the  nozzle.  Thus,  the  disintegration  process 
is  not  completed  immediately,  but  continues  as  long  as  the  fuel  retains  enough  velocity  to  be  acted 
upon  by  the  air.  In  dense  air,  the  process  is  more  quickly  carried  to  the  limits  obtainable  with  the 
jet  velocity  being  used,  but  in  air  of  low  density,  the  jet  loses  velocity  more  slowly  and  travels 
farther;  in  both  cases  the  final  effect  is  the  same. 

Figure  i-7  shows  the  effect  of  injection  velocity  on  the  disintegration  of  fuel  jets.  As  the 
injection  velocity  is  increased,  the  disintegrating  forces  which  result  from  air  action  and  from 
fuel  turbulence  increase.  At  20  psi,  when  these  forces  are  slight,  the  entire  jet  is  seen  in  the 
initial  form  of  jet  disintegration.  At  higher  injection  velocities  the  irregular  surface  is  accen¬ 
tuated  by  air  action  and  the  fuel  is  divided  into  smaller  and  smaller  parts  until  the  air  forces  can 
no  longer  overcome  the  resistance  forces  due  to  the  surface  tension  and  viscosity  of  the  fuel. 

These  smallest  parts  then  collapse  to  form  drops. 

Figure  1-8  shows  the  qualitative  effects  of  viscosity  and  surface  tension  on  spray  formation 
at  an  injection  pressure  of  1500  psi.  The  degree  of  disintegration  of  the  jet  is  seen  to  decrease 
as  the  viscosity  is  increased.  With  water,  the  increased  surface  tension  (68  dynes  per  cm,  com¬ 
pared  with  21  for  gasoline  and  24  for  ethyl  alcohol)  causes  a  noticeable  reduction  in  the  degree  of 
jet  disintegration.  However,  for  the  minor  differences  in  surface  tension  among  the  various  fuels 
(21  to  31  dynes  per  cm),  the  effect  is  negligible. 

This  photographic  study  by  Lee  and  Spencer  has  been  a  valuable  contribution  to  a  better 
understanding  of  the  physical  mechanism  of  atomization. 


DeJuhaaz,  Zahn,  and  Schweitzer^1- 15)  0~  *6).  According  to  Schweitzer,  turbulence  is  the  dominant 
factor  influencing  atomization  and,  for  high-velocity  jets,  surface  tension  plays  a  subordinate  role. 
He  points  out  that  air  friction  cannot  atomize  a  laminar  jet  so  long  as  the  velocity  distribution  ad¬ 
jacent  to  the  skin  remains  parabolic,  dropping  to  zero  at  the  periphery.  However,  the  combined 
effects  of  air  friction  and  surface  tension  eventually  give  rise  to  surface  irregularities  that  lead  to 
disintegration  of  the  jet. 

Schweitzer  describes  three  types  of  flow  of  liquid  through  the  nozzle  orifice,  namely,  turbu¬ 
lent,  semiturbulent,  and  laminar.  If  the  flow  is  turbulent  in  its  entirety,  the  orifice  wall  is  bom¬ 
barded  by  liquid  particles  having  radial  velocity  components  and,  as  soon  as  the  restraint  of  the 
orifice  wall  cease3,  the  particles  are  kept  in  bounds  only  by  the  surface  film  which  may  soon 
break,  resulting  in  a  general  disruption  of  the  jet.  A  laminar  layer  may  retard  this  disintegration 
only  for  a  short  period.  When  a  jet  is  turbulent  throughout,  no  air  friction  is  necessary  for  dis¬ 
persion,  but  high  air  pressure  does  improve  dispersion. 

If  the  jet  is  semiturbulent,  consisting  of  a  turbulent  core  and  a  laminar  envelope,  the 
laminar  envelope  will  prevent  turbulent  liquid  particles  from  passing  the  surface  and  prevent 
any  action  on  the  part  of  air  friction,  30  that  no  disintegration  will  take  place  adjacent  to  the 
orifice  exit.  However,  the  more  rapidly  moving  turbulent  core  will  soon  forge  ahead  of  the 
laminar  envelope,  and  breakup  will  occur  after  the  jet  has  traveled  the  required  breakup  distance. 
For  a  purely  laminar  jet,  a  greater  breakup  distance  will  precede  disintegration 

Schweitzer  admits  that,  in  all  three  conditions,  high  air  friction  acts  in  favor  of  disintegra¬ 
tion,  but  that  an  ever-so-small  surface  disturbance  is  always  present,  even  in  laminar  jets,  to 
give  the  air  stream  an  opportunity  to  tear  off  small  masses  of  liquid  which  quickly  form  drops. 
Surface  tension  tends  to  heal  up  minor  surface  disturbances,  whereas  air  friction  tends  to  tear  the 
jet  further  apart. 

To  summarize  Schweitzer's  concept  of  the  mechanism  of  disintegration,  an  actual  jet  will 
ordinarily  disintegrate  under  the  combined  influence  of  liquid  turbulence  and  air  friction.  If  the 
inherent  liquid  turbulence  is  sufficiently  high,  it  will  disperse  the  jet,  unaided,  close  to  the  orifice. 
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(a)  0.  0013  atm  (b)  1  atm 


(c)  4.  4  atm 


(d)  7.  8  atm 


(e)  14.5  ; 


FIGURE  1-6,  EFFECT  OF  AIR  DENSITY  ON  FUEL  JETS 


Effective  Injection  Pressure,  250  psi;  Orifice 
Diameter,  0.020  inch;  Fuel  Viscosity,  0.  130  poise 
at  22  C  (Lee  and  Spencer)  1-14 
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300  pounds  per  square  inch  900  pounds  per  square  inch 

FIGURE  1-7.  EFFECT  OF  INJECTION  PRESSURE  ON  JET  DISINTEGRATION 


Orifice  Diameter,  0.020  inch;  Air  Density,  1  atmosphere; 
Distance  From  Nozzle,  4.  75  inches  (Lee  and  Spencer) 
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Laminar  or  semiturbulent  jets  also  disintegrate  quite  rapidly  while  moving  in  dense  air  with  high 
velocity,  but  not  before  traversing  a  definite  breakup  distance. 

The  chief  concept  introduced  by  Schweitzer  is  the  extremely  important  role  played  by 
turbulence,  from  which  he  concludes  that  viscosity  is  the  most  important  liquid  property  that 
influences  jet  disintegration. 


Tyler^"*^.  Using  spark  photographs,  Tyler  measured  the  wavelengths  and  sizes  of  drops  formed 
when  a  cylindrical  column  of  liquid  moving  at  low  velocity  breaks  up.  His  measurements  of  wave¬ 
length  agree  well  with  the  theoretical  value  of  4.  5  times  the  jet  diameter,  as  developed  by  Rayleigh 
In  addition  to  verifying  Rayleigh's  theory,  Tyler  observed  that  these  slowly  moving  drops  do  not  at 
once  assume  and  retain  the  spherical  form,  but  execute  a  series  of  vibrations,  being  alternately 
compressed  and  elongated  in  the  direction  of  the  axis  of  symmetry. 


Romp^~^.  A  kinematic  analysis  of  the  movement  of  liquid  fuel  in  the  swirl  chamber  of  a  simple 
pressure  atomizer  is  given  by  Romp.  In  view  of  the  fact  that  this  method  of  atomization  is  of  the 
greatest  practical  importance,  it  will  be  worth  while  to  consider  in  some  detail  the  mechanism 
by  which  atomization  is  achieved. 


Figure  1-9  shows  the  simple  scheme  of  a  cylindrical  orifice  and  a  cylindrical  swirl  chamber 
into  which  the  fuel  enters  through  a  tangential  slot.  Assuming  the  liquid  to  be  frictionless,  the 
particles  are  subjected  to  two  simultaneous  movements:  (1)  a  spiral  motion  from  the  outer  wall 
of  the  swirl  chamber  to  its  center,  wliich  takes  place  in  planes  at  right  angles  to  the  axis;  and 
(2)  a  translatory  motion  parallel  to  the  nozzle  axis,  which  forces  the  liquid  to  travel  through  the 
opffice.  In  addition,  the  particles  may  possess  individual  rotations,  thus  spinning  around  their 
own  centers. 


FIGURE  1-9.  SIMPLE  SCHEME  OF  A  SWIRL  CHAMBER  (Romp) 1-4 


Comparing  the  flow  of  the  liquid  through  the  swirl  to  the  winding  up  of  a  ribbon,  the 
rotational  velocity  increases  rapidly  towards  the  center,  and,  for  a  frictionless  liquid,  the 
product  of  rotation  velocity  and  radius  is  constant  through  the^Bwirl  chamber,  as  lnferre'-’  by 
Bernouilli's  theorem.  Thus,  if  the  tangential  velocity  of  an  oil  particle  somewhere  in  the  swirl 
chamber  at  a  diameter  of  1  inch  is  equal  to  1  ft  per  sec,  Ps  velocity  must  be  increased  to  10  ft 
per  sec  if  it  is  moved  to  a  diameter  of  0.  1  inch  in  order  for  the  momentum  to  remain  constant. 
Although  this  simple  r  'ation,  as  applied  to  frictionless  liquids,  becomes  more  complicated  for 
real  liquids,  the  general  conclusion  still  holds  good  in  principle. 


In  order  to  picture  the  Important  function  of  the  swirl  chamber  without  becoming  involved 
in  mathematics,  Romp  proposed  four  successive  stages  of  development  by  which  the  spiral  motion 
of  the  oil  may  be  established,  (l)  Disregarding  gravity  and  assuming  laminar  flow  of  liquid  be¬ 
tween  straight  parallel  walls,  the  velocity  will  be  uniform  and  the  pressure  drop  will  be  simply 
determined  according  to  Poiseuillc's  law.  (2)  In  the  second  stage,  this  ribbon-like  flow  of  liquid 
is  wound  up  into  a  spiral  form  that  resultB  in  no  appreciable  change  in  flow  conditions,  as  the 
centrifugal  action  causes  only  a  slight  increase  in  pressure  at  the  oi^ter  wall  and  slight  decrease 
in  pressure  at  the  inner  wall  of  the  ribbon.  (3)  In  the  third  stage,  the  walls  may  be  considered  as 
being  perfectly  flexible,  so  that  the  small  pressure  differences  caused  by  centrifugal  action  arc 
allowed  tc  build  up  a  larger  total  pressure  difference  between  the  center  and  the  outermost  wall 
of  the  spirally-wound  ribbon.  This  pressure  tends  to  reduce  the  quantity  of  liquid  flowing,  and  a 
higher  initial  pressure  will  be  required  than  in  the  second  stage.  This  increased  pressure 
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includes  an  increase  in  energy  which,  not  being  required  to  make  up  for  friction  losses,  must  be 
converted  into'  kinetic  energy  according  to  the  Bernouilli  theorem.  (4)  In  the  last  stage,  the 
imaginary  flexible  walls  may  be  considered  removed,  in  which  case  the  only  change  in  the  condi¬ 
tions  of  flow  will  be  that  the  external  friction  losses  caused  by  the  contact  of  liquid  with  the  walls 
of  the  ribbon  will  be  replaced  by  the  internal  friction  losses  of  the  liquid  caused  by  the  velocity 
differences  of  neighboring  layers;  the  only  consequence  will  be  that  the  "Poiseuille  pressure"  will 
be  replaced  by  the  "internal  friction  pressure". 

The  liquid  particles  move  towards  the  center  against  the  artificial  field  of  gravitation  created 
by  centrifugal  action,  and  obtain  a  higher  potential  energy,  by  storage  of  kinetic  energy  that  may  be 
used  for  atomization  as  soon  as  the  liquid  has  been  set  free.  Thus,  the  swirl  chamber  serves  to 
convert  as  much  ns  possible  of  the  initial  pressure  into  velocity. 

This  analysis  shows  the  great  importance  of  the  viscosity  factor,  especially  since  the 
internal  friction  of  the  layers  of  fuel  moving  in  the  swirl  chamber  determines  how  much  of  the 
initial  pressure  will  be  available  for  conversion  into  velocity. 

It  should  be  pointed  out  here  that  the  droplets  do  not  move  in  spiral  orbits  through  the  com¬ 
bustion  chamber,  as  sometimes  claimed,  but  follow  straight  lines,  provided  the  air  is  motionless. 
Of  course,  a  spiral  movement  of  the  combustion  air  will  take  the  droplets  with  it,  but  the  idea  of 
giving  the  air  a  rotary  motion  opposite  to  the  rotary  motion  of  the  liquid  in  the  spray  nozzle,  in 
order  to  improve  mixing,  is  not  based  on  clear  theoretical  views. 


Nukiyama  and  Tanasawa^-^),  Three  successive  stages  in  the  atomization  of  a  liquid  jet  by  an 
air  stream  are  delineated  by  Nukiyama  and  Tanasawa. 

Figure  1-10  shows  sketches  prepared  from  photographs  representing  the  three  stages  as 
follows:  (l)  Dropwise  atomization.  At  very  low  air  velocities,  the  relative  motion  between  the 
air  and  the  liquid  streams  produces  bead-like  swellings  and  contractions  with  continuously  in¬ 
creasing  amplitude,  until  the  liquid  jet  finally  breaks  up  into  several  separated  drops,  as  shown 
in  (l)  and  (2)  of  Figure  1-10.  (2)  Twisted  ribbon-like  atomization.  If  the  velocity  of  the  air  is 

somewhat  increased,  the  fluttering  action  of  the  jet  begins,  forming  the  shape  of  a  twisced  ribbon 
of  liquid.  A  portion  of  the  ribbon  is  caught  up  and  drawn  out  into  a  fine  ligament  as  shown  in  (3) 
and  (4),  and  as  described  by  Castleman.  (3)  Filmwise  atomization.  A  still  further  increase  in 
the  air  velocity  causes  the  flattening  action  of  the  horizontal  part  of  the  twisted  ribbon,  and  thus 
forms  a  cobweb-like  film,  which  is  so  thin  that  it  tears  itself  apart  and  diffuses  into  microdroplets 
as  shown  in  (5)  and  (6).  Increase  of  the  air  velocity  gradually  increases  the  number  of  films,  at 
the  same  time  making  them  smaller,  and  filmwise  atomization  occurs  as  shown  by  (7)  and  (8). 


Fogler  and  Kleinschmidt^- ^9),  In  a  study  of  spray  drying,  Fogler  and  Kleinschmidt  describe 
the  mechanism  of  spray  formation  as  the  dragging  out  of  the  liquid  into  thin  flat  sheets  or  filaments 
which,  under  the  combined  action  of  surface  tension,  internal  viscous  forces,  and  turbulence  in  the 
surrounding  medium,  break  up  into  particles.  This  is  quite  similar  to  Castleman1  s  theory;  how¬ 
ever,  they  point  out  that  the  characteristics  of  particles  formed  from  the  breaking  up  of  films  or 
sheets  of  liquid  are  essentially  different  from  those  of  particles  formed  by  the  breaking  up  of 
filaments  or  threads. 


The  mechanism  by  which  a  film  breaks  up  into  drops  is  compared  to  that  of  a  flag  flying  in 
the  breeze.  The  waves  in  the  film  build  up  very  rapidly  and  cause  an  actual  whipping  of  the  surface 
so  that  it  curls  back  on  itself  until  the  surface  may  actually  join  in  a  hollow  tube.  Such  a  tube  im¬ 
mediately  breaks  off  and,  since  it  is  statically  unstable,  necks  down  in  places  and  breaks  into  a 
series  of  hollow  spheres.  Fogler  and  Kleinschmidt  demonstrated  experimentally  this  tendency  of 
film-forming  nozzles  to  form  hollow  particles. 


Sicstrunck^ ~20)  an(j  Littayc^ 0 -22) (1  -23).  Siestrunck  made  a  study  of  the  way  in  which  a 
liquid  jet  breaks  up  when  it  is  introduced  into  an  air  current  of  high  velocity.  He  concluded  that 
breakup  was  principally  determined  by  the  agitation  cf  the  air. 
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For  low  air  velocities,  disintegration  was  observed  similar  to  that  for  nonblast-propelled 
jets,  producing  drops  having  a  diameter  of  the  same  order  as  that  of  the  jet.  When  the  velocity 
exceeds  a  well-determined  value,  the  drops  continue  to  subdivide  and  become  considerably  finer. 

Two  factors  cause  the  drops  to  burst  into  smaller  dropjlets:  (1)  a  reduced  pressure  owing  to 
the  difference  in  the  velocities  of  the  drop  and  the  surrounding  air,  and  (2)  a  centrifugal  force  (or 
pressure)  resulting  from  rotations  of  the  drop. 

Siestrunck  developed  equations  for  evaluating  these  two  pressure  differences  and  shows  that 
bursting  of  the  drop  occurs  when  the  sum  of  these  two  pressures  is  about  50  per  cent  greater  than 
the  surface  tension  for  his  experimental  conditions. 

When  the  velocity  of  the  air  is  increased  still  further,  the  continuous  part  of  the  jet  shows, 
at  its  extremity,  some  liquid  swellings  which  are  probably  due  to-  an  amplification  of  the  natural 
oscillations  of  the  jet  by  the  drag.  The  constrictions  which  separate  any  two  consecutive  swellings 
disappear  and  the  jet  bursts  into  fine  drops. 


For  air  velocities  above  500  ft  per  sec,  the  agitation  of  the  air  current  is  high  enough,  and 
friction  on  the  liquid  jet  is  strong  enough  that  the  jet  bursts  into  microscopic  drops,  corresponding 
to  the  condition  of  atomization.  However,  Siestrunck  fails  to  offer  any  explanation  of  the  exact 
mechanism  by  which  this  final  stage  of  atomization  occurs. 


Littaye^"^^)  employed  Siestrunck's  proposed  explanation  for  disintegration  and  extended  it 
to  atomization.  He  used  the  experimental  apparatus  devised  by  Siestrunck  and  verified  the  latter's 
theory. 


Littaye  distinguishes  three  principal  and  successive  stages  by  which  a  liquid  jet  is  converted 
into  drops  when  introduced  into  a  current  of  air.  The  first  stage  is  called  drop  formation  and 
occurs  at  low  air  velocities,  giving  drops  having  diameters  greater  than  the  diameter  of  the  jet. 
The  second  stage  is  called  disintegration;  it  occurs  at  a  well-determined  value  of  air  velocity, 
and  results  in  a  great  number  of  much  more  minute  drops.  The  third  stage,  called  pneumatic 
atomization,  occurs  after  a  certain  higher  value  of  air  velocity  is  reached,  at  which  time  the  jet 
is  transformed  into  a  fog  of  microscopic  drops.  This  last  stage  is  assumed  to  be  reached  when 
the  largest  drops  have  a  diameter  less  than  some  fixed  value.  When  the  jet  diameter  is  small, 
it  is  possible  to  pass  directly  from  the  drop-formation  stage  (Stage  No.  1)  to  that  of  atomization 
(Stage  No.  3). 

In  contrast  to  the  conclusions  of  Castleman(^-^),  Littaye^-^*)  makes  a  very  sharp  distinc¬ 
tion  between  pneumatic  atomization  (called  air-stream  atomization  by  Castleman)  and  solid  injec¬ 
tion.  This  may  be  due  to  a  difference  in  the  atomization  mechanism  itself  in  the  two  cases. 

In  Littaye's  second  paper^-^),  he  uses  Siestrunck's  theory  again  to  show  that  the  diameter 
of  the  largest  drops,  after  disintegration,  depends  solely  on  (1)  the  density  of  the  gas,  (2)  the 
surface  tension  of  the  liquid,  and  (3)  the  relative  velocity  of  the  two  fluids.  Actually,  the  droplet 
is  quickly  entrained  by  the  air  stream  and  attains  a  velocity  practically  equal  to  that  of  the  air,  so 
that  the  relative  velocity  approaches  zero  and  disintegration  ceases. 

Here,  again,  Littaye  disagrees  with  CastlemanU"  1  0  and  claims  that  there  are  no  "atomized 
drops",  or  no  limiting  value  of  the  order  of  several  microns,  below  which  the  diameter  of  the 
drops  may  not  go,  however  great  the  relative  velocity  of  the  liquid  and  the  air  is. 

An  interesting  conclusion  made  by  Littaye  is  that  the  drop  breaks  up  at  the  end  of  a  very 
short  path,  about  six-tenths  of  one  drop  diameter.  On  this  basis  he  disagrees  with  Siestrunck's 
argument  that  centrifugal  action  plays  a  significant  part  in  breakup,  because  there  is  not  sufficient 
time  for  the  drop  to  receive  a  rapid  rotary  movement. 

In  the  third  paper,  Littayc(  1  ”^3),  from  experiments  in  which  he  atomized  alcohol  and  water 
by  a  high-velocity  air  current,  showed  that  the  diameter  of  the  smallest  drops  docs  not  stop  de¬ 
creasing  regularly  when  the  velocity  increases,  at  least  down  to  a  diameter  of  1  p.  More  pre¬ 
cisely,  he  claims  that  the  drop  diameter  is  inversely  proportional  to  the  velocity  of  the  air, 
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except  for  the  largest  drops,  in  which  case  the  diameter  is  inversely  proportional  to  the  square 
of  this  velocity.  This  shows  that  the  greater  the  velocity,  the  more  regular,  or  more  uniform, 
is  the  mist  obtained.  Moreover,  the  minimum  diameter  of  the  drops  is  proportional  to  the  sur¬ 
face  tension  of  the  liquid,  so  that  a  better  disintegration  will  be  obtained  with  a  liquid  having  low 
surface  tension. 

Finally,  Littaye's  experiments  show  that,  for  liquids  of  low  surface  tension,  drops  of  a 
diameter  less  than  l/i  are  ordinarily  obtained  whenever  the  air  velocity  is  greater  than  330  ft  per 
sec.  For  solid  inj  faction,  the  diameter  of  the  drops  does  not  go  below  3  to  4/i.  This  demonstrates 
the  superiority  of  pneumatic  atomization  over  solid  injection,  and  seems  to  prove  that  the  effect 
of  air  on  the  jet  is  not  the  sole  cause  of  production  of  fine  drops  by  solid  injection. 

One  important  point,  completely  ignored  by  Littaye,  is  the  possible  extent  to  which  vapori¬ 
zation  of  the  droplets  may  have  reduced  the  diameter  between  the  time  they  were  formed  and  the 
time  they  were  collected  and  measured  microscopically.  It  is  possible  for  a  droplet  of  lOpto 
reduce  in  size  to  l^t  after  evaporation  for  a  short  time,  especially  when  in  contact  with  a  turbu¬ 
lent  blast  of  air. 


Hinze(l~"4).  The  mechanism  by  which  a  solid  jet  disintegrates  when  issuing  at  high  speeds,  in 
excess  of  300  ft  per  sec,  was  studied  by  Kinze,  who  places  considerable  emphasis  on  the  turbu¬ 
lence  of  the  liquid  jet.  He  claims  that,  when  the  flow  of  the  liquid  in  the  orifice  is  turbulent, 
radial  movements  of  liquid  particles  cause  surface  disturbances  in  the  form  of  local  protuber¬ 
ances,  the  height  and  number  of  which  increase  with  increasing  turbulence.  By  air  action  these 
protuberances  are  torn  off  into  fine,  irregular  ligaments;  surface  tension  and  liquid  viscosity 
counteract  this  process,  whereas  air  speed,  air  density,  and  air  viscosity  increase  the  rate  of 
tearing  off.  These  ligaments  can  be  considered  as  small  and  approximately  cylindrical  columns 
of  liquid  which  will  break  up  into  droplets  according  to  the  theory  of  RayleighU'S).  These  drop¬ 
lets  continue  to  be  split  up  into  smaller  ones  as  long  as  the  speed  of  the  droplets  relative  to  the 
air  is  still  above  a  certain  limiting  velocity. 


Accordingly,  Hinze  considers  that  disintegration  takes  place  in  three  stages,  as  follows: 

(l)  formation  of  initial  surface  disturbances;  (Z)  formation,  by  air  action,  of  ligaments  which 
break  up  into  drops;  and  (3)  further  splitting  up  of  these  drops. 

Hinze  claims  that  turbulence  within  the  jet  is  the  main  source  of  initial  disturbances.  A 
protuberance-like  disturbance  may  be  described  in  terms  of  the  mean  diameter  and  the  maximum 
height  of  the  disturbance;  for  wave-like  disturbances,  the  corresponding  dimensions  would  be 
wavelength  and  amplitude,  respectively.  The  scale  of  turbulence  determines  the  upper  limit  of 
the  value  of  the  mean  diameter  of  the  protuberance,  or  the  wavelength  of  the  wave-like  disturb¬ 
ance.  The  intensity  of  turbulence  must  be  sufficiently  high  to  counteract  the  effect  of  the  surface 
tension  of  the  liquid. 


The  ligaments,  once  having  been  formed  by  the  action  of  air  on  the  initial  disturbances,  may 
be  bodily  severed  from  the  jet  and  may  break  up  into  small  drops;  or  they  may  break  up  into  small 
drops  before  being  severed.  For  sufficiently  long  ligaments  this  breaking  up  may  take  place  ac¬ 
cording  to  the  theories  of  Rayleigh  and  Weber,  and  the  detached  liquid  particles  will  turn  quickly 
into  globules  by  surface  tension. 


Mcrrington  and  RichardsonO-^),  Three  types  of  breakup  are  described  by  Merrington  and 
Richardson.  The  first  type  results  from  axial-symmetric  oscillations  causing  the  jet  to  become 
varicose,  as  described  by  Rayleigh.  The  second  type  of  disturbance  causes  the  jet  to  become 
sinuous  or  wavy,  as  described  by  Haenlein,  and  the  resistance  of  the  air  to  the  passage  of  the 
humps  becomes  more  important  than  surface  tension.  For  low-speed  jets  the  varicose  form  of 
disturbance  will  cause  breakup,  while  at  higher  speeds  the  sinuous  disturbance  controls.  The 
third  type  of  breakup,  by  which  the  jet  is  disrupted  or  atomized,  occurs  at  still  higher  velocities, 
abeve  a  critical  velocity,  and  is  controlled  by  viscous  and  inertia  forces. 
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Merringcon  and  Richardson  conclude  that  any  expression  deduced  for  this  third,  and  most 
important,  type  of  breakup  should  involve  the  characteristic  factors  that  enter  into  viscous  flow; 
that  is,  velocity,  drop  diameter,  and  the  kinematic  viscosity  cf  the  liquid. 


LarcombeU~26).  The  mechanism  of  spray  formation  from  pressure-type  nozzles  consists,  ac¬ 
cording  to  Larcombe,  in  first  drawing  out  the  fluid  into  thin  sheets,  threads,  or  filaments.  All 
these  forms  are  ver  y  unstable  and  break  up  into  droplets  under  the  combined  action  of  surface 
tension,  internal  viscous  forces,  and  turbulence  of  the  surrounding  air.  If  the  liquid  has  any 
rotary  motion  as  it  passes  through  the  jet,  as  might  be  imparted  by  a  swirl  chamber,  the  pre¬ 
droplet  characteristic  is  a  thin,  cone-shaped  sheet;  if  no  rotary  motion  is  present,  the  predroplet 
characteristic  is  a  thread  form. 

Larcombe  agrees  with  Fogler  and  Kleinschmidt^”^^  that,  since  the  fluid  sheet  4s  not  rigid, 
the  action  of  turbulence  on  the  surface  creates  a  series  of  waves  similar  to  those  in  a  flag  flying 
in  a  breeze.  The  waves  build  up  quickly  and  cause  a  whipping  effect  on  the  surface,  so  that  the 
sheet  curls  bad;  on  itself  to  form  a  hollow  tube  of  fluid  which,  because  it  is  unstable,  breaks 
down  into  hollow  spheres.  It  has  been  proved,  by  spraying  hot  fluids  into  relatively  cold  at¬ 
mospheres,  that  the  hollow  particles  are  not  formed  by  expansion  of  vapor  within  the  particle, 
but  by  "flag  waving". 

The  important  matter  of  recombination  of  droplets  is  discussed  by  Larcombe,  who  concludes 
that  recombination  will  take  place  if  good  dispersion  of  droplets  of  a  similar  size  is  not  achieved. 

With  pressure  nozzles,  especially,  recombination  is  a  serious  problem.  Assuming  that 
droplets  are  to  be  projected  from  the  nozzle  into  still  air  and  that  they  are  of  a  size  to  obey 
Stokes'  law,  they  will  travel  into  the  air  for  distances  approximately  proportional  to  their  re¬ 
spective  diameters  before  air  friction  brings  them  to  the  stage  where  gravity  is  the  only  force 
acting  on  them.  The  smaller  particles  will,  therefore,  tend  to  collect  in  considerable  numbers 
nearer  the  nozzle  than  the  larger  particles  which,  because  of  their  greater  travel,  will  collide 
with  the  smaller  particles,  which  will  combine  with  them  on  impact. 

In  view  of  this,  it  will  be  seen  that  a  narrow  droplet-size  range  is  desirable  if  recombina¬ 
tion  is  to  be  reduced  to  the  minimum.  If  the  droplet- size  distribution  were  accurately  known,  it 
would  be  possible  to  calculate  the  probable  amount  of  recombination,  but  this  is  seldom  possible. 


Joyces The  process  of  atomization  of  a  liquid  film  is  considered  by  Joyce  to  involve  some 
form  of  enforced  attenuation,  or  thinning,  followed  by  ligament  or  filament  formation  and  dis¬ 
ruption  into  droplets  of  a  wide  range  of  sizes. 

Joyce  states  that  it  must  not  be  assumed  that  there  is  a  clear  line  of  demarcation  between 
the  two  phases  of  attenuation  and  filament  disruption.  The  formation  of  the  filaments  is  due  in 
part  to  the  applied  force  causing  attenuation  and  partly  to  surface  tension,  and  there  is  an  inter¬ 
play  of  these  forces  during  the  atomization  process,  perhaps  also  with  the  intervention  of  outside 
influences,  as  of  combustion  air  directed  into  the  spray. 

Joyce  claims  that  the  process  of  atomization  will  continue  in  this  way  as  long  as  liquid  is 
fed  to  the  atomizer  and  is  subjected  to  the  attenuation  process. 


Baron(^~^).  It  will  be  remembered  that  Littaye^-22)  concluded  that  drops  in  an  air  stream 
break  up  at  the  end  of  a  very  short  path,  about  six-tenths  of  one  drop  diameter,  and,  for  this 
reason,  rotational  effects  were  negligible  in  the  breaking  up  of  droplets.  3aron  disagrees  with 
Littayc,  and  claims  that  breakup  mc.y  occur  only  after  quite  a  large  number  of  vibrations  of  the 
drop,  during  which  time  its  length  of  travel  might  be  15  drop  diameters,  which  is  ample  distance 
for  the  drop  to  acquire  a  significant  amount  of  rotation. 
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The  actual  mechanism  of  drop  atomization,  as  postulated  by  Baron,  is  analyzed  with  the 
aid  of  F:.  oure  1-11. 


Two  equal  and  opposing  forces,  the  force  of  drag  and  the  force  of  acceleration,  cause  the 
initially  spherical  droplet  to  be  deformed.  Such  deformation  is  accompanied  by  an  increase  in  the 


Force 


of  drag 


Force  of 


x  acceleration 


FIGURE  1-11.  OPPOSING  FORCES  CAUSING  INITIAL  DEFORMATION 
OF  A  DROPLET  PLACED  IN  AN  AIR  STREAM 

(Baron) 

surface.  As  a  result,  the  surface  tension  will  tend  to  restore  the  drop  to  its  initial  spherical 
shape  just  as  the  spring  forces  tend  to  restore  a  spring-mass  system  to  its  equilibrium  position. 
Also,  corresponding  to  the  spring-mass  system,  there  will  be  a  tendency  toward  oscillations 
about  the  equilibrium  configuration,  which  in  this  case  is  spherical.  Thus,  the  drop,  when  in 
the  position  indicated  by  the  full  line  in  Figure  1-11,  has  a  natural  tendency  to  assume  the  shape 
indicated  by  the  dotted  line.  Such  oscillations,  however,  cannot  occur  exactly  this  way,  since  the 
change  in  shape,  from  the  full  line  to  the  dotted  line,  is  opposed  by  the  forces  which  caused  the 
deformation  in  the  first  place. 

Baron  concludes  that,  in  order  to  be  able  to  oscillate  and  still  not  oppose  the  drag  and 
inertia  forces,  the  drop  must  execute  a  quarter  turn  for  every  half  period  of  oscillation.  This 
motion  will  result  in  a  combination  of  rotation  and  oscillation  that  is  so  synchronized  that  for  a 
stationary  (nonrotating)  observer  the  drop  will  always  be  in  the  position  shown  in  Figure  1-11, 

On  the  basis  of  this  mechanism,  Baron  makes  a  quantitative  estimate  for  the  speed  of  rota¬ 
tion  and  of  the  effects  of  the  centrifugal  forces.  He  shows  that  centrifugal  effects  play  an  impor¬ 
tant  role  in  the  atomization  of  the  drop,  in  contradiction  to  Littaye,  and  that  one-third  of  the  re¬ 
sistance  of  surface  tension  to  explosion  is  overcome  by  centrifugal  forces,  irrespective  of  the 
size  or  material  of  the  droplet.  In  the  above  considerations,  Baron  did  not  take  into  account  the 
effects  of  viscosity,  but  he  points  out  that  as  long  as  the  damping  due  to  viscosity  is  not  excessive, 
the  period  of  vibration  will  not  be  materially  affected. 

Baron  then  considers  what  happens  to  the  drop  when  the  deformation  results  in  an  increase 
in  radius  that  exceeds  a  critical  value. 

Figure  1- 12(a)  shows  how  the  centrifugal  forces  will  drive  the  liquid  toward  the  periphery 
of  the  drop,  resulting  in  a  gradual  thinning  of  the  liquid  near  the  center.  Figure  1- 12(b)  shows 
how  most  of  the  liquid  concentrates  at  the  periphery  and  the  thin  center  membrane  is  blown  out 
into  a  cup  shape. 


(o)  (b) 

FIGURE  1-12.  EFFECT  OF  CENTRIFUGAL  FORCES  ON  A 
MOVING  LIQUID  DROPLET 

(Baron)1'28 
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The  drop  then  splits  up  into  two  or  more  parts.  As  will  be  shown  later  in  this  section, 
W.  R.  Lanef1"31)  has  recently  succeeded  in  taking  flash  photographs  of  droplets  that  indicate 
that  this  type  of  breakup  actually  occurs. 


Borodin  and  Dityakint1"^”/.  By  a  consideration  of  unstable  capillary  waves  on  the  surface  of 
separation  of  two  viscous  liquids,  Borodin  and  Dityakin  attempt  to  explain  the  appearance  of 
droplets  of  different  diameters  as  a  result  of  the  breakup  of  a  liquid  jet. 

Figure  1-13  shows  three  successive  instants  of  time  in  the  formation  of  strings  of  different 
dimensions  which  finally  break  away  from  the  surface  of  separation  to  produce  a  spectrum  of 
droplets. 


Time  I 


Time  2 


Time  3 


"mmrMhr 


FIGURE  1-13.  FORMATION  OF  STRINGS  FROM  THE  PARTITION  SURFACE 
FOR  THREE  SUCCESSIVE  INSTANTS  OF  TIME 

(Borodin  and  Dityakin)1'13 


The  mathematical  basis  for  the  possibility  of  the  appearance  of  droplets  of  different 
diameters  resulting  from  this  type  of  breakup,  as  provided  by  Borodin  and  Dityakin,  will  be 
discussed  in  a  succeeding  section  on  the  theoretical  analyses  of  atomization. 


Baljc' and  Larson^1'^),  an  investigation  of  the  mechanism  of  jet  disintegration,  in  order  to 
derive  mathematical  relations  for  computing  droplet  sizes  produced  by  insecticide  spray  equip¬ 
ment,  Balje'  and  Larson  point  out  that  the  maximum  drop  size  for  a  spray  is  readily  determined 
by  the  original  disintegration  resulting  from  instability  of  the  jet  as  first  described  by  Lord 
Rayleigh^  1-8).  If  the  surface  tension  of  this  droplet  is  sufficient  to  withstand  the  ram  pressure 
as  it  moves  through  the  air,  this  droplet  will  maintain  its  original  shape,  assuming  that  there  is 
no  evaporation.  A  spray  of  uniform  size  will  result. 

However,  if  the  surface  tension  of  the  droplet  16  30  small  that  it  cannot  maintain  its 
stability  under  the  ram  pressure  (which  is  the  case  in  most  practical  considerations  of  fuel 
atomization)  the  droplet  will  change  its  shape  and  disintegrate.  A  spectrum  of  drop  sizes 
results.  The  maximum  drop  size  will  be  that  of  the  original  droplet,  and  the  minimum  size 
approaches  molecular  dimensions.  Baljc/  and  Larson  point  out,  as  do  most  of  the  investigators 
of  atomization,  that  the  relative  velocity  between  the  liquid  and  the  gas  is  the  major  factor  that 
determines  the  degree  of  atomization. 

A  practical  conclusion  made  by  Balje'  and  Larson  is  that  by  imprinting  a  definite  wavelength 
on  the  jet  by  outer  forces  (for  example,  by  mechanical  vibration  of  the  nozzle),  the  liquid  will 
probably  disintegrate  into  a  certain  droplet  size  if  the  outer  forces  are  strong  enough  to  overcome 
the  other  forces  acting  on  the  jet.  Thus,  it  may  be  possible  to  produce  uniform  droplet  sizes 
where  normally  a  droplet  spectrum  would  result,  provided  that  this  droplet  size  is  small  enough 
to  be  stable. 
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Donnelly  and  Wohl^’^O).  Experiments  were  conducted  by  Donnelly  and  Wohl  to  determine  the  effect 
of  effervescence  upon  the  atomization  process.  They  saturated  watej1  with  carbon  dioxide,  at  va¬ 
rious  pressures,  before  spraying  into  air.  On  the  basis  of  instantaneous  shadow  and  schlieren 
pictures,  they  observed  that,  at  low  pressures  of  5  to  10  psig,  the  absorbed  gas  generates  irreg¬ 
ularities  in  the  spray  sheet.  These  irregularities  cause  sufficient  disturbances  in  the  flow  pattern 
within  the  sheet  to  augment  the  shearing  action  at  the  interface  to  such  an  extent  that  early  col¬ 
lapse  of  the  sheet  occurs. 

At  higher  pressures  the  effect  of  carbon  dioxide  saturation  is  negligible.  This  is  attributed 
co  the  greater  shearing  force  at  the  interface,  owing  to  increased  velocity  difference,  plus  per¬ 
haps  increased  internal  turbulence,  nullifying  the  effect  of  irregularities  generated  by  efferves¬ 
cence  of  the  carbon  dioxide. 

Practical  advantage  may  be  taken  of  this  tendency  of  effervescence  to  play  a  part  in  the 
mechanism  of  atomization. 

L.aoe^~^\  A  clearer  understanding  of  the  action  of  aerodynamic  forces  in  effecting  the  atomiza¬ 
tion  of  liquids  was  achieved  by  Lane,  who  obtained!  excellent  flash  and  spark  photographs  of  the 
shatter  of  drops  in  streams  of  air.  He  distinguishes  three  stages  in  the  shatter  process,  ir¬ 
respective  of  whether  the  shatter  of  the  liquid  is  brought  about  by  the  emergence  of  liquid  at  high 
speed  into  still  air  (solid  injection),  or  by  the  interaction  of  a  slow-moving  stream  of  liquid  and  a 
fast-flowing  gas  stream  (air-stream  atomization).  The  three  stages  are  as  follows:  (l)  initiation 
of  small  disturbances  at  the  surface  of  the  liquid,  in  the  form  of  local  ripples  or  protuberances 
(2)  action  of  air  prestare  and  tangential  forces  on  these  disturbances,  forming  ligaments  which 
may  break  up  into  drops;  and  (3)  further  breaking  up  of  these  drops  in  movement  through  the  air. 

Figure  1-14  shows  the  mechanism  of  the  breakup  of  water  drops  of  comparatively  large 
size  in  a  steady  stream  of  air  as  observed  by  Hochschwenderl1-^2)  as  early  as  1919.  The  drop 
becomes  increasingly  flattened,  under  the  influence  of  the  air  stream,  and  at  a  critical  velocity 
of  the  air  it  is  blown  out  into  the  form  of  a  hollow  bag  attached  to  a  roughly  circular  rim.  Bursting 
of  this  bag  produces  a  shower  of  very  fine  droplets,  and  the  rim,  which  contains  at  least  70  per 
cent  of  the  mass  of  the  original  spherical  drop,  breaks  up  later  into  much  larger  drops. 

This  phenomenon  is  of  interest  because  it  demonstrates,  in  a  striking  way,  the  characteris¬ 
tic  of  most  sprays  that  only  a  comparatively  small  traction  of  the  liquid  mass  is  distributed  among 
the  finest  droplets.  It  also  shows  that  the  fine  droplets  resulting  from  the  breaking  up  of  the 
hollow  bag  are  generated  from  a  thin  stretched  film  of  liquid. 

Lane  points  out  that  some  of  the  features  of  the  bursting  drop  may  be  explained  on  the 
basis  of  well-established  results  of  fluid  mechanics.  Measurements  of  the  distribution  of  pres¬ 
sure  over  the  surface  of  a  rigid  sphere  placed  in  a  wind  tunnel  show  that  a  positive  pressure  ex¬ 
ists  over  the  front  of  the  sphere,  and  a  reduced  pressure  exists  at  its  sides  and  rear.  It  is  under¬ 
standable,  therefore,  that  a  liquid  drop  introduced  into  a  stream  of  air  should  become  flattened 
on  the  side  subjected  to  the  positive  pressure  and  extended  at  the  sides  and  rear;  this  deformation 
will  be  opposed  by  the  force  of  surface  tension  tending  to  keep  the  drop  spherical,  so  that  a 
depression  might  be  expected  to  form  at  the  center  of  the  upper  surface  of  the  drop. 

Figure  1-15  shows  the  breakup  of  drops  subjected  to  fast  air  blasts.  This  mode  of  breakup 
is  strikingly  different  from  that  observed  at  the  critical  velocity  in  a  steady  stream  of  air.  In¬ 
stead  of  the  drops  being  blown  out  into  a  thin  hollow  bag  anchored  to  a  rim,  as  in  Figure  1-14, 
it  is  deformed  in  the  opposite  direction  and  presents  a  convex  surface  to  the  flow  of  air.  The 
edges  of  the  saucer  shape  are  drawn  out  into  a  thin  sheet  and  then  into  fine  filaments  which,  in 
turn,  break  up  into  droplets. 

Figure  1-16  shows  the  type  of  shatter  that  results  when  drops  arc  subjected  to  more  powerful 
air  blasts  at  supersonic  speeds,  In  the  early  stages  of  shatter,  the  sequence  of  events  is  similar 
to  that  revealed  in  the  less  powerful  blasts,  the  original  spherical  drop  being  distorted  into  a 
saucer- shaped  disk  while  a  thin  layer  of  liquid  is  stripped  off  the  drop  and  rapidly  breaks  up  into 
droplets.  The  partially  atomised  drop  is  soon  obscured  in  the  opaque  cloud  of  droplets.  In  the 
last  photograph  of  the  scries,  shatter  of  the  drop  appears  to  be  almost  complete. 
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FIGURE  1-14.  BREAKUP  OF  WATER  DROPS  IN  STEADY  STREAM  OF  AIR 
(W.  R.  Lane  and  J.  Edwards) 


(Photographs  Reproduced  by  Permission  of  the  Controller 
H.  M.  Stationary  Office) 
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FIGURE  1-15.  SHATTER  OF  DROPS  IN  TRANSIENT  AIR  STREAM 


(W.  R.  Lane  and  J.  Edvards)  1-32 


WADC  TR  56-344 


i-n 


CENTIMETRES 

FIGURE  1-16.  SPARK  PHOTOGRAPHS  OF  SHATTER  OF  DROPS  IN  SUPERSONIC  AIR  STREAM 

(W.  R.  Lane  and  J.  Edwards) 

(Photographs  Reproduced  by  Permission  of  the  Controller  H.  M.  Stationary  Office) 

The  shattering  process,  as  demonstrated  by  Lane,  is  extremely  rapid,  but  not  instantaneous, 
and,  because  of  the  acceleration  of  the  deformed  drop  in  the  air  blast,  the  Relative  velocity  dimin¬ 
ishes  rapidly.  The  thickness  of  the  layer  stripped  off  the  drop  will  therefore  increase  with  time 
as  the  difference  in  velocity  between  air  and  drop  decreases.  Thus,  the  shatter  of  the  drop  into  a 
cloud  of  droplets  of  a  wide  range  of  sizes  can  be  accounted  for,  the  largest  droplets  being  formed 
at  the  latest  stages  of  the  shatter. 

York(*~33).  York  has  observed  another  mechanism  in  atomization  that,  under  certain  conditions, 
may  play  a  significant  role  in  the  process  of  atomization.  This  is  associated  with  the  occurrence 
of  holes  in  otherwise  continuous  sheaths. 

Figure  1-17  is  a  photograph  of  the  spray  sheath  issuing  from  a  Monarch  Simplex  nozzle. 

The  hole  in  the  sheath,  shown  above  and  to  the  left  of  center,  is  about  six  hundred  microns  in 
diameter  and  is  located  about  one-quarter  inch  from  the  tip  of  the  nozzle  on  the  right.  York 
estimates  that  the  rim  of  fluid  around  the  hole  has  an  average  diameter  of  about  one  hundred 
microns,  and  that  the  thickness  of  the  sheath  is  between  thirty  and  fifty  microns  at  this  distance 
of  one-quarter  inch  from  the  nozzle  orifice. 

Pictures  taken  at  a  location  one-half  inch  from  the  tip  show  a  much  larger  number  of  holes, 
each  of  which  is  generally  larger  than  the  hole  shown  in  Figure  1-17. 

York  points  out  that  it  seems  quite  logical  that  these  holes  should  develop,  considering  the 
instability  of  thin  fluid  films,  and  that  it  is  a  natural  manifestation  of  the  transformation  of  energy. 
A  thin  sheath  has  a  higher  surface  energy  than  the  drops  formed  in  the  final  spray  if  the  diameters 
of  the  drops  arc  at  least  three  times  the  'hickness  of  the  sheath  at  the  time  of  formation. 

York,  Stubbs,  and  Tck(l~34A).  York  and  associates  made  a  mathematical  and  experimental 
analysis  of  the  disintegration  of  a  plane  sheet  of  liquid  of  finite  thickness.  They  showed  that  in- 
stabUity  and  wave  formation  at  the  interface  arc  the  major  factors  in  the  breakup  of  the  sheet  of 
liquid  into  drops. 
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FIGURE  1-17.  FORMATION  OF  HOLE  IN  A  THIN 
SHEET  OF  LIQUID  (York)1-34 

The  most  useful  result  of  this  study  was  the  development  of  an  equation  for  predicting 
roughly  the  size  of  the  drops  in  the  spray  from  swirl  nozzles.  From  plot3  of  the  maximum  rate 
of  growth  of  the  waves  on  the  surface  of  the  sheet  of. liquid,  the  wavelength  of  the  predominant 
disturbance  can  be  determined.  This  disturbance  will  grow  until  the  sheet  disintegrates  into  rings, 
after  which  the  rings  break  into  drops  by  the  action  of  surface  tension.  RayleighP"^)  showed  that 
the  wavelength  of  cylindrical  instability  is  about  4.  5  times  the  diameter,  which  is  the  length  of 
cylindrical  section  separating  to  form  a  drop.  The  drop  size  of  the  spray  may  be  approximated  by 
calculating  the  diameter  of  the  drop  resulting  from  the  typical  successive  disintegration,  recog¬ 
nizing  that  a  range  of  drop  sizes  is  actually  produced. 

The  resulting  equation  for  drop  radius  is: 

rb  W*<r\lfZ 
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where  b  is  the  thickness  of  the  undisturbed  sheet,  <j-  is  the  interfacial  tension,  pA  is  the  mass 
density  of  the  gas  phase,  V  is  the  velocity  of  the  bulk  of  the  gas  phase  relative  to  the  liquid  phase 
and  W*  is  the  Weber  number  based  on  the  wavelength  of  disturbance  for  maximum  growth  rate. 

W*  can  be  determined  from  the  density  ratio  of  the  gas  to  the  liquid  and  the  Weber  number  equal  to 

V2  bpA/2a. 


The  major  problem  is  estimation  of  the  sheet  thickness  at  the  breakup  distance.  In  spite 
of  many  assumptions  in  the  analysis,  the  results  are  reasonable  and  have  been  verified  qualita¬ 
tively  by  short-exposure  photographs  and  high-speed  motion  pictures. 


Fraser,  Dotnbrowaki,  and  ElsenklamU -34B).  Another  mechanism  that  may  be  a  cause  of  disinte¬ 
gration  in  liquid  sheets  involves  vibrations  resulting  from  turbulent,  unsteady  flow  behind  the 
nozzle.  However,  no  experimental  confirmation  of  periodic  vibrations  in  liquid  jets  is  available. 
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Fraser,  et  al. ,  observed  that  random  centers  of  disturbance  eventually  break  the  film  of 
liquid  as  it  travels  away  from  the  nozzle  mouth,  and  holes  result  as  reported  by  YorkU-34). 

A  mathematical  analysis  of  these  random  disturbances  shows  that  their  origin  is  inside  the  nozzle 
just  behind  the  mouth,  and  that  the  frequency  of  the  observed  ripples  in  the  sheet  is  of  the  order 
of  10  kc  per  sec.  Fraser  points  out  that  systematic  work  may  reveal  the  cause  of  these  disturb¬ 
ances  and  link  them  to  possible  vibrational  phenomena  inside  the  nozzle. 


Summary  of  the  Physical  Processes 
of  Atomization 


The  mechanisms  of  atomization  are  complex  and  varied  and  depend  upon  numerous  factors 
including,  principally,  the  properties  of  the  liquid  being  atomized,  the  atomi.-.ing  device,  and  the 
conditions  of  atomization,  such  as  pressures  employed  and  density  of  the  air  or  other  gas  into 
which  the  liquid  is  to  be  injected.  However,  the  process  of  atomization  may  be  considered,  in 
general,  to  take  place  in  three  steps. 

The  first  step  is  the  development  of  a  disturbance  of  the  surface  of  the  jet  that  is  due  to 
instability.  This  initial  disturbance  may  result  from  one  or  more  of  the  following  factors: 

(l)  surface  tension,  (2)  inertia  forces,  (3)  imperfections  of  the  nozzle  orifice,  (4)  vibrations  of 
the  nozzle,  (5)  turbulence  of  the  liquid,  and  (6)  effervescence  of  a  dissolved  gas.  Disturbances 
may  occur  simultaneously  and  overlap  one  another. 

The  second  step  is  the  formation  of  ligaments,  threads,  or  films  by  the  action  of  air  on 
these  initial  disturbances.  These  ligaments  then  break  up  into  fragments,  possibly  according  to 
the  Rayleigh  theory,  and  the  fragments  become  spherical  drops  under  the  influence  of  surface 
tension. 

The  third  step  is  the  further  breakup  of  these  drops  into  smaller  droplets.  This  laBt  step 
in  breakup  will  continue  as  long  as  there  is  sufficient  velocity  of  the  drop  with  respect  to  the  air. 
The  mechanisms  by  which  drops  break  up  as  they  pass  through  the  air  may  be  one  or  more  of  the 
following:  (l)  at  low  velocities  the  drop  may  be  formed  into  a  hollow  bag  and  then  break  into 
fragments,  (2)  at  higher  velocities  shatter  of  the  drop  may  occur  following  deformation  in  a  di¬ 
rection  opposite  to  that  in  (l),  (3)  centrifugal  forces,  resulting  from  rotation  of  the  drops,  may 
cause  them  to  disrupt,  and  (4)  at  extremely  high  velocities  a  thin  layer  of  liquid  may  be  stripped 
off  the  drop,  resulting  in  almost  instantaneous  atomization. 

The  transition  between  stepB  is  usually  gradual;  however,  at  high  velocities,  the  first  step 
may  be  overshadowed  by  the  second  or  third  steps  following  in  rapid  succession. 

Other  mechanisms  that  may  be  involved  are:  (1)  the  formation  of  a  hollow  tube  as  a  result 
of  the  flag-waving  effect  of  a  fluid  sheet,  (2)  recombination  of  drops  owing  to  eddy  diffusivity  as 
well  as  different  axial  velocities,  and  (3)  formation  of  holes  in  thin  sheets  of  liquid. 

It  may  be  stated  with  ri  jonablc  assurance  that  the  major  factor  that  determines  the  degree 
of  atomization  is  the  relative  velocity  between  the  liquid  and  the  air  or  other  gas  into  which  it  is 
injected.  This  is  true  for  both  solid  injection  and  two-fluid,  or  pneumatic,  atomization.  For 
solid  injection  the  difference  in  velocities  is  attained  by  injecting  a  high-velocity  jet  of  liquid  into 
relatively  still  air;  whereas,  in  pneumatic  atomization,  the  differential  velocity  is  accomplished 
by  passing  a  high-velocity  stream  of  air  over  a  relatively  stationary  liquid.  In  both  instances  the 
disruptive  effect  is  essentially  the  same. 

In  a  recent  analysis  of  atomization,  Dodge,  Hagcrty,  and  York(  * point  out  that  the  most 
serious  drawback  to  present  theory  is  that  three  of  the  most  important  spray  characteristics,  drop 
size,  drop-size  distribution,  and  cone  angle,  cannot  be  predicted  accurately,  and  that  spray  theory 
will  be  unsatisfactory  until  the  above-mentioned  characteristics  can  be  predicted  with  some  degree 
of  certainty  from  purely  theoretical  considerations. 
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Although  something  is  known  about  the  mechanism  of  atomization  in  a  general  qualitative 
way,  much  remains  to  be  learned  in  particular  concerning  the  details  of  this  complicated  process. 

The  mechanism  of  atomization,  when  the  rotating  disk  is  used,  will  be  considered  later  in 
the  section  on  methods  of  atomization,  because  the  physical  process  is  quite  different  from  that 
for  pressure  nozzles  or  for  pneumatic  atomizers. 


THEORETICAL  ANALYSIS  OF  JET  INSTABILITY 
AND  OF  SECONDARY  ATOMIZATION 


The  stability  of  certain  fluid-motion  configurations  has  been  the  topic  of  extensive  and 
diverse  research  efforts.  The  method  by  which  this  problem  can  be  analyzed  theoretically  is, 
first,  to  consider  a  stable  configuration  that  is  a  given  function  of  velocity,  pressure,  and 
density,  and  of  the  space  coordinates,  but  which  is  usually  independent  of  the  time.  A  dis¬ 
turbance,  which  is  usually  assumed  to  be  an  exponential  function  of  the  time  and  a  periodic 
function  of  the  space  coordinates,  is  then  introduced.  The  expression  for  this  disturbance  is 
usually  written  as 


F(x,,t)  =  e^1  G(x  ),  for  j=  1,2,3,  (l-l) 

J  J 

where  the  coefficient  p  may  be  real  or  complex,  and  is  added  to  the  equation  of  the  stable  con¬ 
figuration.  It  should  be  noted  that  instability  will  result  only  if  the  amplitude  of  the  disturbance 
grows  with  time,  that  is,  if  the  real  part  of  p  is  positive. 

The  effect  of  the  disturbance  is  then  investigated  by  considering  the  physical  conservation 
of  mass,  momentum,  or  energy.  The  equation  for  the  physical  configuration  (original  stable 
system  plus  assumed  disturbance)  is  then  substituted  into  the  appropriate  conservation  equation, 
with  the  additional  assumption  that,  at  least  initially,  all  variable  quantities  associated  with  the 
disturbance  are  small  with  respect  to  the  corresponding  quantities  in  the  stable  system.  This 
last  assumption  permits  linearization  of  the  otherwise  nonlinear  equations  of  conservation;  these 
can  then  be  solved  for  the  time  rate  of  change  of  the  disturbance,  in  terms  of  the  other  physical 
variables. 

By  assuming  that  the  disturbances,  of  the  assumed  form,  occur  randomly,  in  which  case 
all  possible  disturbances  begin  with  the  same  amplitude,  it  is  concluded  that  the  disturbance  which 
grows  most  rapidly,  corresponding  to  the  largest  positive  value  of  Re(p)*,  will  be  the  most  prob¬ 
able  cause  of  the  resultant  instability.  Accordingly,  the  equation  for  p  is  maximized  with  respect 
to  one  of  the  variables,  usually  the  spatial  wavelength  K  of  the  assumed  disturbance,  and  the  value 
of  the  variable  that  leads  to  the  maximum  positive  value  of  R e(p)  is  thus  determined.  However, 
in  some  instances,  such  as  for  an  imperfect  machining  of  the  nozzle,  the  original  disturbance  rnay 
be  introduced  in  such  a  nonrandom  manner  that  the  initial  amplitude  corresponding  to  a  particular 
wavelength  Pp  is  much  larger  than  the  amplitudes  corresponding  to  the  other  wavelengths.  Be¬ 
cause  of  the  large  initial  amplitude  corresponding  to  Pp ,  this  disturbance  may  govern  the  breakup 
of  the  system,  despite  the  fact  that  there  are  other  solutions  with  larger  positive  values  of  Rc(u). 

As  noted  above,  these  methods  of  theoretical  analysis  are  valid  only  so  long  os  the  variable 
quantities  initially  associated  with  the  disturbance  arc  small  with  respect  to  the  corresponding 
quantities  associated  with  the  original  stable  configuration.  This  means  that,  as  soon  as  the  ratio 


*  Real  part  of  p. 
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of  these  quantities  becomes  greater  than,  say,  0.  15,  the  linear  theories  are  no  longer  valid, 
and  other  methods  must  be  employed  for  solving  the  problem.  The  methods  used  to  solve  the 
subsequent  problems,  such  as  are  used  for  explaining  secondary  atomization  or  in  the  theory  of 
ligament  formation,  have  been  chiefly  conjectural  in  nature,  since  no  method  of  linearizing  the 
nonlinear  equations  of  conservation  has  been  advanced  for  this  case.  Although  the  conjectures 
regarding  the  subsequent  processes  in  the  formation  of  droplets  have  led  to  some  interesting  re¬ 
sults,  the  physical  validity  of  these  conjectures  has  yet  to  be  confirmed,  in  most  instances. 

The  theoretical  analyses  of  instability  and  of  secondary  atomization,  as  presented  by  various 
authors,  are  summarized  in  the  following  sections.  Following  these  summaries,  a  critical  com¬ 
parison  of  the  various  methods  of  analysis  will  be  made,  as  well  as  recommendations  for  fields 
in  which  further  theoretical  research  is  needed. 
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Nomenclature  for  Following  Section 


A  surface  area 
B  coefficient 
C  velocity  of  droplets 
Cjq  coefficient  of  drag 
D  (total)  differential  operator 
F  general  function 

G  arbitrary  function  of  spatial  coordinates 
H  amplitude  of  displacement 
Iij  Haenkel  function 
J  Bessel  function 
K  spatial  frequency  coefficient 
L  breakdown  distance  for  jet 
L1  breakdown  distance  for  droplet 
M  ratio  of  dynamic  viscosities 
N  dimensionless  group 
P  applied  force 
R  radius  of  droplet 
Rj  radius  of  curvature 
S  cross-sectional  area  of  jet 
T  kinetic  energy  per  unit  length 
U  uniform  velocity  in  x-direction 
V  potential  energy  per  unit  length 
W  Weber  number 
Z  length  of  jet 
a  original  radius  of  jet 
b  linear  dimension 
c  velocity  of  sound 
d  coefficient  of  damping 
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e  Napierian  base 


f  general  function 
f  frequency  of  rotation 
g  deceleration 

h  displacement  of  jet  from  equilibrium  position 
i  imaginary  unit 
j  numerical  subscript 
k  coefficient  of  dimension,  (l/L) 
n  time  coefficient  *  -i/i 
p  variable  pressure 

q  deviation  in  surface  pressure  from  equilibrium 
surface  pressure 

r  variable  radius  of  jet  surface 

s  surface  per  unit  length 

t  time 

u  velocity  in  x-direction 
v  velocity  in  y-direction 
w  velocity  in  z-direction 
x  longitudinal  axis  of  jet 
y  horizontal  axis  of  jet  cross  section 
z  vertical  axis  of  jet  cross  section 
A  differential  operator 
T  volume  per  unit  length  of  axis 
$  time  integral  of  velocity  potential 
X  resonant  amplitude  of  forced  vibration 

Y  stream  function 

ft  ratio  of  jet  surface  to  droplet  surface 

a  fractional  multiplier 
C  dimensionless  spatial  frequency  ■  bK 
H  dynamic  viscosity 

9  breakdown  time 
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X  wavelength  of  disturbance 


P  time  coefficient 
v  kinematic  viscosity 
p  density  of  fluid 

p^  density  of  air 

<r  surface  tension 

t  stress 

#  velocity  potential 

w  angular  frequency 

K  varies  as 
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Rayleigh' s  Analysis 


The  classical  treatment  of  the  problem  of  the  stability  of  jets  was  given  by  Lord  Rayleigh 
in  his  paper,  "On  the  Stability  of  Jets"(*-®).  The  instability  is  attributed  to  one  of  two  causes, 
namely,  the  capillary  force  that  is  predominant  in  jets  of  liquids  in  gases,  and  the  dynamic  effect 
that  prevails  when  the  jet  and  its  environment  are  both  of  essentially  the  same  material. 


Capillary  Force,  Nonviscous  Liquids 


Capillary  force,  the  first  cause  of  instability,  was  studied  by  introducing  a  disturbance  of 
wavelength  X  and  variable  amplitude  H  into  the  jet,  such  that  the  surface  of  the  originally  cylindri¬ 
cal  jet  of  fluid  was  represented  by 

r  a  a  +  H  cos  Kx  ,  (1-2) 

where  a  is  the  radius  of  the  original  cylindrical  jet,  K  *  2n  /\,  and  x  is  measured  along  the  axis 
of  the  cylindrical  jet.  The  mode  of  falling  away  from  equilibrium  was  studied  by  Lagrange's 
method,  which  necessitated  the  determination  of  the  potential  and  kinetic  energies  of  the  disturbed 
jet.  To  this  end,  the  following  "average"  expressions  (in  which  periodic  terms  drop  out)  for  the 
surface  £  and  volume  T  per  unit  of  length  along  the  axis  were  determined: 

■  ■2»j*r  J 1  d(x/X)  %  27ra  +  7raK2H2/2  ,.  (1-3) 

and 

1 

r  =  7T  f  r2  d(x/X)  =  7Ta2  +  ttH2/2  .  (1-4) 

o 

Equating  the  volumes  [from  Equation  (1-4)}  for  the  disturbed  and  undisturbed  jets  gives  a 
relation  between  a  and  H  for  the  disturbed  jet  and  a0  for  the  undisturbed  jet.  Eliminating  a0  from 
the  relation  for  the  difference  between  the  surface  areas  of  the  disturbed  and  undisturbed  jets 
[from  Equation  (1-3)]  yields: 


8  -  8n  = 


(K2a2  -  1)  , 


where  sQ  was  the  surface  area  per  unit  length  of  the  undisturbed  jet.  A  value  of  s  -  s0  >  0  indi¬ 
cates  a  stable  configuration,  since,  under  these  conditions,  the  surface  tension  forces  will  tend 
to  bring  the  configuration  back  to  its  equilibrium  condition.  Since  the  configuration  of  interest  is 
the  unstable  one,  the  remainder  of  this  section  is  devoted  only  to  consideration  of  the  case  for 

2  p 

K^a  <  1 .  The  potential  energy  associated  with  the  unstable  configuration  is : 

v  =  -*  CiirX1  - k2»0  •  "-61 

where  a  is  the  cohesive  tension.  The  corresponding  velocity  potential  is(i-®) 


H  JQ  (iKr )  cos  Kx 
iKa  (iKa) 


where  H  ■  dH/dt,  J0  is  the  Bessel  function  of  zero  order,  and  is  its  derivative  with  respect  to 
:Kr.  Hence,  the  kinetic  energy  per  unit  length  of  the  unstable  configuration  is  found  to  be: 

T  =  1/2  pf'zrra  ~  a  dx 


=  1/2  p* a2 


where  p  is  the  density  of  the  liquid. 


J0  (*Ka)  H2 
iKa  (iKa)  ’ 
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If  it  is  now  assumed  that  the  disturbance  amplitude  H  varies  as  ePt,  application  of 
Lagrange's  method  results  in 


2  _  J  (1  -  K2az)  iKa  (iKa) 
^  =pa3  J0(iKa) 


(1-9) 


The  ratio  of  wavelength  to  jet  diameter  for  the  kind  of  disturbance  that  leads  most  rapidly 
to  the  disintegration  of  a  cylindrical  jet  is  then  found  by  expressing  Equation  (1-9)  in  a  single 
power  series  in  (Ka),  and  by  finding  the  value  of  (Ka)  for  which  ju2  is  a  maximum.  This  results  in: 


X  »  4.  508  (2a)  . 


(1-10) 


Figure  1-18  shows  the  variation  of  the  rate  of  growth  p  with  Ka  for  an  inviscid  (nonviscous) 
jet  under  the  influence  of  surface  tension.  From  this  figure  it  becomes  immediately  obvious  that 
p  has  a  definite  maximum  for  Ka  %  0.  7.  This,  in  turn,  corresponds  to  a  value  of 


P 


FIGURE  1-18.  VARIATION  OF  p'  ■  p/ sjo  / pa3  WITH  Ka  FOR  INVISCID 
FLUID  WHERE  SURFACE  TENSION  PREDOMINATES 

(Equation  1-9) 


Capihary  Force,  Viscous  Liquids 
In  a  subsequent  paper  (1-36), 

Lord  Rayleigh  considered  the  same  problem  for  very  viscous 
liquids,  such  as  heavy  oil,  and  concluded  that  the  wavelength  of  the  disturbance  which  produces 
greatest  instability,  v  ,  will  be  very  large  in  comparison  with  the  diameter  of  the  jet.  Since 
viscous  flow  cannot  be  represented  by  a  potential  function,  the  flow  in  this  case  is  represented  by 
the  stream  function?,  which,  for  small  motions,  satisfies  the  equation: 

/  d2  Id  d-  1  d\/dz  1  d  d2  \ 

( - + - V - +  -  ?=  0  .  (1-11) 

dr^  r  dr  dx2  v  dl^  dr^  r  dr  dx^ 
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By  letting 


¥  =  (r)  +  ¥2  (r)  e^nt  +  K]x)  f 


(1-12) 


where  £  is  the  usual  time  coefficient,  which  may  be  real  or  complex,  it  is  seen  that  ¥j  and  ¥2 
must  satisfy  the  equations 


d2  ¥•  Id  ¥ 


j  ld^j  2  d/ldfA  2 
" 7~ "  Kj  ^=r7r\7“/  Ki  ^  =  °  ’ 


(1-13) 


and  where 


j  ■  1,  2, 


K2  «  Kj  +  in/v  . 


(1-14) 


The  boundary  conditions  were  then  imposed,  and  it  was  noted  that  the  functions  ¥j  (j  a  1,2) 
satisfied  the  conditions  appropriate  to  a  stream  function  when  there  are  velocity  potentials  of 
the  form: 


*j  =  eiKjX  J0  UKjr)  ,  j  =  1,2  , 


d-15) 


so  that 


fri* 

J  J  dr  iKj  dr 

~  relKjx  j'Q  ( i Kj r )  =  Ajr  (iKjr)  . 


(1-16) 


By  imposing  the  appropriate  boundary  condition  on¥  =  e  *(nt  +  Kj  x)  j  +¥2)  >  a  complicated  re¬ 
lation  for  n,  in  terms  of  (iKja)  and  Kj  (j  ■  1,  2),  is  obtained.  This  was  simplified  by  assuming  a 
large  viscosity,  which  results  in 


K2*K1  . 


(1-17) 


The  resultant  equation  for  the  rate  of  growth  of  the  disturbance  n  can  then  be  written  ap¬ 
proximately  as 


in  =  T  (1  -  K2a  2)/  ^6t]  a  +  0  Jk^J  J 


where  O  means  "terms  of  the  order  of".  This  obviously  requires  its  maximum  value  for  Ka  »  O, 
which,  by  Equation  (1-2),  corresponds  to  an  infinite  wavclengthX. 


The  Dynamic  Effect 


Dynamic  effect,  the  second  cause  of  instability,  was  studied  by  introducing  a  surface  of 
separation  between  the  jet  and  the  surrounding  medium.  This  surface  of  separation  was  sub¬ 
jected  to  a  disturbance  such  that  its  displacement  h  from  the  equilibrium  position  was  represented 
by  the  real  part  of  the  following  equation; 


h  ■  Hc‘(nt  *  to)  . 


(1-19) 
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Figure  1-19  shows  the  coordinate  system,  velocities,  and  assumed  displacement  of  the 
surface  of  separation  introduced  by  Rayleigh.  The  x-axis  was  taken  along  the  originally  undis¬ 
turbed  surface  of  discontinuity;  the  z-axis  is  normal  to  x.  The  displacement  of  the  surface, 
because  of  the  disturbance,  is  designated  by  h,  and  the  velocities  Uj  are  the  initial  velocities  on 
either  side  of  the  surface.  The  velocity  potentials  0j  for  the  flows  on  either  side  of  the  surface  of 
separation  were  written  as 

0j  =  Bje^1*  +  Kx)  +  M)jKz  +  u.x>  j  =  2  ,  (1-20) 


where  the  coefficients  B.  are  to  be  determined  by  the  condition  that  the  normal  velocities  at  the 
surface  of  separation  equal  those  determined  from  Equation  (1-19).  Hence, 


so  that 


j 

(_1)  dz  (z  =  0) 


i(nt  +  Kx) 
KBje 


Dh  dh  <?h 
=  dT  =  dT  +  UJ  dx 


=  (iD  +  iKUjJHe^1*  +  j  =  1,2; 


(1-21) 


Bj  «  iK-1  (n  +  KUj)  H  , 


and 


=  (-1)1  +  1  iK-1  (n  +  KUj)  He1*"1  +  Kx)  +  ("!PKz  +  Ujx  ,  js  1,2 


(1-22) 


x 


z 

FIGURE  1-19.  DIAGRAM  OF  COORDINATE  SYSTEM  AND  VARIABLES 
ALONG  SURFACE  OF  SEPARATION 

By  equating  the  pressures  on  cither  side  of  the  surface  of  separation,  the  following  relation 
among  the  densities  Pj ,  the  velocities  Uj,  and  the  coefficient  K_  is  obtained: 

Pj  (n  +  KUj)2  +  p2  (n  +  KU2)2  =  0  ,  (1-23) 

which  indicates  that  the  disturbance  grows  most  rapidly  when  its  wavelength  is  small,  and  when 
the  densities  of  the  two  media  are  the  same.  If  it  is  assumed  that  the  two  portions  of  fluid  are 
limited  by  rigid  walls,  the  equations  of  which  are:  z  ■  and  z  »  jJ:',  respectively,  then 
Equation  (1-23)  becomes 

Pj  (n  +  KUj)2  coth  Kb  +  p2  (n  +  KU2)2  coth  Kb'  =  0  .  (1-24) 

By  letting  b1  — oo,  and  coth  Kb1  ■  1,  Equation  (1-23)  may  be  appllid  to  a  jet  of  width  2b,  sym¬ 
metrical  and  symmetrically  placed  with  respect  to  the  line  z  ■  b,  and  moving  with  velocity  Uj  in 
an  infinite  mass  having  a  velocity  of  Uj>.  Various  other  Jet  phenomena  can  be  described  by  varying 
the  equation  for  the  displacement  h  of  the  surface  of  discontinuity  and  by  varying  the  relation  be¬ 
tween  pj  and  Uj.  The  resultant  expressions  for  n  then  give  an  in-  ication  of  the  manner  in  which 
the  Jets  fall  away  from  equilibrium. 
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Summary  of  Rayleigh 'a  Analysis 


Rayleigh's  analysis  has  thus  shown  that,  when  surface-tension  forces  are  predominant  in  an 
essentially  nonviscous  liquid,  the  wavelength  of  the  most  probable  disturbance  will  be  roughly  four- 
and-a-half  times  the  diameter  of  the  jet.  As  the  liquid  becomes  more  viscous,  this  wavelength 
increases  to  the  limiting  case  of  essentially  infinite  viscosity  when  the  wavelength  of  the  disturbance 
becomes  infinite,  which  is  quite  reasonable  from  the  physical  point  .of  view. 

In  the  case  of  the  instability  of  a  plane  surface  of  separation  between  a  liquid  and  air  caused 
by  dynamic  atmospheric  effects,  it  was  found  that  the  most  rapid  rate  of  growth  of  the  disturbance 
corresponds  to  a  wavelength  that  approaches  zero.  This  last  analysis  was  then  modified  to  account 
for  the  dynamic  instability  of  a  jet  of  liquid,  and  it  was  ascertained  that  the  most  rapid  rate  of 
growth  of  the  disturbance  again  corresponds  to  a  wavelength  that  approaches  zero. 


Weber's  Analysis 


A  more  detailed  analysis  of  the  breakdown  of  a  liquid  jet  was  given  by  C.  Weber^”*®),  in 
which  he  attributed  the  basic  cause  entirely  to  the  forces  arising  from  surface  tension,  and  he 
proceeded  to  determine  the  wavelength  that  brings  about  the  greatest  amount  of  instability  both 
for  inviscid  and  for  viscous  liquids. 


Effect  of  Surface  Tension 


The  effect  of  surface  tension  was  determined  by  investigating  an  infinitely  long  steady  jet 
with  circular  cylindrical  cross  section  of  radius  a.  The  surface  tension  associated  with  this 
cylindrical  jet  was  designated  by  a,  so  that  the  corresponding  surface  pressure  was  o'/a.  Since 
only  rotationally  symmetric  disturbances  affect  the  breakdown  of  a  cylindrical  jet,  Weber  ther 
considered  the  deviation  from  the  cylindrical  cross  section  to  be  h(x). 

Figure  1-20  is  a  schematic  diagram  for  the  coordinate  system  and  assumptions  used  by 
Weber.  Here  it  can  be  seen  that  the  x-axis  is  taken  as  the  longitudinal  axis  and  the  y-  and  z-axes 


are  the  horizontal  and  vertical  axes,  respectively, 
deviation. 


1 


of  the  cross  section;  h  is  the  amount  of  the 


FIGURE  1  -20.  COORDINATE  SYSTEM  FOR  WEBER'  S  ANALYSIS 
(Webcr)l-»0 
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According  to  this  arbitrary  deviation  from  cylindrical  cross  section,  the  local  surface 
pressure  can  be  expressed  as 


(1-25) 


where  is  the  deviation  in  surface  pressure  from  that  of  the  cylindrical  jet,  and  Rj  and  are 
the  radii  of  curvature  in  the  cross-sectional  and  longitudinal  planes,  respectively.  Since  the 
(variable)  radius  of  the  disturbed  jet  is  (a  to  ),  the  deviation  in  surface  pressure  can  thus  be  de¬ 
termined  as 


qa 


(1-26) 


by  dropping  all  terms  involving  products  of  h  or  its  derivatives,  which  are  considered  as 
negligible. 


This  dropping  of  product  terms  renders  the  equations  of  motion  linear,  so  that  the  individual 
solutions  for  the  deviations  can  be  superimposed.  Expanding  the  deviation  h  in  a  cosine  series  and 
investigating  the  term  with  the  wavelength 


X  = 


27T 

K 


(1-27) 


where  K  is  the  spatial  frequency  of  the  disturbance,  yields 


h  =  H  cos  — -  =  H  cos  K  x  , 


where  H  is  the  maximum  amplitude  of  the  disturbance.  Hence, 

%  =  -  “d  -  K2a2)  , 

dL 


(1-28) 


(1-29) 


which  indicates  that,  with  respect  to  surface  tension  alone,  the  system  will  be  unstable  for  Ka  <  1, 
that  is,  for  X  >  27ta  ®  6.  28  a. 


Exact  Solution 


An  exact  solution  of  the  linearized  equations  of  motion  is  then  obtained  by  noting  first 


A  p  ■  0  , 


where  the  operator  A  is  defined  as 


A  = 


d2  _l__d_  +  d2 
dr2  r  dr  dx2 


(1-30) 


d-31) 


By  setting  (dh/dt  )~Vr,  the  radial-deviation  velocity,  Equation  (1-30),  and  the  radial  equation  of 
motion  lead  to  the  following  equation  for  h: 


_d_ 

dt 


-E±)h 

T)  dt  / 


=  0 


(1-32) 
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where  p  is  the  density  of  the  fluid,  T)  is  the  viscosity,  and 

a2f  d  T 1  d  1 


(1-33) 


Since  only  those  disturbances  that  grow  with  respect  to  time  are  of  interest,  the  solution  of 
Equation  (1-32)  that  is  independent  of  time  is  of  no  interest,  and  the  pertinent  solution  becomes: 


h  *  hj.  +  h2  , 


where  hj  and  h£  are  the  solutions  of  the  equations 


(1-34) 


Ai  I4  •  o  > 


(1-35) 


-£-Tl  h2  =  0, 


t  1  1  ' 

respectively.  The  boundary  conditions  for  these  solutions  are 


(1-36) 


<hl  +  h2>r  =  a  =  h 


(1-37) 


If  h  is  assumed  to  be  of  the  form 


p2  +  p  (1  -  K2a2)  K2a2  , 

P  3pa3 


which  has  zero  or  negative  solutions  for  p  if  Ka  »  0  or  1,  and  which  has  one  positive  and  one 
negative  solution  for  0  <  Ka  <  1.  The  criterion  of  Ka  <  1  for  an  unstable  system  bears  out  the 
prediction  of  Equation  (1-29). 

For  an  inviscid  fluid,  the  exact  equation  for  p  corresponding  to  Equation  (1-38)  becomes: 


2  _  0 
2pa3 


(1  -  K2a2)  K2a2  - Jl(Ka)  £  — g— (i  .  K2a2)  K2a2  , 

J0(Ka)  2pa3 


where  Jo(Ka)  and  Jj(Ka)  are  the  zero-and  first-order  Bessel  functions  of  the  first  kind,  respec¬ 
tively.  The  maximum  value  of  p,  corresponding  to  the  mode  of  initial  disturbance  which  brings 
about  instability  most  rapidly,  is  obtained  when  Ka  ■  Ka  »  l/*^2,  where  K  is  the  value  of  K  for 
p  ■  pmax.  This  results  in 

ur.ax=Pr  •  (1-40) 


h  =  H  eP*  cos  K  x  , 

and  substituted  into  Equation  (l-32),  Bessel  equations  for  hj,  and  h 2  are  obtained.  Simultaneous 
consideration  of  the  boundary  conditions  of  Equation  (1-37)  then  leads  to  the  following  approximate 
equation  for  the  rate  of  growth,  p  : 


The  wavelength  of  the  predominant  disturbance  for  this  case  is  determined,  by  consideration  of 
Equations  (1-27)  and  (1-40),  to  be 
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X  =  27T/K  =  4.  44  (2a) 


(1-41) 


Influence  of  Jet  Velocity 

For  a  jet  leaving  the  nozzle  with  the  velocity  IJ,  the  deviation  from  a  cylindrical  surface  is 
assumed  to  be  of  the  approximate  form: 

h  =  He^(t  +  x/U)  cos  K  x  .  (1-42) 

Consideration  of  the  equations  of  motion  reveals  that  Equation  (1-42)  is  a  valid  approximation  to 
'he  rigorous  solution  if  the  jet  velocity 


u  >H~ . 

V  pa 


An  approximation  for  the  breakdown  time  8  can  be  obtained  from  Equation  (1-42)  by  assum¬ 
ing  that  the  jet  velocity  IJ  is  large,  and  that  x  «  Under  these  assumptions, 


o  U  .  a 
8  - -  In  - 

Mmax  ^ 


(1-43) 


and  the  breakdown  distance  L  becomes 


U  a 

L  =  SU  =  - - lnrr 

Mmax  H 


(1-44) 


By  differentiating  Equation  ( 1  - 3 8)  with  respect  to  Ka,  the  predominant  wavelength  of  disturbance 
for  a  viscous  liquid  becomes 


Mmax  =  1 


8£a3/2  +  -6Ha 

0  a 


(1-45) 


and  the  corresponding  breakdown  time,  8_  is 


8 


(1-46) 


Hence,  for  essentially  inviscid  liquids,  the  breakdown  time  varies  as  a^/2,  and  for  very  viscous 
fluids,  as  a. 


Atmospheric  Effects 


The  atmospheric  effects  on  the  jet  arc  considered  by  expressing  the  components  of  velocity 
of  the  air  in  the  r,  x,  y,  and  z  directions,  respectively,  by 

v-  _  <?h  _ 

dt  dr  ’ 


d<p  Sif) 

dy  ’  W  =  dz 


(1-47) 
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and  by  letting 


'  < 

which  will  permit  satisfaction  of  the  linearized  equation  of  motion.  By  assuming  the  initial 
expression  for  <J>  to  be 


s  H  cos  K(x  -Ut)  ,  (1-49) 

substitution  into  the  equation  of  continuity  results  in  the  following  expression  for  the  deviation  h: 

h  =  H  cos  K(x  -  UtJ-Hjf1)  (iKjrJ/HjU)  ,  (1-50) 


where 


Kj  =  K2 


f‘-T> 


£  is  the  local  velocity  of  sound,  and  Hj(i)  is  the  Haenkel  function  of  the  first  order.  The  cor¬ 
responding  equation  for  p  is: 

^2  3t]K£=  a  _  K2a2)  K2a2 

P  2pa3 


PA*2  _iHo(1)<iKla> 

- r—  K3a3- 


2  pa 


H](1^  (iKja) 


(1-51) 


where  pa  is  the  density  of  the  air,  and  HQ^)  is  the  Haenkel  function  of  the  zero  order.  By 
taking  assumed  values  for  a,  a,  p,  p^  ,  and  various  values  for  IJ,  it  is  seen  that  pmax  a°d  ® 
increase  with  U. 


Elasticity  Analogy 


Finally,  by  considering  the  jet  as  an  elastic  beam  and  by  modifying  the  elasticity  equations, 
jUfnax  f°r  wave  formation  by  air  effects  can  be  determined  from  the  equation 


p2  +  p 


7iK2a2  f lr)K2 
l-2pa2  \  p 


riK3a3 

pa2 


p  U2  HjO)  (iKa)  2a  , 

=  -  —  —  Ka - - - K2a 

p  a2  HjO)  (iKa)  a3p 


(1-52) 


and  the  minimum  velocity  for  breakdown  to  occur  can  be  determined  by  setting  the  right  side  of 
Equation  (1-52)  equal  to  zero.  Hence. 


U(Ka) 


min 


U)' 

nr 


(2a  KaHj'"  (IKa) 


a p  Hf  '  (iKa) 


(1-53) 


It  should  be  noted  that  Ka  (pmax)  increases  with  increasing  U^;  hence,  X  decreases  as  U  increases. 
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Summary  of  Weber's  Analysis 


In  summary,  Weber's  derivations  indicate  that  the  breakdown  time  for  low  velocities  is 
invariant  for  a  given  fluid  and  jet  strength,  while  the  breakdown  length  increases  with  jet  velocity. 
Under  the  influence  of  air  forces,  the  breakdown  time  theoretically  diminishes,  so  that  with  in¬ 
creasing  velocity  the  breakdown  length  also  decreases;  experimentally,  there  is  a  sharp  decrease. 
The  effect  of  viscosity  is  to  increase  the  breakdown  time,  while  the  effect  of  an  increase  in  jet 
velocity  is  to  decrease  the  breakdown  time.  The  theoretical  predictions  have  been  confirmed  by 
experimental  data  in  each  case. 


Figure  1-21  presents  a  graphical  summary  of  the  variation  of  the  dimensionless  rate  of 
growth  p'  b  ^/s/ff/ipa^  with  the  dimensionless  spatial  frequency  Ka,  for  each  of  the  cases  con¬ 
sidered  by  Weber.  Figure  l-21a  shows  that  the  value  of  K  for  which  p  is  the  maximum  decreases 
with  increasing  viscosity  and,  hence,  that  the  wavelength  \  of  the  critical  disturbance  increases 
with  viscosity.  Figures  l-21b  and  l-21c  show  that  this  critical  value  of  K  increases  with  increas¬ 
ing  jet  velocity  U,  and  hence  that  the  critical  wavelength  decreases  with  increasing  velocity.  Botl 
of  the  above  predicted  trends  are  to  be  expected  from  physical  considerations. 


nirfE  f-t  r  r.,1  1  I 
0.0  0.5  1.0 


a)  Viscous  and  nonviscous  fluids 
at  low  jet  velocity.  Equotion  ( 1-38) 


t-T 


0.0  0.5  1.0  1.5  2.0 


Atmospheric  effects 
for  various  velocities 
of  a  nonviscous  jet. 
Equation  (1-51) 


c)  Wave  formation  by  air  effects,  using  elasticity  onology,  for  various  velocities  of  a 

viscous  liquid  jet  Equation  (I -52)  _ 

FIGURE  1-21.  VARIATION  OF  p'  «  p/Jo/Zp**  WITH  Ka  AS  PREDICTED 
BY  VARIOUS  EQUATIONS  (Weber)1-10 
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Siestrunck1  s  Analysis 


A  relatively  simple  derivation  of  the  criterion  for  secondary  atomization  was  given  by  R. 
SiestrunckU-^Ojj  who  postulated  that  the  subdivision  of  droplets  formed  by  the  primary  disin¬ 
tegration.  of  a  liquid  jet  is  due  to  the  forces  of  suction  and  of  centrifugal  motion  which  occur  when 
the  air  velocity  IJ  exceeds  a  critical  value  U0.  The  physical  system  considered  was  that  of  a  drop 
of  velocity  C0  within  an  air  jet  moving  with  velocity  IJ.  The  moderate  suction  Apj  from  the  drag 
forces,  which  tends  to  burst  the  drop,  is  of  the  form: 

APj  =  CD  (U  -  C0)2  pA/2  ,  (1-54) 

where  Cq  is  the  drag  coefficient  and  p^  is  the  air  density.  A  second  excess  pressure  is  caused 
by  the  centrifugal  force  that  is  due  to  the  angular  frequency  w  of  the  agitated  drops  of  radius  R. 

The  maximum  value  of  this  force,  on  the  equator  of  the  rotating  drop  can  be  expressed  by: 

AP2  =  pw2  R2/ 3  ,  (1-55) 

where  p  is  the  density  of  the  liquid.  The  angular  frequency  to  can  be  expressed  in  terms  of  the  air 
velocity  IJ  by: 


to  «  KU  ,  (1-56) 

where  K  is  a  function  of  the  average  mean  agitation  of  the  jet  and  of  the  frequency  spectrum  of  the 
disturbances  causing  the  agitation. 

Siestrunck  then  conjectured  that  the  droplets  could  burst  when  the  sum  of  the  above  pressures 
would  exceed  a  certain  multiple  a  of  the  pressure  associated  with  the  surface  tensioner  of  the 
liquid  droplets  (considered  to  be  essentially  spherical).  Hence,  the  criterion  becomes 

APl  +  Ap2  =  CD  (U  -  C0)2  PA  /2  +  p  K2U2R2/3  =  .  (1-57) 

From  Equation  (1-55)  it  can  be  seen  that  the  relation  between  IJ  and  C0  becomes: 

C0  =  U  -7x  +  X'U2  ,  (1-58) 

where 

4  a  a 

x  = 

and 

v  JjL  *Z  R2 

^Pa  Cd 

By  setting  the  velocity  of  the  liquid  jet  approximately  equal  to  zero,  it  can  be  seen  that  an  air 
blast  of 


U0  =/x/(  1  +  X')  (1-59) 

is  necessary  for  initiation  of  secondary  disintegration.  For  Sicstrunck’s  experimental  investiga¬ 
tions,  the  value  of  a  was  found  to  be  about  0.  5. 

The  distance  L'  that  a  droplet  normally  traveled  before  it  burst  was  investigated  by  assum¬ 
ing  that  this  disintegration  occurred  at  a  time  9  when  the  cross  section  S  of  the  jet  was  small 
enough  to  be  broken  by  agitation  of  the  flow.  If  the  amount  of  flow  "sucked  up"  by  a  swelling 
irregular  mass  of  fluid  is  defined  by 
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(1-60) 


9 

a°{  ^S(‘"dt 


where  b  is  the  distance  between  two  swellings  of  the  jet,  and  if  it  is  assumed  that  A p  is  essentially 
constant  during  the  disintegration  and  that  Q  varies  but  little  with  IJ,  Equations  (1-54)  and  (1-60) 
yield: 


L-  =  c0e  = 


|3C0 


XCo 

u  -  c 


(1-61) 


where 

j3  =Jzp  bQ/S(t) 

and 


x = ]syi7pcD 


Hence,  the  interval  in  which  a  jet  disintegrates  can  be  represented  by  a  single  constant  parameter, 
along  with  the  velocities  of  the  liquid  and  air  jets. 


Littaye1  s  Analysis 


The  analysis  by  Siestrunck  was  investigated  experimentally  by  G.  Littaye^1"22),  who  found 
that  the  criterion  for  secondary  atomization  could  be  expressed  by  the  equation: 

PA  (U  -  C0)2  R 

-  =  const.  (1-62) 

a 

where  the  symbols  are  as  defined  previously,  and  where  the  second  term  of  Equation  (1-57), 
representing  the  centrifugal  forces,  is  neglected. 

Realizing  that  the  velocity  of  the  liquid  C  is  not  constant,  but  increases  rapidly  because  of 
the  entrainment  by  the  air  stream  flowing  at  a  velocity  of  U,  Littaye  then  wrote  the  equation  of 
motion  for  the  droplets  as, 


m  (dC/dt)  =  CD(pA/2)  (U  -  C)2  S  ,  (1-63) 

where  rn  is  the  mass  of  the  droplet,  and  S  is  the  great-circle  area  of  the  dioplet.  Integration  of 
Equation  (1-63)  yields: 


U 


-  C  = 


U  -  Cf 


1  +  kt  (U  -  CQ) 


where  C0  is  the  initial  velocity  of  the  droplet,  and 


(1-64) 


CD  P As 

k  = - 

m 

By  assuming  that  the  relative  velocity  (U  -C0)  has  a  limiting  value,  as  prescribed  by  Equation 
(1-62),  and  that  the  breakup  time  can  be  represented  approximately  by  the  oscillation  period  9  of 
the  droplet,  as  given  by 


6  s/jir  m/(8o ) 


(1-65) 


the  author  computed  the  relative  velocity  at  breakup  to  be 
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•  V 


(U  -  C)  C  -  Co  I 

U  -  C0  =  1  “  U  -  CQ  =  (1  +  0.  013) 


(1-66) 


for  the  case  of  water  dioplets  in  an  air  stream.  Equation  (1-66)  demonstrates  that  breakup  will 
occur  when  the  change  in  droplet  velocity  (C-C0)  is  less  than  two  per  cent  of  the  initial  relative 
velocity  (U-C0),  regardless  of  the  diameter  of  the  droplet.  This  indicates  that  the  criterion  of 
Equation  (1-62)  is  valid  for  any  size  of  droplet,  and  hence  that  there  is  no  limit  value  of  the  order 
of  several  microns  below  which  the  diameter  of  the  drops  may  not  go.  For  highly  viscous  liquids 
it  is  known  that  the  period  of  oscillation  9  increases.  Hence  Equation  (1-66)  indicates  that,  for 
more  viscous  liquids,  the  velocity  difference  (C-C0)  will  increase  with  increasing  viscosity. 


Since 


C 


dx 
*  — 

dt 


> 


integration  of  Equation  (1-64)  yields: 


x  =  (U  -  CQ)  t  +  i  In 


1  +  kt(U  -  C0) 


_1_ 

2k 


kt(U  -  C0) 


(1-67) 


(1-68) 


from  which  the  distance  L'  traversed  by  a  drop  during  its  breakup  can  be  determined  as 


■  k  [ k|u  -  c°)0  ] 


(1-69) 


For  water  droplets  in  air,  L'  /R  ■  1.2,  which  is  independent  of  the  nature  of  the  liquid.  This 
shows  that  the  drop  breaks  up  at  the  end  of  a  very  short  path,  so  that  there  is  insufficient  time  for 
rotation  to  bring  about  the  centrifugal  forces  described  by  Siestrunck, 


Baron's  Analysis 


Two  significant  contributions  to  the  analysis  of  jet  disintegration  were  made  by  T.  BaronO-27). 
In  the  first  place,  he  combined  theory  and  dimensional  analysis  to  derive  a  formula  for  breakup 
distance  L  which  was  confirmed,  qualitatively  at  least,  by  experiments.  By  assuming  that  surface 
tension  a  Is  the  main  cause  for  the  instability  of  a  jet,  and  that  the  other  important  factors  are 
the  viscosity  r)  that  causes  the  initiation  of  the  disturbance,  the  velocity  of  the  jet  tJ,  the  density  of 
the  liquid  p,  and  the  radius  of  the  tube  a,  Baron  concluded  that  the  breakup  distance  L,  should  be 
determinable  by  a  relation  of  the  type: 

F  (L,  a,  a,  p,  U,  T})  = 

This  can  be  expressed  in  dimensionless  form  as 

F'  [  (L/a|,( 


0  .  (1-70) 


=0  (1-71) 


or 


(1-72) 
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where  Re  is  the  Reynolds  number  of  the  flow  and  is  the  Weber  capillarity  number.  Since  the 
initial  deformation  is  proportional  to  the  size  of  the  turbulent  eddies  in  the  surrounding  gas,  and 
since  the  size  of  these  eddies  is,  in  turn,  proportional  to  the  velocity  IJ,  it  was  deduced  that  the 
brealcup  length  L  should  vary  as  the  velocity  IJ.  Hence,  Equation  (1-72)  can  be  written 


L  = 


a3/2  pl/2  u 

<7  1/2 


F"'  (Re) 


(1-73) 


After  consideration  of  Littaye's  (*_22)  analysis,  Baron  questioned  the  validity  of  setting  the 
breakup  time  equal  to  the  oscillation  time  of  the  droplet,  and  sought  to  modify  Littaye's  analysis 
by  proposing  a  model  for  the  oscillation  of  the  droplet.  He  conjectured  that  the  force  of  drag 
tends  to  flatten  the  originally  spherical  droplet  into  an  ellipsoid,  the  force  of  surface  tension  then 
tending  to  restore  the  droplet  to  its  spherical  shape.  This  surface-tension  effect  is  then  assumed 
to  overshoot  its  mark,  creating  an  ellipsoid  with  a  major  axis  perpendicular  to  the  drag-created 
ellipsoid.  The  drag  forces  are  now  assumed  to  act  in  such  a  way  that  the  droplet  will  execute  a 
quarter  turn  for  every  half  period  of  oscillation  0.  This  model  leads  to  the  following  equations  in¬ 
volving  the  frequency  of  rotation  fr: 


'26  2\Jtt2  p  Rj 

Hence  the  pressure  due  to  centrifugal  forces  is 

p  u2r2  2a 

^2=  3~=  3R 


(1-74) 


(1-75) 


where  u  is  defined  by  Equation  (1-56).  Under  the  assumption  that  Ap|  accounts  for  the  entire 
surface-tension  effect  (2a /R  ),  Equation  (1-75)  thus  indicates  that 


Ap2=0.  33Apj  ,  (1-76) 

and  is  not  negligible,  as  assumed  by  Littaye.  For  very  viscous  liquids  the  period  of  oscillation 
would  decrease,  thus  decreasing  the  relative  effect  of  the  centrifugal  forces. 


Under  the  assumption  of  the  rotation-oscillation  model  described  above,  the  drag  and 
inertia  forces  are  always  in  phase  with  the  surface  forces.  Hence,  the  situation  is  one  of  forced 
vibration  with  viscous  damping.  By  assuming  harmonic  vibrations,  the  resonant  amplitude  XQ 
can  be  represented  in  terms  of  the  amplitude  of  the  applied  force  PQ,  the  coefficient  of  viscous 
damping  d,  and  the  frequency  of  rotation  u  as 


*0 


fa  /HE! 

2d  y/  2a 


(1-77) 


Since  the  applied  force  PQ  is,  in  fact,  the  drag  force, 

PA  ? 

po  «CD  —  (U  -  C)2  S0 


(1-78) 


Baron  then  hypothesized  that  atomization  would  result  when  the  fractional  increase  in  the 
radius  (IQ,  / R )  exceeded  a  certain  critical  value  (Xq  /R  )crit.  •  assuming  that  the  viscosity 
coefficient  d  obeys  Poiseuille's  law  for  disk-shaped  obstacles 

d  =  T]R  ,  (1-79) 
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and  by  combining  Equations  (1-77),  (l  — 78),  and  (1-79),  the  following  criterion  for  atomization  is 
obtained: 


PA  (U  -  C)2  R  1-5(p)°-5 

r\aO.  5 

It  is  noted  that  if  (X0/R)crit,  is  greater  than  about  0. 15,  the  assumption  of  harmonic  motion  is 
not  valid,  and  Equation  (1-80)  no  longer  gives  an  accurate  criterion. 

Inasmuch  as  Baron's  Equation  (1-80)  takes  into  account  the  densities  both  of  liquid  and  of 
gas,  and  the  viscosity,  it  therefore  appears  to  be  a  better  criterion  than  Littaye's  Equation  (1-62); 
still,  the  approaches  to  both  equations  are  based  on  conjectural  models  that  may,  or  may  not,  be 
correct. 


a 


2|  — — )  =  const. 

R  '  „,;4. 


(1-80) 


Borodin  and  Dityakin's  Analysis 


A  very  elegant,  though  complicated,  mathematical  solution  to  the  problem  of  determining 
the  unstable  capillary  waves  on  the  surface  of  separation  of  two  viscous  liquids  has  been  published 
by  V.  A.  Borodin  and  Y.  F.  Dityakin0"28).  The  authors  begin  by  considering  that  the  velocities 
u,  and  v,  associated  with  the  disturbance,  are  derivable  from  a  stream  function  ¥.  Substitution 
of  this  stream  function  into  the  Navie.-Stokes  equations  for  an  incompressible  fluid,  and  subsequent 
elimination  of  the  pressure-variation  term  £  from  the  two  equations  leads  to  the  Helmholtz 
equation: 


I'AAY-U 


dAl 

d'i 


(1-81) 


where  A  is  the  operator, 


A  = 


(1-82) 


v  is  the  kinematic  viscosity,  and  IJ  is  the  uniform  velocity  of  the  jet.  The  stream  function  Y  is 
assumed  to  be  of  the  form: 


¥  =  f(y)e  *(nt  +  Kx),  (K  _  ±ZL)  f  (1-83) 

where  K  is  the  propagated  circular  frequency  of  the  vibrations,  and  n  ■  nr  +  inj  is  a  complex 
quantity  representing  the  time,  frequency,  and  growth  of  the  disturbance.  Substitution  of  Equation 
(1-83)  into  Equation  (1-81)  yields 

vfIV  -  (2K2v  +  in)f"  +  (inK2  +  vK4)f  -  iUK(f"  -  K2f)  =  0  ,  (1-84) 

where  the  derivatives  are  taken  with  respect  to  jr.  By  setting 

f"  -  K2f  =  F  ,  (1-85) 


Equation  (1-84)  iB  transformed  into 


F"  -  (i  — +  K2)F  «  0 
The  solution  of  Equation  (1-86)  then  becomes: 


(1-86) 

X 
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F  =  Cieimjy  +  C2e-imjy 


9 


(1-87) 


where  j  »  1,2,  corresponding  to  the  liquid  on  either  side  of  the  surface  of  discontinuity,  and 


m. 


V 


n+UIC 

-  ■  ■■  ~  K2,  j  =  1,2 

j 


(1-88) 


Substitution  of  Equation  (1-87)  into  Equation  (1-85)  yields: 
f  eimj  y  e~imj  y 


mj2  +  K2 


C  -  — — —  C , .  +  eKy  C,.  +  e-Ky  c 

'J  m.^  +  K"  2J  3j 

J 


4j 


(1-89) 


and  the  stream  functions  corresponding  to  the  liquids  on  either  side  of  the  surface  of  separation 
are  determined,  by  substitution  of  Equation  (1-89)  into  Equation  (1-83),  as 


y  =  ei^  +  nt)  L  V  C,:  -  - - C,.  +  eKY  C,.  +  e'Ky  C4. 

3  »  mj2  +  K2  1J  -.2xW-2  2J  3j  4jj 


mj2  +  K2  23 


(1-90) 


The  boundary  conditions  imposed  upon  this  solution  are: 

1.  Finite  solutions  at  infinity. 

2.  No  slip  on  the  surface  of  separation. 

3.  Continuous  tangential  stresses  on  the  surface 
of  separation. 

4.  Equality  of  the  resultant  of  the  normal  stresses, 
at  the  surface  of  separation,  with  the  internal 
pressure. 

\  x  x  „ 

Application  of^these  boundary  conditions  to  the  solution  of  Equation  (1-90)  leads  to  a  series  of  four 
simultaneous  homogeneous  equations  in  the  four  coefficients  (remaining  after  application  of  the 
first  bounuary  condition),  C^i,  C^,  C\i;  and  C32.  Solution  of  these  simultaneous  equatiors  is 
then  indicated  as  the  solution  of  an  eightdeiith-degree  equation  with  complex  coefficients  in  the 
dimensionless  variable  z  a  n/(VjK2).  The  corresponding  solutions  are  then  determined  as  roots 
of  the  characteristic  equation  in  the  M-N  plane,  where  M  »  n^/n^,  N  »  ap j/n2K.  Each  root  of 
this  characteristic  equation  for  which  nj  <  0  corresponds  to  the  unstable  configuration,  the  critical 
disturbance  corresponding  to  maximum  n^. 


Balje' and  Larson'  b  Analysis 


In  order  to  derive  mathematical  expressions  for  computing  droplet  size  obtained  by  jet 
disintegration,  O,  E.  Balje’  and  L.  V.  LarsonO”2*?)  considered  the  various  ai  alyses  presented 
above.  A  criterion  for  droplet  stability  was  obtained  by  consideration  of  Litt:  ye's  EquationO-^2), 
in  which  the  constant  was  set  equal  to  8,  as  a  result  of  equating  the  ram  pres  iurc  to  the  surface 
tension.  Hence,  the  maximum  3tablc  droplet  radius  Rg  is  determined  as 
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Vii 

i  V 


l\ 


P  {U  -  C)2 


(1-91) 


A  second  criterion  for  stability  was  derived  by  comparing  the  surface  areas  of  the  liquid  jet  and 
of  the  droplet,  and  by  noting  that  instability  as  a  consequence  of  surface  tension  will  result  if  the 
surface  area  of  a  given  volume  of  the  jet  is  greater  than  the  surface  area  of  a  droplet  containing 
the  same  volume.  Under  these  considerations, 


Aj  Rd 

a"V‘-5R. 


**t). 


d-92) 


where  A  and  R  are  the  surface  area  and  radius,  respectively,  the  subscripts  ji  and  d  refer  to  the 
jet  and  droplet,  respectively,  and  "L_  is  the  length  of  the  jet.  Equation  (1-92)  gives  three  criteria, 
depending  on  the  value  of  Z : 

1.  For  Z  — ♦  oo,  instability  results  if  >  1.  5  Rj  (which  is  certainly  true  for  the 
case  investigated  by  Rayleigh). 

2.  For  Rj  a  Ta/Z,  instability  results  if  R^  >  Rj. 

3.  For  Rj  >  Z/2,  instability  results  for  any  relation  between  R^  and  Rj. 

After  consideration  of  Weber's  analysis,  Balje/ and  Larson  derived  the  following  relation 
for  determining  the  diameter  of  the  droplets  formed  by  the  disintegration  of  a  cylindrical  jet: 


(1-93) 


where  is  the  value  of  K  for  which  the  rate  of  growth  of  the  disturbance  ju  is  a  maximum, 

and  K  is  defined  by  Equation  (1-27). 

By  assuming  that  unstable  droplets  (owing  to  the  ram  pressure)  will  not  subdivide  into 
droplets  smaller  than  the  maximum  stable  droplet,  the  authors  then  outline  a  probability  theory 
by  which  drop-size  spectra  can  be  determined.  Although  the  assumption  upon  which  this  theory  is 
based  is  questionable,  the  idea  appears  to  be  worthy  of  further  investigation. 

Th'-  final  analysis  which  Balje  and  Larson  make  is  that  of  the  deceleration  experienced  by 
the  droplets  in  a  solid-impingement  jet.  By  writing  the  air  resistance  R1  of  a  globule  as 


Co 


(1-94) 


and  by  expressing  the  deceleration  g  as 


R'  0.  75  CD  C0 2  pA 
m  2p  Rd 


(1-95) 


where  rn  is  the  mass  of  the  droplet,  the  authors  determine  the  correction  factory,  which  is  the 
ratio  of  the  original  jet  velocity  CQ  to  the  instantaneous  velocity  C  of  the  droplet  at  time  of  dis¬ 
integration,  to  be 


;0  /  0.75CDPAL  0.75CDPAL 


£  *  *”  e  /  1  + 
C  V 


2  P  Rd 


(1-96) 
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where  is  the  breakup  length,  as  given  by  Weber.  It  should  be  noted  that  Equation  (1-96)  can 
also  be  obtained  by  integration  of  Littaye's  Equation  (1-63),  if  the  air  velocity  IJ  is  set  equal  to 
zero. 


Summary 

The  problem  of  determining  the  wavelength  of  the  disturbance  that  will  most  rapidly  lead  to 
the  instability  of  a  liquid  jet  has  been  explored  theoretically  by  several  investigators,  and  solu¬ 
tions  have  been  found  for  all  cases  where  a  linearization  of  the  equations  of  conservation  is  pos¬ 
sible.  Lord  Rayleigh's  solution  for  the  iuviscid  fluid  has  been  fairly  well  confirmed  by  exper¬ 
imental  observation,  and  the  modifications  of  this  solution  for  the  cases  where  viscosity,  jet 
velocity,  or  density  ratios  are  important  predict  variations  in  the  wavelengths  which  are  physically 
reasonable.  The  analysis  by  Borodin  and  Dityakin,  although  elegant,  appears  to  be  too  complicated  * 
to  be  practicable. 

However,  the  problem  of  predicting  either  the  cause  or  the  effect  of  secondary  atomization 
is  by  no  means  solved.  Of  the  three  theories  derived  for  the  determination  of  the  droplet  velocity 
£  ,  Siestrunck's  hypothesis  of  constant  velocity  is  the  only  one  that  can  definitely  be  discarded. 
Littaye  and  Baron  have  each  made  a  conjecture  regarding  the  criterion  for  droplet  stability,  but 
further  analysis  is  necessary  to  determine  the  validity  of  these  conjectures. 

The  breakup  distance  for  liquid  droplets,  which  is  based  upon  the  droplet  velocity,  is  like¬ 
wise  subject  to  the  validity  of  the  conjectural  mechanism. 

Theoretical  determinations  of  the  breakup  length  of  a  jet  were  made  both  by  Weber  and  by 
Baron.  Of  these  two,  Baron's  analysis  by  dimensional  considerations  appears  to  be  the  better 
for  the  reason  that  allowance  is  made  for  the  effect  of  the  Reynolds  number. 

The  ultimate  problem  of  jet  disintegration,  which  is  actually  the  most  important  problem  of 
practical  interest,  is  the  one  on  which  the  least  theoretical  work  has  been  done.  This  is  the  prob¬ 
lem  of  determining  the  drop-size  distribution  that  will  result  upon  disintegration  of  a  jet.  One 
step  in  the  solution  of  this  problem  has  been  taken  by  Baron  by  using  an  elementary  probability 
approach.  This  method,  however,  is  highly  conjectural  in  nature,  and  requires  thorough  investi¬ 
gation  before  its  validity  becomes  established. 

Thus  it  appears  that  few,  if  any,  of  the  problems  of  secondary  atomization  can  be  considered 

to  be  solved  by  rigorous  theoretical  analysis. _ Any  such  analysis,  of  course,  is  extremely  difficult 

to  make,  because  the  conservation  equations,  upon  which  the  analyses  of  jet  instability  are  based, 
cannot  be  linearized.  Nevertheless,  it  is  felt  that  the  problem  of  secondary  atomization  is.  far 
from  being  impossible  of  solution. 


THE  VARIOUS  FACTORS  THAT  INFLUENCE  ATOMIZATION 


It  has  been  noted  in  the  preceding  sections  on  the  mechanism  of  atomization  that  many  factors 
affect  this  complicated  process  and  determine  the  size  of  the  droplets  in  the  resultant  spray. 

Some  investigators  claim  that  one  factor  is  dominant,  and  others  claim  that  another  or  several 
other  factors  predominantly  control  the  process.  An  attempt  is  made  here  to  summarize  these 
various  influences  insofar  os  they  arc  known. 

Joycc(**^)  has  divided  the  controlling  factors  into  three  groups;  mechanical,  operational, 
and  fuel.  Mechanical  factors  include  the  type  and  physical  dimensions  of  the  atomizer,  dimensions 
being  of  great  significance.  Operational  factors  comprise  the  conditions  of  operation,  primarily 
the  pressure  employed,  which  determines  velocity.  The  luel  factors  involved  arc  the  viscosity, 
surface  tension,  and  density  of  the  fuel.  To  these  three  groups  may  be  added  a  fourth  group  that 
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influences  atomization,  the  ambient-gas  factors  that  normally  would  comprise  the  density  and 
viscosity  of  the  gas  into  which  the  fuel  is  to  be  injected. 


Mechanical  Factors 


The  type  and  size  of  spray  nozzle  used  are,  obviously,  major  factors  that  influence  atomiL 
tion.  At  present,  however,  little  is  known  of  the  specific  influence,  in  a  quantitative  way,  ex¬ 
cept  that  the  mean  droplet  size  obtained  from  gas-atomizing  nozzles  is  appreciably  smaller  than 
that  obtained  from  pressure  jets.  Considerable  data  are  available  on  the  effect  on  atomization  of 
nozzle  dimensions,  especially  the  influence  of  the  diameter,  and  the  length/diameter  ratio,  for  a 
simple  orifice. 


Leetl-l'O*  (1-39),  (1-40)  has  made  an  extensive  study  of  the  effect  of  dimensions  of  plain 
nozzles  by  injecting  the  fuel  against  plasticine  targets  and  on  smoked-glass  plates.  He  found,  as 
one  might  expect,  that  the  drop  size  decreases  as  the  orifice  diameter  decreases.  He  concluded 
that  the  optimum  length/diameter  ratio  for  the  nozzle  orifice  is  in  the  range  of  2  to  3.  In  the 
course  of  his  work  he  observed  that  the  condition  as  to  surface  roughness  or  other  irregularity  of 
the  inner  walls  of  the  conical  approach  to  the  cylindrical  bore  of  the  nozzle  is  an  important  factor 
in  determining  the  coefficient  of  discharge,  which,  depending  on  these  conditions,  ranges  from 
0.  65  to  0.  95.  Furthermore,  Lee  found  that  the  size  distribution  of  droplets  from  a  plain  nozzle 
was  very  uneven,  in  the  sense  that  there  was  a  wide  difference  between  the  sizes  of  the  largest 
and  smallest  drops;  whereas  the  distribution  from  centrifugal  or  swirl-type  atomizers,  and  from 
sprays  formed  by  a  jet  striking  a  metal  lip,  were  more  evenly  distributed,  in  the  sense  that  the 
size  range  was  narrower.  However,  the  efficiency  of  atomization,  in  terms  of  mean  drop  size, 
was  the  same  for  these  various  devices. 

Holfeldert1*41)  made  a  study  of  eleven  different  nozzle  shapes,  the  results  of  which  are 
summarized  in  Table  1-1.  The  discharge  coefficients  varied  between  0.87  and  0.61  for  a  nominal 
diameter  of  0.  5  mm.  Shape  No.  2  has  the  largest  coefficient,  and  Shape  No.  6,  with  a  tapered 
bore  of  approximately  12  degrees,  has  the  next  largest  coefficient.  Shape  No.  7,  with  the  short 
rounded  inlet,  also  has  a  very  favorable  coefficient. 

Longwell(*“^)  emphasizes  the  fact  that  for  pressure  nozzles,  the  variable  that  has  the 
greatest  effect  on  drop  size  is  the  radius  of  the  orifice  and  that,  to  obtain  fine  atomization,  small 
nozzles  should  be  used, 

Joyce^-^)  also  studied  simple  pressure-jet  atomizers  and  found  that  the  mean  size  of  drop¬ 
lets  in  the  spray  varies  approximately  as  the  square  root  of  the  diameter  oi  the  discharge  orifice. 
Little  has  been  done  to  establish  the  corresponding  approximate  quantitative  relation  for  other 
types  of  atomizers,  principally  because  so  many  more  variables  are  involved. 

Szlackin(l"43)  claims  that,  next  to  jet  velocity,  the  most  important  factor  in  liquid  atomiza¬ 
tion  is  orifice  diameter.  The  atomization  becomes  finer  and  more  uniform  when  small  orifices 
are  used,  indicating  that  drop  formation  takes  place  at  the  surface  of  the  jet.  The  chief  effect  of 
decrease  in  orifice  size  is  to  increase  the  ratio  ~f  the  surface  to  volume  of  the  jet  as  it  emerges. 

In  a  study  of  the  effect  of  the  shape  of  orifice,  Szlackin  found  that,  because  of  friction  losses 
and  eddies,  the  shape  of  the  orifice  affects  the  discharge  coefficient  and  consequently  the  discharge 
velocity.  Since  atomization  is  very  dependent  upon  liquid  velocity,  everything  possible  should  be 
done  to  minimize  friction  losses  and  eddies.  Szlackin  recommends  that  the  inner  surface  be 
smooth  and  free  of  burrs,  but  not  polished.  The  shape  of  the  orifice  entrance  is  most  important; 
it  should  be  rounded,  with  the  radius  of  curvature  not  less  than  the  orifice  diameter.  Rounding 
the  discharge  end  of  the  orifice  has  little  effect. 

The  effect  of  orifice  length/diametcr  ratio  on  atomization  is  insignificant,  according  to 
Szlackin.  On  the  basis  of  work  by  Gelalles^"^)'  0“45),  0-46)^  coefficient  of  discharge  is 
the  same  for  length/diameter  ratios  between  1  and  4.  To  maintain  the  best  depth  of  penetration 


WADC  TR  56-344 


1-49 


f\ 


and  discharge  coefficient,  the  length/diameter  ratio  should  be  kept  between  4  and  6.  For  ratios 
greater  than  4-6  the  coefficient  of  discharge  gradually  decreases,  since  friction  losses  become 
appreciable. 


TABLE  1-1.  CHARACTERISTICS  OF  HOLFELDER'S  TEST  NOZZLES 


Nozzle  shape  No. 

1 

2(a) 

2(b)  3 

4 

5 

6 

7 

8 

9 

Shape 

Bore  length/ 

10 

diameter 

5 

2.5 

2.5  5 

10 

10 

5 

5 

5 

5 

ratio 

3 

(0  20*) 

(,8  60*) 

-  -  - 

-  -  -  - 

-  -  -  -  Nominal  diameter,  0.  5 

mm  -  - 

-  -  - 

-  -  -  - 

-  -  - 

Smallest 

0.540 

diameter, 

0.549 

0.549 

0.569  0.632 

0.  560 

0.  530 

0.628 

0.550 

0.752 

0.574 

mm 

0.  541 

Discharge 

0.615 

coef- 

0.620 

0.870 

0.755  0.620 

0.  635 

0.618 

0.866 

0.850 

0.655 

0.793 

ficient 

0.630 

-  -  - 

-  -  -  - 

-  -  -  Nominal  diameter,  1.0 

mm  -  - 

-  -  - 

-  -  -  - 

-  -  - 

Smallest 

1.066 

diameter, 

1.  058 

1.060 

1.070  1.108 

1.050 

1. 129 

1.041 

1.080 

1.  032 

1.060 

mm 

1.080 

Discharge 

0.  585 

coef- 

0.600 

0.900 

0.785  0.595 

0.610 

0.590 

0.895 

0.885 

0.660 

0.845 

ficient 

0.610 

-  -  -  ■ 

-  -  -  -  Nominal  diameter,  0.  5 

mm  -  - 

-  -  - 

-  -  -  - 

-  -  - 

Disintegration 

4.  12 

6.27 

8.63 

4.  04 

4.05  10.38 

9.  33 

8.  13 

4.45 

3.67 

10.55 

3.39 

(a)  T  =  ^  (s- 10"^),  where  L  is  disintegration  distance  for  water  jets,  cm;  and  v  is  jet  velocity  at 
nozzle,  m/s. 

WatsonU"^?)  points  out  that,  in  aircraft  gas-turbine  work,  in  England,  it  is  customary  to 
express  the  dimensions  of  the  atomizer  by  the  "flow  number",  in  place  of  the  equivalent  diameter 
of  the  nozzle  orifice.  However,  this  term  is  not  generally  used  by  American  manufacturers.  Flow 
number  is  defined  as  the  ratio  F/\^P,  where  F  is  the  flow  In  conventional  units  and  P_  is  the  pres¬ 
sure.  In  England  F  is  taken  in  gallons  per  hour,  and  in  lb  per  sq  in.  The  chief  advantage  of  the 
flow  number  is  that  it  enables  flows  and  pressures  to  be  readily  convertible  for  Simplex  nozzles, 
the  flow  being  equal  to  the  flow  number  multiplied  by  the  square  root  of  the  pressure.  For  high 
accuracy,  a  calibration  at  each  pressure  would,  of  course,  be  required. 


Operational  Factors 


Pressure,  as  the  principal  operational  factor  for  both  gas  atomizers  and  pressure  nozzles, 
is  inportant,  not  so  much  in  itself,  but  because,  by  virtue  of  the  pressure  drop  through  the  nozzle, 
velocity  is  imparted  to  the  liquid  or  gas. 

Joyce^-*^  made  a  quantitative  study  of  the  effect  of  pressure  on  simple  swirt-type  atomizers. 
Based  on  data  obtained  from  over  a  hundred  tests,  he  concluded  that  the  surface  mean-droplet 
size  varies  inversely  as  the  applied  fuel  pressure  to  the  0.35  power. 
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According  to  Larcombe^ "^6),  drop  size  is  approximately  inversely  proportional  to  the 
square  root  of  the  pressure,  which  is  in  fair  agreement  with  Joyce. 

It  should  be  pointed  out  here  that  varying  the  pressure  does  not  greatly  change  the  size  of 
the  smallest  drops,  but  as  the  pressure  is  increased  the  number  of  the  smaller  drops  is  increased, 
so  that  the  mean  size  is  decreased. 

Watson^ -41)  points  out  that  the  spray  characteristics  of  a  simple  spray  nozzle,  having  a 
fixed  cone  angle  and  flow  number,  depend  upon  the  pressure  employed.  He  presents,  in  the  form 
of  three-dimensional  graphs,  a  large  number  of  data  showing  drop  size  plotted  against  pressure 
and  flow  number. 


Fuel  Factors 


The  fuel  factors  include  surface  tension,  density,  and  viscosity.  Viscosity  is  probably  the 
most  important  factor,  one  reason  being  that  it  may  vary  over  such  a  wide  range,  while  it  also 
plays  a  major  part  in  determining  the  intensity  of  turbulence  of  the  issuing  jet.  Some  investigators 
believe  that  the  turbulence  of  the  jet  is  the  most  important  factor  that  influences  breakup. 

Schweitzer^ states  that,  of  the  liquid  properties,  viscosity  is  recognized  as  having  the 
decisive  influence  on  jet  disintegration,  and  that  the  effect  of  surface  tension  was  found  to  be  minor, 
at  least  with  high-pressure  sprays. 

Lee  and  Spencer(^"^)  deduced  from  their  photomicrographic  studies  of  fuel  sprays  that 
turbulent  flow  accelerates  the  disintegration  of  the  fuel  jet  by  ruffling  its  surface  close  to  the 
orifice,  but  that  is  has  relatively  little  disintegrating  power  in  itself.  Lee  reports  a  decrease  in 
disintegration  with  an  increase  in  fuel  viscosity,  or  surface  tension,  as  one  might  expect. 

Scheubel^1"^®)  claims  that  the  outstanding  quantity  of  the  whole  atomization  problem  is  the 
characteristic  K  ■  Pv2/(J,  where  p  and  0  are  the  density  and  surface  tension  of  the  fuel,  and  v  is 
the  speed  of  the  air  relative  to  the  fuel.  Scheubel  disagrees  with  Schweitzer  and  Lee;  he  con¬ 
siders  viscosity  least  important,  since  it  acts  merely  as  a  damping  force. 

Nukiyama  and  Tanasawa(1-^^)  agree  with  Scheubel,  and  report  that  viscosity  is  of  minor 
importance  in  determining  drop  size  of  liquids  atomized  by  means  of  an  air  stream.  They  de¬ 
veloped  empirical  equations  for  the  mean  diameter  of  drops  from  which  it  may  be  concluded  that 
the  magnitude  of  the  drops  is  governed  by  the  vatue  of  Vo/(vn/p),  when  the  ratio  of  air  to  liquid  is 
large,  and  that  viscosity  is  of  little  importance.  But  when  the  ratio  of  air  to  liquid  becomes  less, 
mean-drop  size  is  mainly  governed  by  the  value  of  (p/V  op)®-  ^5  (1000Qj/Qa)  5  ,  where  Qa  and  Qj 

are  the  quantities  of  air  and  liquid,  respectively.  In  the  latter  equation,  viscosity  has  become  a 
significant  factor,  and  the  surface  tension  exerts  only  a  slight  influence. 

Hinze^-^)  states  that  the  first  effect  of  increase  in  viscosity  of  the  liquid  is  a  decrease  of 
the  rate  of  disintegration.  Thicker  ligaments  may  be  formed,  resulting  in  larger  initial  and  also 
larger  final  drops,  so  that  there  is  an  increase  of  mean  drop  size.  Based  on  photomlcrographic 
studies  of  sprays  made  by  Lee^-^),  Hinze  points  out  that  the  influence  of  viscosity  is  more  pro¬ 
nounced  at  low  jet  velocity  and  low  air  density. 

Hinze  describes  the  action  of  surface  tension  as  being  twofold:  (1)  at  initial  stages  of  dis¬ 
integration  (formation  of  ligaments  and  deformation  of  drops),  surface  tcnslm  counteracts  disin¬ 
tegration;  (2)  at  final  stages  (breaking  up  of  ligaments  and  final  stage  of  disruption  or  splitting  up), 
surface  tension  favors  disintegration.  However,  as  the  rate  of  disintegration  is  primarily  de¬ 
termined  by  the  rate  of  ligament  formation  and  deformation  of  drops,  the  total  result  of  the  effect 
of  increased  surface  tension  is  a  decreased  rate  of  disintegration. 
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Merrington  and  Richardson(i-25)  made  extensive  experiments  with  fixed  nozzles  and  with 
moving  nozzles  (attached  to  an  aircraft)  discharging  backwards.  They  found  that  the  mean  drop 
size  depended  on  only  two  factors:  (l)  the  relative  speed,  V,  of  the  jet  to  the  air;  and  (2)  the  vis¬ 
cosity  of  the  liquid. 


Figure  1-22  shows  their  results  by  a  log-log  plot  of  Vd/v  against  v ,  where  V_  is  the  relative 
velocity  between  the  jet  and  the  surrounding  air,  d  is  the  mean  drop  size,  and  v  is  the  kinematic 
viscosity  of  the  liquid.  The  results,  for  both  stationary  and  moving  nozzles,  satisfy  the  empirical 
formula  Vd/yO-2  m  500.  Since  static  and  moving  nozzles  gave  identical  expressions  for  drop  size, 
these  authors  concluded  that  breakup  in  the  atomization  region  is  initiated  by  turbulence  within  the 
jet,  but  is  finally  controlled  by  air  friction  on  the  jet  surface.  This  is  in  agreement  with  the  con¬ 
clusions  arrived  at  by  Schweitzer *°),  who  found  that  atomization  could  not  be  obtained  without 
air  friction,  but  turbulence  was  essential  to  make  air  friction  effective. 


!03xI00c 


io3*o.i 
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(thickened)  I 

-1-1,1  Mill  .  I  i 
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□  Titanium  tetrachloride 
A  Water 

O  Methyl  siolicylote 
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ffl  Chlorosulphonic  acid 
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$  Soap  solution 
O  Carbon  tetrachloride 
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as 


0.001  0.01  0,1  1.0 
Kinematic  Viscosity,  v,  cm2  per  sec 

FIGURE  1-22.  INFLUENCE  OF  LIQUID  VISCOSITY  ON  DROP  SIZE 
(Merrington  and  Richardson)^"^ 


At  very  low  velocities,  this  relation  ceases  to  apply  and  the  drop  Bizc  reaches  a  limiting 
value.  For  example,  with  small  nofczles  (1-mm  diamete~),  the  constant  drop  size  reached  is 
roughly  twice  the  nozzle  diameter,  with  all  but  the  highly  viscous  liquids. 


The  surface  tensions  of  most  of  the  liquids  used  by  Merrington  and  Richardson  are  in  the 
neighborhood  of  30  dynes  per  cm,  except  for  water  and  glycerine,  which  have  values  of  73  and 
64  dynes  per  cm,  respectively.  These  two  liquids  produced  mean  drop  sizes  expected  frcm  their 
respective  viscosities,  and  showed  no  effects  that  could  be  ascribed  to  surface  tension. 

JoyceU-2)  is  among  those  investigators  who  consider  that  viscosity  is  the  significant  fuel 
factor.  He  points  out  that  surface  tension  in  hydrocarbon-liquid  fuels  varies  only  slightly,  and 
has  little  effect  on  the  quality  of  atomization. 


Figure  1-23  shows  the  quantitative  effect  of  fuel  viscosity  as  a  factor  affecting  the  atomization 
process.  The  dotted  line  drawn  to  intersect  the  curves  at  a  common-surface  mean  diameter  of 
97  microns  shows  that,  whereas  at  a  viscosity  level  of  2  centistokes  this  mean  droplet  size  is  ob¬ 
tained  with  a  supply  pressure  of  100  psl,  the  corresponding  pressures  at  8  and  18.5  centistokes  are 
185  and  300  psi,  respectively. 
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FIGURE  1-23.  EFFECT  OF  VISCOSITY  ON  MEAN  DROPLET  SIZE 
(SWIRL-TYPE  ATOMIZERS)  (Joyce)1-2 


Lawrence^ 1-^,  in  discussing  the  practical  performance  of  gas-turbine  spray  nozzles,  states 
that  the  atomization  obtained  is  basically  a  function  of  the  Reynolds  number;  that  is,  the  lower  the 
viscosity  of  the  fuel  the  better  the  atomization.  Lawrence  points  out  further  that  the  viscosity  of 
the  fuel  may  be  intrinsically  low,  as  in  the  case  of  gasoline,  or  it  may  be  artificially  lowered  by 
preheating,  as  adopted  in  industrial  use  of  heavy  oils.  The  effect  of  a  low  viscosity  is  to  give  ade¬ 
quate  atomization  at  low  pressures. 


Watson^1-^),  in  a  practical  paper  on  aircraft  gas  turbines,  states  that,  of  the  physical 
properties  of  the  fuel,  viscosity  is  of  major  importance.  Tests  tend  to  suggest  that  an  upper 
limit  of  viscosity  for  efficient  atomization  in  the  normal  type  of  burner  may  be  of  the  order  of 
7  to  10  centistokes.  If  the  viscosity  lies  above  this  range,  then  a  special  burner,  or  preheating, 
may  be  necessary.  The  variation  of  the  viscosity  of  fuels  with  temperature  is  therefore  of  prime 
practical  importance. 


Mock  and  Ganger^1--1®)  believe  that,  from  the  practical  standpoint,  surface  tension  may  be 
a  major  cause  of  spray-nozzle  problems.  They  claim  that,  for  swirl-type  nozzles  at  low  flows, 
the  force  of  surface  tension  is  strong  enough,  relative  to  the  energy  of  the  fuel,  to  interfere  with 
atomization.  The  fuel  adheres  to  the  face  of  the  orifice  and  forms  glassy  "olives"  and  "umbrellas" 
instead  of  continuing  cones.  They  state  further  that  achievement  of  a  high  degree  of  atomization, 
particularly  at  low  fuel-flow  rates,  is  the  major  need  in  the  field  of  gas-turbine  power-plant  fuel- 
spray  nozzles. 


Ambient-Gas  Factors 


The  properties-of  the  gas  into  which  liquid  fuel  is  to  be  injected  have  an  effect  on  atomiza¬ 
tion,  principally  by  influencing  the  time  interval  and  distance  of  travel  before  disintegration  pro¬ 
gresses  to  a  given  extent. 


Figure  1-6  of  this  chapter  shows  the  effect  of  air  density  on  fuel  jets.  A  decrease  in  air 
density  results  in  the  jets'  disintegrating  at  a  greater  distance  from  the  spray  nozzle,  but  the  final 
effect  is  about  the  same. 


Holfeldcr^1-*1)  studied  the  effect  of  air  density  by  injecting  water  into  a  chamber  evacuated 
to  0.  11  atmosphere  absolute  pressure.  He  reports  that  the  disintegration  distance  does  not  in¬ 
crease  excessively,  despite  the  much  retarded  occurrence  of  disintegration  by  wave  formation. 


Szlackin^1-^)  injected  liquid  into  an  air  chamber  at  1,  5,  and  10  atmospheres  pressure,  re¬ 
spectively,  and  obtained  data  wnich  show  that  increase  in  the  density  of  air  has  little  effect  on  the 
ultimate  fineness  of  atomization,  but  that  it  docs  cause  atomization  to  take  place  closer  to  the 
nozzle. 
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Hinze^”^4^  claims  that  mean  drop  size  decreases  with  increase  in  density  or  pressure  of 
the  ambient  atmosphere;  the  decrease  is  appreciable  at  low  densities,  but  very  slight  at  high 
densities.  Hinze  also  states  that,  without  the  harmful  mutual  interaction  of  liquid  particles  re¬ 
sulting  in  coalescence,  an  increased  air  density  would  result  not  only  in  an  increased  rate  of  dis¬ 
integration  but  also  in  an  increased  fineness  of  atomization,  at  least  at  densities  encountered  in 
combustion- engine  practice.  Because  of  the  mutual  interaction  of  droplets,  however,  mean  drop 
size  remains  essentially  unchanged. 

Schmidt'1-^8)  made  an  experimental  study  of  the  behavior  of  liquids  injected  into  a  chamber 
having  a  pressure  below  the  vapor  pressure  of  the  liquids,  and  observed  that  the  jet  fans  out  be¬ 
cause  of  rapid  evaporation  of  the  liquid  as  it  enters  the  low-pressure  region. 


Summary  of  Various  Factors  Influencing  Atomization 


Probably  the  most  important  information  needed  to  advance  the  knowledge  of  atomization  is 
a  moie  complete  understanding  of  how  drop- size  distribution  is  affected  by  nozzle  design,  by 
operating  conditions,  and  by  the  properties  of  the  liquid  and  of  the  air  into  which  it  is  to  be  injected. 


In  solid  injection,  the  nozzle  diameter,  pressure  and  viscosity  of  the  liquid  appear  to  be  the 
most  important  factors.  The  status  of  present  knowledge  may  be  briefly  and  approximately  sum¬ 
marized  by  the  relation: 


Mean  drop  size  -  f  [  iortfiPe..,te)°:.5  (kinematic  vis.)0-.2  1  _ 

(liquid  pressure)®-  *  -* 


The  surface  tension  of  the  liquid  and  the  density  of  the  air,  or  other  gas  into  which  the  liquid 
is  injected,  are  of  secondary  importance. 


In  gas  atomizers,  the  influence  of  the  various  factors  is  well  shown  by  the  following  empirical 
equation  derived  by  Nukiyama  and  Tanaaawa^'^); 


d 


o 


585^  eny  m  \°-4v  q,  V-5 

= - +  597f - •)  ( 1000-11 J 

v  \Tp  Va7>  Qa 


y 


where  dQ  (measured  in  microns)  »  the  diameter  of  a  single  drop  having  the  same  volume/surface 
ratio  as  the  total  sum  of  the  drops;  v  ■  relative  velocity  between  the  air  stream  and  the  liquid 
stream,  meters  per  sec;  Qj/Qa  ■  ratio  of  volume  flow  rate  of  liquid  to  volume  flow  rate  of  air  at 
vena  contracts;  p»  liquid  density,  grams  per  cc;  \i  »  liquid  viscosity,  poises;  and  a*  liquid  surface 
tension  in  dynes  per  cm.  This  formula  holds  true  for  0.8  <  p <  1 . 2;  30  <  O’  <73;  and  0.01  <  g  <  0.  3. 

Lewis,  et  al.  (l"51 );  corroborated  and  extended  this  work  of  Nukiyama  and  Tanasawa. 
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CHAPTER  2.  METHODS  OF  ATOMIZATION 


ABSTRACT 


Five  basically  different  methods  of  atomization  are 
briefly  described  and  illustrated.  They  are:  (l)  solid 
injection,  using  pressure  nozzles,  (2)  two-fluid  atomiza¬ 
tion,  whereby  the  liquid  is  disintegrated  when  it  encoun¬ 
ters  a  high-velocity  stream  of  gas,  (3)  atomization  by 
rotating  disks  or  cups,  (4)  atomization  by  vibrating  de¬ 
vices  employing  sonic  or  mechanical  vibrations,  and 
(5)  atomization  by  impinging  jets,  whereby  the  collision 
of  two  or  more  liquid  jets  results  in  atomization.  The 
solid  injection  and  the  two- fluid  methods  of  atomization 
are  the  most  frequently  used.  The  efficiency  of  all 
methods  is  extremely  low. 


CHAPTER  2 


METHODS  OF  ATOMIZATION 


by 


J.  M.  Pilcher  and  C.  C.  Miesse 


A  liquid  may  be  disintegrated  into  droplets  by  five  basically  different  methods  of  atomization 
as  follows:  (1 )  by  solid  injection,  using  pressure  nozzles;  (2)  by  two- fluid  atomization,  whereby 
the  liquid  is  disintegrated  when  it  encounters  a  high-velocity  stream  of  gas  -  this  is  commonly 
called  air-stream  atomization;  (3)  by  the  use  of  rotating  disks  or  cups,  from  the  periphery  of 
which  the  liquid  is  discharged  at  high  velocity;  (4)  by  vibrating  devices  employing  sonic  or  mechan¬ 
ical  vibrations;  and  (5)  by  impinging  jets,  whereby  collision  of  the  two  liquid  jets  results  in  atom¬ 
ization. 

The  first  two  methods,  one  employing  pressure  nozzles  and  the  other  using  two-fluid  atom¬ 
izers,  are  the  most  generally  applied  at  present.  During  the  past  few  years,  however,  much 
attention  has  been  given  to  the  rotating  disk  as  a  device  for  atomization.  Little  work  has  been 
reported  on  methods  based  on  the  use  of  vibrations;  whereas,  recent  interest  in  rockets  has  stimu¬ 
lated  work  on  the  last-mentioned  method  involving  impinging  liquid  jets. 

A  brief  description  and  an  illustration  of  each  of  the  five  methods  follows,  including  a  dis¬ 
cussion  of  their  respective  advantages  and  disadvantages. 


SOLID  INJECTION 


The  most  widely  used  method  for  atomizing  liquid  fuels  is  solid  injection  by  pressure  nozzles. 
This  method  depends  primarily  on  the  flow  of  liquid  through  an  orifice  under  pressure  to  form  an 
unstable  jet  of  high  velocity  which  disintegrates  after  leaving  the  nozzle  orifice  and  coming  in  con¬ 
tact  with  the  air  or  gases  in  the  combustion  chamber.  This  manner  of  preparing  liquid  fuel  for 
combustion  first  enjoyed  general  application  in  1902,  when  Kdrting  succeeded  in  breaking  up  the 
liquid  fuel  by  applying  pressure  and  using  a  helical  screw  to  impart  rotary  motion  to  the  liquid 
before  its  escape  through  the  orifice(2-  1 ).  Some  20  years  elapsed,  however,  before  the  funda¬ 
mental  principles  involved  were  studied,  mainly  in  connection  with  research  done  on  solid  injection 
for  diesel  engines. 

Joyce(2-2)  points  out  that  there  are  two  types  of  pressure-jet  atomizers:  (1)  plain-orifice 
types,  as  used  in  diesel  and  other  internal-combustion  engines,  employing  pressures  as  high  as 
5,  000  psi;  and  (2)  centrifugal  swirl  types,  as  used  almost  universally  in  marine  and  stationary 
boilers  and  in  the  modern  aircraft  gas  turbines.  Fuel  pressures  required  are  much  lower  for 
swirl-type  nozzles  than  for  plain  nozzles.  Swirl-type  nozzles  will  be  discussed  first. 


Swirl- Type  Atomization 


Figure  2-1  shows  the  design  principles  of  a  simple  swirl-type  atomizcr(^'^).  The  liquid 
under  pressure  is  fed  through  tangentially  disposed  ducts,  slots,  or  channels  leading  to  a  circular 
space  called  the  vortex  chamber  or  swirl  chamber.  As  the  liquid  spins  or  swirls  around,  its 
angular  velocity  increases  inversely  as  the  radius  of  swirl.  This  implies  infinite  velocity  at  the 
axis  of  the  swirl  chamber;  this  is  unattainable.  A  core  of  air  is  formed,  as  shown  in  Figure  2-1. 
The  rotating  mass  of  liquid  is  forced  forward,  around  this  core  of  air,  towards  the  discharge 
orifice,  which  has  a  small  diameter  as  compared  with  that  of  the  swirl  chamber.  The  liquid  is 
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1  Resultant  direction 

2  Contrifugal  force 

3  Vortex  or  swirl  chamber 

4  Axial  force 

5  Cone  angle  of  spray 

6  Discharge  orifice 

7  Air  core 

8  Tangential  feed  ducts 


FIGURE  2-1.  PRINCIPLE  OF  SIMPLE  SWIRL- TYPE  ATOMIZER 
(Joyce)  2  2 


under  the  influence  of  two  main  forces:  (l)  the  translational  force  moving  the  liquid  axially  forward, 
and  (2)  the  centrifugal  or  spinning  component  which  makes  the  liquid  fly  outwards,  tangentially, 
immediately  after  it  emerges  from  the  restricting  boundary  wall  of  the  orifice.  As  a  result,  the 
liquid  emerges  from  the  orifice  as  a  divergent  cone  and  forms  a  rapidly  thinning  conical  film(2-2). 

Joyce(2-2^  points  out  that  the  formation  of  the  air  core  is  a  characteristic  feature  of  swirl- 
type  atomization,  which  accounts  for  the  low  coefficients  of  discharge  obtained  with  nozzles  using 
this  method  of  atomization.  The  air  core  increases  in  diameter  as  the  supply  pressure  increases; 
a  limit  to  its  growth  with  increase  in  pressure  results  from  the  fact  that,  ultimately,  the  viscous 
losses  impose  an  upper  limit  to  the  angular  velocity,  thus  preventing  further  growth;  thereafter, 
there  is  a  slight  diminution  in  the  solid  angle  of  the  spray  cone  as  more  fuel  is  forced  through  the 
orifice  owing  to  the  increasing  pressure. 

Practically  all  of  the  various  designs  of  spray  nozzles  used  on  aircraft  gas  turbines  utilize 
this  method  of  atomization;  these  designs  are  described  in  Chapter  3. 

McEntee^*^)  lists  four  general  rules  that  apply  to  this  method  of  atomization:  (l)  Capacity 
is  nearly  proportional  to  the  square  root  of  the  pressure  except  at  extremely  high  pressures, 
where  friction  limits  the  discharge.  (2)  For  a  given  design  of  nozzle,  the  discharge  at  constant 
pressure  is  approximately  proportional  to  the  area  of  the  orifice,  although  the  orifice  does  not  run 
full.  (3)  The  rate  of  discharge  does  not  decrease  appreciably  with  increase  in  the  viscosity  of  the 
liquid,  until  the  viscosity  is  more  than  ten  times  that  of  water.  (4)  The  included  angle  of  the  spray 
cone  increases  with  increase  in  pressure  (until  a  critical  pressure  is  reached). 


Modified  Plain-Orifice  Nozzles 


The  method  of  atomization  by  solid  injection  with  the  plain  orifice  may  be  modified  by  the 
addition  of  a  metal  lip  or  other  surface  against  which  the  jet  of  fluid  is  allowed  to  impinge.  The 
size  distribution  of  fuel  from  plain  nozzles,  which  usually  is  quite  uneven  or  of  a  wide  range,  may 
be  made  more  even  or  narrower  in  range  by  this  means. 
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TWO- FLUID  ATOMIZATION 


In  two-fluid  atomization,  the  liquid  is  broken  up  by  impingement  with  a  high-velocity  stream 
of  gas,  usually  air  but  sometimes  steam.  This  method  of  atomization  is  also  called  air-3tream 
atomization,  air-blast  atomization,  pneumatic  atomization,  gas- atomization,  or  air  injection,  by 
various  writers. 

Joyce(2-2)  has  proposed  three  classifications  for  this  method  of  atomization  based  upon  the 
air  pressures  used:  (l)  low-pressure  air  atomizers  employ  pressures  ranging  from  about  10  to 
25  inches  of  water;  (2)  medium-pressure  atomizers  use  air  at  1.  5  to  10  psi;  and  (3)  high-pressure 
atomizers  use  air  at  pressures  up  to  100  psi  or  more.  Only  about  three  per  cent  of  the  air  neces¬ 
sary  for  combustion  is ‘required  for  atomization  at  medium  or  at  high  pressures;  whereas,  at  least 
25  per  cent  of  the  total  air  required  is  used  for  atomization  at  low  pressures.  In  fact,  it  is 
common  practice  to  pass  all  the  combustion  air  through  a  low-pressure  air  atomizer. 

Two-fluid  atomization  may  be  accomplished  by  causing  the  air  and  liquid  streams  to  come 
together  inside  the  nozzle,  or  just  outside  as  the  two  streams  leave  the  nozzle. 

Figures  2-2(a)  and  2- 2(b)  show  illustrations  of  these  two  classes  of  two-fluid  atomizers.  For 
the  specific  external  mixing  atomize’'  mat  is  shown  in  Figure  2-2(b),  the  liquid  may  be  supplied  by 
suction  or  under  a  slight  gravity  head. 

The  chief  advantage  of  two- fluid  atomization  is  that  a  .greater  fineness  of  atomization  can  be 
accomplished,  resulting  in  a  spray  having  a  smaller  mean  drop  size.  In  this  regard,  Green^-^) 
states  that  the  main  hope  for  achieving  fine  atomization  lies  in  the  application  of  aerodynamic 
forces.  Thf  main  disadvantage,  in  certain  applications,  according  to  Lawrence(2"^),  lies  in  the 
difficulty  in  supplying  compressed  air.  Even  in  the  higher  pressure  units  about  two  to  three  pounds 
of  air  is  required  per  gallon  of  fuel  burned. 

Fogler  and  Kleinschmidt(2-^)  point  out  that  an  important  difference  and  advantage  of  two-fluid 
atomization,  as  compared  with  methods  involving  the  formation  of  a  film  of  liquid  as  in  solid  injec¬ 
tion,  is  that  the  energy  that  can  be  imparted  to  a  pound  of  liquid  in  the  form  of  pressure  is  very 
small  in  comparison  with  the  energy  available  in  a  pound  of  air  or  steam. 

Houghton(2-^)  states  that  an  additional  advantage  of  two-fluid  atomization  over  pressure 
atomizers  is  that  liquids  of  higher  viscosity  can  be  atomized  satisfactorily,  but  that  more  power  is 
required  to  spray  at  a  given  rate  than  with  a  pressure  nozzle  because  the  fluid  is  more  finely 
divided. 


Special  Methods  Employing 
Two- Fluid  Atomization 


Limper(2-®)  made  a  study  of  a  venturi  atomizer  in  whi^n  the  liquid  is  injected  into  a  high¬ 
speed  gas  stream  in  the  throat  of  a  convergent-divergent  diffuser.  Axis',  injection  in  the  center  of 
the  throat  (which  should  be  not  more  than  one  throat  diameter  in  length)  was  found  to  be  the  most 
efficient  arrangement.  When  the  exit  velocity  was  greater  than  400  fps,  there  was  no  evidence  of 
unatomized  liquid  leaving  the  discharge  end.  Limper  concluded  that,  when  using  this  method  of 
atomization,  the  velocity  of  the  liquid  stream  should  be  as  low  as  possible  to  insure  complete 
atomization  in  the  throat  section,  Furthermore,  the  degree  of  atomization  is  improved  by  adding 
a  straight  length  of  throat  section. 

Ennis  and  Jamcs(2'° )  have  developed  a  method  for  producing  individual  droplets  of  uniform 
size  using  a  simple  glass  apparatus,  termed  a  "droplet  sizer",  which  is  adaptable  for  delivering 
very  small  volumes  of  atomized  liquid  for  experimental  purposes. 
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(o>  (b) 

Internal  Mixing  External  Mixing 


FIGURE  2-2.  TWO- FLUID  ATOMIZING  NOZZLES 
(Courtesy  Spraying  Systems  Company) 
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Cadle  and  Majill^"^®)  have  developed  aerosol  generators  that  disperse  liquids  by  an  aspirat¬ 
ing  action  employing  the  method  of  two- fluid  atomization  using  compressed  air  at  about  5  psi. 

StrehlovA^"^ )  has  prepared  an  extensive  bibliography  on  aerosols,  listing  many  methods 
using  the  principle  of  two- fluid  atomization.  However,  the  size  of  dioplets  involved  in  aerosols  is 
too  small  tc  justify  further  discussion  in  this  monograph. 


ROTATING  DISKS  AND  CUPS 


During  the  past  few  years  much  attention  has  been  given  to  the  method  of  atomization  utilizing 
a  rotating  disk  or  a  rotating  cup.  Devices  based  on  this  method  of  atomisation  are  frequently 
referred  to  as  "centrifugal  atomizers";  however,  this  term  leads  to  a  likelihood  of  confusing  "cen¬ 
trifugal  disk  atomizers"  with  "centrifugal  nozzles",  the  latter  meaning  the  swirl-type  atomizing 
nozzle,  shown  in  Figure  2-1.  The  two  methods  are  entirely  different  although  both  employ  centrif¬ 
ugal  forces  to  accomplish  atomization.  To  avoid  confusion,  the  term  "rotating"  will  be  used  in 
referring  to  the  method  of  atomization  employing  disks,  cones,  bowls,  cups  or  other  shapes 
rotated  at  high  speed  by  electric  motors,  or  by  air  or  steam  turbines. 

Walton  and  Prewett^-^)  made  a  detailed  study  of  the  production  of  sprays  by  means  of 
rotating  disks,  which,  they  point  out,  is  a  method  contrasting  strikingly  with  other  methods  of 
liquid  disruption  in  that  a  spray  of  almost  uniform  drop  size  can  be  produced.  Other  methods, 
with  the  exceptions  of  the  "droplet  sizer",  and  of  very  low-velocity  injection  from  narrow  jets 
which  are  of  no  practical  significance,  give  widely  heterogeneous  dispersions. 

Figure  2-3  shows,  diagrammatically,  the  section  of  a  rotating-disk  atomizer.  The  liquid  is 
fed  from  a  small-bore  tube  onto  the  center  of  the  rotating  surface  and  spreads  over  it  to  the  pe¬ 
riphery  in  a  thin  film.  Care  should  be  taken  to  see  that  the  feed  is  central  and  continuous  and  that 
the  rotor  surface  is  completely  wetted  by  the  liquid;  otherwise,  an  uneven  film  and  nonuniform 
dispersion  may  result. 


FIGURE  2-3.  ROTATING-DISK  ATOMIZER 
(Walton  and  Prewett) 


Walton  and  Prewett'  a  study  covered  a  drop-size  range  from  diameters  of  several  millimeters 
down  to  about  15  microns.  They  found  that  the  spray  projected  from  the  rotor  always  contains  a 
number  of  fine  satellite  drops,  In  addition  to  the  main  spray  which  is  homogeneous  In  drop  size 
provided  that  the  flow  rate  is  sufficiently  low.  However,  the  percentage  of  the  sprayed  liquid 
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comprised  in  the  satellite  drops  is  extremely  small.  As  the  rate  of  liquid  feed  is  increased,  the 
size  and  distance  of  projection  of  the  main  drops  remains  unchanged,  but  the  satellite  drops  in¬ 
crease  in  size,  size-range,  and  number  until  at  high  flew  rates  a  continuous  spectrum  of  drop  sizes 
is  produced  and  there  is  no  separation  of  the  satellites  from  the  main  drops. 

Walton  and  Prewett  point  out  that  in  this  method  of  atomization,  liquid  flows  to  the  edge  of  the 
disk  and  accumulates  until  the  centrifugal  force  on  the  collected  mass  is  greater  than  the  retaining 
forces  due  to  surface  tension.  A  drop  is  then  thrown  off.  For  a  given  type  of  disk-edge  profile,  it 
is  therefore  reasonable  to  expect  a  proportionality  between  the  product  of  the  mass  of  the  drop  by 
the  accelerating  force,  and  the  product  of  the  surface  tension  by  the  linear  dimension  of  the  drops. 
Using  this  reasoning,  Walton  and  Prewett  conducted  a  large  number  of  experiments  from  which 
they  developed  the  following  empirical  equation  for  the  size  of  the  drops  in  the  main  spray: 

d  =  3.  8/  o>  (ir/Dp)1/2  ,  (2-1) 

where  d  is  the  diameter  of  drop,  cm;  D  is  the  diameter  of  the  disk,  cm;  cj  is  the  angular  velocity 
of  the  disk,  radians/sec;  cr  is  the  surface  tension  of  the  liquid,  dyne/cm;  and  p  is  the  density  of  the 
liquid,  g/cu  cm.  It  will  be  noted  that  viscosity  does  not  appear  as  a  variable  in  this  equation. 

Within  limits,  viscosity  appears  to  have  little  effect  on  this  method  of  atomization,  except  that  high 
viscosity  does  tend  to  increase  the  proportion  of  satellites  in  the  spray  and  to  reduce  the  maximum 
flow  rate  at  which  homogeneous  drops  are  formed. 


The  Walton- Prewett  formula  has  been  modified  using  their  data  to  give  the  following  relation 
that  applies  more  accurately  for  the  formation  of  water  sprays:* 


d  * 


3.59  /cr\l/2 

u  d6.  Ini  ) 


(2-2) 


A  re-examination  of  the  data  of  Walton  and  Prewett,  employing  dimensional  analysis,  has  led 
to  the  following  equation  that  takes  into  consideration  the  effect  of  liquid  viscosity:** 


d 

D 


-0.  522 


(2-3) 


where  T)  is  the  viscosity  of  the  liquid. 


Gumz  also  developed  a  semiempirical  formula  for  predicting  the  distance  of  projection  of 
droplets  from  a  rotating  disk,  again  using  the  data  of  Walton  and  Prewett: 


6aex  Vperiph.  xVterm./g>  (2'4) 

where  6  is  the  distance  of  projection,  meterB;  V  is  peripheral  speed  of  the  disk,  meters/ 

sec;  Vtcrm  is  the  terminal  velocity  of  the  droplet,  meters/ sec;  £  is  the  gravitational  constant, 

9.  81  meters/sq  sec;  and  e  is  a  factor  to  include  the  effects  of  slippage,  release  of  the  droplets 
from  the  surface  or  edge,  and  acceleration  of  the  droplets.  For  water  droplets  In  the  range  of 
d  5  1 000  microns, 

c  *  0.  30  4-  1.  59  x  1 0-3  d  -  1.  66  x  1 0-6  d2  +  0.  46  x  10"9  d3  .  (2-5) 

Fov  water  drops  in  the  range  of  d  ^  1000  microns, 

e  =  0.  527  -  0.  054  x  10"3  d  +  0.  222  x  1 03  d' 1  .  (2-6) 


*  By  W.  Gums,  Battcllc  Consultant. 

**  By  A.  A.  Putnam  and  C.  C.  Micsse,  Battcllc  Memorial  Institute. 
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Gumz  states  that  the  equation  can  be  used  safely  for  drops  up  to  2500  microns  diameter. 

May(2"l^)  employed  the  rotating-disk  method  of  atomization  using  a  high-speed  spinning  top 
operated  by  compressed  air.  He  found  that  water,  because  of  its  high  surface  tension,  is  more 
difficult  to  spray  than  oils.  All  grease  must  be  removed  from  the  rotor  surface,  and  "parkerizing" 
of  the  rotor  is  recommended.  The  use  of  wetting  agents  is  also  helpful. 

By  applying  a  suction  fie l<fa round  the  rotor,  May  was  able  to  withdraw  the  satellite  drops 
while  a  crossflow  of  air  carried  off  the  main  droplets.  In  this  way,  homogeneous  oil  mists  having 
uniform  droplet  diameters  as  small  as  6  microns  were  produced. 

When  spraying  fine  liquids  such  as  oils  or  organic  solvents  that  readily  wet  the  rotor,  May 
reports  that  90  per"  cent  of  all  droplets  fall  within  a  band  of  five  per  cent  of  the  mean  size  in  width, 
and  the  minimum  observed  drop  is  only  six  per  cent  smaller  than  the  mean. 

Marshall  and  Seltzer (^“  ^)  point  out  that  several  types  of  rotating  disks  may  be  used  to 
atomize  liquids.  Although  the  simplest  method  is  a  flat,  smooth  disk,  a  second  method  may  be 
visualized  that  involves  a  disk  having  a  number  of  equally  spaced  radial  vanes  to  prevent  slippage 
of  the  liquid  «rver  the  surface  of  the  disk. 

Figure  2-4  shows  how,  with  such  a  disk,  the  liquid  may  be  pictured  as  riding  against  the 
vanes.  Marshall  and  Seltzer,  in  collaboration  with  R.  L.  Figford  of  the  University  of  Delaware, 
have  developed  equations  expressing  the  time  required  for  the  liquid  to  reach  the  periphery  of  the 
disk  for  both  the  smooth  and  the  vaned  disks. 


(Marshall  and  Seltzer) 


Advantages  of  this  method  of  atomization  are:  (l)  Disks  are  more  flexible  than  nozzles  from 
the  standpoint  of  variations  in  operating  conditions.  For  example,  the  feed  rate  can  be  reduced 
essentially  to  zero  and  yet  the  fine  atomization  will  be  obtained.  (2)  Disks  can  handle  liquids  of 
high  viscosity  and  liquids  containing  foreign  matter  that  would  plug  the  orifices  of  nozzles-.  (3)  The 
trajectory  of  the  drops  of  liquid  leaving  the  rotating  disk  is  not  disturbed  appreciably  until  high  air 
velocities  have  been  reached. 
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Power  Required 


The  theoretical  net  power  for  disk  atomizers,  based  on  the  kinetic  energy  required  to  give 
the  liquid  a  certain  resultant  velocity,  as  it  leaves  the  disk,  has  been  calculated  by  Adler  and 
Marshall(2-15)  from  the  relation, 


P  = 


> 


(2-7) 


where  P  is  the  net  power;  w/gc  is  the  liquid  feed  rate;  v  is  the  resultant  liquid  velocity  as  it  leaves 
the  disk. 


If  the  liquid  in  deposited  at  the  center  of  the  disk  and  friction  is  negligible,  Adler  and 
Marshall  have  shown  that  the  power  is  given  by: 

Pk  =  7.70  (10-9 )w  (Nr)2  ,  (2-8) 

where  Pfc  is  net  power  required,  kw;  w  is  the  liquid  rate,  Ib/min;  N  is  rpm;  and  r  is  the  radius  of 
disk,  ft. 


If  the  liquid  is>  deposited  not  at  the  center  of  the  disk,  but  at  ra  from  the  center.  Equation 
(2-8)  becomes 


Pk  =  7.70  (10“9)w  N2 


r2  -  (l/2)r02 


(2-9) 


For  all  types  of  disks  studied  by  Marshall,  the  measured  net  power  agreed  well  with  this 
theoretical  equation. 


Figure  2-5  shows  the  effect  of  feed  rate,  disk  speed,  and  disk  size  on  power  consumption. 
For  disks  on  which  liquid  slippage  is  likely  to  occur,  the  net  power  will  be  below  the  curve.  If  a 
disk  moves  large  quantities  of  air,  in  addition  to  accelerating  the  liquid,  the  net  power  may  be 
greater  than  that  predicted  by  the  equation. 


FIGURE  2-5.  EFFECT  OF  FEED  RATE,  DISK  SPEED,  AND  DISK 

SIZE  ON  POWER  CONSUMPTION  OF  DISK  ATOMIZERS 

(Marshall  and  Seltzer)  2-^ 
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Marshall  calls  attention  to  the  fact  that  the  power  required  to  create  new  surface,  based  on 
thermodynamic  considerations  of  the  new  surface  created,  is  only  a  small  fraction  of  that  actually 
expended  in  a  conventional  atomizer.  He  cites  a  typical  example  in  which  the  theoretical  power 
for  atomization  is  only  0.  02  per  cent  of  that  which  might  actually  be  expended  by  a  disk  atomizer. 

A  similar  estimate  for  two-fluid  atomization  gives  a  correspondingly  low  percentage.  Marshall 
states  that  this  large  difference  between  actual  and  theoretical  power  suggests  the  need  of  research 
to  develop  new  methods  of  atomization  which  will  consume  much  less  energy  per  unit  of  surface 
created.  It  is  to  be  recognized,  however,  that  much  of  the  energy  consumed  in  atomization  must 
go  into  dispersing  the  drops  and  mixing  them  with  the  surroundings. 


Mechanism  of  Disk  Atomization 


Because  the  physical  process  of  atomization  by  means  of  a  rotating  disk  is  so  different  from 
that  involved  in  solid  injection  or  in  two-fluid  atomization,  this  process  was  not  considered  in 
Chapter  1.  Consequently,  a  brief  review  of  the  three  essentially  different  types  of  disintegration 
that  may  take  place  around  and  beyond  the  edge  of  a  rotating  disk  or  cup  are  described  below. 

Hinze  and  Milborn^-^)  conducted  experiments  in  which  liquid  was  supplied  through  a 
stationary  tube  to  the  inner  part  of  a  rotating  cup  widening  toward  a  brim. 

Figure  2-6  illustrates,  schematically,  the  viscous  flow  of  liquid  toward  the  sharp  edge  of 
the  cup.  Three  essentially  different  types  of  phenomena  may  take  place  around  and  beyond  the 
edge  of  the  cup.  The  type  actually  involved  depends  on  working  conditions,  that  is,  on  liquid  feed 
rate,  angular  speed,  and  dimensions  of  the  cup,  and  on  the  density,  viscosity,  and  surface  tension 
of  the  liquid. 

Hinze  and  Milborn  postulated  three  types  of  mechanisms:  (l)  disintegration  by  direct  drop 
formation,  (2)  disintegration  by  ligament  formation,  and  (3)  disintegration  by  film  formation. 


fV 


FIGURE  2-6.  SUPPLY  AND  FLOW  OF  LIQUID  WITHIN 
ROTATING  CUP 

(Hinze  and  Milborn) 

Figure  2-7  show#  disintegration  by  direct  drop  formation,  which  occurs  at  a  very  low  liquid- 
feed  rate.  The  diameter  of  the  liquid  torus,  formed  around  the  edge,  is  determined  mainly  by 
equilibrium  conditions  between  centrifugal  and  surface-tension  forces.  Because  of  disturbances 
the  torus  will  be  varicosely  deformed,  and  drops  will  be  formed  singly  at  one  or  more  bulges  of 
the  torus  by  the  action  of  centrifugal  forces.  These  drops  are  throim  off  the  edge  as  shown  in  the 
figure. 
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FIGURE  2-8. 
DISINTEGRATION  BY 
LIGAMENT  FORMATION 


l 


FIGURE  2-9. 
DISINTEGRATION  BY 
FILM  FORMATION 


(Hinzc  and  Milborn)  2-16 


i 
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Figure  2-8  shows  disintegration  by  ligament  formation  which  occurs  when  the  liquid-feed 
rate  is  increased  so  that,  instead  of  single  drops  forming  at  the  bulges  of  the  torus,  complete  thin 
jets  or  ligaments  form.  The  number  of  these  ligaments  increases  with  increasing  rate  of  supply 
up  to  a  maximum  value,  after  which  the  number  remains  constant,  irrespective  of  the  rate  of 
supply.  Apparently,  in  this  stale  the  ligaments  grow  in  thickness  with  increasing  rate  of  supply. 
The  ligaments  themselves  are  unstable,  in  view  of  imposed  disturbances,  and  break  up  into  drops 
at  some  distance  from  the  edge  of  the  cup. 

Figure  2-9  shows  the  third  type  of  disintegration  which  occurs  when  the  liquid-supply  rate  is 
still  further  increased.  A  condition  is  reached  where  the  number  of  ligaments  can  increase  no 
more,  nor  can  they  grow  in  thickness.  Consequently,  a  continuous  film  is  formed,  extending  to  a 
certain  distance  away  from  the  edge,  whereupon  irregular  breakup  occurs  resulting  in  ligaments 
and  clots  of  liquid.  The  thickness  of  the  film  just  beyond  the  edge  is  practically  equal  to  that  of 
the  liquid  layer  within  the  cup  at  the  edge.  Hinze  and  Milborn  call  this  process  "disintegration  by 
film  formation". 

It  is  plausible  that  the  atomization  of  the  liquid  will  be  different  for  the  three  different  stages 
of  disintegration.  In  the  stage  of  direct  drop  formation,  the  droplets  are  formed  singly  from  pro¬ 
tuberances  originating  from  the  bulges  of  the  varicosely  deformed  liquid  torus  around  the  edge  of 
the  cup.  The  shapes  of  the  protuberances  at  the  instant  when  the  droplets  are  split  off  generally 
will  vary  slightly,  which  means  that  the  droplets  will  not  be  of  exactly  the  sqme  size.  However, 
it  is  likely  that  they  will  have  a  diameter  roughly  equal  to  the  thickness  of  the  liquid  torus. 

In  the  stage  of  ligament  formation,  the  ligaments  br  ,ak  up  into  droplets  by  disturbances  of 
rotational  symmetry.  This  process  of  breaking  up,  identical  with  that  of  a  straight  liquid  column 
and  agreeing  with  Rayleigh' s  instability  theory,  is  clearly  shown  in  Figure  2-8. 

Hinze  and  Milborn  state  that,  if  all  the  ligaments  have  the  same  diameter,  if  they  all  break 
up  at  the  same  distance  from  the  edge  of  the  cup,  if  this  occurs  by  disturbances  with  the  optimum 
value  of  wavelength,  and  if  there  is  no  effect  of  the  stretching  process  of  the  ligaments  on  their 
breakup,  then  all  droplets  formed  will  have  the  same  diameter.  Actually,  the  drops  are  not  all  of 
equal  size,  but  the  atomization  is  more  uniform  than  that  obtained  with  other  methods. 

i 

In  the  stage  of  film  formation,  air  forces  and  other  disturbing  forces  deform  the  film,  tears 
arise,  and  surface  tension  action  causes  disruption  into  many  irregular  ligaments  and  clots  of 
liquid,  the  latter  mostly  interconnected  by  thin  threads  of  liquid  that  break  up  into  fine  droplets. 

It  is  reasonable  to  expect,  generally,  a  less  uniform  atomization  than  that  occurring  during  the 
stage  of  ligament  formation. 


Dimensional  Analysis  of  Ligament 
Formation  and  Transition 


Hinze  and  Milborn^"  consider  the  problem  of  determining  the  number  of  ligaments  formed 
under  a  given  Bet  of  conditions  by  using  the  method  of  dimensional  analysis.  They  assume  that  the 
number  of  ligamentB  2L  will  be  affected  by  the  diameter  of  the  brim  of  the  cup,  D;  the  cone  angle  of 
the  cup,  0o!  the  angular  speed  of  the  cup,  w;  the  flow  rate  into  the  cup,  Q;  the  density  of  the  liquid, 
p;  the  surface  tension  of  the  liquid,  <r;  and  the  dynamic  viscosity  of  the  liquid,  p.  Using  the 
Buckingham  7T- Theorem,  it  follows  that  the  number  of  ligaments  j£_can  be  expressed  as 


(2-10) 


The  authors  then  proceed  to  determine  the  exact  form  of  the  function  f  by  a  scmitheoretical 
method.  The  radial  component  of  velocity  for  the  liquid  at  the  outside  edge  of  the  liquid  torus  is  to 
be  determined  in  terms  of  the  physical  properties  of  the  system. 
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Figure  2-10  shows  the  vector  diagram  of  the  components  of  velocity  in  the  torus,  along  with 
the  dimensions  of  the  torus.  If  the  normal  velocity  on  the  inside  edge  of  the  torus  is  represented 
by  Vj),  and  the  corresponding  tangential  velocity  by  1/2  coD,  then  the  resultant  velocity  VR  is 
determined  by 


VR2  =  VD2  +  |-  w2D2  .  (2-11) 

Because  of  the  conservation  of  angular  momentum,  the  tangential  velocity  u  on  the  outside  rim  of 
the  torus  becomes 


1  “P2 

2  D+2h  ’ 


(2-12) 


where  h  is  the  width  of  the  torus.  By  neglecting  the  effects  of  viscosity,  the  normal  component  of 
velocity  Vr  on  the  outside  rim  of  the  torus  can  be  determined  by  consideration  of  Figure  2-10  and 
Equation  (2-12): 


FIGURE  2-10.  FLOW  CONDITIONS  IN  TORUS  AROUND  EDGE  OF  CUP 
(Hinze  and  Milborn)  2-16 


Vrl.yRj.^.aJ-(1._BLp)*VD» 

«  uzDh  +  VD2  ■  w2Dh  , 


(2-13) 


since  h  <<  D,  and  Dh,  as  indicated  by  numerous  experiments.  By  assuming  that  the 

width  of  the  torus,  h,  varies  as  its  thickness,  6,  Equation  (2-13)  can  be  written  as 


Vr2  *  D  6  . 


(2-14) 


Ir  order  to  account  for  viscosity  effects,  the  Reynolds  number,  Ret,  of  the  liquid  in  the  torus  is 
introduced,  so  that 
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Vr2  X  w2  D  6  (Ret)n  «u2D5 


(2-15) 


where  the  exponent  n  is  to  be  determined  by  test.  The  condition  of  equilibrium  between  the  impact 
forces  and  surface  tension  at  the  outside  rim  of  the  torus  prescribes  that 


pvr2«f  . 


(2-16) 


Substitution  of  Equation  (2-16)  into  Equation  (2-15)  and  rearrangement  of  terms  yields: 

i  o/_*  . 

D  Vpw2 D*  /  Vpo-D/ 


(2-17) 


If  it  is  then  assumed  that  the  spacing  of  ligaments  formed  along  the  torus  varies  as  the  tkickness  of 
the  torus  5,  then  the  number  of  ligaments  Z  varies  as  D/5,  and 


_  k  ^>>2  p3  ^  4  4-  n  ^pc-p^4  +  n 


(2-18) 


where  k  is  a  constant  of  proportionality.  It  is  noted  that,  given  the  values  of  the  physical  variables 
and  the  number  of  ligaments  Z  for  a  given  experiment,  the  values  of  k  and  of  n  can  be  determined 
readily  by  the  method  of  least  squares. 

Figure  2-11  shows  the  graphical  correlation  of  experimental  data,  as  determined  by  Hinze 
and  Milborn,  using  Equation  (2-18)  with  n  =  4/5. 


The  authors  then  extend  the  result  of  the  above  analysis  to  the  determination  of  the  conditions 
necessary  for  transition  from  the  ligament  state  to  the  state  of  film  formation.  It  is  assumed  that 
this  transition  will  occur  when  the  supply  flow  rate  Q  equals  or  exceeds  the  maximum  flow  capacity 
of  the  ligaments: 


Q*ziLZ(ma*)vI,“Zs2vL  • 


(2-19) 


where  6L(max)  niaximum  diameter  of  the  ligaments,  and  is  the  velocity  of  the  fluid  in  the 

ligaments.  It  is  further  assumed  that  the  velocity  in  the  ligament  can  be  expressed  in  terms  of 
the  radial  velocity  Vr  at  the  edge  of  the  torus  and  a  power  of  the  Reynolds  number  Re^  in  the 
ligament.  Hence, 


VL  *  Vr  (RcL)m  «  Vr  (P  Vh  6 


(2-20) 


Substitution  of  Equation  ( 2- 1 6)  into  Equation  (2-20)  yields: 


(2-21) 


Recalling  that  5  «  D/Z,  substitution  of  Equation  (2-21)  into  Equation  (2-19)  yields: 


z  '  '  m  (£b ) 


1  -  m 


*  k'  , 


(2-22) 
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(Hinze  and  Milborn)  ^-16 


where  k'  is  a  constant  of  proportionality.  Substitution  of  Equation  (2-18)  into  Equation  (2-22)  then 
yields: 


„D3^  .  ) 


_ 1__ 

(1  -  m) 


TTn) 


where 


rD3 


=  , 


x 


2 

(4  +  n)(l  -  m) 


(2-23) 


(2-24) 


If  the  values  of  the  physical  variables  are  known,  then  the  values  of  x  and  k"  can  be  obtained  either 
by  applying  the  method  of  least  squares  to  Equation  (2-23),  or  by  plotting 


against 


on  logarithmic  paper.  If  the  value  of  n  in  Equation  (2-18)  has  already  been  determined,  then  the 
value  of  m  can  be  obtained  by  application  of  the  method  of  least  squares  to  Equation  (2-23). 

Figure  2-12  shows  a  graphical  correlation  of  transition  data  obtained  by  Hinxe  and  Milborn  by 
using  Equation  (2-18)  and  (2-23)  with  n  =  4/5  and  m  sr  0.  25. 


Thus  it  has  been  shown  that  the  theory  of  dimensional  analysis,  combined  with  elementary 
theoretical  considerations,  can  be  used  effectively  to  correlate  data  obtained  from  atomisation  by 
a  rotating  cup. 
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Applications  of  Disk  Atomization 


Mc*>.tee^"^)  points  out  that  the  widest  application  of  this  method  of  atomization  is  in  the 
chemical  industries,  where  it  is  particularly  useful  fpr  spraying  viscous  liquids  and  thick  slurries 
containing  solid  particles  that  would  clog  the  small  orifices  of  pressure  nozzles.  However,  interest 
is  increasing  in  the  method  as  a  means  of  atomizing  liquid  fuels. 


FIGURE  2-12.  CORRELATION  OF  EXPERIMENTAL  DATA  ON  TRANSITION 
FROM  THE  LIGAMENT  STATE  TO  FILM  FORMATION 

(Hinze  and  Milborn)  Z-16 

Wilson,  Page  and  CartwrightU-l?),  in  a  comprehensive  investigation  of  spray  drying  of  clay 
suspensions,  describe  rotors  consisting  of  a  disk,  a  simple  cup,  an  Inverted  cup,  a  double  bowl,  or 
a  cylinder,  and  rotors  with  vertical  spray  planes  for  accelerating  the  speed  of  fluid  rotation.  Many 
designs  and  shapes  of  rotating  atomizers  are,  therefore,  available. 

Romp(2“l)  describes  various  designs  of  "centrifugal  atomizing  burners"  for  atomizing  fuel 
oil  by  means  of  rotating  disks  or  cups.  He  makes  the  interesting  statement  that  in  this  method  of 
atomizing  liquid  fuel  the  effect  depends  entirely  on  the  viscosity,  but  in  just  the  opposite  way  to  the 
effect  of  viscosity  on  pressure  atomization  by  solid  injection.  Whereas  viscosity  opposes  atomiza¬ 
tion  by  solid  injection,  so  that  finest  atomization  would  be  obtained  with  a  liquid  of  zero  viscosity, 
most  rotating  atomizing  devices  would  not  be  able  to  atomize  such  an  imaginary  liquid  at  all,  there 
being  no  way  of  imparting  velocity  to  it.  Reference  is  made  to  Chap^r  VI,  "Mechanical  Pulveriza¬ 
tion  on  the  Kinetic  Principle",  of  Romp' s  book(z-0  on  "Oil  Burning"  for  a  more  complete  coverage 
of  the  application  of  rotating  atomizers  for  liquid  fuels. 

Muraazew^2"^)  has  devised  a  rotating  fuel  chamber  which  can  conveniently  be  fitted  onto  the 
shaft  of  an  aircraft  gas  turbine.  It  may  form  one  end  of  an  annular  combustion  chamber  with  the 
atomized  fuel  being  discharged  from  the  fuel  chamber  through  a  series  of  plain  orifices,  or  from  a 
circumferential  slot. 

Figure  2-13  shows  this  method  of  fuel  injection  for  which  Muraszew  claims  the  following 
advantages:  (l)  Good  atomization  of  the  fuel  lo  obtained  over  a  wide  range  of  load  and  speed,  atomi¬ 
zation  improving  with  increasing  speed.  (2)  The  fuel  pump  is  subjected  only  to  low  pressure,  and 
high-pressure  fuel  pipes  arc  eliminated.  (3)  Air-fuel  mixing  is  Improved,  giving  the  possibility  of 
a  shorter  flame  or  smaller  combustion  chamber. 
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The  fuel  sprays  discharged  from  the  orifices  can  be  directed  in  relation  to  the  air  flow  so 
that  relative  velocity  is  increased,  thus  improving  both  atomization  and  mixing. 

Muraszew  points  out  that  the  small  "secondary"  or  "satellite"  drops  formed  when  this  method 
of  atomization  is  used,  although  only  a  trifling  proportion  of  the  total  volume  of  fuel,  may  be  help¬ 
ful  in  the  initiation  of  combustion. 


FIGURE  2-13.  CONTINUOUS  FUEL-INJECTION  SYSTEM 
WITH  ROTATING  FUEL  CHAMBER 

(Muraszew)  ^-18 

The  firm  Turbomeca(2-^),  in  France,  has  recently  conducted  successful  tests  on  the 
Aspin  I  which  uses  a  rotating  fuel- injection  system. 

Figure  2-14  shows  details  of  the  device  by  which  the  fuel,  supplied  along  the  main  shaft,  is 
atomized  and  projected  into  the  annular  combustion  chamber  through  radial  holes  in  a  thrower 
flange.  Speeds  from  33,  500  to  36,  500  rpm  were  employed  during  test  runs. 

Pilcher  and  Terrill^2-2®)  atomized  AN-F-32,  JP-1  jet  fuel  by  means  of  a  rotating  disk  and 
produced  droplets  of  unifoim  size  that  burned  as  a  ring  of  flame  around  the  disk. 

Figure  2-15  is  a  photograph  of  a  3.  40- inch  disk  rotating  at  9800  rpm,  and  atomizing  AN-F-32. 
The  ring  of  flame  is  about  ten  inches  in  diameter. 

Pilcher  and  Terrill  found  that  the  critical  flow  rate,  above  which  a  well-defined  band  of 
droplets  of  uniform  size  is  no  longer  formed,  increases  with  decrease  in  rpm  or  with  increase  in 
the  diameter  of  the  disk.  Because  the  droplets  are  of  uniform  size  the  penetration  distance  is  uni¬ 
form  and  the  band  of  flame  is  narrow. 


METHODS  BASED  ON  VIBRATIONS 


Less  common  methods  of  atomization  employing  sonic  or  mechanical  vibrations  have  been 
reported  recently. 

Jocck^2-2^  has  patented  a  method  for  atomizing  liquids  by  ultrasonic  vibrations.  Atomiza¬ 
tion  is  accomplished  by  delivering  a  beam  of  ultrasonic  energy  into  a  chamber  that  is  resonant  to 
the  frequency  of  the  driver.  A  stream  of  liquid  is  subjected  to  the  ultrasonic  sound  vibrations 
within  the  chamber  to  produce  finely  divided  particles  that  may  be  vaporized  and  discharged  from 
the  other  end  of  the  chamber. 
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FIGURE  2-14.  ROTATING  FUEL  INJECTION  SYSTEM  \ 

USED  BY  TURBOm£cA  (2”19) 
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Dimmock^-^)  describes  a  method  of  producing  a  stream  of  droplets  of  uniform  size  using 
a  vibrating  hollow  reed  actuated  by  a  small  electromagnet.  Primary  and  subsidiary  droplets  are 
formed,  and,  by  adjustment,  uniform  diameters  of  drops  ranging  from  10  to  300  microns  may  be 
obtained. 

Dimmock  suggests  that  the  apparatus  could  be  used  to  study  single- droplet  combustion.  He 
believes  that  the  uniformity  of  size  in  a  single  stream  of  drops  from  this  apparatus  is  greater  than 
that  obtained  with  a  rotating-disk-type  sprayer,  although  it  has  the  disadvantage  of  producing  only 
a  limited  quantity. 

Sliepcevich,  Consiglio,  and  Kurata^"^)  describe  a  vibrating- type  nozzle  which  is  simple  in 
construction  and  flexible  in  operation. 

Figure  2-16  shows  an  assembly  diagram  of  such  a  nozzle.  A  valve  stem  with  a  tapered  head 
extends  through  the  orifice  into  the  chamber  in  the  body  of  the  nozzle.  The  force  exerted  by  the 
valve  head  on  the  sharp- edged  orifice  is  adjusted  by  means  of  the  helical  spring  and  nut.  The 
pressure  of  the  fluid  forces  the  tapered  head  of  the  stem  from  its  seat,  during  which  time  a  pres¬ 
sure  drop  occurs  as  the  fluid  discharges  from  the  orifice.  The  combined  action  of  the  helical 
spring  and  fluctuating  fluid  pressure  produces  a  state  of  self-excited  oscillations.  Since  the  stem 
is  always  at  least  partly  open,  the  discharge  of  fluid  from  the  orifice  is  in  the  form  of  a  continuous 
spray. 

For  each  spring  compression  there  exists  a  "critical"  pressure  below  which  audible  vibration 
does  not  occur.  This  critical  pressure  usually  occurs  at  pressures  of  50  to  100  psi  above  the 
minimum  spraying  pressure.  As  the  spraying  pressure  is  increased  above  the  critical  pressure, 
both  the  intensity  and  frequency  of  vibration  increase.  At  some  still  higher  pressure  the  authors 
noted  the  appearance  of  two  separate  frequencies  that  seemed  to  fluctuate  rapidly,  producing  what 
they  describe  as  a  "motorboat"  effect  which  persisted  over  a  pressure  range  of  from  100  to  300 
psi. 

Sliepcevich,  Consiglio,  and  Kurata  believe  that  this  vibrating  type  of  nozzle  can  be  advan¬ 
tageously  adapted  to  fuel-injection  systems. 

Vonegut  and  Neubauer^"^)  report  an  electrical  method  for  producing  monodispersed  liquid 
particles.  Streams  of  highly  electrified  uniform  droplets  about  0.  1  mm  in  diameter  can  be  pro¬ 
duced  by  applying  potentials  of  5-10  kv,  a.  c.  or  d.  c. ,  to  liquids  in  small  capillary  tubes.  Mono- 
dispersed  aerosols  having  a  particle  radius  of  a  micron  or  less  can  be  formed  if  the  capillary  is 
positively  charged  and  if  liquids  having  low  electrical  conductivity  are  used. 

Straubel^-^  ^  applied  a  direct  current  of  10  to  20  kv  to  a  spray  nozzle,  with  the  other  pole 
grounded  or  connected  to  a  ring  which  was  concentric  with  the  nozzle,  and  achieved  a  high  degree 
of  atomization.  He  found  that  the  higher  the  potential  or  field  strength,  the  better  the  atomization. 

In  general  the  methods  of  atomization  by  vibration  and  by  electrification  are  new  and  will 
require  considerably  more  study  and  development. 


Helical  spring 


Washer 


Knurled  nuts 
FIGURE  2-16.  VIBRATING-TYPE  NOZZLE 


(Sliepcevich,  Consiglio  and  Kurata) 
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IMPINGING  LIQUID  JETS 


The  study  of  impinging  liquid  jets  as  a  method  of  atomization  and  of  mining  of  two  liquid 
reactants  has  been  considerably  intensified  during  the  past  lew  years,  owing  to  application  of  the 
process  to  liquid- fuel  rockets.  The  method  is  used  as  a  means  of  rapidly  mixing  the  fuel  and 
oxidant,  as  well  as  of  increasing  the  surface  by  disintegration. 


Spanogle  and  Hemmeterf2-^)  conducted  tests  with  two  smooth  jets  impinging  upon  each  other 
at  an  angle  of  74  degrees.  The  point  of  impingement  was  kept  as  close  as  practicable  to  the  nozzle 
exits  so  that  more  exact  impingement  might  be  obtained,  and  so  that  breakup  of  the  solid  jets 
before  impingement  would  be  minimized.  They  report  that  the  resulting  spray  was  so  well  dis¬ 
persed  that  it  could  be  carried  along  with  an  air  stream  of  comparatively  low  velocity. 


Falk(2-27)  made  a  preliminary  study  of  atomization  of  liquids  upon  impingement  of  opposed 
jets  and  observed  that  cones  of  3pray  are  formed  only  if  the  pressure  drops  across  the  two  jet 
orifices  are  the  same. 


Falk  reports  that  it  does  not  seem  possible  to  form  a  cone  if  the  area  ratio  of  the  impinging 
streams  is  too  great.  With  the  combination  of  a  l/32-inch  and  a  l/8-inch  orifice,  the  wider 
stream  seemed  to  overwhelm  the  narrower  one. 

Ryan(2-2®)  extended  the  above  study,  working  with  directly  opposed  jets,  formed  by  sharp- 
edged  orifices,  meeting  in  an  environment  of  atmospheric  air.  The  orifices  used  had  diameters 
ranging  from  0.  015  to  0.  065  inch,  and  were  employed  in  combinations  such  that  the  ratio  of 
diameters  (smaller  to  larger)  ranged  from  0.  333  to  0.  600.  The  orifice  pressure  drop  was  varied 
from  30  to  200  psi. 

The  jets  were  made  to  impinge  in  a  closed  chamber  at  known  flow  rates,  and  the  spray  was 
sampled.  For  the  study  of  mixing  as  a  function  of  location  in  the  spray  region,  bulk  samples  of 
spray  formed  by  one  dyed  and  one  clear  jet  were  taken  and  analyzed  colorimetrically.  For  the 
study  of  degree  of  mixing  at  the  scale  of  individual  drops,  similar  jets  were  used  and  drops  were 
caught  on  a  nonwettable  microscope  slide.  The  drops  were  then  pressed  between  two  microscopic 
slides,  to  form  disks  of  uniform  thickness,  and  were  examined  for  difference  in  dye  concentration, 

Ryan  concluded  that;  (1)  the  mixing  of  the  two- jet  liquids  was  complete  in  drops  as  small 
as  70  microns,  the  smallest  drops  observed;  (2)  the  duration  of  time  for  mixing  was  about  one 
millisecond;  and  (3)  the  volume-median  drop  diameter  of  the  spray  could  be  related  to  the  vari¬ 
ables  studied  by  the  empirical  equation 


—  =3,16  +  38.7  l-~  .*4.  ,  (2-24) 

o-  p 

where  Dm  Is  the  volume  median  drop  diameter,  microns;  <r  is  the  surface  tension  of  spray  liquid, 
dynes/cm;  R<j  is  the  ratio  of  orifice  diameters,  smaller/iarger;  and  £  is  the  orifice  pressure  drop, 
psi. 


Neither  the  viscosity  of  the  liquids  nor  the  scale  of  the  apparatus  was  found  to  have  any 
influence  on  the  volume-meilian  drop  size.  Ryan  suggests  that  the  absence  of  a  scale  factor  may 
be  a  property  of  implnging-jet  atomization;  but,  in  view  of  the  unusual  character  of  this  relation, 
he  does  not  recommend  its  use  for  conditions  other  thnn  those  covered  by  his  investigation. 

Ryan  made  a  preliminary  study  of  the  mechanism  of  jet  impingement,  which  disclosed  that: 
(I)  the  point  of  impingement  could  not  be  stabilized  between  the  two  orifices  unless  the  momentum 
flux,  per  unit  cross-sectional  area,  was  the  same  for  both  jets;  (2)  the  efficiency  of  impingement, 
defined  as  the  ratio  cf  the  kinetic  energy  of  the  liquid  leaving  the  point  of  Impingement  to  that  of 
the  jets  entering,  was  substantially  unity. 
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Ryan  states  that  continuation  of  studies  of  atomization  is  not  recommended  until  more  reli¬ 
able  methods  of  sampling  and  analyzing  sprays  have  been  developed. 

Heidmann  and  Humphrey^- made  an  extensive  investigation  of  the  flow  characteristics 
and  of  the  patterns  of  sprays  formed  by  the  impingement  of  two  liquid  jets.  The  study  was  made 
with  the  intent  that  it  might  be  useful  in  determining  the  cause  of  the  instability  of  combustion,  in 
rocket  engines,  which  appears  to  originate  in  the  injection  and  mixing  process. 

The  formation  of  a  spray  resulting  from  the  impingement  of  two  jets  of  water  was  studied  by 
visual,  photographic,  and  photoelectric  techniques,  and  high-speed  motion  pictures  and  microflash 
photographs  were  taken  of  the  spray  pattern. 

Figure  2-17  shows  photographs  of  the  formation  of  spray  by  two  impinging  jets  of  water. 
These  photographs  indicate  that  the  formation  of  liquid  drops  is  an  intermittent,  rather  than  a 
continuous,  process.  Upon  impingement  of  two  jets,  a  ruffled  sheet  of  liquid  is  formed  perpendic¬ 
ular  to  the  plane  of  the  two  jets.  This  sheet  of  liquid  disintegrates  intermittently,  forming  groups 
of  liquid  drops  and  giving  the  appearance  of  waves  propagating  from  an  origin  at  the  point  of  im¬ 
pingement.  It  should  be  noted  that  the  groups  of  drops  are  of  various  sizes  with  irregular  spacing 
between  groups. 

Heidmann  and  Humphrey  made  a  quantitative  evaluation  of  wave  intensity,  of  the  quantity  of 
liquid  per  unit  volume,  and.  of  the  frequency  from  an  oscilloscope  trace  obtained  for  a  typical 
spray.  The  frequency  of  wave  formation  was  observed  to  be  constant  over  a  finite  time  interval 
under  constant  operating  conditions.  The  frequency  varied  between  1000  and  4000  cps  for  the 
range  of  test  conditions  used. 

An  increase  in  jet  velocity  resulted  in  an  increase  in  wave  frequency.  An  increase  in  im¬ 
pingement  angle  resulted  in  a  decrease  in  wave  frequency  for  impingement  angles  of  from  50  to  100 
degrees. 

A  diameter  change  from  0.  025  to  0.  057  inch  had  a  negligible  effect  on  wave  frequency  as 
compared  with  the  effect  of  jet  velocity  and  impingement  angle.  A  change  in  jet  length  from  10  to 
80  diameters  before  impingement  had  a  negligible  effect  on  wave  frequency. 

From  the  photographic  and  frequency  data  obtained,  it  appeared  to  Heidmann  and  Humphrey 
that  the  ruffling  of  the  liquid  sheet  persists  to  the  point  of  disintegration  of  the  sheet  and  deter¬ 
mines  the  frequency  of  the  wave  formation,  and  that  irregularities  in  the  jets  before  impingement 
may  be  as  instrumental  in  controlling  the  ruffling  of  the  liquid  sheet  as  is  the  friction  of  the  air. 

Design  problems  relating  to  this  method  of  atomization  are  discussed  in  the  next  chapter. 


SUMMARY  OF  METHODS  OF  ATOMIZATION 


The  method  of  atomization  most  generally  used  for  liquid  fuels  employs  the  principle  of  solid 
injection.  This  method  has  the  definite  advantages  that  simple  nozzles  with  no  moving  parts  may 
be  used,  and  pressure  on  the  liquid  alone  is  required  to  accomplish  atomization.  Several  devices 
employing  this  method  are  described  in  Chapter  3. 

The  two-fluid  method  of  atomization  is  capable  of  producing  a  finer  spray  or  mist,  at  lower 
pressures,  but  this  proces®  has  the  distinct  disadvantage  that  a  source  of  compressed  gas  or 
steam  is  required. 

Atomization  based  on  rotating  devices  offers  considerable  promise  as  a  method  of  preparing 
liquid  fuels  for  combustion.  Atomization  remains  good  at  extremely  low  flow  rates  and  only  a  low 
fuel  pressure  is  needed. 
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FIGURE  2-17.  MICROFLASH  PHOTOGRAPHS  OF  FORMATION  OF  SPRAY  BY 
TWO  IMPINGING  JETS  OF  WATER.  VIEWS  PERPENDICULAR 
AND  PARALLEL  TO  PLANE  OF  JETS  ARE  SHOWN 

(Heidmann  and  Humphrey)^-^ 
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Methods  of  atomization  by  vibration  show  little  promise  for  application  to  combustion 
systems. 

Impinging  liquid  jets,  in  addition  to  accomplishing  atomization,  provide  rapid  mixing  of  two 
liquids,  making  this  method  well  suited  for  rocket-fuel  injection.  Much  remains  to  be  learned, 
however,  concerning  this  type  of  injection. 

The  efficiency  of  all  methods  of  atomization  is  extremely  low. 
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ABSTRACT 


The  requirements  of  a  good  fuel-spray  nozzle  are  sum¬ 
marized,  and  the  fundamental  principles  of  nozzle  design  are 
discussed.  The  various  designs  of  the  vortex  or  swirl  type  of 
nozzle,  now  almost  universally  used  on  aircraft  gas-turbine 
engines,  are  described.  Attention  is  also  given  to  two-fluid 
nozzles  and  to  the  design  of  reactant  injectors  for  liquid- 
fueled  rockets.  Empirical  formulas  for  evaluating  spray  angle 
and  fineness  of  atomization  are  presented. 
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CHAPTER  3 


DESIGN  OF  ATOMIZERS 


by  - 


J.  M.  Pilcher  and  C.  C.  Mies  sc 


The  design  of  fuel  spray  nozzles  is  one  of  the  most  important  problems  in  high-duty  combus¬ 
tion  for  aircraft.  At  first,  it  appeared  that  simple  nozzles  of  the  type  already  in  use  on  stationary 
combustion  equipment  could  be  used  to  inject  fuel  into  the  combustion  chamber  of  aircraft  gas 
turbines;  however,  the  wide  range  of  power  required  in  flight  necessitates  satisfactory  atomization 
over  a  wide  range  of  fuel  flow  rates.  Therein  lies  one  of  the  major  problems. 

A  range  of  fuel  flow  rates  of  about  70  to  1  is  needed,  but  designers  have  been  forced  to  settle 
for  a  much  lower  range  than  this.  Even  with  the  recent  designs  of  complex  nozzles,  which  are 
troublesome  and  expensive,  a  ratio  of  maximum  to  minimum  flow  rates  of  from  10  or  20  to  1  is  the 
best  that  can  be  expected. 

In  order  to  be  able  to  start  quickly,  restart  at  altitude,  and  eliminate  die -out  during  descent, 
the  nozzle  must  produce  a  fine  spray  at  the  low  range  of  flows.  Unfortunately,  atomization  is  usu¬ 
ally  coarse  at  low  flows,  when  a  fine  spray  is  desired,  and  fine  at  high  rates  of  flow  when  the  de¬ 
gree  of  atomization  is  relatively  unimportant. 

In  addition  to  producing  a  spray  of  sufficient  fineness,  a  well-designed  nozzle  must  distribute 
the  fuel  properly  throughout  the  combustion  chamber  which  means  that  the  spray  angle  must  be 
correct,  and  spray  penetration  must  be  of  the  proper  magnitude  and  direction.  In  this  respect, 
there  must  be  close  coordination  between  designers  of  nozzles  and  combustion  chambers.  Con¬ 
stancy  of  flow  rate  for  a  given  load  is  important  as  is  also  the  possibility  of  maintaining  equal  fuel 
flows  to  all  nozzles  of  the  engine. 

The  fundamental  principles  of  nozzle  design  are  discussed  in  this  chapter,  and  the  various  de¬ 
signs  of  the  vortex  or  swirl  type  of  nozzle,  now  almost  universally  used  on  aircraft  gas-turbine 
engines  are  described.  Attention  is  also  given  to  the  design  of  two-fluid  nozzles  and  to  the  design  of 
reactant  injectors  for  rockets,  especially  the  impinging-jet  type. 

First,  the  requirements  of  a  good  nozzle  will  be  discussod  to  serve  as  a  basis  for  nozzle  de¬ 
sign. 


REQUIREMENTS  OF  A  GOOD  NOZZLE 


The  requirements  of  an  ideal  Bpray  nozzle  for  aircraft  gas  turbines  have  been  summarized  by 
Bolt  and  Saxton^"  ^  as  follows: 

(1)  The  nozzle  should  supply  atomized  fuel  of  such  a  spray  pattern  and  degree  of 
atomization  that  maximum  combustion  efficiency  will  be  obtained. 

(2)  The  operation  of  the  fuel  nozzle  should  be  such  that  ignition  will  be  positive  and 
a  stable  flame  will  be  obtained  under  all  operating  conditions. 

(3)  The  nozzle  should  provide  the  necessary  range  of  flow  to  meet  all  engine  con¬ 
ditions  with  a  minimum  variation  in  pressure  of  the  fuel  supply. 
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(4)  It  is  especially  important  that  a  low  probability  exists  of  plugging  with  dirty  fuels. 

(5)  The  nozzle  should  not  accumulate  carbon  around  the  orifice  or  otherwise  be  af¬ 
fected  by  service  conditions. 

(6)  The  minimum  nozzle  supply  pressure  should  be  not  less  than  approximately  10 
psi  to  avoid  vapor  formation  in  the  liquid  system. 

(7)  All  nozzles  in  an  engine  should  have  flow  rates  as  nearly  equal  as  possible  at 
each  engine  load. 

(8)  The  nozzle  should  be  small. 

Ganger^-^  claims  that  more  emphasis  should  be  placed  on  deeign  for  easy  removal,  and 
that  difficulty  of  removal  has  been  a  main  reason  why  spray-nozzle  development  has  lagged  behind 
other  engine  developments. 

Ganger  stresses  the  importance  of  satisfactory  atomization  at  the  low  range  of  fuel  flows  on 
the  basis  that  it  is  most  undesirable,  while  in  the  low  power  range,  to  have  the  flame  go  out  in  one 
segment  of  the  circle  of  charge  around  the  turbine  guide  vanes,  and  stay  out  for  an  appreciable 
duration  of  time. 

(3_3) 

Stark  and  Constantino'  '  believe  that  the  major  difficulty  encountered  in  the  development  of 
spray  nozzles  is  the  matching  of  the  nozzles  to  flow  within  ±2  per  cent  of  each  other.  Furthermore, 
these  authors  point  out  that  durability  of  nozzles  operating  in  combustion  chambers  is  of  utmost 
importance  for  two  reasons:  (1)  to  insure  uniformity  of  flow  among  nozzles,  and  (2)  to  avoid 
damage  to  the  blading  from  broken  metal  pieces  in  the  gas  stream,  or  from  excessive  temperatures 
resulting  from  increase  in  fuel  flow  following  failure  of  a  nozzle. 

Park^-^)  lists  four  basic  requirements  for  a  fuel-injection  system.  These  are:  (1)  weight- 
flow  distribution  of  fuel  at  the  flame  front  should  have  the  optimum  configuration,  (2)  weight-flow 
distribution  of  fuel  at  the  flame  front  should  be  stable  throughout  the  range  of  operation,  (3)  the 
fuel /air  ratio  in  the  ignition  zone  should  be  near  optimum,  under  all  conditions,  and  (4)  the  quantity 
of  fuel  deposited  on  the  walls  or  on  other  obstructions  should  be  negligible. 

Dodge,  Hagerty,  and  York^--’)  consider  that  the  necessity  for  providing  constant  spray 
characteristics  over  a  wide  range  of  operation  presents  the  most  serious  problem  in  the  design  of 
spray  nozzles  for  aircraft  gas  turbines.  They  list  five  other  major  requirements  as  follows: 

(1)  The  spray  pattern  must  be  uniform  and  free  of  streaks  around  its  periphery  over 
the  entire  range  of  operation.  Nonuniformity  leads  to  formation  of  hot  spots  and 
consequent  possible  chamber  burnouts. 

(2)  At  conditions  of  low  rate  of  air  flow  and  low  injection  pressure,  the  size  of  the 
droplets  formed  must  be  small  enough  to  produce  sufficient  vapor  for  starting.  * 

(3)  The  cone  angle  of  the  spray  must  be  wide  enough  at  starting  to  bring  vapor  in 
contact  with  the  ignition  apparatus. 

(4)  At  cruising  conditions,  the  size  of  droplet  must  bo  fine  enough  to  give  sufficient 
vaporization,  yet  be  coarse  enough  for  sufficient  penetration  to  insure  dis¬ 
tributed  combustion  well  down  the  length  of  the  chamber. 

(5)  The  nozzle  must  have  sufficient  range,  flexibility,  and  positlvcness  of  operation 
in  order  that  lean  and  rich  blowouts  will  not  occur  upon  rapid  decelerations  and 
accelerations. 

These  authors  also  stress  the  importance  of  matching  nozzles  for  uniform  metering  charac¬ 
teristics  so  that  unbalanced  combustion  and  possible  burnout  will  be  avoided. 
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The  many  requirements  described  above  for  the  ideal  spray  nozzles  may  never  be  com¬ 
pletely  filled.  However,  nozzle-design  engineers  have  made  much  progress  during  the  past  few 
years. 

Before  describing  the  various  designs  of  aircraft  gas-turbine  spray  nozzles,  some  of  the 
fundamental  principles  of  nozzle  design  will  be  discussed. 


FUNDAMENTAL  PRINCIPLES  OF  NOZZLE  DESIGN 


A  point  that  should  be  kept  in  mind  when  discussing  nozzle  design  is  that  the  actual  breakup 
of  liquid  into  droplets  usually  does  not  occur  within  the  nozzle,  but  at  some  distance  away  from 
the  nozzle  after  air  or  combustion  gases  have  had  the  opportunity  to  act  on  the  sheets  or  filaments 
of  liquid.  In  the  case  of  swirl  nozzles,  however,  breakup  usually  occurs  extremely  close  to  the 
nozzle  exit,  even  at  low  atmospheric  pressures. 

Most  of  the  work  on  the  design  of  spray  nozzles  has  been  empirical  in  nature  and  has  been 
based  on  trial  and  error  methods.  Some  fundamental  experimental  work  has  been  done,  however, 
to  determine  the  possibility  of  designing  nozzles  to  give  sprays  of  predetermined  characteristics. 
Other  fundamental  studies  of  a  purely  theoretical  nature  have  been  directed  toward  a  better  under¬ 
standing  of  the  various  design  parameters.  In  both  instances,  the  majoi  emphasis  has  been  placed 
on  swirl-type  atomizers. 


Experimental  Studies  of  Swirl  Atomizers 


S.  M.  Doblc's  Investigations 


Doble^”  ^  made  a  general  study  of  swirl-type  nozzles  and  formulated  some  general  relations 
from  which  a  nozzle  could  be  designed  to  give  a  desired  output  at  a  stated  pressure,  a  prede¬ 
termined  average  particle  size,  and  a  desired  apex  angle  of  the  cone  of  spray. 

The  elementary  design  of  a  plain  nozzle  in  which  the  liquid  is  simply  forced  through  a  small 
orifice  was  promptly  discarded  by  Doble  as  unsuitable  because  the  cone  angle  was  too  small. 


The  first  part  of  this  investigation  was  concerned  with  the  geometrical  or  mechanical  features 
of  the  swirl-type  nozzle  in  relation  to  the  rate  of  flow  and  the  supply  pressure.  The  results  were 
expressed  in  terms  of  the  flow  number,  K,  according  to  the  relation 


K  a 


_V_ 

VP 


(3-1) 


where  V  is  the  discharge  rate,  gallons  per  hour,  and  P  is  the  supply  pressure,  psi. 


The  value  of  K  for  a  given  nozzle  is  not  absolutely  constant  over  a  wide  range  of  pressures; 
however,  for  design  purposes,  the  difference  between  the  calculated  and  the  actual  discharge  rates 
may  be  neglected,  especially  if  extremely  low  pressures  are  not  involved. 


Figure  3-1  shows  the  components  of  the  nozzle  designed  and  used  by  Doble.  The  angle  of  the 
recessed  cone  behind  the  short  parallel  length  of  nozzle  aperture,  shown  as  90  degrees  in  Figure 
3-1,  was  varied  to  Include  the  three  angles  of  60  deg,  90  deg,  and  120  deg.  Changes  in  this  angle 
were  found  to  have  no  Influence  on  the  output  of  the  nozzle. 


WADC  TR  56-344 


3-3 


'  1 

I 

H- 


I 


A)  Spray  nozzle  adapter 

B)  Distributing  washer 

C)  Orifice  disc 

D)  Retaining  nut 

E)  Two  tangential  channels 
through  section 


FIGURE  3-1.  COMPONENTS  OF  SWIRL  NOZZLE  (Doble)3-6 


Doble  derived  a  general  formula  for  relating  the  rate  of  flow  of  water  for  this  swirl  nozzle 
with  the  dimensions  of  the  channels  and  of  the  orifice  disks.  The  formula,  given  below,  applies 
only  for  nozzles  fitted  with  a  distributing  washer  (B)  having  two  channels  leading  into  the  swirl 
chamber.  The  spray  cone  produced  with  double  channels  was  preferable  to  that  obtained  with  a 
single  channel  in  that  distribution  of  liquid  was  more  symmetrical  around  the  axis. 


For  double  rectangular  channels: 

7  xy  -  5  x  +  28  _V_ 

K=  35  =VP 


(3-2) 


where  x  is  the  total  cross-sectional  area  of  both  channels,  sq  mm,  and  y  is  the  orifice  diameter, 
mm. 

For  nozzles  fitted  with  double  circular  channels,  up  to  2.  5  mm  in  diameter,  the  flow  number 
is  evaluated  by  the  relation: 

Ka  tii.il  (3.3) 

where  z  is  the  total  cross-sectional  area  of  both  channels,  sq  mm,  and  y  is  the  orifice  diameter, 
mm,  as  for  the  previous  equation. 

If  d  is  the  diameter  of  each  of  the  two  equal  channels,  mm, 

„  "d2  (y  -  0.  6)  +  3  (y  +  1)  „ 

K  n  -  (3-4) 

9 

And,  from  Equation  (3-1), 

V  a  K  VP  (3-5) 


Hence, 


V»y  [TTd2  (y  -  0.6)  +  3  (y  +  1)] 


(3-6) 


Using  the  above  equations,  it  Is  possiblo  to  design  a  nozzle  for  a  desired  output,  within  the 
range  of  3  to  200  gph  by  various  combinations  of  pressure,  channel  size,  and  orifice  diameter. 

Subsequently,  Doble  made  a  study  of  the  relation  of  drop  size  to  the  above  mentioned  three 
design  factors,  in  order  that  suitable  components  might  be  assembled  in  a  nozzle  to  produce  a 
spray  with  a  known  drop  size  distribution.  Considering  the  difficulties  involved  in  determining  the 
sizes  of  the  droplets  comprising  a  spray,  this  was  an  ambitious  undertaking. 
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The  results  of  Doble 's  experimental  investigation  of  the  relation  of  spray  characteristics  to 
design  features  of  the  nozzle  are  summarized  as  follows: 

(1)  Increase  of  liquid  pressure  from  30  to  70  psi  decreased  average  particle  Bize  slightly 
and  had  little  effect  on  spray  angle.  It  is  unfortunate  that  Doble  did  not  investigate  a  greater  range 
of  pressures. 

(2)  Increase  of  the  orifice  diameter,  up  to  the  limit  of  5  mm  covered  by  the  investigation, 
decreased  the  particle  size.  From  this  Doble  concluded  that  the  size  of  the  orifice  should  be  as 
large  as  possible,  depending  upon  the  maximum  angle  of  spray  permissible  for  the  specific  applica¬ 
tion.  This  inverse  relation  between  orifice  diameter  and  drop  size  is  contrary  to  reports  of  other 
investigators  (see  Chapter  i),  and  is  difficult  to  accept.  However,  Doble  reports  that  for  two 
nozzles  with  disk  apertures  of  0.  75  mm  and  3.  75  mm,  but  otherwise  similar,  the  average  particle 
size  was  138  microns  and  74  microns,  respectively,  both  tested  with  water  at  50  psi.  A  possible 
explanation,  not  offered  by  Doble,  is  that  drop  size  may  have  been  controlled  primarily  by  the  size 
of  the  double  circular  channels  (1  mm  diameter  for  both  nozzles)  leading  into  the  swirl  chamber, 
and  that  agglomeration  or  coalescence  of  droplets  may  have  increased,  as  the  orifice  diameter  was 
decreased,  resulting  in  an  increase  of  the  average  particle  size  for  the  final  spray.  The  inverse 
relation  between  orifice  diameter  find  drop  size  would  surely  never  exist  for  a  plain  nozzle,  that 

is  a  nozzle  consisting  of  only  a  smooth  round  hole  and  no  swirl  chamber. 

(3)  Increase  in  the  area  of  cross  section  of  the  channels  in  the  distributing  washers  in¬ 
creased  output  with  an  associated  decrease  of  velocity  in  the  swirl  chamber.  Drop  size  waB  con¬ 
sequently  increased  to  about  200  microns  when  the  cross  sectional  area  of  the  channels  was  a  maxi¬ 
mum,  and  the  spray  angle  was  decreased  resulting  in  increased  concentration  of  spray  per  unit 
area.  Therefore,  if  a  large  spray  angle  is  required  and  if  small  droplets  are  desired,  the  velocity 
of  the  liquid  in  the  swirl  chamber  should  be  at  a  maximum,  and  to  achieve  this  the  cross  sectional 
area  of  the  channels  should  be  a  minimum. 

(4)  Double  rectangular-section  channels  gave  a  slightly  better  distribution  than  channels  of 
circular  section. 

(5)  An  increase  of  apex  angle  of  the  recessed  cone  behind  the  orifice  disk  led  to  a  slight  im¬ 
provement  in  the  volume  distribution  and  presumably,  also,  to  finer  particle  size;  but  the  degree 
of  either  improvement  was  of  little  practical  importance,  while  the  total  output  and  spray  cone 
angle  were  unaffected.  Doble  regards  a  recessed  cone  angle  of  90  degrees,  as  shown  in  Figure  3-1, 
as  the  most  convenient  for  design. 

To  facilitate  the  application  of  the  experimental  results  to  spray-nozzle  design,  Doble  has 
prepared  a  set  of  nomograms  for  establishing  the  design  of  a  swirl  nozzle  to  give  a  certain  flow 
rate,  at  a  specified  pressure,  and  to  produce  a  spray  of  given  spray  angle. 

More  recently  Doble  extended  this  work  to  include  the  design  of  nozzles  with  flow  rates 
up  to  1800  gph.  As  a  result  of  the  two  investigations,  it  is  possible  to  determine  the  dimensions 
necessary  for  a  nozzle  to  deliver  any  quantity  of  water  from  4  to  1800  gph  in  the  pressure  range  of 
20  to  100  psi.  Furthermore,  by  the  correct  selection  of  the  number,  shape,  and  size  of  the 
channels  in  the  distributing  washers  and  of  the  size  of  the  exit  orifice  diameter,  a  spray  angle  of 
any  value  up  to  150  degrees  can  be  obtained, 

Doble^-®)  also  applied  cyclone  formulae  to  the  problem  of  designing  swirl-type  spray 
nozzles  and  provided  a  theoretical  explanation  for  the  empirical  relations  obtained  in  the  two  pre¬ 
vious  references.  He  recommends  that  a  nozzle  should  be  designed  so  as  to  comply  with  the  follow¬ 
ing  ratios: 


*  3 


spinning  speed  at  inlet  radius 
inlet  velocity 


>1.0 
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RI 


mean  inlet  radius 


exit  rad  ius,  i.e.,  half  of  the  orifice  diam 


>1.0 


thickness  of  fluid  film  emerei 


fi£L 


Rj,  exit  radius,  i.e. ,  half  of  the  orifice  diam 


<  0.  5 


The  work  by  Doble  is  a  valuable  contribution  to  the  limited  basic  information  available  on  the 
subject  of  nozzle  design. 


E,  A.  Watson's  Investigations 
(3-9  3-101 

Watson'  >  '  considers  that  any  theoretical  treatment  of  the  mechanics  of  a  swirl  atom¬ 

izer,  even  for  the  simplest  case  where  viscosity  is  neglected,  is  difficult.  However,  he  does 
present  a  simplified  treatment  which  enables  the  discharge  coefficient  and  the  cone  angle  to  be 
evaluated  in  terms  of  three  fundamental  dimensions,  namely,  A3,  the  total  area  of  the  inlet  slots  or 
holes  through  which  the  fuel  is  supplied  to  the  swirl  chamber,  D2,  the  diameter  of  the  final  orifice, 
and  D3,  the  base  diameter  of  the  swirl  chamber. 

Watson  points  out  that  theory  indicates,  and  experience  confirms,  that  the  discharge  coeffi¬ 
cient  is  a  function  only  of  A^/D^D^,  and  that  it  is  independent  of  pressure  as  long  as  the  pressure 
is  sufficient  to  make  the  viscous  losses  in  the  atomizer  negligible. 

Figure  3-2  shows  the  relation  of  discharge  coefficient  to  the  ratio  Knowing  the 

value  of  the  discharge  coefficient,  the  flow  number  of  the  atomizer  can  be  calculated  from  the  area 
of  the  final  orifice,  7rD^/4. 


FIGURE  3-2.  RELATION  OF  DISCHARGE  COEFFICIENT  TO  NOZZLE 
DESIGN  (Watson  and  Clarke)3-*? 
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For  a  typical  density  of  0.  805,  the  flow  number,  K,  becomes: 

K»3.  28  a  c  (3-7) 

where  a  is  the  area  of  the  exit  orifice,  sq  mm,  and£  is  the  discharge  coefficient,  a  c  being  the 
equivalent  exit  area.  Knowing  the  flow  number,  K,  the  flow  rate  or  discharge  rate,  V,  can  be  de¬ 
termined  from  Equation  (3-5). 


Comparison  of  Doble  and  Watson  Methods 


In  order  to  compare  Doble's  method  for  calculating  flow  number  with  Watson's  method,  the 
value  of  K  has  been  computed  for  a  hypothetical  swirl-type  nozzle  with  the  following  dimensions: 
orifice  diameter,  3  mm;  swirl  chamber  diam,  10  mm;  size  of  rectangular  inlet  slots  through  which 
liquid  is  supplied  to  the  chamber,  2  mm  by  3.  5  mm;  total  area  of  the  two  slots,  14  sq  mm. 

The  flow  number,  K,  according  to  Doble’s  Formula  (3-2)  is 

K  =  7  (14)(3)  ~  5  (14>+  28  =  7.  2 


where  the  liquid  is  assumed  to  be  water. 

For  water,  with  unit  density,  Watson's  Equation  (3-7)  becomes: 

K  =  2.  96  a  c  (3-7') 


The  discharge  coefficient,  c,  determined  as  a  function  of  Watson's  ratio  A3/D2D3,  (0.  467  for  this 
example),  has  a  value  of  0.  37.  Then,  from  Equation  ( 3- 7 '): 

K  =  2.  96  (tt  ( 1 .  5)2]  0.  37  =  7.  8. 

The  agreement  between  Doble's  and  Watson's  methods  is  remarkably  close.  However,  it 
should  be  mentioned  that  such  good  agreement  can  be  expected  only  with  conventional  shapes,  as 
Doble's  formula  completely  ignores  the  diameter  of  the  swirl  chamber. 


Bowen's  and  Joyce's  Investigations 

G.  Bowen^"11^  and  J.  R.  Joyce,  in  preparation  for  their  experimental  work,  reviewed  the 
existing  theories  regarding  swirl  atomizers.  They  point  out  that  these  theories  lead  to  only  two 
methods  of  correlation,  (1)  either  cone  angle  and  discharge  coefficient  are  unique  functions  of 
A3/D2D3,  or  (2)  they  involve  further  variables  in  the  proportions  of  the  atomizers. 

They  were  able  to  correlate  satisfactorily  with  geometrical  proportions  their  experimental 
data  on  the  cone  angle  and  discharge  coefficient  of  Lucas  atomizers.  However,  they  recommend 
that  more  information  be  collected,  and  especially  that  the  influence  of  the  depth  of  the  swirl 
chamber  be  studied. 

Bowen  and  Joyce  conclude  that  it  is  a  mistake  to  attempt  to  embrace  too  wide  a  range  of  flow 
rates.  Such  an  attempt  reduces  the  possibility  of  proportioning  the  critical  parts  of  the  swirl  nozzle 
in  such  a  way  that  optimum  performance  may  be  ensured. 
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P.  H  Schweitzer's  Investigations 


Schweitzer ( 3_  made  a  notable  study  of  the  design  of  spray  nozzles  for  diesel  engines; 

however,  because  his  experiments  were  concerned  with  intermittent  injection  and  have  little 
application  to  the  problem  of  continuous  injection  of  aircraft  fuels,  his  work  will  not  be  discussed 
here. 


J.  P.  Longwell's  Investigations 


Longwell^3- 1 made  an  extensive  experimental  study  of  nozzle  design  with  primary  emphasis 
on  the  relation  of  drop  size  to  various  design  factors.  His  work  showed  that  the  value  of  DQ,  the 
weight-median  drop  diameter,  at  zero  viscosity,  was  a  satisfactory  criterion  of  the  performance 
of  a  nozzle.  A  justification  for  basing  his  nozzle  design  study  on  an  oil  of  zero  viscosity  was  that 
the  viscosity  of  liquid  fuels  could,  in  general,  be  adjusted  to  such  a  value  that  Longwell's  nozzles 
would  operate  satisfactorily. 


Longwell  points  out  that,  at  zero  viscosity,  the  discharge  coefficient  and  the  cone  angle  re¬ 
main  the  same  for  nozzles  that  are  dimensionally  similar.  Consequently,  the  magnitude  of  VCo  sln 
(a0/2)  does  not  depend  on  the  size  of  the  nozzle;  in  this  expression,  aQ  is  the  cone  angle  of  the 
spray  for  zero  viscosity,  and  cQ  is  the  discharge  coefficient  for  a  liquid  of  zero  viscosity.  There¬ 
fore,  nozzles  of  different  sizes  can  be  judged  as  to  design  by  the  criterion,  V^o  sin  (a0/2),  which 
Longwell  calls  the  atomization  criterion.  It  should  be  noted  that  no  information  as  to  the  absolute 
value  of  DQ,  the  median  drop  size,  is  given  by  the  atomization  criterion,  but  for  a  given  radius  or 
discharge  rate,  the  nozzle  which  has  the  largest  .alue  of  yc “  sin  (a Q/2)  will  give  the  smallest 
drop  size. 

Figure  3-3  shows  Longwell's  experimental  nozzle.  The  variables  considered  as  affecting  the 
performance  of  a  nozzle  were  (1)  the  radius  of  the  orifice,  r  ,  (2)  the  distance  from  the  back  of 
the  swirl  chamber  to  the  orifice,  L,  (3)  the  average  radius  at  the  point  where  a  particle  of  fluid 
enters  the  swirl  chamber,  and  (4)  the  cross-sectional  area  of  the  tangential  slots,  As. 


Hyperbolic  curve  Swirl  plate 


Swirl  chamber 

height^  Orifice 
radius,  r0 


Swirl  chamber 
radius,  rs 

FIGURE  3-3.  LONGWELL'S  EXPERIMENTAL  NOZZLE  (Hawthorne)3-14 


By  control  of  these  variables,  he  was  able  to  determine  the  discharge  coefficient,  the  cone 
angle,  the  conditions  for  the  formation  of  a  cone,  and  the  conditions  for  the  formation  of  a  diverg¬ 
ing  cone.  Only  the  formation  of  a  diverging  cone  depends  on  the  scale  of  the  nozzles;  therefore, 
Longwell  used  the  dimensionless  ratios  L/rQ,  rs/r0,  and  Ag/rQ^. 

Longwell  calls  attention  to  the  fact  that  the  last  ratio,  A g / r q ^ >  ,8  directly  related  to  the 
commonly  used  commercial  term  of  nozzle  ratio  which  is  the  ratio  of  ten  times  the  area  of  the 
slots  to  the  area  of  the  orifice.  For  example,  if  the  nozzle  ratio  is  40,  then: 

40  =  10  A-  hr  r  2 
s  o  ’ 
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and 


A  /r  2  =  12.  6  . 
s  ° 

The  three  dimensionless  ratios  may  be  used,  with  the  aid  of  Longwell's  experimental  data,  to 
determine  the  operating  characteristics  at  zero  viscosity  for  a  nozzle  of  given  design.  A  number 
of  calculations  of  this  type  were  made  by  Longwell,  the  results  of  which  may  be  summarized  as 
tabulated. 


TABLE  3-1.  SIGNIFICANCE  OF  LONGWELL'S  DIMENSIONLESS  RATIOS 


Increase  of 

Discharge 

Coefficient 

Cone 

Angle 

Value  of  A  /r  2 
so 

for  Maximum 
■\/c£  sin  (a/2) 

Viscosity 
for  Cone 
Formation 

Viscosity  for 
Formation  of 
Diverging  Cone* 

As/ro2 

Increases 

Decreases 
over  range 
of  interest 

“*  “ 

Goes  through 
maximum 

Increases 

L/ro 

Increases 

Decreases 

Decreases 

Decreases 

Increases  slightly 

Vro 

Decreases 

Increases 

Increases 

Small  effect 

Decreases 

♦Under  certain  conditions  when  a  cone  is  formed  the  surface  tension  causes  it  to  converge.  Good 
atomization  cannot  be  expected  if  the  cone  pulls  together,  so  it  is  of  interest  to  determine  the  con¬ 
ditions  under  which  a  diverging  cone  is  obtained. 


The  effect  of  these  three  ratios  on  the  value  of  the  atomization  criterion,  sin  (a/2),  is 
probably  the  factor  of  greatest  interest.  The  atomization  criterion  goes  through  a  maximum  point 
which  is  of  particular  interest  since  the  largest  value  of  VcJJ  sin  (a0/2)  will  give  the  smallest  drop 
size.  It  is  desirable,  therefore,  to  have  as  large  a  value  of  the  atomization  criterion  as  is  con¬ 
cordant  with  ease  of  construction  and  range  of  viscosity  of  the  liquid  which  can  be  atomized. 
Longwell  cautions  that  the  advantage  of  going  to  a  very  large  Aa/r02  to  obtain  a  high  value  of  the 
atomization  criterion  is  offset  by  a  decreased  viscosity  for  cone  formation  without  a  large  increase 
in  the  atomization  criterion.  If  range  of  atomization  is  of  primary  interest,  for  nozzles  with  r0 
greater  than  0.  3  mm,  a  value  of  As/rQ2  of  10  will  give  the  best  results  with  L/rQ  and  rs/rD  set  at  3. 

The  disadvantage  of  a  large  L/r0  is  shown  in  the  preceding  tabulation  which  indicates  that 
the  smaller  the  value  of  L/rQ  the  better  will  be  the  performance  of  the  nozzle. 

Examination  of  Longwell's  calculations  indicates  that  a  nozzle  which  would  be  a  good  compro¬ 
mise  between  range  of  atomization  and  fineness  of  atomization  would  have  the  following  dimensions: 


AB/r02  20 

Wr0  3 

rs/ro  3 

This  nozzle  would  have  a  cone  angle  at  zero  viscosity  of  about  77  degrees  and  a  discharge 
coefficient  of  about  0.  53.  If  rQ  was  less  than  0.  3  mm,  the  viscosity  at  which  a  diverging  cone 
would  form  would  seriously  limit  the  type  of  fluid  which  could  be  atomized  by  the  nozzle.  This 
limitation  as  well  as  the  difficulty  of  maintenance  of  small  nozzles  will  tend  to  set  a  lower  limit 
on  the  diameter  of  nozzle  orifice  that  is  practical  for  use  with  an  oil  of  a  given  viscosity. 
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With  reference  to  the  design  of  the  tangential  slots,  Longwell  considers  that  it  is  desirable 
to  make  them  as  short  as  possible  in  order  to  reduce  the  viscous  losses  through  the  slots.  Only- 
enough  length  to  impart  the  proper  direction  to  the  flow  of  the  fluid  is  necessary.  It  is  also  im¬ 
portant  that  there  be  more  than  one  slot  and  that  the  slots  be  symmetrically  placed  so  that  a 
symmetrical  cone  will  be  obtained.  Longwell's  experiments  showed  that  if  only  one  slot  or  an 
unsymmetrical  arrangement  of  slots  is  used,  the  resulting  cone  is  not  axially  symmetrical. 


E.  Sohngen1  s  Study  of  Spray  Angle 

E.  Sohngen^”  conducted  experiments  with  18  different  swirl-type  nozzles  and  investi¬ 
gated  the  relations  between  the  dimensions  of  the  nozzles,  the  fuel  flow  rate  and  pressure,  and 
the  spray  angle.  He  concluded  that,  because  spray  angle  determines  the  rate  at  which  fuel  is 
supplied  to  a  given  space,  the  angle  must  be  adapted  to  the  combustion  chamber.  Sohngen  em¬ 
phasized  that  a  nozzle  can  be  evaluated  conclusively  only  by  ignition  and  combustion  experiments 
with  the  nozzle  installed  in  the  combustion  chamber.  However,  his  experiments  provide  basic 
data  that  may  be  applied  to  nozzle  design. 

These  experimental  studies  by  Doble,  Watson,  Bowen,  Joyce,  Longwell,  and  Sohngen  pro¬ 
vide  considerable  information  of  practical  value  to  the  designers  of  swirl-type  spray  nozzles. 
The  theoretical  aspects  of  swirl  atomizers  will  now  be  considered. 


Theoretical  Analyses  of  Swirl  Atomizers 


G.  I.  Taylor's  Analysis 


A  rigorous  mathematical  analysis  of  the  mechanics  of  swirl  atomizers  was  given  by  G.  I. 
Taylor^3-*6),  who  considered  the  conventional  atomizers.  Figure  3-4  is  a  schematic  diagram  of 
the  nozzle  considered  by  Taylor.  Here,  the  radius  of  the  atomizer  is  designated  by  rc  in  the  swirl 
chamber  and  by  rQ  in  the  orifice.  The  radius  of  the  cone  is  designated  by  sc  in  the  swirl  chamber 
and  by  sQ  in  the  orifice.  The  fluid  enters  tangentially  at  rc  and  is  ejected  at  the  orifice  of  radius  r0. 
Since  the  flow  is  assumed  to  be  irrotational,  the  tangential  velocity  V{  is  inversely  proportional  to 
the  radius  r: 

Vt  =  "  ,  (3-8) 

where  fl  depends  on  the  tangential  velocity  and  radius  of  swirl  chamber  at  the  point  where  the  fluid 
is  injected  into  the  atomizer. 


FIGURE  3-4  SCHEMATIC  DIAGRAM  OF  SWIRL  ATOMIZER  WITH  VARIABLES 
USED  IN  TAYLOR'S  ANALYSIS  (Taylor)3'16 
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If  the  axial  velocity  be  represented  by  Va  and  the  velocity  head  by  U,  and  if  the  radial  velocity 
be  considered  as  negligible,  then  Bernoulli's  equation  along  the  surface  of  the  core  can  be  written 
as 


which,  at  the  orifice,  becomes 

i  2  ,  2.2 

1  =  x  +  y  /z  , 


(3-9) 


(3-10) 


where 


x  =  Va/U,  (3-1  la) 

y»  n/rQ  U,  (3-1  lb) 


and 


z  =  8o/ro 


(3-1 lc) 


The  total  flow  rate  Q  can  be  written  as 

Q=  7Tro2  U  (l-z2)(l-yZ/z2)1//2,  (3-12) 

=  ?rr  2  U  K, 
o 


where  K  is  the  discharge  coefficient.  By  assuming  that  j  is  determined  by  the  geometry  of  the 
chamber,  the  flow  rate  Q  is  a  maximum  for 


(3-13) 


which  hence  gives  the  criterion  for  optimum  performance. 


Figure  3-5  is  a  graphical  representation  of  the  variation  of  z  and  K  with  respect  to  _jr,  along 
with  the  corresponding  variation  of  the  spray  angle  a,  as  determined  below.  This  figure  indicates 
that  both  the  spray  angle  a  and  the  relative  thickness  of  the  core  z  decrease  with  respect  to  the 
radius  rQ  of  the  nozzle,  but  that  the  discharge  coefficient  K  increases,  as  is  to  be  expected. 


In  order  to  determine  the  spray  angle  a  ,  it  is  necessary  to  find  an  expression  for  the  variable 
pressure  p,  and  then  to  determine  the  axial  velocity  Va  of  the  liquid  after  emerging  from  the 
orifice.  Bcrnoullis'  equation  for  points  within  the  fluid  at  the  orifice  can  be  written  as 


-E-r  3  1  - 

1/  n  Tl‘ 


'/  P  u‘ 


y2  2 

J. _  -  x 


•2/r  2 


-  y2M_.:°: 
Y  V  *2  r2„ 


Substitution  of  Equations  (3-4),  (3-6),  and  (3-7)  into  the  equation  of  momentum 


pQ(Va  -  Va)  = 


r- 


P  dr  , 


(3-14) 


(3-15) 


yields 


V. 

€ 

”u 


a  y  V2 

cos  a  3  T7  3  x  + 


(l-*2) 


77T  Hi7  ‘  l)  +  !n 


(3-16) 
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s*nce  the  total  velocity  of  the  particles  leaving  the  orifice  is  U.  The  variation  of  a  with  y  fcr 

Q  is  also  shown  in  Figure  3-5. 
max  0 


FIGURE  3-5. 


y 

VARIATION  OF  K,  z,  AND  a  WITH  y  FOR  MAXIMUM 
FLOW  (Q)  (Taylor)3-16 


Since  Va  a  0  at  the  outer  surface  of  the  liquid,  far  from  the  orifice,  where  the  radius  of  the 
swirl  chamber  is  r_ ,  Equation  (3-9)  reveals  that 


a  «  -  .  (3-17) 

c  U 

Substitution  of  Equation  (3-17)  into  Equation  (3-1  lb)  yields 


s  a  y  r 
c  '  o 


(3-18) 


Now,  since  Equation  (3-10)  predicts  that,  for  >  0,  z  iB  always  greater  than  it  follows,  from 
Equations  (3- 1  Ic)  and  (3-18),  that  the  radius  sQ  of  the  core  at  the  orifice  is  greater  than  the  radius 
sr  of  the  core  in  the  swirl  chamber.  This,  however,  is  contrary  to  experimental  observations, 
which  indicate  that  the  radius  of  the  core  remains  essentially  constant.  This  discrepancy  indicates 
that  perfect  fluid  theory  is  not  capable  of  describing  the  phenomenon  adequately. 
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The  discrepancy  between  experiment  and  theory  is  explained  by  assuming  that  a  retarded 
boundary  layer  is  formed  close  to  the  orifice,  which  then  tends  to  make  the  radius  of  the  core  re¬ 
main  essentially  constant.  A  detailed  analysis  of  the  effects  of  boundary  layer  and  of  surface  ten¬ 
sion,  which  is  beyond  the  scope  of  this  work,  is  given  by  G.  I.  Taylor  in  a  subsequent  p;iper(3-  17), 


I,  I.  Novikov's  Analysis 

After  beginning  with  an  analysis  which  is  identical  with  G.  I.  Taylor's  Equations  (3-8)  to 
(3-14),  I.  I.  Novikov^"  proceeds  to  determine  the  spray  angles  ctj  and  a^,  which  correspond 
to  the  outside  and  inside  surfaces,  respectively,  of  the  spray  sheath,  as  determined  by  considera¬ 
tion  of  the  inertia  forces  alone.  From  Equations  (3-10),  (3-11),  and  (3-13),  the  outside  angle 
can  be  determined  by  the  equation 


tan 


a 


=  iLy 

ao  U  x 


Vu-z2)/2  ’ 


and  the  inside  angle  a ^  can  be  determined  by  the  equation 


(3-19) 


tan  0-2  = 


U  y/z 
U  x 


2 _ 

\l(l-z2)/2  ’ 


(3-20) 


where  and  are  the  tangential  velocities  at  the  surfaces  of  the  nozzle  and  at  the  central  core, 
respectively,  and  Vao  is  the  axial  velocity  at  the  nozzle. 


Figure  3-6  shows  a  schematic  diagram  of  the  variables  introduced  by  Novikov.  Since  ex¬ 
perimental  observation  has  indicated  an  abrupt  swelling  of  the  liquid  sheath,  immediately  down¬ 
stream  of  the  nozzle,  as  indicated  in  the  figure,  an  explanation  of  this  effect  is  sought  by  consider¬ 
ing  the  effect  of  the  surface  tension  a.  If  the  pressure  variation  in  the  liquid  is  represented  by  the 
equation 


(3-21) 


where  £  is  the  pressure  and  p  is  the  density,  and  if  the  pressure  difference  across  the  sheath  is 
given  by 

2  v 

AP  =  ~  ,  (3-22) 

then  substitution  of  Equation  (3-15)  into  Equation  (3-21)  yields  the  following  relation  at  the  nozzle 

2  v  r  2 

Ar  =  - Q-  .  (3-23) 

P  n2 

Since  experiments  indicate  that  the  thickness  of  the  sheath  approximately  doubles  upon  emerging 
from  the  nozzle,  the  incremental  thickness  A'r  added  to  the  Bheath  thickness  (rQ  -  s0)  is  then 

■v  rr  2 

A 'r  =  (1/2)  Ar  =  - .  (3-24) 

Pfi 

It  is  readily  seen  that  this  incremental  thickness  A'r  will  cause  the  experimentally  observed  outside 
angle  a j'  to  be  less  than  Oj,  as  predicted  by  Equation  (3- 19).  Also,  a  larger  initial  pressure,  cor 
responding  to  a  larger  value  of  fl,  will  cause  a  decrease  in  A'r,  as  shown  by  Equation  (3-24).  Both 
of  these  tendencies  arc  confirmed  by  experimental  observation.  Inspection  of  Figure  3-6  also  in¬ 
dicates  that  the  originally  conical  sheath  is  assumed  to  degenerate  into  a  cylindrical  sheath  at  some 
distance  from  the  nozzle.  This  tendency,  which  is  observed  experimentally,  can  be  explained 
theoretically  by  consideration  of  Equations  (3-21)  and  (3-22),  which  show  that  the  inertia  effects 
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1 

vary  as  ~rr  and  hence  do  not  increase  as  rapidly  with  respect  to  r  as  the  surface  tension  effects, 
rJ  — 

which  vary  as  1/r. 


FIGURE  3-6.  SCHEMATIC  DIAGRAM  OF  NOZZLE  AND  LIQUID  SHEATH 
FOR  NOVIKOV'S  ANALYSIS  (Novikov)3- 18 


The  thickness  of  the  sheath  6  is  determined  by  considering  Bernoulli's  equation  for  the  liquid 
sheath,  where  surface  tension  must  be  included: 


2  -  +  V  2  +  V  2  +  ~  =  U2  . 
p  t  a  pa 


From  Equations  (3-23)  and  (3-8),  it  is  seen  that 


2<r 


vv  • 

If  the  pressure  on  the  inside  surface  of  the  sheath  is  then  assumed  to  be 


P  "  Pa  -  77 


(3-25) 


(3-26) 


(3-27) 


where  p  is  the  atmospheric  pressure,  and  r'  is  the  radius  of  the  inside  surface,  then  substitution 
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of  Equation  (3-26)  and  Equation  (3-27)  into  Equation  (3-25)  yields  the  following  Bernoulli  equation 
for  the  inside  surface  of  the  sheath 


2  rj2  _  2  Pa  _  U r_  (  3 

—  u  “  ' —  _  (  *T* 


P  V.6  r1 


(3-28) 


since  6«rf.  Consideration  of  the  equation  of  continuity 


.2  Ji.  =  2  nr1  8  t,  . 
1  a  » 


(3-29) 


where  r^  is  the  radius  of  the  tube  which  supplies  the  liquid  to  the  nozzle,  along  with  Equations  (3-8), 
(3-26),  and  (3-28)  yields  the  following  equation  for  the  sheath  thickness,  6  : 


6  =  ->  3  /  rr 


,y[z(>2-2pa-  ?fyT- . 


(3-30) 


It  is  then  assumed  that  the  velocity  head  U  can  be  expressed  by 


U  »  “  (P  +  Pa)  , 

where  P  is  the  over-pressure.  Substitution  of  Equation  (3-31)  into  Equation  (3-30)  yields 


(3-31) 


•-N3/". V[«(P-  '+ 

i*/  [4  P  rcZ  * 


=  %3/  err 


for  P  >  1  atmosphere,  and  6>10-3  cm. 


(3-32) 


Equation  (3-32)  is  then  applied  to  the  problem  of  determining  the  average  diameter  a  of  drop¬ 
lets  formed  by  the  nozzle.  On  the  assumption  that  the  total  surface  area  of  the  drops  is  equal  to 
the  surface  area  of  the  cylindrical  sheath,  the  following  relation  is  obtained 


a  ■  3  6  . 


(3-33) 


Consideration  of  Equations  (3-32)  and  (3-33)  indicates  that  the  mean  size  of  the  droplets  varies 
directly  as  the  cube  root  of  the  surface  tension  cr  and  as  the  four-thirds  power  of  the  radius  rj  of 
the  supply  tube,  inversely  as  the  cube  root  of  the  supply  over-pressure,  and  Inversely  as  the  two- 
thirds  power  of  the  radius  rc  of  the  chamber. 

Figure  3-7  gives  a  comparison  of  experimental  data  with  the  theoretical  curve,  as  predicted 
by  Equations  (3-32)  and  (3-33).  The  validity  of  Novikov's  theoretical  analysis  is  hence  confirmed 
quite  well  by  experimental  observations. 

I"  |  ~  |  t-  I-  \ 

l  s  200  =  ==  =  .,^i<_: 

I  ?  zatzKX  — : 


0  50  100 

FIGURE  3-7.  COMPARISON  OF  EXPERIMENTAL  DATA  FOR  THE  MEAN  DROP  SIZES  OF 
SPRAYS  WITH  NOVIKOV'S  THEORETICAL  CURVE  (Novikov)3"1 8 
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Harvey  and  Hermandorfer *s  Analysis 


A  less  elegant  derivation,  but  one  which  is  more  readily  applicable  to  the  problems  of  design, 
was  given  by  J.  F.  Harvey  and  A.  W.  Hermandorfer^-1^),  They  found  that  the  experimental  spray 
angle  a  lay  between  the  angle  determined  by  assuming  a  (mathematical)  free  vortex  in  the  swirl 
chamber  and  the  angle  determined  by  assuming  a  forced  vortex  in  the  swirl  chamber  such  that  the 
whole  mass  of  fluid  moved  as  a  rigid  body.  Figure  3-8  indicates  the  coordinates  used  and  the 
geometrical  configuration  considered.  From  this  figure,  the  equation  for  any  point  on  the  spray 
surface  can  be  determined  to  be 


5  tan  a  =  \J  (r)+  rQ)2  -  rQ2 
=YnZ  +  2  rjro  , 


and  the  slope  of  the  surface  is  given  by 


d  Tj  i  tan^  a 
dT  =  rj  +  rQ 


(3-34) 


(3-35) 


where  5  and  T)  are  the  axial  and  radial  coordinates,  respectively,  of  a  droplet  with  respect  to  the 
rim  of  the  nozzle  orifice,  r0  is  the  radius  of  the  orifice,  and 


tan  a 


(3-36) 


Inspection  of  Figure  3-8  and  of  Equation  (3-35)  reveals  immediately  that,  although  the  spray 
surface  is  perpendicular  to  the  nozzle  in  the  immediate  vicinity  of  the  orifice,  it  becomes  essentially 


FIGURE  3-8.  GRAPHICAL  CONSTRUCTION  OF  SPRAY  ANGLE  PROFILE  FOR  SIMPLE 
SWIRL  ATOMIZER  (Harvey  and  Hermandorfer)^-  ^ 

a  conical  surface  for  q  »r0;  and  the  angle  P  ,  which  the  surface  makes  with  the  axis,  is  essentially 
equal  to  the  previously  defined  angle  a  .  This  identification  of  the  spray  angle  p  with  the  velocity 
angle  a  permits  a  ready  determination  of  the  spray  angle  from  an  assumed  velocity  variation  in  the 
chamber. 
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If  the  flow  inside  the  swirl  chamber  is  assumed  to  be  that  of  a  free  vortex,  where  friction 
losses  are  neglected,  the  condition  of  constancy  of  angular  momentum  leads  to 


r  Vt  =  rc  Vtc  =  constant, 


(3-36) 


where  r  is  the  radial  distance  from  the  center  of  the  swirl  chamber,  rc  is  the  radius  of  the  cham¬ 
ber  wall,  and  is  the  tangential  velocity  at  which  the  fluid  is  introduced  into  the  chamber.  From 
Equation  (3-36),  it  can  be  seen  that  the  tangential  velocity  at  the  orifice  will  be 


£  KiQ- 


(3-37) 


where  Q  is  the  volume  flow  rate  and  Kj  is  a  function  of  the  configuration,  and  changes  little  with 
flow  rate.  Further  considerations  indicate  that  the  axial  velocity  Yc  in  the  swirl  chamber  is  given 
by  K2Q  where  is  also  independent  of  flow  rate.  Thus,  for  the  case  of  free  vortex  flow  in  the 
chamber,  the  spray  angle  £  is  given  by 


*\j 

tan  /3  =  tan  a 


Equation  (3-38)  predicts  no  change  in  spray  angle  j3  with  a  variation  in  pressure. 


(3-38) 


Instead  of  assuming  no  friction  effect,  one  might  assume  large  friction  effects  as  the  other 
extreme.  In  this  case,  the  central  core  will  rotate  as  a  solid  body.  By  taking  the  extreme  "forced 
vortex"  case  of  this  solid  core,  namely,  by  allowing  the  entire  quantity  of  fluid  inside  the  swirl 
chamber  to  rotate  as  a  solid  body,  the  tangential  velocity  can  be  expressed  by 


vt 


=  constant. 


(3-39) 


The  authors  then  assume  that  the  axial  velocity  Va  is  unaffected  by  friction  and  given  by  the  same 
relation  as  before.  Thus,  the  spray  angle  for  a  forced  vortex  flow  is  expressed  by 


'V 

tan  j3  3  tan  a  3 


(3-40) 


This  gives  a  lower  bound  for  the  spray  angle,  since  rQ  <  rc>  Figure  3-9  shows  a  comparison  of 
experimental  spray-angle  data  with  the  angles  as  predicted  by  the  theories  of  free  forced  vortices. 


Supply  Pressure ,  psi 

FIGURE  3-9.  COMPARISON  OF  THEORETICAL  AND  EXPERIMENTAL  VARIATION  IN 
SPRAY  ANGLE  WITH  SUPPLY  PRESSURE  FOR  A  TYPICAL  SWIRL 
ATOMIZER  (Harvey  and  Hermandorfcr)3'  10 
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Although  neither  the  free  vortex  nor  the  "forced  vortex"  assumption  is  physically  accurate, 
they  give  valid  upper  and  lower  bounds,  respectively,  for  the  experimental  spray  angle,  as  shown 
in  this  figure.  Since  the  friction  effect  varies  as  the  square  of  the  velocity  and  since  it  was  noted 
above  that  this  effect  will  change  the  tangential  velocity  more  than  the  axial  velocity,  it  is  phys¬ 
ically  reasonable  to  expect  a  decrease  in  the  spray  angle  |3  with  an  increase  in  the  supply  pressure, 
as  shown  in  Figure  3-7. 


SPRAY  NOZZLES  FOR  AIRCRAFT  GAS  TURBINES 


All  spray  nozzles  used  on  aircraft  gas  turbines  employ  the  swirl  principle  discussed  in  the 
previous  section.  The  simplest  form  of  the  swirl  atomizer  is  the  conventional  fixed-orifice  nozzle 
known  as  a  simplex  nozzle,  or  "simplex  burner",  the  latter  being  the  British  term.  The  "Monarch" 
nozzle  is  a  well-known  example  of  this  type  of  simplex  swirl  nozzle. 

Because  simplex  nozzles  obey  the  "square  law",  meaning  that  the  liquid  pressure  is  propor¬ 
tional  to  the  square  of  the  flow,  they  do  not  have  as  much  flexibility  as  is  required.  For  example, 
to  accomplish  a  range  of  flow  of  20  to  1,  a  pressure-drop  variation  of  400  to  1  would  be  necessary. 
Considering  the  fact  that  the  minimum  pressure  drop  that  will  give  satisfactory  atomization  is 
about  15  psi,  it  is  obvious  that  a  simplex  nozzle  cannot  meet  the  flow  range  requirements. 

The  solution  to  the  problem  lies  in  complex  atomizers  of  various  types  that  have  a  more 
favorable  relation  between  flow  rate  and  fuel  pressure  drop  than  the  square  law  pressure  relation. 
The  simplex  spray  nozzle  will  be  described  first,  and  the  various  designs  of  complex  atomizers, 
such  as  the  duplex,  variable -area,  poppet,  and  spill-return,  will  then  be  discussed.  The  ad¬ 
vantages  and  disadvantages  of  each  will  be  pointed  out. 


The  Simplex  Nozzle 


Figure  3-10  shows  the  construction  of  several  common  forms  of  the  simplex  nozzle  as  de¬ 
scribed  by  Joyee^-^).  Figure  3-10a  shows  the  familiar  Monarch  type  used  in  stationary  oil 
burners.  This  is  now  considered  as  a  sort  of  standard,  or  criterion,  with  v/hich  to  compare  other 
swirl -type  atomizers.  The  construction  is  simple  as  it  consists  of  only  two  parts:  (1)  a  body  con¬ 
taining  the  final  orifice,  and  (2)  a  plug  member  with  two  or  more  tangential  slots  cut  in  the  truncated 
conical  tip.  The  conical  inner  surface  of  the  body  serves  as  the  upper  boundary  for  these  slots  so 
that  liquid  entering  the  body  can  find  egress  only  after  passing  up  the  tangential  slots  and  swirling  in 
the  swirl  chamber  before  reaching  the  discharge  orifice.  This  type  of  nozzle  is  available  in  capac¬ 
ities  from  1  to  100  gph. 

Parts  (b),  (c),  and  (d)  of  Figure  3-10  show  the  designs  of  disk-  or  plate-type  atomizers  which 
can  be  placed  in  a  simple  housing  consisting  of  a  body  and  cap,  as  shown  in  (e).  In  the  case  of  (b) 
a  single  flat  disk  contains  the  three  essential  elements  of  the  atomizer:  (1)  tangential  slots,  (2)  swirl 
chamber,  and  (3)  orifice.  The  flat  top  of  the  housing  serves  to  provide  the  back  wall  of  the  vortex 
chamber,  and  to  close  the  tangential  slots  along  their  length. 

Part  (c)  is  a  slightly  different  design  in  which  the  slots  are  cut  in  one  plate  and  the  orifice  and 
swirl  chamber  in  the  other.  Part  (d)  is  another  form  of  two-disk  assembly  with  the  slotted  member 
punched  out  or  stamped.  An  advantage  of  the  two-plate  design  is  that  different  forms  of  slot  plates 
can  be  used  with  one  orifice  plate,  and  conversely.  Joyce  cautions  that  it  is  vitally  important  that 
the  two  companion  disks  be  assembled  in  exact  coaxial  alignment. 

The  final  orifice  of  a  simplex  atomizer,  and  of  the  complex  types  also,  is  usually  about  one- 
fourth  to  one-half  a  diameter  long.  Joyce  points  out  that  the  ideal  orifice  is  probably  of  no  length, 
that  is  a  knife-edge,  but  that  in  practice  it  is  not  possible  to  use  such  an  orifice,  because  (1)  it 
is  not  practical  to  make  a  knife-edge  hole  of  a  precise  size,  and  (2)  such  a  hole  would  have  no 
resistance  to  wear  and  would  enlarge  rapidly  owing  to  erosion.  It  is  appropriate,  therefore,  to 
consider  some  of  the  defects  of  manufacture  that  may  result. 
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Figure  3-11  illustrates  some  common  faults  in  orifices.  Case  (a)  shows  an  orifice  that  is 
oblique  to  the  axis  of  the  swirl  chamber,  and  case  (b)  shows  the  orifice  eccentric  to  the  swirl 
chamber.  Case  (c),  where  the  orifice  and  swirl  chamber  are  concentric  to  each  other  but  eccentric 
to  the  center  line  of  the  disk,  is  probably  less  common.  Case  (d)  shows  a  ragged  finish  at  the 
apex  of  the  swirl  chamber  where  the  orifice  starts,  and  at  the  discharge  end.  Joyce's  illustrations 
are  purposely  exaggerated  to  show  more  clearly  the  various  types  of  faults;  however,  he  em¬ 
phasizes  the  fact  that  a  minute  eccentricity  or  obliquity  will  materially  impair  the  performance  of  an 
atomizer.  Also,  fine  finish  and  accuracy  in  these  vital  respects  cannot  be  too  strongly  emphasized. 


The  Duplex  Nozzle 


Figure  3-12  shows  the  design  of  a  duplex  nozzle  which  is  the  most  widely  used  for  aircraft 
gas  turbines  today.  Mock  and  Ganger^-^*'  point  out  that  the  duplex  nozzle  was  developed  because 
the  flow  range  of  the  simplex  nozzle  was  found  to  be  inadequate.  Pierce  and  Parker^-  sub¬ 
stantiate  this  point  by  stating  that  the  outstanding  flow  characteristic  of  the  duplex  nozzle  is  its 
ability  to  provide  a  good  spray  over  a  flow  range  of  20  to  1  or  better  with  a  pressure  range  as  low 
as  16  to  1.  A  comparable  flow  range  with  a  simplex  nozzle  would  require  a  pressure  range  of 
400  to  1  and  would  result  in  maximum  fuel  pressures  well  in  excess  of  the  values  desired  by  moat 
pump  manufacturers. 


A  special  metering  valve  for  duplex  nozzles,  termed  a  flow  divider,  is  used  to  divide  the  fuel 
supply  into  two  branches.  One  branch  goes  to  the  small  primary  manifold  and  the  larger  branch 
passes  through  the  flow  divider  before  reaching  the  large  secondary  manifold.  At  low  pressures 
and  low  rates  of  flow,  fuel  is  supplied  to  the  small  slots  only  and,  as  the  pressure  and  flow  rate 
increase,  the  flow  divider  diverts  increasing  proportions  of  fuel  to  the  large  slot  through  the  larger 
secondary  manifold.  A  typical  duplex  nozzle  might  consist  of  two  small  slots  and  four  large  slots 
all  feeding  a  common  swirl  chamber  along  tangential  paths. 

Pierce  and  Parker^'^  point  out  that  two  types  of  orifices  are  being  used:  (1)  a  plain 
cylindrical  hole,  and  (2)  a  flared,  bell-shaped  exit  which  serves  to  control  the  spray  angle  at  low 
flows.  One-piece  construction  of  the  nozzle  tip  is  recommended  to  insure  a  uniform  pattern  by 
minimizing  the  possibility  of  eccentricity  of  the  swirl  chamber  with  respect  to  the  orifice. 

Mock  and  Ganger^-  point  out  that  duplex  nozzles  with  a  single  fuel  manifold  have  been 

used  and  arc  attractive  for  engines  requiring  a  large  number  of  nozzles.  However,  since  the  valve 
areas,  springs,  and  forces  are  so  small  it  is  difficult  to  avoid  appreciable  variation  between  dif¬ 
ferent  nozzles  at  the  transfer  or  cut-in  point  when  the  large  slots  begin  to  supply  fuel  to  the  swirl 
chamber.  The  flow  divider,  with  the  two  fuel  manifolds,  is  preferred  as  it  reduces  the  accuracy 
required  at  the  initial  setting  of  the  nozzles,  and  compensates  for  variations  encountered  in 
service,  ar.d  is  also  believed  helpful  in  overcoming  chatter.  Even  with  the  benefit  of  tho  flow 
divider  the  duplex  nozzle  is  extremely  sensitive  to  pressure  change  at  the  cut-in  point  so  that  it  is 
difficult  to  maintain  a  flow  tolerance  of  plus  or  minus  3  per  cent  without  adjustment. 


WADC  TR  56-344 


3-20 


A 


With  reference  to  combustion  performance,  Alford^-^)  claims  that  the  duplex  nozzle,  when 
compared  to  a  simplex  nozzle  at  a  combustor  pressure  of  one  atmosphere,  showed  an  improvement 
in  efficiency  of  12  per  cent. 


Variable  Area  Nozzles 


Variable  area  nozzles  may  be  designed  to  provide  for  variation  of  (1)  the  area  of  the  exit 
orifice,  (2)  the  area  of  the  inlet  slot,  or  (3)  the  areas  of  both  the  inlet  slot  and  the  exit  orifice. 

Figure  3-13  shows  a  poppet,  or  pintle,  type  nozzle  with  variable  exit  orifice.  (3-1)  Fuel  is 
supplied  through  a  manifold  which  is  commonly  made  to  house  the  nozzle  spring  and  other  nozzle 
components.  The  fuel  from  the  supply  manifold  enters  a  series  of  axial  transfer  holes  "A"  and 
passes  into  the  pre-orifice  chamber,  "B".  As  the  fuel  supply  pressure  is  increased  above  the 
combustion  chamber  pressure  an  unbalance  of  forces  causes  the  poppet  to  move  outwardly  against 
the  calibrated  spring.  The  movement  of  the  poppet,  which  is  directly  related  to  the  increase  in 
fuel  pressure,  results  in  changes  in  the  annular  exit  orifice  around  the  tapered  metering  section 
of  the  poppet. 

3/8-in.  diam. 


chamber  B  (Nozzle  is  housed  in 

a  fuel  manifold) 

FIGURE  3-13.  VARIABLE  AREA  NOZZLE,  POPPET  TYPE  (Bolt,  Lennox, 
and  Saxton)^- ^ 

Therefore,  fuel  flow  rate  becomes  a  function  of  the  variable  orifice  area  as  well  as  of  the  Bquarc 
root  of  the  fuel  pressure.  The  flow-ver sus-pressure  relationship  is  practically  linear.  Flow  data 
for  several  poppet  nozzles  used  on  ram-jet  engines  are  shown  below. 

TABLE  3-2.  FLOW  RANGE  FOR  TYPICAL  POPPET  NOZZLES 


Flow  Range, 
lbs /hr 

Pressure  Range, 
psi 

Flow  Pv.atio 

Pressure 

Ratio 

17-170 

50-200 

10 

4 

30-500 

50-200 

17 

4 

50-860 

75-300 

17 

4 

20-400 

50-200 

20 

4 

30-1500 

50-300 

50 

6 

Flow  tolerances  may  be  held  to  limits  which  are  comparable  to  the  flow  tolerances  of  pre¬ 
cision  fixed-orifice  nozzles.  Limited  flight  experience  has  been  favorable. 

A  basic  fault  of  this  type  of  nozzle  is  poor  patternation;  this  is  the  main  objection  to  its  use 
in  gas  turbines  and  similar  types  of  equipment. 

Some  of  the  significant  advantages  claimed  for  well-designed  poppet  nozzles  are  wide  flow 
range,  linear  flow-pressure  relationship,  good  atomization,  good  matching  of  a  group  of  nozzles, 
sharp  cut-off  at  a  predetermined  pressure,  little  difficulty  from  dirt  so  that  micronic  filtering  is 
unnecessary,  a  simple  fuel  supply  system,  and  low  manufacturing  costs. 

It  may  be  concluded  that  the  poppet  or  pintle  type  of  nozzle  has  been  developed  to  the  stage 
where  it  merits  serious  consideration  as  a  simple,  light  weight,  wide  range  atomizing  device.  Be¬ 
cause  of  its  basically  poor  patternation,  efforts  should  be  made  to  achieve  good  mixing  of  fuel  and 
air,  possibly  by  means  of  a  baffle  or  similar  device  placed  ahead  of  the  region  of  combustion. 

The  second  type  of  variable  area  nozzle,  for  which  the  area  of  the  inlet  slot  may  be  varied,  is 
also  known  as  the  Lubbock  atomizer.  Bolt  and  Saxton(3-24)  ,jescribe  this  type  of  nozzle  which 
embodies  a  stepped  plunger,  to  uncover  additional  slot  area  as  the  fuel  pressure  is  increased.  As 
the  inlet-slot  area  increases  with  increasing  pressure,  the  ratio  of  inlet-slot  area  to  exit-orifice 
area  becomes  larger,  resulting  in  a  larger  spray  angle  at  low  flow  rates. 

The  third  type  of  variable  area  nozzle,  designed  so  that  an  increase  in  flow  results  from  an 
increase  in  the  areas  of  both  the  inlet  slot  and  exit  orifice,  is  described  by  Stark  and  Constan¬ 
tino^-'*).  However,  this  design  proved  to  be  much  too  complicated  to  be  practical,  and  difficulty 
was  encountered  in  the  matching  of  nozzles. 


The  Spill-Return  Nozzle 


Figure  3-14  shows  the  features  of  the  spill-return  type  of  swirl  atomizer,  sometimes  called 
the  Peabody-Fisher  nozzle,  as  described  by  Joyce^-20).  The  fuel  flowing  through  the  tangential 
swirl  slots  has  two  exit  paths  from  the  swirl  chamber.  These  are  (1)  the  normal  exit  orifice  leading 


Inlet 
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to  the  combustion  space,  and  (2)  another  orifice  concentric  with  the  exit  orifice  but  located  in  the 
rear  wall  of  the  swirl  chamber,  and  generally  of  larger  size.  This  is  teimed  the  spill  orifice  and 
is  connected  by  a  pipe,  in  which  there  is  a  control  or  throttle  valve,  to  the  fuel  tank.  If  the  valve 
in  the  spill  line  is  fully  open,  the  greater  part  of  the  fuel  which  flows  through  the  tangential  slots 
will  be  bled  back  to  the  fuel  tank,  and  only  a  small  proportion  will  pass  out  of  the  exit  orifice. 

Joyce  points  out  that  it  is  even  possible  to  adjust  the  relative  sizes  of  the  discharge  and  spill 
orifices  so  that  all  the  fuel  passes  back  to  the  tank  and  none  emerges  from  the  exit  orifice.  This 
simply  requires  that  the  exit  orifice  be  of  the  same  size  or  smaller  in  diameter  than  the  air  core. 

Since  zero  flow  rate  is  possible,  it  is  easy  to  see  that  an  extremely  wide  range  of  fuel  flows 
can  be  attained  even  at  one  fixed  supply  pressure.  Joyce  states  that  a  flow  range  of  20  to  1  can 
easily  be  obtained  by  spill  control  alone,  using  a  constant  supply  pressure.  If  pressure  is  also 
varied  over  a  range  of  25  to  1,  then  a  flow  range  of  100  to  1  would  be  obtained.  However,  the  spray 
cone  angle  would  vary  greatly  and  would  be  very  large  at  low  flow  rates  when  using  this  method  to 
control  flow. 

Watson^-*®)  considers  the  spill-type  atomizer  in  many  ways  the  most  attractive,  particularly 
in  its  capacity  to  handle  a  wide  range  of  fuel  flows  for  a  given  range  of  pressure.  A  disadvantage 
pointed  out  by  Watson  is  that  a  relatively  large  amount  of  fluid  must  pass  through  the  swirl  slots; 
this  may  cause  difficulties  at  starting  and  at  low  speeds  when  the  fluid  is  supplied  by  an  engine- 
driven  pump.  Alternatively,  the  spilled  fuel  may  be  recirculated  either  by  an  auxiliary  pump  or 
by  an  ejector  system,  in  which  instance  the  engine  pump  has  to  supply  only  the  fuel  which  the 
engine  requires. 

Bolt  and  Saxton^- point  out  that  the  recirculated  fluid  in  a  spill-type  nozzle  provides  energy 
for  maintaining  a  strong  vortex  in  the  swirl  chamber,  which  is  particularly  advantageous  at  low 
flows. 


Lawrence^-2 states  that  spill-type  nozzles  would  appear  to  be  the  ideal  choice,  but  for 
some  drawbacks.  First,  it  is  necessary  to  pipe  away  the  spilt  fuel  from  the  nozzles,  and  also  to 
equalize  the  quantity  spilled  from  each  nozzle.  Secondly,  it  is  difficult  to  design  a  control  to 
operate  on  the  difference  between  the  fuel  supplied  to  the  nozzle  and  the  fuel  taken  away  as  rep¬ 
resenting  the  actual  fuel  sprayed  into  the  engine, 

The  principal  objection  to  the  spill-type  nozzle  appears  to  be  the  complicated  controls  re¬ 
quired  to  maintain  properly  balanced  flow  rates. 


FUEL  VAPORIZING  SCHEMES 


The  vaporization  of  liquid  fuel  before  it  enters  the  burning  space  has  been  used  in  many  types 
of  combustion  chambers  and  has  been  an  attractive  method  of  preparing  fuel  for  combustion  ever 
since  the  beginning  of  aircraft  gas-turbine  use.  However,  many  difficulties  were  encountered  with 
the  result  that  liquid-fuel  injection  is  the  more  common  practice.  Recent  developments,  however, 
have  resulted  in  satisfactory  vaporizers  that  have  certain  advantages  over  spray  nozzles. 


Advantages  of  Fuel  Vaporizers 


Pouchot  and  Hamm^'^l  found  that  the  vaporization  of  fuel  has  four  desirable  features. 

(1)  The  combustor  can  be  short  and  still  maintain  high  efficiency  and  stability  because  the  time 
interval  required  for  vaporization  is  eliminated.  (2)  Burning  is  clean  when  using  a  wide  range  of 
fuels  with  the  result  that  wall  deposits  are  slight  and  the  luminosity  of  the  flame  is  low;  the  low 
luminosity  reduces  wall  temperature.  (3)  Extremely  low  fuel  pressures  can  be  used  without 
penalty  in  performance.  (4)  The  chief  virtue  is  a  40  per  cent  saving  in  burning  length  as  compared 
with  a  comparable  liquid-injection  burner. 
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With  respect  to  evenness  of  outlet-temperature  distribution,  fuel  vaporizers  are  neither 
better  nor  worse  than  spra.y  nozzles. 


Description  of  Fuel  Vaporizers 


Figure  3-15  shows  the  principle  of  operation  of  fueWapor  izers  and  how  fuel  and  air  flow  in 
the  vaporizing  tube  and  in  the  combustion  chamber.  This  type  of  vaporizer  was  developed  by 
Armstrong  Siddeley  and  is  used  on  the  Sapphire  and  J65  engines. 

No  mechanical  atomization  by  spray  nozzles  is  involved.  Instead  fuel  passes  through  36 
vaporizing  tubes  that  are  immersed  in  the  flame;  these  serve  to  vaporize  the  liquid  fuel  and  mix  it 
with  a  portion  of  the  combustion  air  referred  to  as  primary  air  in  Figure  3-15.  The  secondary- 
air  ports  supply  the  remainder  of  the  air  needed  for  combustion. 


Fuel 


Secondary 
air 


Combustion 
gases 


ombustion  of  rich 
fuel  air  mixture 


Combustion  of  proper 
ratio  fuel  air  mixture 


FIGURE  3-15.  FUEL-VAPORIZING  TUBE  AND  COMBUSTION 
CHAMBER  (Stone)3-27 

Fuel  pressure  in  the  tubes  feeding  liquid  fuel  into  the  36  vaporizing  tubes  is  only  sufficient 
to  insure  that  the  proper  quantity  of  fuel  will  flow  into  the  combustion  chamber.  Enough  heat  is 
transferred  through  the  walls  of  the  tubes  to  vaporize  the  liquid  fuel.  Cracking  of  the  fuel  on  the 
inside  walls  of  the  tubes  with  consequent  coke  formation  is  prevented  because  the  vaporization 
takes  place  in  the  presence  of  a  large  volume  of  air  so  that  the  temperature  required  to  vaporize 
the  fuel  is  relatively  low,  much  below  the  distillation  temperature.  The  rich  fuel  and  air  mixture 
is  then  mixed  with  secondary  air  to  form  a  combustible  mixture  in  the  burning  zone.  Because  mix¬ 
ing  can  be  achieved  in  a  short  time  interval,  the  vaporizing  combustion  chamber  has  a  combustion 
zone  about  40  per  cent  shorter  than  that  for  a  corresponding  atomizing-type  combustor. 

The  main  problem  is  to  accomplish  complete  vaporization  without  overheating  of  the  vaporiz¬ 
ing  tube  material.  If  vaporization  is  incomplete,  fuel  may  coke  on  the  outside  surface  of  the  vapor¬ 
izing  tubes. 


WADC  TR  56-344 


3-24 


i 


During  the  starting  cycle,  the  vaporizing  combustor  requires  auxiliary  liquid  fuel  injection 
nozzles.  After  the  vaporizer  elements  reach  operating  temperature,  the  auxiliary  nozzles  are  no 
longer  used,  and  the  response  to  fuel-rate  changes  is  excellent. 


INJECTORS  FOR  ROCKET  PROPELLANTS 


The  purpose  of  liquid-reactant  injectors  is  to  introduce  the  propellants  so  that  they  may  be 
prepared  for  burning  with  maximum  efficiency.  Abramson''3"*'0)  points  out  that  the  ideal  theoretical 
conditions  of  complete  combustion  at  the  rocket-nozzle  entrance  can  be  approached  only  if  the  re¬ 
actants  are  properly  injected.  The  two  fundamental  requirements  are  (1)  mixing  of  the  fuel  and 
oxidizer,  and  (2)  atomization  of  the  mixed  particles. 

Gunn^"  states  that,  for  hypergolic  propellants,  degree  of  liquid-phase  mixing  is  of 
great  importance  in  determining  ignition  delay.  When  propellants  are  mixed  by  impingement  of 
fuel  and  oxidizer  jets,  the  efficiency  of  the  mixing  processes  is  dependent,  in  addition  to  such 
parameters  as  injection  pressures,  angle  of  impingement,  etc.,  upon  the  compactness  of  the  jets 
and  the  precision  of  their  impingement.  The  production  of  well  defined  and  accurately  directed 
jets,  over  free  stream  lengths  upwards  of  an  inch  and  under  injection  pressures  of  100  psi  or  more, 
is  not  easily  achieved.  The  flow  conditions  upstream  of  the  injection  nozzles,  the  profile  and 
smoothness  of  the  nozzle  flow  channels  and  their  exit  sections,  all  affect  markedly  the  cleanness 
of  the  jets  produced. 

Gunn'  ”  '  has  studied  the  behavior  of  impinging  liquid  jets  over  free  stream  lengths  up  to 

2  inches  and  under  injection  pressures  up  to  400  psi.  He  found  that  jets  could  be  produced  of  suf¬ 
ficient  continuity  and  compactness  to  establish  and  maintain  a  stable  conducting  path  for  electronic 
signals  provided  the  following  precautions  were  taken. 

(1)  The  passages  immediately  upstream  of  the  nozzle  entrance  should  be  designed  to 
insure  that  the  local  flow  conditions  are  laminar  and  free  of  swirls  and  eddys. 

(2)  The  profile  of  the  nozzle  flow  channel  should  consist  of  a  trumpet-mouthed  en¬ 
trance  section  and  a  short  straight  section.  The  optimum  length  of  the  straight 
section  is  influenced  by  the  degree  to  which  "reservoir"  flow  conditions  exist 
immediately  upstream  of  the  entrance  section;  in  general,  the  L/D  ratio  should 
be  between  1  and  5  and  as  close  to  1  as  the  upstream  flow  conditions  permit. 

(3)  The  surfaces  of  the  nozzle  flow  channel  should  be  lapped  extremely  smooth.  This 
requirement  becomes  increasingly  important  as  the  diameter  of  the  hole  is  reduced. 

Abramson  explains  that  mixing  is  essential  because  the  fuel  and  oxidizer  must  be  finely 
dispersed  in  the  designed  ratio  for  maximum  performance.  Decreasing  the  particle  size  and 
increasing  the  surface  area  by  atomization  assist  in  speeding  up  the  reaction  during  the  short  time 
that  the  propellants  are  retained  in  the  combustion  chamber.  Of  these  two  essentials,  Abramson 
considers  mixing  to  be  the  more  important,  although  both  mixing  and  atomization  take  place  to  a 
varying  degree  in  all  injectors. 

Abramson^- states  that  the  problem  of  injector  dosign,  as  related  to  performance  and 
heat  transfer  is  recognized  generally  to  be  a  critical  one.  For  the  most  part  two  fundamental  de¬ 
signs  are  used  in  present  day  rocket  engines.  They  arc  the  1:1  impinging  stream  with  a  relatively 
short  free  stream  length,  and  the  so-called  shower  head,  which  consists  of  a  very  large  number  of 
holes,  on  the  order  of  hundreds  or  thousands,  which  produce*  excellent  atomization  of  each  stream, 
and  mixing  by  the  proximity  and  the  number  of  streams. 


Types  of  Injectors 

Figure  3-  16  shows  the  design  of  an  impinging-type  injector,  DAC  (Bell  Aircraft  Corporation) 
Type  008,  in  which  a  central  core  of  oxidizer  impinges  on  an  outer  cylinder  of  fuel  so  that  mixing 
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and  atomization  occur  simultaneously.  The  cylinder  is  formed  by  broaching  a  drilled  hole  and  in¬ 
serting  a  core  of  diameter  equal  to  the  drilled-hole  diameter,  thus  forming  a  family  of  orifices  of 
approximately  triangular  cross  section.  The  center  core  is  drilled  for  the  flow  of  oxidizer  and  a 
mechanical  swirler  is  inserted  so  that  the  oxidizer  that  passes  through  the  single  orifice  in  the  core 
will  come  out  in  the  form  of  a  hollow  cone. 


FIGURE  3-  16.  BAC  TYPE  008  INJECTOR  (Abramson)3-28 

Abramson  reports  that  this  type  of  injector  gave  good  performance  and  may  be  produced  in 
quantity  by  automatic  machine  work;  however,  the  assembly  procedure  is  delicate  and  a  high  per¬ 
centage  of  scrap  may  result. 

Figure  3-17  shows  the  BAC  Type  243  impinging-jet-type  injector,  in  which  a  family  of  pairs  of 
fuel  and  oxidizer  jets  are  made  to  impinge  to  accomplish  atomization  and  mixing  in  one  Btep.  Each 
fuel  jet  in  an  outer  ring  of  jets  is  made  to  impinge  on  its  mating  oxidizer  jet  in  an  inner  ring.  The 
configuration  is  such  that  in  any  pair  the  plane  formed  by  the  axes  of  the  two  jets  is  roughly  in  the 
position  of  a  tooth  of  a  hypoid  gear.  This  allows  maximum  mixing  of  all  sheets  formed  by  the  pairs 
of  jets,  and  the  sheets  are  then  inclined  in  toward  the  center  so  that  the  heat  transfer  to  the  walls 
may  be  kept  at  a  minimum.  The  angle  of  impingement  was  designed  to  be  approximately  74  degrees 
in  keeping  with  tho  best  available  information. 

Figure  3-  18  shows  the  BAC  Type  201  injector  which  consists  of  a  scries  of  rings  of  serrated 
outside  diameters  which  form  a  scries  of  elements  of  concentric  cylinders.  The  concentric  cylinders 
are  alternately  fuel  and  oxidizer,  with  each  pair  of  cylinders  giving  impingement  at  an  angle  of 
approximately  10  degrees.  No  attempt  is  made  to  impinge  individual  jets  in  pairs  as  in  the  Type  243 
injector;  instead,  impingement  takes  place  between  pairs  of  cylindrical  surfaces.  Any  deflection 
of  one  propellant  inward  or  outward  is  met  by  intersection  of  the  cylinder  of  the  other  propellant, 
thereby  allowing  no  opportunity  for  a  propellant  to  travel  out  of  the  chamber  in  an  unmixed  condition. 
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FIGURE  3-17.  BAC  TYPE  243  INJECTOR  (Abramson)3"28 
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FIGURE  3-18.  BAC  TYPE  201  INJECTOR  (Abramson)3"28 
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The  elements  of  the  cylinders  were  formed  by  a  finite  number  of  single  jets  because  of  in¬ 
ability  to  hold  a  uniform  annular  orifice.  The  individual  jets  were  formed  by  serrating  the  outside 
circumference  of  any  ring  with  a  triangular  tool  and  pressing  it  into  a  ring  equal  to  the  outside  diam¬ 
eter  of  the  serrated  ring,  thereby  forming  a  series  of  orifices  of  sector-shaped  cross  section. 

Figure  3-19  shows  the  BAC  Type  017  injector  which  is  of  the  nonimpinging  type.  It  was  de¬ 
signed  primarily  from  the  standpoint  of  ease  of  fabrication. 


Fuel  flow 


Centerline  of  head 
Flow  is  through  serrations  on  body 


FIGURE  3-19.  BAC  TYPE  017  INJECTOR  (Abramson)3'28 


The  cylinders  for  the  Type  017  are  formed  in  a  manner  similar  to  those  in  the  Type  201,  but 
the  concentric  serrated  rings  are  located  at  progressively  different  stations  from  the  head,  so  that 
any  ring  may  be  accessible  without  removal  of  subsequent  outer  rings. 

The  last  two  types,  shown  in  Figures  3-  18  and  3-19  gave  reasonably  good  performance,  but 
only  at  the  expense  of  excessive  coots  in  manufacture,  resulting  from  complex  assembly  and  close 
tolerances. 

A  number  of  other  designs,  of  less  interest,  are  included  in  Abramson's  report  in  which  he 
concludes  that  injector  manufacture  is  essentially  a  precision  operation.  If  sufficient  attention  is 
not  given  to  precision  manufacturing,  reproducible  results  will  not  be  obtained. 

According  to  most  recent  information^3-3^  among  tho  various  injectors  described  by 
Abramson,  the  impinging  jet  (oxidizer  and  fuel)  type  alone  has  survived  as  a  production  item  for  the 
rocket  motor  industry.  However,  interest  has  been  shown  in  experimental  configurations  and 
devices  such  as  splash  plates  and  "flame-holding"  cooled  "grids". 
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Stehling^3"32)  states  that  the  basic  function  of  the  injector  head  is  to  introduce  the  propellants 
into  the  thrust  chamber  in  the  most  efficient  and  auspicious  maimer  so  that  the  liquid  propellant  can 
be  vaporized  as  quickly  as  possible.  Stehling  divides  injection  systems  into  three  classes,  "random", 
"splash",  and  "liquid-liquid",  each  of  which  will  be  described  briefly  with  the  aid  of  figures. 

Figure  3-20  is  a  typical  example  of  random  injection  using  a  "random  showerhead".  It  usu¬ 
ally  consists  of  a  matrix  of  holes  drilled  in  the  flat  face  of  the  injector.  Oxidizer  and  fuel  enter  the 
chamber  through  adjacent  orifices.  Mixing  depends  upon  the  collision  between  droplets  and  upon  the 
subsequent  mingling,  with  the  result  that  efficiency  is  generally  low  with  nonhyper golic  propellants. 
However,  because  combustion  with  this  injector  tends  to  be  smooth  with  common  propellants,  further 
research  is  warranted  to  improve  the  combustion  efficiency  while  retaining  the  stable  combustion 
characteristics. 


FIGURE  3-20.  RANDOM  SHOWERHEAD  INJECTION  (Stehling)3"32 

Figure  3-21  shows  the  principle  of  splash  injection  which  involves  impingement  of  the  pro¬ 
pellant  stream  upon  the  walls  of  the  chamber  or  on  some  protuberance  of  the  injector  head,  such 
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FIGURE  3-2 1 .  SPLASH  INJECTION  (Stehling)3"  32 
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as  an  annular  ring  or  "splash  plate".  The  plate  serves  to  break  up  the  streams  for  a  more  rapid 
rate  of  atomization.  The  German  "Enzian"  injector  head  is  a  classical  example  of  splash  injection. 
High  specific  impulses  with  relatively  smooth  combustion  may  be  achieved;  however,  the  combus¬ 
tion  pattern  tends  to  be  uneven  and  the  position  and  tolerance  of  the  splash  ring  are  critical. 

(3-33) 

Zucrow  and  Beighley'  ',  during  an  experimental  study  of  the  performance  of  WFNA-JP-3 
rocket  motors,  observed  that  the  main  combustion  occurs  downstream  of  the  turbulence  ring  (serves 
as  splash  ring  also),  and  that  the  actions  of  the  ring  were  essentially  those  of  a  mixing  device  and 
possibly  a  flameholder.  The  turbulence  ring  made  combustion  less  sensitive  to  both  injector  hole 
alignments  and  the  number  of  holes. 
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!'"s  a  typical  example  of  the  liquid-liquid  principle  of  injection,  sometimes 


known  as  "forced  action  injection".  As  previously  stated  this  method  comprises  the  largest  segment 
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FIGURE  3-22.  IMPINGING  (LIQUID-LIQUID)  INJECTION  (Stehling)3-32 

of  current  injector  practice.  Its  chief  virtue  lies  in  its  ability  to  break  up  and  mix  the  propellant 
streams,  using  some  of  the  kinetic  energy  of  the  liquids. 

The  impinging  shower  head  shown  in  Figure  3-22  is  a  favorite  configuration  employing  liquid- 
liquid  injection  and  is  a  close  approach  to  a  "standard"  injector  in  the  rocket  motor  industry. 
Generally,  it  consists  of  concentric  rows  of  holes  for  fuel  and  oxidizer  arranged  so  that  the  pro¬ 
pellants  impinge  as  close  to  the  injector  face  as  possible,  Maximum  utilization  of  the  thrust  cham¬ 
ber  apace  is  thereby  achieved,  and  smooth  combustion  is  more  likely  because  the  short  path- 
lengths  reduce  perturbations  of  the  individual  streams  by  disturbing  forces  within  the  chamber  or 
manifold.  "Smooth"  combustion  here  means  an  absence  of  high  amplitude  oscillations  of  fre¬ 
quencies  leas  than  2  or  3  thousand  cps. 

Other  types  of  liquid-liquid  injectors,  in  addition  to  the  impinging  showerhead,  are  the  hypoid 
ahowerhead,  the  concentric  ring,  and  injection  heads  composed  of  common  oil  burner  nozzles. 

Premixing  the  propellants  before  introduction  into  the  combustion  chamber  would  appear  to  be 
a  logical  and  obvious  solution  to  the  problems  accompanying  other  methods  of  injection.  However, 
as  Stehling^3”32)  explains,  tho  flame  front  can  progress  upstream  and,  if  the  burning  reaches  a 
confined  space,  an  explosion  would  occur. 


Flow  and  Stability  of  Injected  Liquids 

In  the  design  of  injectors  for  rocket  motors,  small  orifices  arc  often  used  to  introduce  the 
reactants  into  the  combustion  chamber.  Although  many  investigations  have  been  made  concerning 
relatively  large  orifices  for  measuring  flow  rate,  little  information  is  available  on  the  flow  charac¬ 
teristics  of  holes  1/16  inch  in  diameter  and  smaller. 
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Northup^3  therefore,  made  an  extensive  investigation  of  the  ilow  and  stability  of  liquids 
discharged  through  small  orifices  of  0.  030  to  0.  065-inch  diameter.  The  variables  that  he  studied 
included  the  pressure  drop  across  the  orifice,  the  cross-velocity  to  which  the  fluid  was  subjected 
before  entering  the  orifice,  the  orifice  configuration,  ar.d  the  type  of  liquid  used  and  the  atmosphere 
into  which  the  liquid  was  injected. 


Flow  Discontinuity  or  Hydraulic  "Flip" 

Square-edged  orifices  of  the  sizes  normally  used  for  f.ow  measurement  and  with  lv„gth/diam- 
eter  (L/D)  ratios  of  ubcut  2.  5  wi Z! j  whcs  d1  ? c h?. r ging  into  ths  Etniosp^s1*0  two  timno 

of  flow  separated  by  a  sharp  break  or  discontinuity  in  the  fle  w  curve  at  the  critical  pressure  drop. 
The  discontinuity  is  referred  to  as  hydraulic  "flip"  by  StehlingP*32) .  After  the  critical  point  has 
been  passed  the  pressure  drop  may  be  decreased  nearly  to  2ero  without  the  flow  returning  to  the 
original  state. 


Figure  3-23  shows,  schematically,  the  mechanism  that  results  in  discontinuity  of  flow. 
Sketch  "A"  shows  how  the  stream  jumps  free  from  the  sharp  edge  without  touching  the  walls  when 
L/D  is  less  than  0.  5.  This  occurs  at  all  pressure  drops  anil  the  typical  curve  for  this  thin  orifice 
is  smooth  with  no  discontinuities. 


FIGURE  3-2  3.  SCHEMATIC  DIAGRAMS  OF  FLOW  THROUGH 
AN  ORIFICE  (Northup)3'34 


Sketch  "B"  shows  the  type  of  flow  when  pressure  drop  is  low  and  L/D  ratio  is  large.  The 
stream  falls  in  its  attempt  to  jump  free  from  the  wail  at  the  upstream  corner.  The  discharged 
liquid  has  a  bushy  or  broomy  appearance  and  the  flow  coefficient  is  much  higher  than  for  "A".  The 
orifice  walls  are  wetted  by  the  liquid  flowing  through  the  orifice.  However,  if  the  walls  of  the 
orifice  are  treated  with  a  substance  Buch  as  oil,  to  prevent  wetting,  the  stream  will  never  develop 
the  bushy  appearance. 


Sketch  "C"  shows  how,  as  the  pressure  drop  is  increased,  the  stream  suddenly  jumps  free  of 
the  wall  for  the  entire  length  of  the  orifice.  A  point  of  discontinuity  in  the  flow  curve  results  be¬ 
cause  pressure  drop  rises  suddenly  and  flow  decreases.  A  comparison  with  sketch  "A"  shows  that 
the  flow  characteristics  are  substantially  the  same  as  for  a  thin,  sharp-edged  orifice  of  the  same 
diameter.  With  the  aid  of  transparent  orifices  Northup  and  Stehling  showed  that  this  flow  discon¬ 
tinuity,  or  hydraulic  "flip",  is  a  result  of  cavitation  in  the  orifice.  Cavitation  begins  at  the  upstream 
end  of  the  hole  and,  as  pressure  drop  increases,  the  cavitating  area  grows  by  moving  downstream 
until  the  end  of  the  hole  is  reached  and  the  stream  jumps  completely  free  from  the  walls  of  the 
orifice.  Good  fluid  flow  measuring  instruments  avoid  discontinuities  by  making  the  L/D  ratio  1/8 
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or  less.  However,  when  the  diameter  of  the  hole  is  less  than  1  / 1 6  inch,  such  a  small  L/D  ratio  is 
impractical.  Northup  found  that  discontinuities  occurred  for  holes  having  L/D  ratios  a  little 
greater  than  1.  0  and,  in  a  few  instances,  discontinuities  were  observed  when  the  L/D  ratio  was  as 
low  ad  0.  95.  The  flip  point  is  not  as  distinct  nor  as  readily  observable  when  the  liquid  jet  is  dis¬ 
charged  into  a  high-pressure  atmosphere.  In  some  instances  two  separate  "jumps"  or  "flips"  were 
noticed  when  injection  took  place  in  the  region  of  500  psi  chamber  pressure.  Whether  this  is  due  to 
cavitation  has  not  yet  been  determined.  High  frequency  response  flow  meters  are  being  developed 
to  study  thiff- phenomenon. 


Equations  for  Hydraulic  Flip 

Diamond^* ^5)  has  developed  equations  for  determining  the  differential  pressure  at  which 
hydraulic  flip  occurs.  The  flip  point  was  found  to  be  a  function  of  viscous  and  momentum  forces, 
pressure  and  surface  tension  forces,  and  friction  and  boundary  layer  affects.  An  empirical  equation 
for  predicting  flip,  or  cavitation  point,  within  the  experimental  range  covered  is 


APf  =  189.  3 


p  -  p„ 
a  v 


2„ 

u  g 

(pa  -  Pv>  D*P 


.0.  19  _ 

r  <>■ 

0.  302 

"  L  ' 

J  L  <Pa‘  Pv>  D  J 

D 

0.  69 


(3-41) 


A  modification  of  this  equation  for  the  discharge  of  water  into  a  high  pressure  nitrogen  at¬ 
mosphere  is:  . 


APfi  =  APf 


1.66pa  J 


>r  Pc  >  2  Pa, 


(3-42) 


where  P^  =  differential  pressure  at  which  flip  occurs  with  atmospheric  chamber  pressure. 
Pfi  =  differential  pressure  at  which  flip  occurs  at  a  high  chamber  pressure. 

Pa  «  atmospheric  pressure,  psi. 

Py  =  vapor  pressure,  psi. 
u  =  dynamic  viscosity,  lb.  sec/sq  in. 

D  =  orifice  diameter,  inches, 
p  =  density,  lb/cu  in. 
g  =  386.  4  in,  /sec^. 

<r  =  surface  tension,  lb/in. 

L  a  length  of  orifice,  inches. 

Pc  =  chamber  pressure,  psi. 


Flip  Transition  Time 

Stchling^- ^  reports  that  a  reversible  flip  transition  time  of  1  /320  sec  has  been  measured 
with  water.  The  main  point  of  interest  with  respect  r.o  injector  design  is  that  if  this  transition  time 
occurred  with  rocket  motors  and  if  a  reversible  flip  action  took  place  continuously,  a  combustion 
frequency  of  approximately  320  cycles  per  second  might  be  expected.  It  is  true  that  frequencies 
near  this  value  have  been  detected  with  injectors  that  experienced  hydraulic  flip  near  the  rated  flow. 
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Effect  of  Cross-Velocity  on  Flow  Discontinuity 

Northup^3"3^  investigated  the  effects  of  cross-velocity  on  the  type  of  flow  from  the  orifice. 
The  term  "cross-velocity"  means  the  component  of  velocity,  in  the  injector  head,  perpendicular  to 
the  axis  of  the  holes  through  which  the  liquid  issues. 

The  L/D  ratio  was  found  to  be  an  important  factor.  When  the  L/D  ratio  was  less  than  0.  95 
no  discontinuity  in  the  flow-versus-pressure  drop  curve  occurred  for  cross-velocities  up  to  20  ft 
per  sec.  For  intermediate  values  of  L/D  (1. 0  to  2.  0)  a  discontinuity  occurred  at  zero  cross-veloc¬ 
ity;  but,  as  cross-velocity  was  increased  the  discontinuity  was  eliminated.  However,  for  high 
values  of  L/D  (2.  0  to  4.  0),  as  cross-velocity  was  increased,  a  higher  pressure  drop  was  required 
to  reach  the  point  of  discontinuity. 


Types  of  Instability  in  Liquid  Jets 

Based  on  visual  observations  and  high-speed  photographs,  Northup  concluded  that  there  are 
two  distinct  and  separate  forms  of  instability  present.  The  first  type  causes  discontinuities  in  the 
flow  curves  with  or  v/ithout  cross-velocity.  The  appearance  of  the  stream  is  entirely  different  for 
the  two  flow  regions.  Without  cross-velocity,  as  flow  increases  at  the  higher  rates,  the  stream 
takes  on  an  increasingly  bushy  appearance  and  becomes  violently  agitated  just  prior  to  the  break 
point.  As  the  stream  jumps  or  breaks,  it  becomes  smooth  and  clear  as  when  issuing  from  an  orif¬ 
ice  of  low  L/D  ratio.  As  a  cross-velocity  component  is  added  to  the  flow,  an  additional  bushiness 
is  superimposed  on  the  stream  at  all  points  on  the  flow  curve. 

The  second  type  of  instability  is  characterized  by  a  constant  flickering  or  jumping  about  of  the 
stream  at  a  constant  pressure.  As  flow  from  the  hole  increases,  this  type  of  instability  increases 
because  of  turbulence  behind  the  orifice  plate.  Northup  believes  that  this  is  probably  the  worst  type 
of  instability  as  far  as  rocket  motor  operation  is  concerned,  especially  where  impingement  of  two 
streams  is  desired. 


Relation  Between  Flow  Stability  and  Injector  Design 


Rocket-motor  stability  is  definitely  affected  by  the  manner  in  which  the  reactants  are  in¬ 
jected.  When  straight,  sharp-edged  orifices  are  used,  certain  ranges  of  pressure  drops  should  be 
avoided.  The  undesirable  range  is  easily  defined  for  an  orifice  discharging  to  the  atmosphere; 
however,  the  range  is  not  readily  defined  when  discharging  a  fluid  into  a  combustion  chamber  during 
actual  operation.  In  general,  it  seems  that  higher  pressure  drops  tend  to  provide  more  stable  flow, 
at  least  as  far  as  the  rocket  motor  is  concerned. 

Flow  from  an  orifice  with  wetted  walls  is  inherently  unstable  and  may  be  affected  by  so  many 
factors  that  it  should  be  avoided  if  possible.  If  a  low  pressure  drop  is  necessary,  some  form  of 
orifice  other  than  a  sharp-edged  orifice  Bhould  be  used. 

The  cross -velocity  and  turbulence  level  of  the  fluid  before  entering  the  orifice  are  important, 
especially  when  the  resultant  direction  of  flow  must  be  controlled.  For  best  results,  cross- 
velocities  should  be  hold  to  a  minimum.  Also,  turbulence  should  be  minimized  by  making  the 
reservoir  behind  the  orifice  as  large  as  practical. 

By  giving  proper  consideration  to  the  above  mentioned  factors,  and  by  using  suitable  pressure 
drops,  the  eharp-edged  orifice  may  successfully  be  used  in  many  types  of  rocket  motor  injectors. 


Liquid  Phase  Mixing  of  Impinging  Jets 


Rupe^3'36)  has  devised  a  technique  for  evaluating  the  liquid-phase  mixing  of  a  pair  of  im¬ 
pinging  streams,  and  a  number  of  controlling  parameters  were  investigated. 
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In  general,  Rupe  showed  "that  the  mixing  and  distribution  attained  in  the  spray  from  a  pair  of 
impinging  streams  having  good  dynamic  characteristics  may  be  optimized  in  any  configuration  by 
controlling  dynamic  characteristics  but  that  ideal  mixing  can  be  attained  with  only  one  particular 
arrangement.  The  optimum  configuration  is  approached  under  the  following  conditions: 

(1)  The  total  momentum  ratio  approaches  unity. 

(2)  The  effective  impingement  area  ratio  approaches  unity. 

(3)  The  impingement  angle  is  approximately  45*.  (The  experiments  indicated  only 
that  mixing  improved  as  impingement  angle  decreased  from  90  to  45*.) 

(4)  The  kinetic  energy  available  for  mixing  approaches  a  maximum  when  referred  to 
any  predetermined  fixed  level. 

(5)  The  influence  of  absolute  size  of  the  effective  impingement  area  is  small  but  shows 
an  increasing  trend  as  scale  increases. 

(6)  The  effect  of  impingement  length  as  such  is  negligible. 

(7)  Aside  from  an  effect  on  the  hydraulic  characteristics  of  the  orifices  due  to  changes 
in  Reynolds  number,  changes  in  fluid  properties  influence  mixing  only  to  the  extent 
of  the  change  in  stream  dynamics. 

(8)  The  variation  of  local  mass  rate  across  any  great  circle  of  the  spherical  surface 
about  the  impingement  point  for  a  pair  of  streams  of  optimum  configuration  may  be 
defined  by  a  near  Gaussian  distribution.  The  cross  section  of  a  dynamically 
balanced  spray  has  an  elliptical  boundary  in  the  plane  perpendicular  to  the  resultant 
momentum  line.  Wiihin  limits  the  length  of  the  major  axis  of  the  ellipse  which  is 
aligned  perpendicular  to  the  plane  of  the  stream  center  lines  is  a  function  of  im¬ 
pingement  angle. 

(9)  The  dynamic  characteristics  of  the  free  streams  have  marked  influence  on  stream 
stability,  on  spatial  distribution,  and,  to  some  extent,  on  liquid-phase  mixing. 

Stream  dynamics  are  controlled  by  upstream  conditions,  orifice  Reynolds  number, 
and  orifice  design;  the  data  available  indicated  that  optimum  stream  pairB  require 
symmetrical,  similar  (only  in  lieu  of  uniform),  and  stable  free-stream  velocity 
profiles. 

(10)  From  the  limited  data  available  it  might  be  concluded  that  miscibility  is  an  aid  to 
mixing  but  does  not  alter  the  characteristic  effect  of  varying  momentum  ratio.  " 

SUMMARY 


Nozzle  design  is  probably  as  much  an  art  as  it  is  a  science.  The  major  problem  in  the  de¬ 
sign  of  atomizers  for  aircraft  gas  turbines  is  to  obtain  satisfactory  atomization  over  a  wide  range 
of  flow  rates.  A  fine  spray  must  be  produced  at  the  low  rates  of  flow  to  eliminate  die-out  during 
descent,  and  to  permit  quick  starts.  Three  other  important  requirements  of  good  spray  nozzles 
are:  (1)  flow  rates  of  all  nozzles  in  an  engine  should  be  as  nearly  equal  as  possible  at  each  fuel 
pressure;  (2)  spray  pattern  should  be  uniform  about  the  axis  and  fuel  should  be  distributed  properly, 
with  reference  to  the  combustion  chamber  configuration  over  the  entire  range  of  operation;  and 
(3)  nozzles  should  be  designed  for  sturdiness,  and  for  easy  removal. 

By  the  application  of  formulas  developed  by  S.  M.  Doblc  and  E.  A.  Watson,  it  is  possible  to 
design  a  swirl-type  atomizer  to  give  a  desired  output  at  a  stated  fuel  pressure.  Considerable  in¬ 
formation  concerning  the  mean  droplet  size  and  the  angle  of  the  spray  cone  also  can  be  predicted 
from  the  nozzle  dimensions  and  from  ratios  of  these  dimensions.  The  methods  of  Doblc  and  Watson, 
although  different,  are  in  good  agreement,  provided  conventional  shapes  of  swirl  atomizers  are  used. 
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Swirl-type  nozzles  of  different  sizes  can  be  judged  as  to  design  by  Longwell's  atomization 
criterion,  V^o"  s*n  t  The  larger  the  value  of  the  atomization  criterion,  the  finer  the  spray. 

Longwell's  experimental  studies  show  that  a  nozzle  which  would  be  a  good  compromise  between 
range  of  atomization  and  fineness  of  atomization  would  have  the  following  dimensions: 

As/ro2  20 

L/ro  3 

V'o  3 

This  nozzle  would  have  a  cone  angle  at  zero  viscosity  of  about  77  degrees  and  a  discharge  coefficient 
of  about  0.  53. 

Although  Taylor  gave  the  most  valid  theoretical  analysis  of  flow  and  of  optimum  geometric  re¬ 
lations  inside  the  swirl-type  nozzle,  his  rigorous  determination  of  the  spray  angle  is  less  applicable 
than  either  Harvey  and  Hermandorfer  's  or  Novikov's  analysis.  Novikov's  analysis  of  the  spray 
angle,  which  is  based  on  Taylor's  analysis  of  flow  inside  the  nozzle,  appears  to  be  the  most  valid, 
in  that  due  consideration  is  given  to  the  effects  of  surface,  tension,  this  consideration  giving  a 
physically  reasonable  explanation  of  the  swelling  of  the  liquid  sheath  immediately  downstream  of  the 
nozzle.  The  analysis  of  Harvey  and  Hermandorfer,  which  like  Taylor's  disregards  the  effects  of 
surface  tension,  gives  upper  and  lower  bounds  on  the  spray  angle  which  are  justified  by  experi¬ 
mental  observation. 

The  most  applicable  result  of  these  analyses,  however,  appears  to  be  Novikov's  theoretical 
determination  of  the  mean  size  of  the  droplets  in  the  resultant  spray,  this  theoretical  determination 
being  confirmed  by  experimental  observation. 

Little  information  has  been  published  concerning  the  fundamental  principles  of  design  of  two- 
fluid  atomizers;  however,  work  is  in  progress  on  this  phase  of  nozzle  design. 

Swirl-type  atomizers  are  used  exclusively  on  aircraft  gas  turbines  that  employ  spray  nozzles. 
The  conventional  fixed -or  if  ice,  or  simplex,  nozzle  that  obeys  the  square  law  does  not  have  sufficient 
range  of  flow  for  this  application;  consequently,  complex  nozzles,  such  as  the  duplex  nozzle,  which 
is  essentially  two  nozzles  in  one,  and  variable-area  and  spill-return  types  of  atomizers  may  be  used. 
The  duplex  nozzle,  which  is  capable  of  providing  a  satisfactory  spray  over  a  flow  range  of  20  to  1 
with  a  pressure  range  of  16  to  1,  is  the  most  widely  used  today.  Variable  area  nozzles  in  which  a 
poppet  or  a  plunger  serves  to  provide  additional  exit-orifice  area  or  additional  inlet-slot  area  also 
make  possible  a  more  favorable  relation  between  flow  rate  and  pressure  drop.  The  spill-return 
type  of  nozzle,  in  which  a  portion  of  the  fuel  that  enters  the  swirl  chamber  is  bled  back  to  the  fuel 
tank,  shows  special  promise  because  of  the  extremely  wide  range  of  flow  that  is  possible. 

Matching  nozzle  flow  rates,  over  the  entire  range,  is  a  difficulty  common  to  all  types  of  com¬ 
plex  swirl  atomizers. 

Fuel  may  be  prepared  for  combustion  by  vaporizing  in  tubes  as  well  as  by  atomization.  The 
annular  vaporizing  combustor  possesses,  to  a  high  degree,  the  operational  and  performance  qualities 
needed  for  a  good  gas-turbine  combustor,  Compared  with  a  typical  annular  liquid-injection  com¬ 
bustor,  its  efficiency  varies  less  with  fuel-air  ratio  and  it  is  appreciably  shorter  in  length. 

The  two  primary  functions  of  liquid-reactant  injectors  for  rockets  are  (1)  to  mix  the  fuel  and 
oxidizer,  and  (2)  to  atomize  the  liquids  so  that  surface  area  and  rate  of  reaction  will  be  increased. 

No  single  injector  type  or  system  is  ideal  or  applicable  to  all  circumstances.  However,  greater 
standardization  inevitably  will  occur  when  more  data  on  the  significance  of  the  injector  are  available, 
and  when  many  of  the  empiricisms  have  been  reduced  to  scientific  foundations. 

In  order  to  hold  pressure  oscillations  in  the  combustion  chamber  to  a  minimum,  the  injected 
streams  must  have  considerable  stability.  There  arc  at  least  two  different  forms  of  instability: 

(l)  instability  resulting  from  discontinuity  in  flow  with  or  without  cross-velocity  behind  the  holes, 
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and  (2)  instability  characterized  by  a  constant  flickering,  or  jumping  about  of  the  stream,  at  a  con¬ 
stant  pressure.  The  latter  is  probably  the  worse  type  of  instability  as  far  as  rocket-motor  opera¬ 
tion  is  concerned,  especially  for  impinging  jets. 

The  mixing  and  distribution  achieved  in  the  spray  from  a  pair  of  impinging  streams  may  be 
optimized  by  controlling  dynamic  characteristics,  but  optimum  mixing  can  be  attained  with  only  one 
particular  arrangement. 
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CHAPTER  4.  SPRAY  ANALYSIS 


ABSTRACT 


Six  classes  of  experimental  methods  for  determining  drop- 
size  distributions  are  described,  including  (1)  microscopic 
examination  of  drops  collected  on  slides  or  in  cells,  (2)  freezing 
of  drops  in  spray  followed  by  sieving,  (3)  direct  photographic 
methods,  (4)  optical  methods  based  on  the  scattering  or  absorp¬ 
tion  of  light,  (5)  electronic  and  radioautographic  techniques,  and 
(6)  selective  impaction.  Each  method  has  its  advantages  and 
disadvantages,  but  none  is  entirely  satisfactory.  Mathematical 
representations  of  drop-size  distribution  are  discussed  with 
special  emphasis  on  the  Rosin-Rammler  expression,  the 
Nukiyama-Tanasawa  expression,  and  the  logarithmic-normal 
distribution.  The  importance  of  taking  both  upper  and  lower  cut¬ 
off  sizes  into  consideration  is  stressed.  Other  important  factors 
in  spray  analysis  discussed  in  this  chapter  are  the  angles  formed 
by  the  conical  spray  and  the  distribution  of  droplets  about  the  axis, 
usually  termed  "patternation". 
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SPRAY  ANALYSIS 


by 
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and  A,  A.  Putnam 


The  analysis  of  fuel  sprays  in  terms  of  drop-size  distribution,  spray  angle,  and  spray  pattern 
is  profoundly  important  for  all  studies  of  atomization  of  liquids.  This  is  true  whether  the  problem 
is  an  investigation  of  the  mechanism  of  atomization,  an  examination  of  the  influence  of  the  various 
factors  that  affect  atomization,  research  on  methods  of  atomization,  or  a  study  of  nozzle  design. 
The  importance  of  spray  analysis  in  the  field  of  atomization  cannot  be  overemphasized.  A  formid¬ 
able  obstacle  to  research  on  atomization  has  been  the  lack  of  a  simple,  feasible,  yet  accurate 
method  for  determining  the  drop-size  distribution  of  a  spray.  Numerous  experimental  methods 
have  been  used,  such  as:  (1)  microscopic  examination  of  drops  collected  on  slides  or  in  cells, 

(2)  freezing  of  drops  in  spray  followed  by  sieving,  (3)  direct  photographic  methods,  (4)  other  optical 
methods  based  on  the  scattering  or  absorption  of  light,  (5)  electronic  and  radioautographic  tech¬ 
niques,  and  (6)  the  cascade-impactor  method.  Each  method,  which  will  be  discussed  later  in  more 
detail,  has  its  advantages  and  disadvantages,  but  none  is  entirely  satisfactory.  The  most  common 
objection  to  any  method  is  that  it  is  too  tedio  ’S  and  time  consuming.  Other  disadvantages  are  that 
complicated  equipment  is  involved,  results  are  unreliable,  drop-size  range  is  inadequate,  or  cal¬ 
ibration  of  the  device  is  difficult  or  uncertain. 

Sampling  of  a  spray  is  one  of  the  most  difficult  steps  in  the  experimental  methods  that  require 
collection  of  a  sample.  Unfortunately,  the  difficulty  of  obtaining  a  sample  sufficiently  representa¬ 
tive  has  not  been  fully  appreciated  by  some  investigators. 

Another  major  problem  in  spray  analysis  is  the  choice  and  use  of  a  mathematical  expression 
for  drop-size  distribution.  It  is  desirable  to  be  able  to  express  the  experimentally  determined 
size-frequency  data  in  a  mathematical  form  involving  only  two  parameters,  one  based  on  an  aver¬ 
age  Size  and  the  other  based  on  the  dispersion  of  sizes.  The  three  expressions  most  generally  used 
are  the  Rosin-Rammler  expression,  the  Nukiyama-Tanasawa  expression,  and  the  logarithmic- 
normal  distribution.  These  methods  of  representation  and  others  are  discussed  in  detail  in  the 
section  given  later  on  "Mathematical  Expressions  for  Drop-size  Distributions". 

Other  important  factors  in  spray  analysis  discussed  in  this  chapter  are  the  angle  formed  by 
the  conical  spray,  and  the  distribution  of  droplets  about  the  axis,  usually  termed  "patternation". 


SECTION  I  -  EXPERIMENTAL  METHODS  FOR  DETERMINING  DROP-SIZE  DISTRIBUTION 


J.  M.  Pilcher 


Much  ingenious  and  painstaking  work  haB  been  done,  by  approximately  forty  different  inves¬ 
tigators,  on  the  determination  of  the  drop-size  distribution  of  atomized  sprays.  In  many  instances, 
the  methods  are  similar;  consequently,  the  various  procedures  used  have  been  divided  into  six 
groups,  or  classes  of  methods,  each  of  which  will  now  be  described. 
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Methods  Based  on  Collection  of  Drops  on  Slides  or  in  Cells 


The  method  for  determining  drop-size  distribution  that  has  been  most  generally  employed 
consists  of  collecting  a  sample  of  the  spray  on  a  glass  slide  and  making  a  microscopic  size  count  of 
200  to  1000  drops.  This  method  requires  the  minimum  of  apparatus,  consisting  of  only  a  micro¬ 
scope  with  a  calibrated  eyepiece;  however,  it  is  obvious  that  the  method  is  time  consuming.  A 
more  serious  objection  is  that  it  is  difficult,  if  not  impossible,  to  obtain  a  sufficiently  representa¬ 
tive  sample.  This  arises  from  the  tendency  for  the  smaller  droplets  to  follow  the  air  stream 
around  the  slide,  rather  than  to  be  collected  on  the  slide.  Discrimination  against  the  smaller  sizes 
can  be  reduced  by  using  narrow  slides;  however,  the  capture  coefficient  approaches  unity  only  as 
the  width  of  the  slide  approaches  the  dimensions  of  the  drop. 

Kuhn(4~l),  as  early  as  1924,  determined  the  sizes  of  particles  of  fuel  oil  in  a  spray  by  col¬ 
lecting  the  drops  on  a  glass  plate  covered  with  a  thin  layer  of  soot  in  order  to  fix  the  oil  drops.  The 
glass  plate  was  exposed  to  the  atomized  fuel  for  0.0005  sec,  with  the  aid  of  a  shutter  mechanism; 
the  total  weight  of  the  drops  collected  was  determined  and  the  number  of  oil  spots  were  counted. 
Knowing  the  density  of  the  fuel  oil,  the  average  diameter  of  the  drops  could  be  computed.  For  ex¬ 
ample,  for  Kuhn's  Experiment  No.  342,  12,  000  drops  weighed  0.47  mg,  which  corresponded  to  an 
average  diameter  of  45  microns.  The  obvious  objections  to  this  method  are:  (1)  the  necessity  for 
counting  as  many  as  several  thousand  drop  impressions,  (2)  probable  discrimination  in  the  sampling 
procedure  against  the  smallest  drops,  (3)  with  volatile  liquids,  the  error  in  weighing  introduced  by 
evaporation,  and  (4)  the  number  of  determinations  that  must  be  made  to  insure  reasonably  accurate 
average  measures. 

Sauter(4"2),  in  1926,  employed  a  similar  method  by  which  the  drops  were  caught  on  a  screen. 
Mean  size  was  computed  from  the  total  volume  and  number  of  drops. 

Lee(4~3),  of  the  NACA,  modified  and  improved  this  general  method  in  1932.  He  injected  the 
spray  in  a  direction  parallel  to  a  plate  coated  with  lampblack  obtained  from  a  kerosine  flame.  The 
drops  descended  slowly,  after  the  forward  velocity  decreased  nearly  to  zero  and,  when  they 
touched  the  surface,  made  a  hole  in  the  lampblack.  The  most  suitable  thickness  of  lampblack, 
checked  by  means  of  a  micrometer  focusing  screw,  was  found  to  be  0.  006  to  0.  012  inch  (150  to 
300  microns).  A  magnification  of  50  diameters  was  found  best.  To  illuminate  the  slide  for  talking 
photomicrographs,  two  diametrically  opposite  beams  of  light  were  directed  slightly  downward  along 
the  surface,  so  that  the  holes  appeared  as  dark  shadows, 

Lee  concluded  that  no  great  error  was  introduced  if  the  diameters  of  the  impressions  were 
assumed  to  be  equal  to  the  diameters  of  the  drop3  that  made  them.  However,  for  higher  accuracy, 
a  correction  should  be  applied  as  described  later  in  the  section  on  "Flattening  Coefficients". 

DeJuhasz,  Zahn,  and  Schweitzer  (4~4)  used  a  method,  similar  to  that  of  Woeltjen(4-3)  and 
Sass(4_65',  that  consists  in  injecting  the  spray  into  a  liquid.  A  sample  of  the  liquid  was  then  placed 
under  the  microscope  and  the  number  and  diameter  of  droplets  were  determined.  The  choice  of 
the  receiving  liquid  is  of  greatest  importance.  An  ideal  receiving  liquid  must  meet  the  following 
requirements:  (1)  the  liquid  must  be  immiscible  with  the  spray  being  sampled,  (2)  droplets  should 
not  coalesce,  and  (3)  the  drop-liquid  aggregate  should  remain  stable  during  an  interval  of  time  suf¬ 
ficient  for  the  microscopic  size  count.  The  receiving  liquid  must  be  less  dense  than  the  sprayed 
liquid  because,  it  the  drop  rises  to  the  surface,  it  loses  its  spherical  shape  and  spreads  to  a  thin 
layer  on  the  liquid  surface. 

Glycerin  and  sodium  silicate  were  found  Unsatisfactory,  but  a  tanning  product  called  Qucol, 
originally  used  by  Woeltjcn  for  a  similar  purpose,  was  found  satisfactory  when  diluted  with  about 
two  parts  of  distilled  water. 

Photomicrographs  of  the  drops  in  the  receiving  liquid  were  made  at  200X  and  the  number  of 
drops  in  each  of  eight  size  ranges  was  counted. 
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Nukiyama  and  Tanasawa(4~7)  used  a  similar  method  by  which  sprayed  drops  of  water  were 
collected  in  "specially  prepared"  oil  spread  over  a  glass  placed  in  a  small  cylindrical  shutter.  The 
exposure  time  was  0.  002  to  0.  01  sec. 

Houghton  and  Radford^"^),  in  a  comprehensive  study  of  the  drop-size  distribution  of  water 
droplets  in  natural  fogs  and  clouds,  collected  the  sample  on  a  glass  slide  coated  with  a  thin  film  of 
petroleum  grease  (white  vaseline).  They  developed  an  improved  method  of  coating  the  slide  which 
consisted  of  spreading  a  moderately  heavy  coating  of  vaseline  on  the  surface  of  a  perfectly  clean 
slide  and  then  placing  the  slide  in  a  vertical  position  in  an  oven  at  a  temperature  of  300  F  for  three 
minutes.  Houghton  and  Radford  found  that  it  was  absolutely  essential  that  the  slide  surface  be  clean 
before  the  grease  was  applied,  as  otherwise  it  might  collect  in  spots  instead  of  spreading  uniformly. 
They  found  that  the  slides  could  be  sufficiently  well  cleaned  by  first  scouring  them  with  concen¬ 
trated  chromic  acid,  then  thoroughly  rinsing  them  in  distilled  water,  and  finally  allowing  them  to 
dry  in  a  dust-free  atmosphere. 

Houghton  and  Radford  fully  appreciated  the  difficulty  of  obtaining  an  acceptably  representative 
samp'e  of  fogs  and  clouds  owing  to  the  great  difference  in  kinetic  energy  and  drag  between  the  large 
and  the  small  drops.  They  were  of  the  opinion  that  the  small  drops  were  being  discriminated 
against. 

The  method  of  sampling  used  by  Houghton  and  Radford  was  to  expose  the  slides  either  hori¬ 
zontally,  in  a  fog  microscope-slide  holder,  or  vertically  facing  the  wind.  Tests  made  in  calm  foggy 
air  indicated  that  a  sample  obtained  by  moving  a  slide  through  the  air  at  about  1  m  per  sec  was  sub¬ 
stantially  the  same  as  one  secured  at  a  velocity  of  about  20  m  per  sec.  The  diameter  of  their  fog 
particles  ranged  from  about  1  to  100  microns,  with  a  predominant  size  of  about  40  microns.  They 
definitely  established  that  the  sampling  method  discriminated  against  particles  smaller  than  about 
20  microns  in  diameter,  and,  because  this  effect  became  more  pronounced  as  the  drop  size  was 
reduced,  an  almost  negligible  proportion  of  the  drops  smaller  than  5  microns  was  collected. 

Application  of  correction  factors  to  take  care  of  the  sampling  difficulty  was  not  entirely  satis¬ 
factory.  However,  it  was  definitely  demonstrated  that  5-mm-square  slides  obtained  a  much  truer 
sample  of  the  fog  than  did  the  standard  25-mm-square  slide.  Consequently,  they  recommended  the 
use  of  the  small  slide  in  all  instances  where  drops  smaller  than  20  microns  in  diameter  were  of 
importance. 

Burdette(4~9)  determined  the  size  distribution  of  air-float  oil  particles  by  collecting  the  drop¬ 
lets  on  a  glass  slide  coated  with  liquid  soap.  As  the  particles  fell  on  the  soap  solution  they  were 
immediately  surrounded  by  a  film  of  soap,  creating  a  condition  similar  to  that  of  oil  globules  in  oil 
emulsions.  The  film  of  soap  prevented  the  oil  particles  from  coalescing  and  evaporating,  and  the 
particles  remained  spherical  as  long  as  the  soap  remained  liquid. 

Burdette  added  an  oil-soluble  red  dye  to  the  oil  spray  so  that  the  particles  could  be  more 
readily  seen  and  measured  by  the  use  of  transmitted  light.  He  found  that  measuring  1000  particles 
gave  nearly  as  good  a  cross  section  of  the  air-float  oil  spray  as  measuring  5000  particles.  The 
size  of  droplets  measured  by  Burdette  varied  from  1  to  100  microns. 

DobleH-iO),  in  his  study  of  spray-nozzle  design,  collected  drop3  of  water  in  castor  oil  in 
su?h  a  way  that  they  were  suspended  from  the  free  surface  of  the  oil  and  remained  almost  perfectly 
spherical,  and  evaporation  was  prevented.  If  the  drops  of  water  were  shaken  from  the  surface, 
they  fell  to  the  bottom  of  the  vessel,  the  specific  gravity  of  the  castor  oil  being  0.  96,  and  a  slight 
flattening  occurred.  However,  if  the  bottom  of  the  vessel  was  covered  with  a  layer  of  vaseline,  the 
drops  continued  to  be  spherical,  whether  they  remained  suspended  from  the  upper  surface  of  the 
castor  oil  or  fell  to  the  vaseline  below. 

Dimmock^* j 1 )  also  used  this  method  for  collecting  water  droplets  in  castor  oil  contained  in 
shallow  dishes.  For  small  droplets,  he  found  a  mixture  of  paraffin  oil  (kerosine)  and  hydraulic 
fluid  to  be  more  suitable.  If  the  droplets  successfully  penetrated  and  hung  from  the  surface  of  the 
oil,  their  shape  remained  spherical,  and  they  did  not  evaporate  for  an  appreciable  duration  of  time. 
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Pigford  and  Pyle(4~12)  sampled  water  sprays  by  collecting  the  drops  on  greased  glass  slides. 
They  photographed  the  drops  soon  after  exposure  to  the  spray,  but  thought  that  evaporation  of  many 
of  the  smallest  droplets  was  not  prevented. 

A  shutter  device  was  used  to  expose  the  greased  slides  at  a  point  about  12  inches  directly  in 
front  of  the  atomizing  nozzle.  Photographs  were  taken  using  a  copying  camera  which  gave  a  mag¬ 
nification  of  about  ten  times.  Dark-field  illumination  was  employed  to  get  sharp  edges.  Pigford 
and  Pyle  counted  300  to  700  drops  for  each  spray. 

ivlerrington  and  Richardson(4~*3)  measured  drop  size  by  allowing  the  droplets  to  fall  on  sheets 
of  blotting  paper.  The  stains,  made  more  visible  by  mixing  in  a  dye  with  the  sprayed  liquid,  were 
measured  and  the  relation  between  stain  diameter  and  drop  size  was  established  by  shooting  single 
drops  of  the  same  liquid  from  a  pipette  directly  onto  the  paper.  The  relation  was  linear  except  for 
extremely  small  drops.  This  method  is  simple,  but  it  is  not  subject  tc  a  high  degree  of  precision 
especially  for  the  smallest  sizes  which  may  be  important  in  many  instances  of  spray  analysis. 

Pierce  (4-14)  anj  Limper(^~  *  5)  collected  the  spray  on  microscope  slides,  coated  with  magne¬ 
sium  oxide  by  passing  them  over  a  strip  of  burning  magnesium  ribbon.  The  thickness  of  the  coating 
was  made  greater  than  the  largest  expected  diameter  of  drop  in  order  to  eliminate  spreading  of  the 
drop. 


By  placing  the  microscope  light  beam  at  an  angle  to  the  surface  of  the  slide,  the  drops  ap¬ 
peared  as  dark  craters  in  the  coating.  Pierce  found  that  drops  of  a  size  less  than  20  microns  were 
difficult  to  detect  on  the  coating.  He  counted  from  200  to  400  drops  on  each  slide.  Limper  used 
this  method  for  sampling  both  oil  and  water  sprays.  Exposure  of  the  slide  for  a  fraction  of  a  sec¬ 
ond  was  accomplished  by  a  special  shutter  driven  by  a  clock  spring.  Drop  size  was  measured  by 
means  of  a  microscope  equipped  with  a  special  micrometer. 

Maxwell^" also  collected  droplets  on  a  glass  slide  coated  with  magnesium  oxide.  He  used 
a  special  sampling  device  that  acted  like  a  focal-plane  shutter  and  exposed  a  1/ 16-inch  x  7/8-inch 
piece  of  microscope  cover  glass  for  about  0.0002  sec.  Maxwell  stored  his  slides  for  at  least  one 
day  in  a  water-saturated  atmosphere  to  increase  resistance  to  air  blast.  He  photographed  the  drop 
impressions  with  a  35-mm  Leica  microscope  camera  at  210X. 

It  is  probable  that  the  smaller  size  drops  were  discriminated  against  by  Pierce,  by  Limper, 
and  by  Maxwell,  Also,  errors  probably  resulted  from  differences  betwein  the  diameter  of  the 
spherical  droplet  and  the  diameter  of  the  impression  made  in  the  MgO  co.iting. 

Lewis,  Edwards,  Goglia,  Rice,  and  Smith^-l?)  collected  droplets  from  finely  atomized  oil 
sprays  by  simply  waving  a  microscope  slide  through  the  spray  cloud.  The  relation  between  drop 
diameters  observed  under  the  microscope  and  the  diameter  of  spherical  drops  of  equal  volume  was 
determined  by  measuring  the  focal  lengths  of  the  spherical  lenses  formed  by  the  drops  on  the  slides. 
Here,  again,  it  appears  probable  that  the  small  sizes  of  droplets  were  discriminated  against. 

Conroy  and  JohnstoneH"^),  in  a  study  of  atomization  of  molten  sulfur  preparatory  to  com¬ 
bustion,  collected  samples  by  waving  microscope  slides  through  the  spray  at  a  distance  of  18  inches 
beyond  the  atomizer.  Duplicate  or  triplicate  samples  were  taken  and  from  400  to  500  drops  from 
each  slide,  were  counted  and  classified  into  ten  or  fifteen  size  ranges  using  a  microscope  equipped 
with  a  micrometer  eyepiece.  By  measuring  the  heights  and  diameters  of  e  large  number  of  the 
supercooled  and  flattened  sulfur  drops,  the  ratio  of  height  to  diameter  was  found  to  be  independent 
of  drop  size  and  equal  to  0.  65.  By  assuming  the  drops  to  approximate  hemi-ellipsoids  of  revolu¬ 
tion,  the  ratio  of  the  diameter  of  the  equivalent  spherical  drop  to  the  diameter  of  a  flattened  drop 
was  found  to  be  equal  to  the  cube  root  of  0.  65.  This  assumption  concerning  the  shape  of  the  drops 
on  the  slides  was  supported  qualitatively  by  their  appearance  under  the  microscope. 

Rupc(*~  *9),  as  part  of  an  investigation  of  spray  characteristics  of  constant-flow  nozzles, 
made  an  extensive  study  of  drop-size  distribution  of  water  sprays  that  deserves  a  detailed  descrip¬ 
tion,  Basically,  the  procedure  consisted  of  collecting  a  small  sample  of  the  spray  in  a  suitable 
collecting  cell,  photographing  this  sample,  then  counting  and  measuring  the  droplets,  and  tabulating 
them  into  size  groups. 
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Rupe  recognized  that  it  was  extremely  important  that  the  apparatus  and  the  method  of  sam¬ 
pling  should  not  have  a  secondary  influence  on  the  size  distribution.  He  concluded  that  the  most 
convenient  method  of  obtaining  a  spray  sample  in  which  the  drops  were  spherical  and  did  not 
evaporate  or  coalesce  was  to  collect  the  drops  in  a  cell  filled  with  a  suitable  immersion  medium, 
as  done  by  Doble^-lO)..  The  drops  fell  to  the  bottom  of  the  cell,  where  it  was  comparatively  easy 
to  photograph  the  horizontal  profile  of  spherical  drops  using  transmitted  light.  This  procedure 
made  it  possible  for  Rupe  to  obtain  high  contrast  and  excellent  definition. 

The  possibility  that  the  horizontal  profile  might  not  be  a  true  measure  of  the  drop  diameter 
was  investigated  by  R.upe.  He  showed  that  the  change  in  diameter  owing  to  differences  of  specific 
gravities  was  negligible  for  his  conditions,  and  that  the  increase  in  diameter  was  less  than  two 
per  cent. 

Rupe's  collecting  cells  were  constructed  of  0.  380-inch-I.D.  tubing,  0.331  inch  deep  with  the 
top  edge  beveled.  An  0.068-inch-thick  optical  flat  glass  was  cemented  on  the  bottom  and  coated 
with  G.E.  Dri-Film  No.  9987  to  form  a  nonwetting  surface.  Sampling  time  could  be  controlled, 
to  a  minimum  of  0.003  sec,  by  means  of  a  variable-speed  slit  shutter  rotating  between  the  nozzle 
and  the  collecting  cells.  The  cell  holders  were  constructed  with  four  arms  90  degrees  apart  and 
so  held  the  collecting  cells  that  100  degrees  of  the  great  circle,  having  the  nozzle  orifice  as  its 
center,  was  included.  Four  different  holders  were  used,  making  it  possible  to  obtain  data  on 
spherical  surfaces  within  the  spray  at  distances  of  2,  3,  4,  and  6  inches  from  the  orifice.  For 
one  position  of  each  holder,  samples  could  be  obtained  at  92  different  points  in  the  spray. 

After  investigating  a  number  of  immersion  fluids,  Rupe  selected  Stoddard  Solvent  (a  petro¬ 
leum  fraction)  as  having  a  satisfactory  surface  tension,  viscosity,  density,  vapor  pressure,  color, 
and  chemical  stability,  as  well  as  being  immiscible  with  the  sprayed  fluid. 

The  photomicrographic  setup  used  by  Rupe  was  designed  to  attain  a  working  magnification  of 
1000X.  He  used  a  magnification  of  50X  on  the  negative,  which  was  a  compromise  to  obtain  the 
maximum  field  area  which  could  be  recorded  on  a  negative  of  reasonable  size,  to  retain  definition 
of  the  5-micron  drops,  to  allow  the  use  of  a  long-focal -length  objective  lens  (which  was  necessary 
when  using  a  comparatively  deep  collecting  cell),  and  to  limit  the  necessary  magnification  obtained 
by  projection  to  20X.  Five  photographs  were  taken  of  each  cell,  making  it  possible  to  count  43  per 
cent  of  the  cell  area. 

The  film  used  was  contrast-process  panchromatic  on  aerial  base  and  was  selected  on  the 
bases  of  definition,  contrast,  speed,  and  developing  time.  The  object  was  illuminated  with  trans¬ 
mitted  light  from  a  100-watt  mercury-vapor  arc  operating  on  direct  current  and  used  in  combina¬ 
tion  with  a  Wratten  61  N  filter  to  produce  a  stable,  high-intensity  source  of  essentially  monochro¬ 
matic  light  to  eliminate  most  of  the  chromatic  aberration  inherent  in  the  optical  system. 

In  order  to  eliminate  distortion  owing  to  the  meniscus  of  the  immersion  fluid  and  to  prevent 
fluid  evaporation  and  dust  collection,  an  optically  flat  glass  cell  cover  was  placed  on  the  cell 
immediately  after  the  sample  was  collected. 

Using  Rupe's  apparatus,  it  was  possible  for  an  operator  to  obtain  the  spray  samples  and  take 
as  many  as  800  photographs  in  one  working  day.  To  speed  up  the  almost  endlesB  task  of  counting 
the  drops  of  each  size  range,  a  semiautomatic  differentiating  droplet  counter  was  devised.  This 
equipment  is  described  later  in  the  section  on  "Automatic  Scanning  Devices". 

Golitzine^4”^  measured  the  size  distribution  of  water  droplets  in  clouds,  fogs  and  sprays 
after  collection  on  a  slide  covered  with  a  special  oil,  Shell  Spirax  250,  to  retard  evaporation.  The 
method  of  collecting  the  sample  consisted  of  exposing  a  transparent  plastic  slide,  1/8  inch  x 
1/2  inch  x  12  inches,  covered  along  half  its  length  with  the  special  oil. 

In  taking  samples  of  sprays,  the  slide  was  swung  by  hand  across  the  spray,  either  edge  on  or 
face  on,  depending  on  the  velocity  of  the  droplets  in  the  Bpray.  In  fog  sampling,  the  slide  was 
3wung  by  hand,  face  on,  several  times  through  the  fog,  until  a  sufficient  number  of  drops  had  been 
collected.  In  cloud  sampling,  the  slide  was  exposed  momentarily,  face  on  to  the  air  stream,  out 
of  a  side  window  in  the  aircraft. 
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Golitzine  believes  that  the  most  important  factor  to  consider  in  taking  droplet  samples  is 
the  time  of  exposure  of  the  oil -treated  slide  in  the  spray,  fog  or  cloud.  If  the  slide  is  exposed  for 
too  short  a  time,  the  number  of  droplets  collected  is  insufficient  to  represent  well  the  variety  of 
sizes.  If  the  exposure  is  too  long,  too  many  droplets  are  collected,  thereby  increasing  the  prob¬ 
ability  of  coalescence,  and  therefore  of  error  in  the  observation.  The  best  time  of  exposure  must 
be  determined  by  trial  for  each  condition. 

The  droplets  collected  in  the  oil  on  the  surface  of  the  slide  appear  to  be  nearly  spherical  in 
shape.  However,  Golitzine  recommends  that  the  assumed  spherical  shape  be  verified  by  a  com¬ 
parison  of  measurements  made  by  his  method  with  data  obtained  from  direct  photographs  using  a 
spray  composed  of  homogeneous  droplets.  Such  a  spray  may  be  obtained  using  a  spinning  top,  as 
described  by  May(4~22). 


Frozen-Drop  and  Wax  Methods 


Holroyd^'"'^  suggested  that  a  better  experimental  method  would  be  to  use  liquids  that  would 
solidify  before  coming  into  contact  with  any  solid  surface.  The  drops  could  then  be  studied  at 
leisure.  Holroyd  tried  atomizing  melted  beeswax  with  some  success  and  suggested  the  use  of 
alloys  of  low  melting  point.  However,  the  frozen-drop  method  was  really  developed  by  J.  P. 
Longwell(4“24),  an<j  the  wax  method  was  perfected  by  J.  R.  Joyce^-27), 


Frozen-Drop  Method 

Longwell^4-24)  developed  a  technique  that  consisted  of  collecting  the  drops  from  a  fuel  spray 
in  a  stream  of  flowing  fluid  which  was  at  room  temperature.  This  Btream  of  fluid,  in  which  the 
drops  were  immiscible,  removed  the  drops  from  under  the  opening  of  the  sampler  so  that  they 
would  not  fall  on  each  other.  The  stream  was  allowed  to  flow  far  enough  so  that  the  drops  would 
regain  their  spherical  shape  after  being  deformed  by  impact  on  the  fluid  surface.  The  fluid  carry¬ 
ing  the  droplets  was  then  fed  into  an  alcohol  bath  kept  at  approximately  the  temperature  of  dry  ice, 
which  was  cold  enough  to  freeze  the  drops  into  solid  spheres.  The  drops  were  then  sieved  while 
still  cold,  to  separate  them  into  different  size  groups.  The  relative  amounts  of  the  various  frac¬ 
tions  were  determined  by  dissolving  the  oil  in  a  known  volume  of  benzene  and  comparing  the  color 
density  with  a  colorimeter. 

Figure  4-1  shows  a  cross  section  of  the  drop  sampler  used  by  Longwell.  This  sampler  was 
so  constructed  that  it  could  be  opened  and  closed,  by  compressed  air,  at  the  proper  points  along 
a  radius  of  a  spray  cone.  The  drops  of  oil  fell  in  the  opening  of  the  sampler  upon  a  glass  plate 
over  which  a  mixture  of  alcohol,  water,  and  glycerin  was  flowing.  The  mixture  of  fluid  ar.d  oil 
drops  then  fell  into  the  cold  alcohol  bath  and  the  oil  drops  froze.  The  sample  was  then  transferred 
to  a  previously  chilled  beaker,  which  contained  lumps  of  dry  ice,  where  it  was  kept  until  sieved. 

Figure  4-2  shows  a  cross  section  of  Longwell's  apparatus  used  for  sieving  the  sample;  this 
consisted  of  a  series  of  sieves  so  mounted  one  above  the  other  that  the  liquid  carrying  the  frozen 
drops  could  flow  through  them.  The  smallest  drops  were  filtered  out  by  glass  wool  and  the  liquid 
was  drawn  out  by  an  aspirator. 

Usually  four  Tyler  sieves,  ranging  in  size  from  U.S.  Standard  No.  40  to  No.  120,  were 
used,  which  gave  four  points  on  a  distribution  curve.  The  drop  sizes  collected  on  these  screens 
ranged  from  about  100  to  300  microns  in  diameter.  After  all  of  the  liquid  and  oil-drop  mixture 
had  been  poured  through  the  sieves,  the  sieves  were  washed  with  cold  alcohol  to  work  the  drops 
down  to  their  proper  sieve.  The  impact  of  the  washing  fluid,  falling  from  a  height  of  about  one 
foot,  helped  to  force  the  small  drops  through  their  holes.  When  the  washing  was  completed,  the 
sieves  were  removed  and  allowed  to  dry.  The  relative  weights  of  the  oil  drops  on  each  sieve  were 
obtained  by  diBBolving  each  size  fraction  of  the  oil  in  benzene,  measuring  the  volumes  of  the  solu¬ 
tions,  and  comparing  their  colors  in  a  colorimeter. 
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Alcohol,  water, 
glycerine  mixture 


FIGURE  4-1.  DROP  SAMPLER  FOR  FROZEN-DROP  METHOD 
(Longwell)^4"24) 


Longwell^4-2^  reports  that  the  total  frozen  spray  haB  been  analyzed  recently  by  conventional 
methods  used  for  solid  particles.  For  example,  air  elutriation  with  a  Roller  cascade  analyzer  has 
been  used  for  determining  the  size  distribution  of  frozen  wax  particles.  The  frozen-drop  method 
involves  condiserable  work,  but  the  tedious  and  time-consuming  operations  of  microscopic  count¬ 
ing  are  eliminated. 

Taylor  and  Harmon^'^)  designed  an  instrument  for  measuring  drop-size  distribution  that 
combines  the  drop  freezing  technique  and  Stokes'  law  separation. 

Figure  4-2A  is  a  cross  section  of  the  final  design.  The  water  is  spread  over  the  edge  of 
Box  A.  The  water  lands  in  the  catching  liquid,  B,  which  is  hexane  cooled  to  about  -20  C  with  dry 
ice  which  is  kept  in  the  space  within  the  box  and  around  the  liquid  pan.  The  dropB  freeze  very 
quickly  and  fall  to  Shutter  C.  When  all  the  dropB  are  resting  on  the  shutter,  the  shutter  pull,  D, 
is  opened,  which  allows  the  drops  to  descend  through  the  hexane  to  a  scale  pan,  E.  The  drops  fall 
approximately  according  to  Stokes'  law  (neglecting  interaction  effects)  and  the  largest  drops  arrive 
first  at  the  scale  pan.  The  weight  on  the  Beale  pan  is  transferred  to  the  cord,  F,  which  passes 
around  an  aluminum  cylinder,  G,  and  then  to  a  Bpring,  H,  which  balances  the  force  on  the  scale 
pan.  The  slight  movement  of  the  disk,  G,  is  amplified  by  the  pointer,  I,  which  moves  over  a 
measuring  scale,  J,  calibrated  to  indicate  the  differential  weight  on  the  scale  pan.  The  weight  on 
the  pan  versus  time  relationship  is  determined  by  use  of  a  stop  watch,  though  in  a  more  complex 
instrument  this  could  easily  be  done  electrically  with  greater  accuracy. 

The  weight  falling  on  the  pan  can  be  transformed  simply  into  equivalent  drop  diameters  and 
total  number  of  drops  at  each  diameter  by  use  of  a  drag  coefficient  which  depends  upon  the  velocity 
or  Stokes'  law  for  the  smallest  drops.  It  is  then  necessary  to  convert  the  measured  sizes  to  true 
drop  sizes  by  allowing  for  the  density  difference  between  the  ice  and  the  water  which  was  sprayed. 

The  ratio  of  pointer  tip  movement  to  pan  movement  is  10  to  l.  The  pan  moves  approximately 
1/4  inch.  The  total  depth  of  fall  of  the  drops  is  12  inches,  which  gives  a  possible  error  of  about 
3  per  cent  from  pan  movement.  The  exact  relationship  may  be  calculated  at  any  point  if  desired. 
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Rubber  spacer 


FIGURE  4-2.  APPARATUS  FOR  SIEVING  FROZEN  DROPLETS 
(Longwell)^-^ 


Scale  beam 


FIGURE  4-2A.  CROSS  SECTION  OF  DROP-MEASURING  INSTRUMENT 
(Taylor  and  Harmon)^'’^^ 
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The  method  is  rapid  and  requires  no  special  sampling  of  spray. 


Wax  Method 

Joyce^4-27'  4‘  developed  the  wax  method  of  spray-particle-size  measurement  to  a  high 
degree  of  perfection  during  the  period  1942  to  1946.  His  technique  is  based  upon  the  observation 
that  paraffin  wax,  when  heated  to  a  suitable  temperature  level  above  its  melting  point,  corresponds 
closely,  in  the  significant  characteristics  of  viscosity  and  surface  tension,  with  jet  fuel. 

In  making  droplet-size  tests,  the  spray  nozzle  was  supplied  with  liquid  paraffin  wax  and  pro¬ 
duced  a  spray  to  all  appearances  exactly  like  that  produced  with  jet  fuel.  The  small  liquid-wax 
droplets  solidified  rapidly  in  the  air,  and  the  entire  wax  spray  was  directed  into  a  funnel -like  bath 
of  flowing  water,  from  which  a  sample  of  the  water-borne  spray  was  collected  in  a  suitable  vessel. 

Figure  4-3  shows  Joyce's  collecting  funnel  for  the  wax  spray.  Usually,  between  five  and  ten 
grams  of  wax  droplets  were  collected,  and  the  sample  was  passed  through  a  series  of  six  or  more 
graded  gauze  sieves.  The  smallest  particles  that  passed  through  all  the  gauzes  were  trapped  on 
the  surface  of  a  filter  paper.  The  weight  of  wax  droplets  collected  on  each  gauze  and  on  the  filter 
paper  was  then  determined  and  was  used  to  compute  the  spray  distribution  by  weight  in  a  set  of 
known  size  groups. 

Figure  4-4  shows  the  components  of  Joyce's  filter  unit.  Wire  gauzes  of  selected  accuracy, 
complying  with  the  standards  of  the  Institute  of  Mining  and  Metallurgy,  and  known  as  I.  M.  M. 
gauzes,  were  used  in  his  more  recent  apparatus.  The  gauze  elements  had  an  effective  diameter 
of  three  inches  and  were  carried  in  independent  holder  units,  so  that  each  mesh  could  be  dealt  with 
separately  during  the  sieving  process,  without  disturbing  the  assembly.  The  notches  on  the  end  of 
the  gauze  shown  in  Figure  4-4  were  used  to  indicate  the  nominal  mesh  of  the  element.  The  meshes 
(per  linear  inch)  of  the  various  gauzes  used  were  50,  60,  70,  80,  100,  120,  140,  and  200,  corres¬ 
ponding  to  nominal  sizes  of  295,  245,  215,  180,  142,  122,  101,  and  75  microns. 

The  sieving  method  described  above  has  its  limitations,  as  well  as  its  distinct  advantage  of 
providing  drop-size  data  without  microscopic  counts.  The  chief  limitation  is  that  the  method  does 
not  provide  information  about  the  extremely  fine  particles;  all  particles  that  pass  200  mesh  (75 
microns  nominal  size)  are  in  one  size  group.  To  obtain  more  complete  information  regarding  the 
smallest,  and  also  the  largest,  particles,  it  is  necessary  to  examine  the  filter  residues  under  the 
microscope,  and  to  make  some  form  of  count  and  measurement.  Also,  it  is  difficult  to  determine 
reliably  from  a  sieving  tesi  the  number  of  droplets  in  the  spray  per  unit  volume  of  oil  atomized. 

A  count  of  the  residue  on  each  gauze  screen  can  serve  to  make  a  determination  of  the  mean  diam¬ 
eter  in  each  size  group. 

Joyce  recrgnized  these  limitations  and  pointed  out  that,  for  certain  detailed  data,  the  use  of 
the  microscope  was  necessary  to  supplement  the  data  derived  directly  from  a  sieving  test. 

Heath  and  Radcliff(4-^)  used  a  molten-wax  technique  similar  to  that  of  Joyce  in  studying  the 
performance  of  an  air-blast  atomizer.  They  moved  a  heating  element  directly  on  the  burner  nozzle 
and  used  an  a.r  heater  to  bring  the  air  blast  to  the  same  temperature  as  the  wax,  so  that  the  liquid 
characteristics  were  not  altered  at  the  moment  of  atomization. 

After  crcountcring  difficulties  in  collecting  and  sampling  the  wax  spray,  Heath  and  Radcliff 
used  five  per  cent  Teepol  in  the  water  in  the  beaker  into  which  the  wax  drops  were  transferred 
about  30  mini  tes  after  collection.  The  Teepol  solution  completely  wetted  the  wax  and  enabled  the 
sample  to  be  broken  into  separate  drops. 

These  investigators  did  not  use  the  sieving  technique  devised  by  Joyce.  Instead,  they  col¬ 
lected  the  d.ops  on  a  microscope  slide  held  vertically  for  just  a  moment  in  a  beaker  in  which  the 
wax  particles  were  being  agitated  while  dispersed  in  liquid.  Photographs  of  the  dry  slides  were 
taken  and  jrop-size  counts  were  made  in  steps  of  ten  or  twenty  microns.  They  observed  some 
lack  of  a  ,rocmcnt  for  duplicate  tests,  especially  for  the  small  sizes,  which  they  attributed  to 
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Nozzle  oo  test 


FIGURE  4-4.  FILTER  UNIT  COMPONENTS 

(4-27) 


(Joyce) 


the  clusters  of  drops  which  occurred  occasionally  on  the  slides.  It  was  difficult  to  measure  small 
drops  that  were  grouped  around  a  larger  neighbor. 

By  not  using  a  sieving  technique,  Heath  and  Radcliff  were  not  able  to  take  advantage  of  the 
outstanding  feature  of  Joyce's  wax  method,  which  is  the  elimination  of  microscopic  counting  for  the 
larger  sizes  of  drops. 

Wetzel^"39)  atomized  a  molten  ivax  and  a  molten  alloy  in  the  2-inch  throat  of  a  venturi 
nozzle  and  studied  the  effects  of  air  stream  and  liquid  stream  velocities  on  the  particle-size  dis¬ 
tribution  of  the  spray.  Empirical  equations  were  established  for  expressing  the  magnitudes  of  the 
effects  of  operating  conditions  as  follows: 

For  the  wax 


(p  =  0.  83  gm/cc;  p.  =  9  cp;  a  -  29.  5  dynes/cm) 
dy  =  4.2  x  106  (uA  -  uL)-1-68  Dl0-35 

ag  =  1.11  (dy)0-18 


For  the  low  melting  alley 


(  p  =  9.  75  gm/cc;  p  =  5.  5  cp;  0  =  470  dynes/cm) 
dy  =  105  (uA  -  uL)"1,U;  Og  =  0.0214  (dy)0’ 92 

whereby  is  the  geometric  mean  drop  diameter  on  a  volume  basis  expressed  in  microns,  uA  and 
u^  are  the  velocities  of  the  air  and  liquid,  respectively,  expressed  in  ft/sec;  is  the  diameter 
of  the  liquid  orifice  expressed  in  inches;  and  a  is  the  dimensionless  geometric  standard  deviation. 

O 

Wetzel  concluded  that  the  spray  cooling  of  molten  materials  iB  a  convenient  method  of  study¬ 
ing  the  drop-size  distribution  of  a  spray.  A  permanent  record  of  the  Bpray  is  obtained  so  that 
large  numbers  of  particles  may  be  sized  by  physical  sizing  methods. 


Photographic  Methods 


Methods  of  determining  drop-size  distribution  based  on  photographing  the  undisturbed  spray 
in  space  have  the  important  advantage  that  no  object  is  placed  in  the  path  of  the  droplets  to  cause 
discrimination.  Another  inherent  advantage  of  photographic  methods  is  that  errors  that  might 
result  from  coalescence  or  evaporation  of  droplets,  after  sampling,  are  eliminated. 

On  the  other  hand,  the  photographic  methods  have  two  disadvantages:  (1)  the  smallest  drop- 
letB  cannot  be  photographed  satisfactorily  in  a  fast-moving  spray;  and  (2)  the  photograph  records 
the  SDatial  distribution  of  drops,  that  is,  the  size  distribution  in  the  volume  included  by  the  field 
of  focus,  whereas  the  temporal  distribution,  which  is  the  size  distribution  of  drops  passing  a 
crosB-scctional  area  in  a  unit  of  time,  is  the  information  usually  desired.  However,  if  drop  veloc¬ 
ities  arc  known,  temporal  distribution  can  be  computed  from  spatial  distribution,  as  will  be  dis¬ 
cussed  later. 

Gilman<4-31)  employed  the  photographic  method  in  1942  to  determine  the  size  distribution  of 
water  droplets  formed  by  spray  nozzles.  His  procedure  consisted  essentially  of  photographing 
the  moving  particles  in  a  thin  focal  plane.  The  lime  of  exposure  was  short  enough  to  limit  the 
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distortion  due  to  motion  to  a  small  fraction  of  the  particle  diameter.  A  shadowgraph  of  the  parti¬ 
cles  was  obtained,  the  negative  was  projected  to  a  known  magnification,  and  the  images  were 
measured  and  counted. 

Some  idea  of  the  shortness  of  exposure  required  may  be  gained  from  a  simple  calculation. 
Assuming  a  50-micron  particle  moving  with  a  velocity  of  10  cm  per  sec,  and  allowing  10  per  cent 
distortion,  the  exposure  time  would  be  5  x  10"®  second.  Gilman  provided  this  short  exposure  by 
means  of  a  spark  through  an  arc  gap  of  1.4  mm  which  required  a  voltage  of  5.5  kv. 

Figure  4-5  is  a  sketch  of  the  system  used  by  Gilman  to  take  shadowgraphs  of  the  droplets  in 
a  water  spray.  The  light  from  the  spark  gap  was  focused  on  the  lens  of  the  camera  by  the  condens¬ 
ing  lens.  The  camera  was  focused  on  the  plane  of  the  drops,  which  was  between  the  condensing 
lens  and  the  camera.  The  condensing  lens  provided  a  defocused  bright  field  upon  which  the  shadow 
of  the  drop  was  sharply  outlined  by  virtue  of  the  refraction  of  the  light  that  the  drop  intercepted. 

The  drops  of  water  in  the  focal  plane  of  the  camera  had  a  sharp  shadow,  whereas  all  the  others 
appeared  indistinct. 


FIGURE  4-5.  SYSTEM  FOR  TAKING  SHADOWGRAPHS  OF  SPRAY 
(Gilman)^”^ 


More  recently,  Stubbs  and  York^-®^,  of  the  University  of  Michigan,  have  achieved  marked 
success  with  the  photographic  method  for  determining  drop-size  distribution. 


Stubbs  and  York  Method 

Stubbs  and  York^4-3^  emphasize  the  fact  that  the  photographic  method  does  not  require  any 
collecting  object  in  the  spray  and  that  the  results  are,  therefore,  free  of  bias  from  disturbances  of 
the  flow  pattern. 

These  investigators  overcame  the  objection  that  the  photographic  method  gives  spatial  distri¬ 
bution,  rather  than  the  more  desired  temporal  distribution,  by  determining  the  velocity  of  each 
droplet.  Velocities  were  determined  by  taking  double  exposures  of  regions  in  the  spray  with  a 
small  known  interval  between  exposures.  The  resulting  photographs  showed  a  pair  of  images  for 
each  drop,  and  the  velocity  was  calculated  from  the  distance  between  images  and  the  interval  be¬ 
tween  exposures. 

Figure  4-6  shows  the  arrangement  of  elements  used  by  Stubbs  and  York. 

The  camera  used  was  a  light-tight  box  with  a  receptacle  for  film  holders  and  a  viewing  screen 
on  the  back,  and  a  5-mm-focal-length  Argus  Coatcd-Cintar  lens  in  front.  Although  the  front  of  the 
camera  was  vet  by  the  spray,  the  optical  properties  of  the  lens  were  not  seriously  distorted  by  the 
water  on  the  front  surface.  The  distance  from  the  lens  to  the  film  was  about  20  inches,  which  re¬ 
sulted  in  a  magnification  of  10X  and  images  of  convenient  size  with  maximum  resolution. 
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FIGURE  4-6.  ARRANGEMENT  OF  ELEMENTS  FOR  PHOTO¬ 
GRAPHING  SPRAYS 

(Stubbs  and  York)(4“32) 


Kodak  Contrast  Process  Ortho  film  was  used  because  of  its  high  contrast  and  high  resolution. 

The  open-shutter  method  was  used  and  the  light  source  was  a  General  Electric  Photolight* 
which  has  a  duration  of  useful  illumination  of  about  1  microsecond.  The  light  from  the  Photolight 
passes  through  the  water  cell,  shown  in  Figure  4-6,  onto  a  ground-glass  diffusing  screen,  then 
through  the  spray,  and  finally  into  the  camera.  The  wafer  cell  was  a  Lucite  vessel  with  flat  sides 
containing  a  solution  of  nigrosin  dye,  of  varying  concentration,  to  control  the  intensity  of  illumina¬ 
tion.  **  The  diffusing  screen  made  the  illumination  of  the  spray  more  uniform. 

Drops  ranging  in  size  from  15-  to  500-micron  diameter  could  be  measured  and  counted  by 
placing  the  negatives  in  a  Jones  and  Lamson  comparator  and  projecting  the  images  on  a  ground- 
glass  screen.  The  projection  produced  a  magnification  of  10,  so  that  the  diameter  of  the  image 
on  the  screen  was  100  times  the  diameter  of  the  drop. 

Figure  4-7  shows  that  the  volume  of  the  spray  that  was  photographed  was  bounded  in  two  di¬ 
mensions  by  the  view  of  the  camera  and  in  the  third  dimension  by  the  depth  of  field  of  the  optical 


FIGURE  4-7.  LIMITS  OF  KNOWN  VOLUME  PHOTOGRAPHED 
(Stubbs  and  York)(4"32^ 


♦General  Electric  Photolight,  Catalog  9364688G1. 

♦  ♦Stehling  has  found  that  crossed  sheets  of  circular  polarizer  provide  a  convenient  and  continu¬ 
ously  variable  intensity  control. 
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system.  The  extent  of  the  depth  of  field  was  not  as  sharply  defined  as  one  would  wish.  The  images 
of  drops  that  were  successively  farther  from  the  object  plane  were  more  and  more  blurred,  so  that 
the  operator  had  to  judge  from  the  amount  of  blur  whether  a  drop  was  within  the  arbitrary  limits  of 
the  depth  of  field.  Stubbs  and  York  solved  this  problem  of  coordinating  the  judgements  of  various 
operators  by  means  of  "standard  images".  These  were  images  of  various  sizes  of  drops,  known  to 
be  at  the  limit  of  field  depth,  that  were  projected  on  the  screen  along  with  images  of  the  drops  to  be 
sized  and  counted.  Thus,  the  operator  had  to  judge  only  whether  a  given  image  was  more  or  less 
blurred  than  a  standard  image  of  the  same  size. 

Because  the  depth  of  field  for  any  fixed  blur  depends  on  the  lens  aperture,  the  aperture  was 
held  constant  and  exposure  was  controlled  by  varying  the  illumination  by  means  of  the  water  cell 
shown  in  Figure  4-6. 

Figure  4-8  shows  the  arrangement  used  to  measure  the  velocities  of  the  drops.  A  double  ex¬ 
posure  was  made  using  two  Photolights  fired  one  after  the  other  by  means  of  an  electronic  time- 
delay  unit.  A  delay  of  25  microseconds  proved  reasonable  for  the  optical  arrangement  used  by 
Stubbs  and  York  for  drops  moving  about  20  feet  per  second.  The  delay  unit  was  calibrated  me- 
chancially  by  making  a  double  exposure  of  a  rotating  saw  blade.  By  measuring  the  angular  velocity 
of  the  saw  and  calculating  the  distance  a  tooth  moved  between  exposures,  the  interval  between 
flashes  was  determined. 


Half-silvered  mirror 


Spray  Camera 


FIGURE  4-8.  ARRANGEMENT  FOR  DOUBLE  EXPOSURE 
(Stubbs  and  York)^’^ 


Stubbs  and  York  point  out  that  the  photographic  method  is  quite  laborious,  especially  if  data 
for  a  large  number  of  points  throughout  a  spray  are  desired.  They  suggest  that,  in  many  applica¬ 
tions,  it  may  not  be  worth  while  to  obtain  the  detailed  quantitative  analysis  of  which  the  method  is 
capable.  Often  the  effort  can  be  better  spent  getting  semiquantitative  information  at  a  few  points  of 
a  spray  which  would  be  sufficient  to  indicate  the  trends  and  general  nature  of  the  spray.  Adapta¬ 
tions  of  this  method  might  also  be  used  to  examine  the  mechanism  of  formation  of  a  spray  or  its 
behavior  as  the  spray  Impinged  on  an  object  or  as  it  reached  some  other  point  of  special  interest. 

It  appears  also  that  this  photographic  method  might  serve  as  a  means  of  calibrating  some 
other  simple,  indirect  method  which  could  be  used  for  rapid  spray  analysis. 


NACA  Flight  Camera 

McCullough  and  Pcrkins^”^)  developed  a  camera  at  the  National  Advisory  Committee  for 
Aeronautics  to  photograph  cloud  droplets  in  their  natural  suspension  in  the  atmosphere.  A  magni¬ 
fication  of  32X  was  used  to  distinguish  all  sizes  of  droplets  greater  than  5  microns  in  diameter. 
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Flight  tests  conducted  in  cumulus  clouds  showed  that  droplet-size-distribution  studies  could  be 
made  with  this  camera,  provided  a  large  number  of  photographs  were  used. 


Optical  Methods 


A  great  amount  of  time  aud  effort  is  involved  in  the  determination  of  drop-size  distribution 
by  methods  involving  the  collection  of  drops  on  slides  or  in  cells,  by  the  frozen-drop  or  wax 
method,  and  by  photographic  methods.  Therefore,  indirect  methods  that  require  neither  micro¬ 
scopic  counts  nor  the  separation  and  weighing  of  the  various  size  fractions  are  desired  and  have 
been  used. 

Indirect  optical  methods  based  on  the  scattering  of  light  are  rapid  and  relatively  simple,  and 
do  not  disturb  the  spray  pattern.  However,  the  optical  techniques  are  better  suited  to  aerosols  and 
to  extremely  fine  mists  or  sprays  than  to  typical  fuel  sprays.  Also,  the  data  obtaired  provide  in¬ 
formation  concerning  only  the  average  drop  size  or  predominant  drop  size,  and  drop-size  distri¬ 
bution  data  cannot  be  obtained.  The  method  is  recommended,  however,  as  a  rapid  means  for 
studying  the  effects  of  certain  variables  on  drop  size  and  should  play  a  significant  role  in  sprav 
analysis. 

The  measurement  of  small  particle  sizes  by  observation  of  the  scattering  of  light  is  based 
primarily  on  the  electromagnetic  theory  developed  by  Gustav  Mie  in  1908.  The  complete  theory 
is  given  in  compact  form  by  Stratton^"^®)  and  the  pertinent  equations  are  outlined  by  Sinclair  and 
LaMer^-^),  and  will  not  be  repeated  here. 


Four  Types  of  Light-Scattering  Methods 
Sinclair  and  LaMer  (4-36) 

have  employed  four  types  of  light-scattering  methods  for  size  deter¬ 
mination  of  particles  below  about  2  microns  in  diameter.  These  methods  are  briefly  described 
below: 


(  1)  Methods  Based  on  Light  Transmission.  For  transparent  materials,  the  scattering  cross 
section  Sj  can  be  obtained  by  measuring  the  transmission  of  light  as  a  function  of  wavelength.  S 
is  a  complex  function  of  the  wavelength  of  the  light  used,  the  radius  of  the  sphere,  anc  the  refrac¬ 
tive  index  of  the  particle  relative  to  the  medium.  Measurements  at  various  concentrations  showed 
that  the  transmission  T  could  be  expressed  by  the  equation: 


T  = 


^o 


-Snl  -Jc 
e  =  e 


where  I  and  I0  are  the  intensities  of  the  emergent  and  incident  light,  respectively,  £  is  the  particle- 
number  concentration,  £is  the  mass  concentration,  J  is  the  scattering  cross  section  per  gram,  and 
1  is  the  length  of  the  path  in  the  aerosol  or  mist. 


This  method  was  applied  in  field  measurements  by  means  of  a  portable  photoelectric  meter 
developed  by  Seymore  Hochberg  called  the  "scope-o-meter".  The  relative  transmissions  at  two 
wavelengths  gave  an  average  particle  size,  and  the  absolute  transmission  at  one  wavelength  gave 
the  concentration. 


(2)  Methods  Based  on  the  Intensity  of  the  Scattered  Light.  The  diameter  of  particles  of  a  fog 
of  uniform  droplet  size  may  be  obtained  by  measuring  the  intensity  of  light  scattered  at  directions 
varying  from  the  forward  to  the  backward  direction  and  integrated  over  a  sphere.  The  method  is 
tedious,  and  the  results  arc  not  as  accurate  as  transmission  measurements. 
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(3)  Method  Based  on  the  Color  of  the  Scattered  Light.  The  third  method  used  by  Sinclair  and 
LaMer  was  rapid  and  was  based  on  visual  observation  of  the  color  of  the  light  scattered  at  different 
directions  by  a  fog  of  uniform  droplet  size.  When  the  fog  was  illuminated  with  a  parallel  beam  of 
unpolarized  white  light;  a  series  of  bright  colors  was  seen  as  the  angle  of  observation  was  changed. 
The  observation  was  made  through  a  plane  polarizer  oriented  with  its  vibration  direction  perpen¬ 
dicular  to  the  plane  of  observation.  As  the  angle  of  observation  was  varied  from  near  zero  toward 
180  degrees,  the  sequence  of  colors  resembled  the  spectrum  in  the  order  violet,  blue,  green, 
yellow,  orange,  and  red.  This  spectral  sequence  was  repeated  several  times,  depending  on  the 
particle  size.  Near  90  degrees,  the  sequence  of  the  colors  was  reversed.  These  spectral  se¬ 
quences  have  been  designated  as  "higher  order  Tyndall  spectra".  The  purity  and  brightness  of  the 
colors  increased  with  uniformity  of  droplet  size,  and  the  number  of  times  the  spectral  series  was 
repeated  increased  with  droplet  radius.  The  droplet  size  could  be  measured  with  considerable 
accuracy  by  counting  the  number  of  times  red,  the  most  distinctive  color,  was  seen. 

Figure  4-9  snows  the  experimental  curves  obtained  by  Sinclair  and  LaMer  with  fogs  of  stearic 
acid  (m  =  1.43)  and  sulfur  (m  e  2.00),  where  m  is  the  index  of  refraction.  The  ordinates  are  the 
number  of  reds  seen  when  the  angle  of  observation  was  varied  from  near  zero  to  near  180  degrees. 
The  abscissas  are  the  diameters  of  the  droplets  in  microns,  obtained  from  measurements  of  the 
rate  of  settling  in  a  convection-free  chamber  using  Stokes'  law.  The  calculated  curve  differed 
from  the  experimental  curves  by  about  0.  05  micron. 

The  chief  limitation  of  this  method,  in  addition  to  the  fact  that  it  is  suitable  for  small  sizes 
only,  is  that  no  colors  can  be  seen  in  fogs  having  a  wide  distribution  of  sizes. 


FIGURE  4-9.  NUMBER  OF  REDS  OBSERVED  PLOTTED 
AGAINST  DROPLET  DIAMETER 

(Sinclair  and  LaMer)^ 


(4)  Method  Based  on  the  Polarization  of  the  Scattered  Light.  The  polarization  method  can  be 
used  only  for  extremely  small  droplets,  with  diameters  below  about  0.4  micron;  also,  the  fog  must 
be  sufficiently  uniform  in  size.  Because  of  these  limitations,  the  polnrizatlon  method  is  not  de¬ 
scribed  further,  and  reference  should  be  made  to  Sinclair  and  LaMcr'^"^)  f0r  more  details. 

Of  the  four  light-scattering  methods  employed  by  these  investigators,  the  methods  based  on 
transmission  of  light  and  on  the  color  of  scattered  light  appear  more  promising  than  the  methods 
based  on  the  intensity  or  on  the  polarization  of  scattered  light. 


NACA  Optical  Methods 

Durbin'*'^  used  two  optical  methods  for  measuring  the  size  and  concentration  of  condensa¬ 
tion  particles.  One  method  was  based  on  scattered-light  measurements  and  the  other  method  on 
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transmitted-light  measurements.  The  methods  are  applicable  provided  that  (l)  steady-state  con¬ 
ditions  can  be  achieved  during  the  time  required  for  the  measurement  of  light  intensity,  (2)  the 
condensation  particles  are  approximately  spherical  in  shape  and  essentially  uniform  in  size,  and 
(3)  the  index  of  refraction  of  the  condensation  particles  is  known,  approximately. 

Durbin  outlines  the  theory  of  light  scattering  for  a  single  particle  and  points  out  that,  for 
the  results  to  be  applicable  to  the  measurement  of  fog  particles,  the  light  must  be  scattered  only 
once  in  going  from  the  incident  beam  to  the  observer.  This  type  of  scattering,  he  states,  can  be 
assumed  to  occur  when  the  particles  are  separated  by  a  distance  of  100  times  the  particle  radius. 
Scattering  theory  further  assumes  that  the  effects  of  individual  particles  can  be  added  to  determine 
the  net  effect  of  a  group  of  particles. 

Figure  4-10  shows  the  experimental  arrangement  used  by  Durbin.  A  monochromatic  light 
consisting  of  the  green  line  of  the  mercury  spectrum  was  used  to  illuminate  the  fog.  By  measuring 
the  intensity  of  the  scattered  light  at  two  angles  Gj  and  &2>  which  were  symmetrical  about  a  line 
drawn  normal  to  the  direction  of  incidence,  the  particles  in  the  fog  could  be  classified  according  to 
size. 


FIGURE  4-10. 


EXPERIMENTAL  ARRANGEMENT  FOR  MEASURING  PARTICLE 
SIZES  BY  LIGHT-SCATTERING  METHODS 

(Durbin)*4'37^ 
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The  National  Bureau  of  Standards*  ~  )  has  prepared  tables  of  intensities  based  on  the  Mie 

theory  which  greatly  reduce  the  labor  involved  in  calculating  particle  size  from  light- scattering 
data. 

Figure  4-11  shows  the  experimental  arrangement  used  by  Durbin  in  measuring  fog-particle 
size  by  light-transmission  methods.  The  fog  was  illuminated  by  the  green  line  and  the  blue  line 
of  the  mercury  spectrum  alternately.  Both  size  and  concentration  of  particles  having  diameters 
varying  between  0.  58  and  0.  84  micron  were  measured.  The  results  were  in  good  agreement  with 
the  light-scattering  measurements  made  with  the  arrangement  shown  in  Figure  4-10. 

JPL  Optical  Methods 

Schmidt*4-3?)  *4-4°)  used  two  optical  methods  for  measuring  the  mean  drop  size  of  atomized 
fuel.  The  methods,  known  as  (1)  the  diffraction- ring  method  and  (2)  the  photometer  method,  will 
be  described  in  some  detail, 

Diffraction-Ring  Method.  The  diffraction- ring  method,  also  known  as  the  corona  method, 
was  used  by  Schmidt  to  analyze  sprays  produced  by  hollow-cone  injectors.  The  sizes  of  droplets 
varied  so  much  when  produced  by  other  typical  liquid  atomizers  that  this  method  was  not  applicable. 

The  diffraction- ring  method  has  the  advantages  that  it  is  simple  to  use  and  does  not  disturb 
the  spray  pattern.  On  the  other  hand,  this  method  has  two  definite  limitations:  (1)  if  the  droplets 
are  too  large,  the  angle  of  diffraction  will  be  so  small  that  accurate  measurements  cannot  be 
made,  and  if  the  droplet  size  approaches  the  wavelength  of  light,  the  diffraction  rings  disappear 
and  the  Tyndall  effect  appears;  (2)  if  the  size  of  droplets  in  the  spray  varies  too  much,  the  discrete 
rings  will  disappear  and  only  a  bright  halo  will  surround  the  light  source. 


FIGURE  4-11.  EXPERIMENTAL  ARRANGEMENT  FOR  MEASURING 
PARTICLE  SIZE  AND  CONCENTRATION  BY  LIGHT- 
TRANSMISSION  METHOD 
(Durbin)*4-37) 
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The  principle  of  diffraction  is  shown  in  the  accompanying  sketch.  If  a  po;nt  source  of  mon¬ 
ochromatic  light  is  observed  through  a  spray  consisting  of  small  droplets  of  uniform  size,  dif¬ 
fraction  rings  will  be  seen  around  the  light  source,  as  shown  in  the  sketch.  The  angle  subtended 
at  the  eye  is  related  to  droplet  diameter  by  the  equation 

si.  9„.  intM2)X 
d 

where  Qn  is  the  angle  subtended  at  the  eye  by  the  radius  of  the  n  dark  ring,  d  is  the  djciaplefc  — 
diameter,  and  X  is  the  wavelength  of  the  light.  - 


Eye-^ 


Because  the  angle  9  is  small,  sin  0n  can  be  replaced  by  tan  9n,  which  is  equal  to  R^/L 
where  Rr  is  the  radius  of  the  n  n  dark  ring  and  L  is  the  distance  from  the  light  source  to  the 
spray.  The  above  equation  can  then  be  written 

d  =  +  0.22)X  ^  (n  +  0.22)  X  L 

sin  9n  ‘  Rn 

If  white  light  is  used  instead  of  monochromatic  light,  various  colored  rings  will  appear  and  the 
analysis  will  become  more  complicated. 

Figure  4-12  shows  the  laboratory  setup  used  by  Schmidt  to  determine  the  mean  droplet 
diameter  for  sprays  from  small  hollow-conc  injectors.  Visually,  as  many  as  four  or  five  diffrac¬ 
tion  rings  were  observed,  but  the  intensities  of  the  outer  rings  were  so  low  that  they  could  not  be 
photographed  without  overexposing  the  inner  rings. 

The  radii  of  the  diffraction  rings  were  measured  in  two  ways:  (1)  by  the  use  of  calipers, 
and  (2)  by  a  plot  of  density  variations  along  a  diameter  of  the  rings  using  a  Leeds  and  Northrup 
microdensitometer.  The  latter  method  was  less  subjective  and  more  satisfactory. 

The  values  obtained  for  droplet  size,  in  the  range  of  50  to  100  microns,  were  consistent 
and  reproducible.  However,  since  the  sprays  were  not  homogeneous,  the  exact  significance  of 
the  droplet  diameter  determined  by  the  diffraction-ring  method  was  not  clear.  That  is,  it  is  not 
definite  whether  the  diameter  was  a  linear  mean  diameter,  a  surface  mean  diameter,  a  volume 
mean  diameter,  or  a  median  diameter. 

Schmidt  concluded  that  the  diffraction-ring  method  is  restricted  in  its  use  to  applications 
where  the  droplets  arc  of  fairly  uniform  size.  However,  for  heterogeneous  types  of  sprays 
obtained  by  pressure  injection  of  liquids  through  an  orifice,  the  method  may  be  of  definite  value 
in  obtaining  a  qualitative  comparison  of  the  droplet  sizes  for  various  injection  conditions. 

It  i 8  of  interest  to  note  that  Houghton  and  Radford^"®)  applied  this  method,  which  they 
termed  the  corona  method,  to  the  analysis  of  natural  fogs,  but  the  results  were  uniformly  unsat¬ 
isfactory,  presumably  because  of  the  rather  wide  range  of  drop  sizes  always  present.  They  con¬ 
cluded  that  the  corona  method  apparently  was  suitable  only  for  fogs  or  clouds  comprising  particles 
of  a  very  uniform  size. 
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FIGURE  4-12.  LABORATORY  SETUP  FOR  STUDY  OF  DROPLET  SIZES 
IN  SPRAYS  BY  DIFFRACTION  RING  METHOD 

(Schmidt)^"  ^ 


Photometer  Method.  Schmidt's^-^)  second  method  was  based  on  the  absorption  of  light  by 
the  spray  and  was  suggested  by  the  earlier  work  of  Sauter (4“2,  4-4 1 ) 

Schmidt  defined  mean  droplet  radiu6.  rm,  by  the  equation 


rm  =  3  V/S 


) 


where  V  is  the  total  volume  of  the  droplet?  and  S  is  their  total  surface  area.  The  value  for  rm 
can  then  be  determined  experimentally  by  ;  ny  method  capable  of  measuring  the  ratio  V/S. 


The  theory  of  the  method  and  a  descr  ption  of  the  photometer  used  are  given  in  an  earlier 

re  fere  nee  (4"  42). 


Figure  4-13  is  a  sketch  of  the  photoel?  ctric  photometer,  which  consisted  essentially  of  a 
light  source,  two  collimating  lenses,  and  two  Model  594  Type  3  WeBton  Photronic  cells.  The  cells 
were  connected  as  shown  in  Figure  4-13,  so  that  the  plus  terminal  of  one  cell  was  connected  to  the 
minus  terminal  of  the  other  through  a  potentiometer  forming  a  bridge  circuit.  The  galvanometer 
could  be  made  to  read  zero  by  a  proper  setting  of  the  potentiometer.  The  use  of  polarized  light  in 
the  photometer  made  the  instrument  more  versatile  and  better  adapted  to  the  study  of  atomization 
of  fuel  injected  into  an  air  stream, 

A  beam  of  light  was  made  t  j  traverse  a  duct  through  which  the  spray  was  passed,  and  the 
percentage  of  light  absorption  due  to  the  spray  was  measured  by  an  absorption  photometer.  The 
mean  drop  size  was  then  determined  rapidly  using  the  equation 

7i  75  Q  D 
Fm  “  4  Q"  U 

where  Q  is  the  volume  rate  of  f  ow  of  liquid,  Q_”  is  the  volume  rate  of  flow  of  air,  D  is  the  diameter 
of  the  duct,  and  U  is  the  percen  age  of  light  absorption.  This  equation  is  based  on  the  assumption 
that  the  droplets  are  completel’  opaque,  and  applies  when  the  light  beam  travc  scs  the  complete 
cross  section  of  the  duct. 

The  photometer  method  i  rapid  and  is  recommended  for  applications  involving  the  study  of 
atomization  when  comparison?  are  to  be  made  of  sprays  produced  under  various  injection  condi¬ 
tions  and  air  velocities,  or  sprays  formed  from  liquids  having  different  physical  properties.  The 
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FIGURE  4-13.  PHOTOELECTRIC  PHOTOMETER  (Schmidt)^4'42) 


photometer  method,  however,  cannot  be  used  to  measure  drop-size  distribution.  Schmidt  recom¬ 
mends  sampling  the  spray,  using  MgO-coated  slideB,  when  distribution  data  are  required. 

Mehlig(4-42)  also  applied  a  photometer  method  similar  to  Sauter's  method  to  measure  mean 
drop  size  of  fuel  sprays  in  diesel  engines. 


Electronic  and  Radioautograph  Methods 


Guyton^4-44)  develop  ed  an  electronic  counter  that  depended  upon  the  electrostatic  charging 
of  small  particles  forced  at  high  velocities  through  a  fine  jet  to  impinge  upon  a  metallic  collector. 
Electrical  pulses  imparted  to  the  collector  by  particles  of  2.  5  microns  or  larger  were  amplified 
to  operate  a  mechanical  counter.  Guyton  found  that  for  solid  particles  that  did  not  conduct  elec¬ 
tricity,  the  pulse  amplitude  was  proportional  to  the  square  of  the  particle  diameter. 

Gucker  and  O'Konski^4-4-’)  give  a  detailed  description  of  Guyton's  electrostatic  particle 
counter.  In  addition  to  the  electrostatic-charging  method,  Gucker  and  O'Konski  used  a  combina¬ 
tion  light-scattering  and  electronic  method.  A  fine  stream  of  small  particles,  protected  by  a  flow¬ 
ing  sheath  of  pure  air,  was  passed  through  a  spot  under  intense  dark-field  illumination,  and  flashes 
of  light  were  scattered  forward  upon  a  photocell.  Each  particle,  about  0.  6  micron  or  more  in 
diameter,  cauied  an  electrical  pulse  that  was  sufficiently  large,  after  suitable  amplification,  to 
operate  a  mechanical  counter.  The  apparatus  could  count  particles  weighing  5  x  10"  ^  g  at  rates 
up  to  1000  per  minu.o  and  determine  their  size  by  means  of  an  electronic  discriminator. 
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Geist^-^)  developed  an  electronic  spray  analyzer  somewhat  similar  in  principle  to  Guyton's 
analyzer  Geist's  apparatus  consisted  of  a  charged  wire,  inserted  into  a  moving  suspension  or 
moving  through  the  suspension  of  droplets,  and  connected  to  electronic  circuits  which  amplified, 
classified,  and  counted  the  electrical  pulses  created  upon  interception  of  the  particles  by  the  probe. 

Figure  4-14  shows  the  principal  circuit  components.  The  wire  interceptor  was  maintained 
at  a  high  positive  electric  potential. 


FIGURE  4-  14.  BLOCK  DIAGRAM  OF  ELECTRONIC  SPRAY  ANALYZER 
(Geist,  York  and  Brown)^-^) 


Impingement  of  solid  or  liquid  particles  which  conduct  electricity  resulted  in  negative  elec¬ 
trical  pulses  at  the  interceptor,  the  pulse  varying  with  the  particle  size.  These  pulses  were  pre¬ 
amplified  by  a  directly  connected  cathode  follower  to  permit  transmission  by  a  shielded  cable  to 
a  high-gain  amplifier.  The  amplified  pulses  were  sent  to  a  discriminator  that  passed  only  pulses 
greater  than  a  set  voltage.  The  pulses  that  passed  on  were  counted  by  a  scaler. 

After  calibration,  the  data  obtained  by  varying  the  set  voltage  at  the  discriminator,  and 
counting  the  pulses  to  the  scaler,  provided  cumulative  size-distribution  curves  of  the  intercepted 
particles.  The  difference  between  successive  counts  was  the  number  of  intercepted  particles  in 
the  size  range  corresponding  to  successive  set  voltages. 

The  relation  between  the  particle  size  and  the  size  of  the  pulse  obtained  at  the  input  to  the 
amplifier  was  apparently  independent  of  the  material  of  the  drop,  provided  the  material  was  a  con¬ 
ductor  of  electricity.  Metal  spheres  with  diameters  from  500  microns  to  6340  microns,  and  water 
drops  with  diameters  from  2590  microns  to  4550  microns  followed  the  same  calibration  curve.  For 
drops  of  material  having  relatively  high  conductivity,  the  size  of  the  pulse  varied  directly  with  the 
probe  potential  and  approximately  with  the  1.  6  power  of  the  particle  diameter,  at  least  over  a  range 
from  1/2  to  6  times  the  diameter  of  the  probe  wire. 

When  inserted  in  a  water  spray,  the  probe  functioned  in  a  satisfactory  manner,  giving  re¬ 
producible  counts  of  particles  over  the  size  range  covered  by  the  calibration,  although  the  greater 
portion  of  the  spray  was  smaller  than  these  sizes. 

In  order  to  make  this  device  generally  useful,  it  must  be  improved  to  apply  to  the  smallest 
8 iz c s  of  particles  and  to  eliminate  or  control  the  effect  of  geometry  of  the  probe. 

Recently,  the  University  of  Mississippi  has  further  developed  Guyton'B  electrostatic  particle 
counter  as  a  means  for  sampling  aerosols. 

Dodd^"  used  an  apparatus  built  and  described  by  Kunkcl  and  Hansen^-"^)  to  determine 
the  size  and  electrical  charge  of  individual  drops  of  liquid  sprays  after  electrification  The  method 
is  based  on  Hopper  and  Laby’s  work  on  the  determination  of  the  electronic  charge  by  horizontal 
deflection  of  particles  settling  under  gravity.  Drop  diameters  in  a  range  of  about  2  to  30  microns 
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and  with  charge-to-diameter  ratios  up  to  about  500  electrons  per  micron  were  measured.  Meas¬ 
urements  on  over  6000  atomized  drops  indicated  that  the  numbers  of  positively  and  negatively 
charged  drops  of  poorly  conducting  liquids  were  roughly  equal,  as  were  their  average  charges, 
while  drops  of  conducting  liquids  were  predominantly  positively  charged.  Dodd  obtained  data  to 
illustrate  the  rather  broad  distribution  in  charge  for  a  particular  drop  size  and  the  variation  of 
average  charge  per  drop  with  drop  size  and  with  physical  properties  of  the  liquid. 

Daniel  and  Brackett^-^)  made  an  analysis  of  the  current-voltage  (d-c)  characteristics  of  a 
parallel- plate  condenser  through  which  small  charged  particles  were  passed.  Because  the  elec¬ 
tronic  charge  established  a  lower  limit  for  particle  charge,  Daniel  and  Brackett  were  able  to  cal¬ 
culate  size  distributions  on  various  assumptions  concerning  the  relation  between  charge  and  par¬ 
ticle  radius. 

In  general,  electronic  methods  are  extremely' rapid,  but  require  calibration  against  some 
direct  method  for  determining  drop- size  distribution.  Also  the  electronic  methods  require  con¬ 
siderably  more  development  before  they  may  be  applied  to  the  analysis  of  fuel  sprays. 

Leary^"^>  4-52)  developed  a  new  method  employing  a  radioautograph  technique  to  study 
particle- size  distributions  in  aerosols  of  an  alpha- emitting  compound.  The  active  material  was 
collected  on  filter  paper  and  placed  in  contact  with  nuclear  track  plates  for  various  exposure 
times.  By  counting  the  number  of  tracks  in  the  emulsion  for  a  given  exposure  time,  the  size  of 
each  emitting  particle  was  calculated  from  the  derived  equation 

Wf)"3  ■ 

where  d  is  the  particle  size  in  microns,  is  the  number  of  tracks  in  the  emulsion  emitted  from 
the  particle,  t_is  the  exposure  time,  and  K  is  a  constant  for  a  given  radioactive  material.  The 
radioautograph  method  is  particularly  useful  in  the  size  range  from  0.  1  to  10  microns,  but  it  is 
not  limited  to  aerosols. 

Leary  points  out  the  following  limitations  of  this  method:  (1)  the  particles  must  be  radio¬ 
active,  as  inert  materials  are  not  detected;  (Z)  if  there  is  a  great  abundance  of  large  particles,  the 
finer  particles  will  be  obscured  in  the  radioautograph  unless  the  large  particles  can  be  removed 
and  studied  separately;  (3)  the  method  is  feasible  as  a  research  tool  on  only  a  few  samples,  as 
counting  tracks  in  hundreds  of  clusters  is  a  tedious  and  expensive  procedure. 

Leary  verified  the  data  obtained  by  his  radioautograph  method  by  means  of  the  cascade 
impactor,  a  device  for  determining  drop-size  distribution  that  is  described  in  the  following  section. 


Cascade-Impactor  Method 


The  determination  of  drop-size  distribution  by  the  cascade- impactor  method  is  based  upon 
t..e  principle  that  a  droplet  moving  at  high  velocity  will,  because  of  its  momentum,  impact  upon  a 
slide  placed  in  the  path. 

Figure  4-15  shows,  schematically,  what  happens  when  a  fine  spray  approaches  a  glass  slide 
in  one  of  the  early  stages  of  a  cascade  impactor The  large  droplets  impact  on  the  slide, 
whereas  the  small  droplets  follow  the  air  stream  into  the  next  stage.  As  the  velocity  of  the  jet 
containing  the  droplets  is  increased  by  decreasing  the  area  of  the  orifice  through  which  the  stream 
passes,  smaller  and  smaller  sizes  of  droplets  can  be  made  to  impact.  A  distinct  advantage  of  the 
cascade  impactor,  as  compared  with  a  single-stage  impactor,  is  that  the  larger  droplets  arc  not 
subjected  to  extreme  velocities  of  impaction,  and  the  risk  of  shatter  is  minimized  or  eliminated. 
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Impaction  slide 


FIGURE  4-15.  SCHEMATIC  DIAGRAM  SHOWING  PRINCIPLE 
OF  THE  CASCADE  IMPACTOR 

(Pilcher)  (4_^3) 


May's  Cascade  Impactor 

Figure  4  —  1 6  is  a  diagram  of  the  British  cascade  impactor  designed  and  calibrated  by 
May^--^). 


The  four  jets  are  progressively  smaller,  so  that  the  speed,  and,  therefore,  the  efficiency 
of  impaction  of  particles  increases  from  slide  to  slide  when  air  is  drawn  through  at  a  steady  rate. 
A  size  grading  results  which  greatly  assists  microscopic  analysis. 

Table  4-1  shows  the  jet  dimensions,  jet  velocities,  and  range  of  sizes  of  droplets  that  im¬ 
pact  for  each  stage  of  May's  impactor. 

Drops  larger  than  200  microns  have  a  high  chance  of  hitting  the  walls  of  the  first  orifice. 
Orifice-wall  losses  begin  to  be  apparent  at  about  50  microns,  so  that  the  greatest  efficiency  of 
sampling  is  achieved  in  the  size  range  of  50-  to  1.5-micron  diameter.  May’s  experiments  showed 
that  when  sampling  a  spray  containing  droplets  ranging  from  100  p  to  less  than  1  n  in  a  turbulent 
wind  tunnel  at  8  mph,  the  mass  of  sprayed  drops  washed  off  the  inside  of  the  orifice  could  be  20 
per  cent  or  more  of  the  total  sample  on  the  four  slides,  depending  upon  the  degree  of  turbulence. 
However,  this  loss  was  almost  entirely  due  to  droplets  larger  than  50  p.  To  improve  the  sampling 
of  coarse  drops,  the  dimensions  of  the  impactor  should  be  enlarged. 
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FIGURE  4-16.  MAY'S  FOUR-STAGE  BRITISH  CASCADE  IMPACTOR 
(May)*4'54) 


TABLE  4-1.  JET  DIMENSIONS  AND  RANGE  OF  DROPLET  SIZES 
FOR  MAY'S  CASCADE  IMPACTOR 


Jet  Number 

Dimensions 
of  Jet,  mm 

Jet  Vel, 
m/ sec 

(at  17.5  l/min) 

Approximate 
Drop  Size,  jU 

1 

19  x  (6-7) 

2.  2 

200*  -  10 

2 

14  x  2 

10.  2 

20-3 

3 

14  x  1 

20.  4 

7  -  1 

4 

14  x  0.  6 

34. 

3  -  0.  7 

♦The  upper  limit  of  drop  size  effectively  sampled  is  not  definite,  but  May  states 
that  it  is  unu  ual  to  find  drops  larger  than  200  n  on  the  first  stage. 


Although  there  is  an  overlap  in  size  from  slide  to  slide,  the  size  grading  of  the  sample  is  of 
great  value  in  the  microscopic  analysis,  as  it  enables  the  most  suitable  magnification  to  be  chosen 
for  each  group. 
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Isokinetic  Sampling  With  the  Cascade  Impactor 


One  of  the  main  advantages  of  the  cascade  impactor  for  the  sampling  of  a  jet  of  mist  is  that 
a  sample  of  the  spray  may  be  obtained  by  "isokinetic"  sampling,  that  is,  by  sampling  at  such  a 
rate  that  the  air  velocities  in  the  sampling  tube  and  in  the  sampled  mist  are  equal  in  both  magni¬ 
tude  and  direction.  By  following  this  procedure,  discrimination  against  either  small  or  large  par¬ 
ticles  can  be  avoided. 

There  will  always  be  a  tendency  for  some  of  the  larger  drops  (those  over  50-micron  diam¬ 
eter)  to  deposit  just  inside  the  leading  edge  of  the  sampling  tube.  However,  by  using  a  procedure 
that  permits  the  entire  tube  to  be  washed  out  and  the  mass  of  drops  determined,  errors  from  this 
source  can  be  minimized  or  avoided.  No  attempt  should  be  made  to  converge  the  sides  of  the~ 
first  jet  to  increase  velocity  and  impaction  efficiency,  as  this  would  cause  serious  wall  losses  of 
the  larger  particles.  It  is,  however,  permissible  to  converge  the  remaining  jets,  as  particles 
large  enough  to  be  thrown  out  on  the  walls  of  these  jets  would  have  already  been  removed  by  the 
first  impaction. 

The  best  method  for  obtaining  the  correct  flow  rate  through  the  impactor,  to  insure  that 
stream  velocity  and  sampling-port  velocity  are  equal,  is  to  install  a  critical-pressure  orifice  at 
the  impactor  outlet.  The  orifice  diameter  required  to  give  a  flow  of  17.  5  l/min,  as  used  by  May, 
is  about  1.  3  mm.  By  making  the  last  impaction  jet  sufficiently  small,  it  would  be  possible  to  make 
the  last  jet  perform  the  function  of  the  critical-pressure  orifice,  as  is  done  in  impingers. 


Determination  of  Size  Distribution  Among  Stages  by  Mass  Methods 

Another  important  advantage  of  the  cascade  impactor  is  that  (after  calibration)  the  relative 
mass  of  sample  on  each  stage  can  be  obtained  by  gravimetric,  chemical,  or  colorimetric  methods, 
and  the  tremendous  labor  and  time  involved  in  microscopic  analysis  can  be  avoided.  Then,  from  a 
calibration  of  each  stage  giving  the  size  range  of  droplets  deposited  thereon,  an  integration  distri¬ 
bution  curve  can  be  drawn.  Obviously,  a  large  sample  is  desirable  for  an  accurate  determination 
of  the  mass  of  droplets  on  each  slide,  and  coalescence  of  drops  is  inconsequential  when  gravi-  , 

metric  or  colorimetric  methods  of  analysis  are  used.  , 

i 

Sampling  of  Volatile  Sprays.  All  fuel  sprays  arc  subjected  to  evaporation  and,  in  order  to  , 

carry  out  a  microscopic  analysis,  the  sample  must  be  covered  before  appreciable  evaporation 
takes  place,  or  some  form  of  detector  must  be  used  ieave  a  permanent  record  of  the  original 
size  of  the  drop. 

If  the  liquid  is  of  low  volatility,  clean  plain  glass  slides  may  be  used  and  the  microscopic 
analysis  may  be  carried  out  before  significant  evaporation  takes  place.  The  size  of  the  original 
spherical  drop  can  be  obtained  from  the  diameter  and  focal  length  of  the  liquid  1  ;ns,  as  described 
later  in  the  secaon  on  "Flattening  Coefficients." 

Another  method  consists  of  mounting  the  drops  by  totally  enclosing  them  in  a  matrix  of 
similar  density,  of  high  viscosity,  but  of  different  refractive  index,  and  in  which  they  arc  insol¬ 
uble.  May^-^  )  describes  a  technique  for  mounting  drops  but  states  that  the  method  is  not  fool¬ 
proof  and  requires  considerable  manipulative  skill. 

The  impaction  of  droplets  onto  a  slide  coated  with  magnesium  oxide  appears  to  be  a  more 
satisfactory  solution  of  the  problem  of  sampling  volatile  sprays.  The  layer  of  MgO  should  be 
thicker  than  the  largest  drop  expected  to  impact  on  the  slide.  When  the  drops  hit  this  layer,  they 
penetrate  the  surface  and  leave  a  permanent  round  impression  that  may  be  seen  clearly  by  using 
strong  transmitted  light,  or  brilliant  surface  illumination  at  almost  glancing  incidence.  The  small¬ 
est  size  detectable  is  about  3  p,,  and  the  layer  of  MgO  is  swept  away  by  jets  moving  at  excessively 
high  velocities. 
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A  fourth  method  for  detecting  volatile  droplets  involves  coating  the  sampling  slide  with  a 
medium  which  gives,  either  by  chemical  or  by  physical  change,  a  stain  or  mark  where  the  droplet 
has  hit  the  slide. 

The  stain  generally  has  a  diameter  which  is  two  to  three  times  that  of  the  original  drop,  so 
that  a  spreading  factor  has  to  be  determined. 


Sonkin1  s  Modified  Cascade  Impactor.  Sonkin(^~^5)  modified  May' s  design  of  the  cascade 
impactor  by  reducing  the  cross-section  areas  of  the  jets  to  increase  the  air  velocities.  Sonkin  s 
modified  impactor  is  an  efficient  sampler  for  the  characterization  of  aerosols  having  mass  median 
diameters  as  low  as  0.  25/i;  however,  because  the  size  range  studied  by  Sonkin  is  of  little  interest 
to  the  subject  of  fuel-spray  analysis,  the  apparatus  is  not  described  here  in  detail. 

Cadle^-®®)  recently  used  a  plastic  model  of  the  Sonkin  impactor  built  from  three  pieces  of 
machined  Lucite  cemented  together  as  a  sandwich  to  determine  the  composition  of  air-borne  par¬ 
ticulate  material. 


Laskin1  s  Modified  Cascade  Impactor.  Laskin^-®^^-®®)  first  used  May1  s  impactor,  wh.ch 
he  refers  to  as  the  British  Cascade  Impactor.  Then,  on  the  basis  of  extensive  experience  with  the 
British  instrument,  Laskin  constructed  a  modified  cascade  impactor  to  suit  the  requirements  of 
the  uranium  dust  in  which  he  was  interested.  His  impactor  was  constructed  of  solid  brass,  by 
precision  machining  methods,  rather  than  of  sheet  metal. 


Longitudinal  Section  Front  View 

FIGURE  4-17.  LASKIN' S  MODIFIED  CASCADE  IMPACTOR 
(Laskin)^’ 


Figure  4-17  is  a  drawing  of  Laskin' s  modified  cascade  impactor.  The  original  slit  dimen¬ 
sions  and  internal  streamlining  of  the  instrument  were  patterned  after  those  of  the  British  Cascade 
Impactor,  Figure  4-16,  with  the  exception  of  Jet  1,  which  was  modified  for  Laskin' s  particular 
conditions.  The  tapering  of  the  first  jet  as  shown  in  Figure  4-17  would  not  be  suitable  when 
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sampling  the  liquid  particles  of  a  fuel  spray.  All  parts  were  machined  and  interiors  were  highly 
polished  to  minimize  internal  losses.  End  losses,  representing  the  portion  of  the  dust  distribution 
that  passed  through  the  British  instrument,  were  collected  on  a  filter  paper  that  served  as  a  fifth 
stage.  In  this  way  the  entire  sample  was  collected. 

Laskin1  s  instrument,  as  a  whole,  was  of  rigid,  sturdy  construction  which  would  stand  the 
rigors  of  routine  use.  It  was  designed  to  permit  mass  production  with  accuracy  limited  only  by 
the  tolerances,  of  standard  machine  operation.  By  modern  die-casting  methods,  exact  duplication 
in  large  numbers  is  possible.  Uniformity  between  instruments  is  desirable,  because  the  calibra¬ 
tion  constants  for  one  instrument  will  then  be  applicable  to  all  others.  The  procedure  for  calibra¬ 
ting  this  instrument  for  dusts  is  given  in  considerable  detail  by  Laskin(4-^f.  For  particles  of  unit 
density,  the  mass  median  diameters  for  each  of  the  five  stages  were  13,  5.  5,  2.8,  1.  9,  and  1.2 
microns,  respectively,  from  the  first  to  the  last  stage. 

The  details  of  construction  of  the  modified  cascade  impactor  are  given  in  a  report  by  Laskin, 
Wilson,  Lauterbach,  Leach,  and  Falconer(4_59), 


Battelle  Cascade  Impactor.  Figure  4-18  is  an  assembly  drawing  of  the  Battelle  No.  4  cascade 
impactor  now  being  used  at  Battelle  Memorial  Institute  by  James  L.  Harp(4-kO).  This  impactor 
consists  of  six  circular  jet  stages  and  a  seventh  filter  stage,  arranged  in  tandem  fashion.  A  tandem 
arrangement  was  first  used  by  T.  Male'4-^'  *he  NACA. 


FIGURE  4-18.  BATTELLE  NO.  4  CASCADE  IMPACTOR 
(Harp  and  Pilcher)^'53  and  4'60) 


The  first  six  stages  are  designed  to  cover  the  size  range  of  3  to  40  microns.  A  seventh  filter 
stage  removes  most  of  the  minus  3  micron  material.  A  vacuum  applied  at  the  exit  of  the  impactor 
draws  the  sample  through  the  instrument  at  a  fixed  rate  determined  by  a  critical  flow-orifice  meter. 

The  cascade  impactor  is  still  being  developed  at  Battelle  Memorial  Institute,  under  Air  Force 
sponsorship.  It  appears  promising  as  a  device  for  accurate  measurement  of  the  drop-size  distri¬ 
bution  of  fuel  mists  having  a  maximum  drop  size  of  about  100  microns. 


Cascade  Impactor  Used  for  Flight  Measurement  of  Droplet  Size.  Levine  and  Klicnknscht 
(4-62)  a(japtcd  the  cascadc-impactor  method  to  a  study  of  droplet  size  of  clouds  sampled  in  flight. 
The  air  containing  the  droplets  was  slowed  down  from  flight  speed,  by  a  diffuser,  to  the  inlet-air 
velocity  of  the  impactor. 
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Screw  cap 


Pressure 


Section  E*E 


FIGURE  4-19.  CASCADE  IMPACTOR  FOR  FLIGHT  MEASUREMENT  OF  DROPLET  SIZE 
(Levine  and  Klienknecht)^  ^z) 


Figure  4-19  shows  a  cross  section  of  the  cascade  impactor  used  by  Levine  and  Kleinknecht. 

It  consists  of  four  stages,  labeled  A,  B,  C,  and  D.  Air  is  drawn  through  the  intake  by  maintaining 
an  exhaust  pressure  less  than  one-half  the  intake  pressure.  If  the  size  distribution  of  droplets  in 
the  air  entering  the  impactor  is  narrow,  the  droplets  are  caught  principally  in  one  or  two  stages. 

If  most  of  the  droplets  are  large,  they  are  caught  principally  on  the  slides  for  Jets  A  and  B.  Sim¬ 
ilarly,  if  small  droplets  are  prevalent,  slides  for  Jets  C  and  D  catch  most  of  the  droplets.  The 
impactor  is  suitable  for  determining  drop-size  distribution  in  sprays  from  nozzles  and  in  natural 
clouds. 

The  slides  in  each  stage  were  coated  with  a  layer  of  magnesium  oxide  that  was  thin  compared 
with  the  droplet  diameter.  The  thinner  coating  used  by  Levine  and  Klienknecht,  compared  with  that 
used  by  May^-^),  made  it  possible  to  observe  impressions  made  by  droplets  as  small  as  4  mi- 
c  rons. 


Ranz's  Cascade  Impactor.  Ranz  and  Wong^  ^  designed  two  types  of  cascade  impactors 
for  the  determination  of  particle  size  distributions  of  aerosols.  Although  these  impactors  were 
designed  for  use  with  dispersions  of  particles  in  sizes  of  about  one  micron,  the  principles  in¬ 
volved  may  be  applied  to  larger  sizes  of  droplets. 


Figure  4-20  shows  the  two  impactors  in  the  assembled  condition;  a  detailed  description  of  the 
component  parts  is  given  in  the  report  by  Ranz  and  Wong^’^).  The  first  type  had  a  1  2-inch 
approach-line  tube  and  the  second  type,  which  was  smaller  and  more  compact,  had  a  3/8-inch 
approach-line  tube.  Rectangular  and  round  jets  could  be  mounted  in  both  types,  and  the  parts  were 
interchangeable,  so  that  several  impactors  could  be  mounted  in  series  or  in  combinations  with 
cyclones  and  filters.  The  rectangular  jets  had  cylindrical,  convex,  inside  walls;  the  round  jets  had 
a  60-dcgrcc  cone  as  an  approach  shape.  Outside  walls  of  the  jets  were  streamlined  at  an  angle  of 
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FIGURE  4-20.  RANZ'S  CASCADE  IMPACTORS 
(Ranz  and  Wong)^-^) 


30  degree,  for  the  first  type  of  impactor,  and  45  degrees  for  the  second  type,  to  allow  entrainment 
and  to  prevent  the  aerosol  stream  from  spreading  before  it  reached  the  vicinity  of  the  plate. 

The  jets  were  mounted  so  that  the  spacing  between  the  jet  opening  and  the  impaction  plate  was 
from  one  to  three  jet  widths  or  diameters.  The  collectors  were  microscope  slides  or  flat-bottom 
glass  cups  which  could  be  removed  from  the  impactor  for  analysis.  The  aerosol  particles  which  es¬ 
caped  impaction  were  drawn  into  a  filter  train  which  contained  two  or  three  separate  glass-wool 
filters. 


Theory  of  Jet  Impactors.  Ranz  and  Wong^  ^^dcvcloped  a  theoretical  analysis  of  jet  im- 
pactors  by  applying  the  laws  of  motion  to  the  movement  of  the  individual  particles. 
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FIGURE  4-21.  THEORY  OF  JET  IMPACTORS 
(Ranz  and  Wong) 


Figure  4-21  is  a  graphical  representation  of  the  situation  that  exists  when  a  jet  containing 
particles  moves  in  a  positive  x-direction  and  spreads  against  a  flat  plate  which  is  effectively  in¬ 
finite  in  extent.  The  particle  is  subjected  to  an  inertial  force  which  tends  to  impact  it  on  the  sur¬ 
face  of  the  plate.  The  motion  of  the  particle  will  not  be  identical  with  that  of  the  fluid. 

Application  of  the  law  of  motion  to  the  movement  of  the  particle  gives: 


2 — L  "  d  (m5})/dt  * 

where  jS  is  the  velocity  of  the  particle,  £  is  the  velocity  of  the  air,  m  is  the  mass  of  the  particle, 
and  is  the  mobility  of  the  particle,  which  is  a  function  only  of  the  particle  diameter  and  of  the 
physical  properties  of  the  fluid. 

A  small  particle  will  follow  the  fluid  for  some  distance  with  u  equal  to  As  the  plate  is 
approached,  v  changes  markedly,  to  allow  the  jet  to  spread,  and  the  particle  will  follow  a  tra¬ 
jectory  according  to  the  law  of  motion  expressed  in  the  preceding  equation.  Whether  the  particle 
trajectory  will  reach  the  surface  of  the  plate  depends  on:  (1)  the  nearness  of  its  starting  point  to 
the  axis  of  flow,  (2)  the  nature  of  the  streamlines  along  which  and  across  which  the  particle  passes, 
and  (3)  the  configuration  of  the  flow  system. 

From  a  theoretical  standpoint,  the  efficiency  of  impaction  is  defined  as  the  ratio  of  the  cross- 
sectional  area  of  the  original  aerosol  jet  from  which  particles  of  a  given  size  are  removed  because 
their  trajectories  intersect  the  surface  of  the  plate  to  the  total  cross-sectional  area  of  the  jet.  All 
particles  which  strike  the  plate  are  assumed  to  adhere  to  its  surface,  and  no  particle  is  assumed  to 
touch  the  surface  unless  the  trajectory  of  its  center  is  tangent  to  or  intersects  the  surface. 

Ranz  and  Wong  developed  expression**  for  the  efficiency  of  impaction  for  simplified  flow  mod¬ 
els  of  rectangular  and  round  aerosol  jets.  Their  results  show  that,  for  a  jet  operating  under  a  given 
set  of  conditions,  there  is  a  minimum  particic  size  below  which  impaction  does  not  occur  and  a 
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maximum  particle  size  above  which  all  particles  are  impacted.  Furthermore,  the  range  of  particle 
sizes  which  are  partially  impacted  is  so  narrow  that  an  effective  separation  of  particles  into  two 
size  classes  can  be  accomplished.  It  is  this  characteristic  which  makes  the  impactor  a  useful  de¬ 
vice  for  determining  particle- size  distributions. 


Problems  Related  to  the  Experimental  Determination  of  Drop-Size  Distribution 

A  number  of  problems  arise  in  the  experimen  tu  1  measurement  of  drop  size  in  addition  to  the 
choice  of  the  apparatus  to  be  used.  Some  of  the  problems  that  will  be  considered  here  are:  (l)  the 
fraction  of  the  area  of  the  slide  that  should  be  covered  with  droplets,  (2)  automatic  scanning  de¬ 
vices  to  reduce  the  amount  of  time  and  labor  involved  in  particle-size  counting,  (3)  collection  ef¬ 
ficiency,  (4)  flattening  coefficients  and  impression  coefficients,  (5)  microscopic  techniques,  and 
(6)  critical  impact  velocities. 


Fraction  of  Slide  Area  That  Should  Be  Covered  With  Droplets.  A  problem  common  to  all 
methods  of  measuring  drop- size  distribution  based  on  counting  and  measuring  droplets  collected 
on  slides  is,  what  fraction  of  the  slide  area  should  be  covered?  If  too  many  droplets  are  collected, 
the  probability  of  error  owing  to  coalescence  will  be  high,  and  if  too  few  droplets  are  collected, 
the  sample  may  not  be  sufficiently  representative  of  the  spray. 

Fulton,  Nelson,  and  Yoemans^"^)  state  that  a  satisfactory  slide  for  particle-size  count 
should  have  about  1/500  of  its  surface  covered.  This  appears  unnecessarily  low,  in  view  of  Armi- 
tage's^'^)  study  of  the  overlap  problem  arising  in  particle  counting. 

Armitage  expressed  the  probability  of  overlap  in  :erms  of  a  mean  clump  size  m,  defined  as 


N  _  number  of  particles  falling 
C  number  of  clumps 


The  magnitude  of  the  clump  factor  is  determined  solely  by  the  ratio  of  the  area  of  the  parti¬ 
cles  to  the  area  of  the  plate,  and  is  expressed  as 


where  jJ/» 


7TNd2/4A. 


4  ib 

m  * - —  -  1  +  2  f  +  , 

1-e'4^ 


In  the  above  expression,  \p  is  the  ratio  of  the  area  of  the  particles  to  the  area  of  the  plate,  d 
is  the  diameter  of  the  particles,  and  A_  is  the  area  of  the  plate  or  slide. 


Assuming  that  the  area  of  the  particles  is  one  per  cent  of  the  area  of  the  slide,  the  mean 
clump  size  would  be  1.02.  This  would  not  introduce  a  serious  error  in  the  average  drop  size,  and 
would  permit  the  counting  of  five  times  as  mary  drops  per  slide  as  when  only  1/500,  or  0.  2  per 
cent,  of  the  area  of  the  slide  is  covered.  Purely  from  the  standpoint  of  ease  of  counting  and  meas¬ 
urement,  the  0.  2  per  cent  coverage  recommended  by  Fulton  et  al.  may  be  preferred,  but  from  the 
standpoint  of  droplet  overlap,  a  one  per  cent  coverage  docs  not  appear  excessive. 


i 


i 
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Automatic  Scanning  Devices  for  Measur  ng  Drop-Size  Distribution.  Three  devices  are  des¬ 
cribed  in  the  literature  for  automatically  courting  from  a  photomicrograph,  the  number  of,droplct 
images  within  a  given  size  range.  The  requi'  cd  apparatus  is  complicated,  but  much  time  can  be 
saved  if  a  large  number  of  spray  samples  ar*  to  be  analyzed. 


Rupc's  Differentiating  Droplet  Counte:.  Rupc^*^  pointed  out  that  it  would  have  been  an 
endless  task  to  evaluate  manually  the  large  quantity  of  data  recorded  during  his  investigation  of 
spray  characteristics.  Consequently,  he  developed  a  semi-automatic  counter  that  could  count  and 
separate  the  drops  into  size  groups. 
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The  three  major  components  that  comprise  the  counter  are  (l)  a  scanning  device,  (2)  an  up— 
tical  projection  system,  and  (3)  six  light-sensitive  pickups  mounted  in  three  indexing  heads.  The 
equipment  is  complex;  reference  is  made  to  Rupe '  s  report^-^)  for  a  detailed  description. 

The  apparatus  has  an  accuracy  of  1  to  2  per  cent.  A  good  indication  of  the  counter's  relia¬ 
bility  was  the  fact  that  size-frequency  curves  could  be  duplicated  by  subsequent  counting  of  the  same 
negatives,  even  though  the  actual  counts  were  different. 

To  illustrate  the  savings  in  time,  the  entire  set  of  data  for  one  nozzle  was  obtained  by  one 
operator  in  about  5  days.  By  manual  methods,  the  time  of  two  workers  for  six  months  would  have 
been  required  to  obtain  the  corresponding  data. 

A  more  recent  report  by  Rupe^-^®)  describes  a  second  instrument  in  which  the  electronic 
circuitry  was  changed  considerably  in  an  attempt  to  obtain  a  simpler  circuit  with  more  stable  and 
reliable  operation. 


(4-66' 

Marshall' s  Scanning  Device.  Adler,  Mark,  Marshall,  and  Parent'  '  developed  an  elabo¬ 
rate  device  that  counts  and  classifies  spray  droplets  by  optically  scanning  a  photographic  negative 
of  transparent  images  of  droplets  of  a  sample  of  spray.  The  negatives  are  mounted  on  a  rotating 
drum  and  are  projected  by  an  optical  system  and  focused  at  a  plane  of  a  mask  in  front  of  a  photo¬ 
multiplier  tube. 


Photomultiplier 


FIGURE  4-22.  ELECTRONIC  DROP  SIZE  DISTRIBUTION  ANALYZER 
(Adler,  Mark,  Marshall  and  Parent)  *  ^ 


Figure  4-22  is  a  diagrammatic  sketch  of  the  scanning  drum  and  electronic  sorter-counter. 

A  small  opening  is  placed  in  the  center  of  the  metal-foil  mask  in  front  of  the  photomultiplier  tube. 
As  the  images  of  the  drops  rotate  past  this  opening,  they  arc  simultaneously  advanced  a  small 
distance  at  each  revolution  by  the  drum.  In  this  manner,  the  phototube  receives  a  scries  of  light 
pulses  of  various  durations  corresponding  to  the  chords  of  various  lengths  created  by  the  passage 
of  each  drop  image  in  successive  positions  across  the  opening.  The  light  pulses  are  converted 
into  electrical  pulses  and  arc  fed  into  electronic  sorter-counter  circuits  which  classify  the  chords 
into  15  sine  classes.  A  statistical  treatment  of  this  chord  distribution  is  then  made  to  give 
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drop-size  distribution.  Tables  of  coefficients  were  computed  to  permit  rapid  conversion  of  the  chord 
distribution  to  drop-size  distribution.  The  results  of  the  tests  on  actual  spray  samples  and  on  special 
test  negatives  demonstrated  that  Marshall's  device  could  rapidly  count  and  classify  drops  with  accept¬ 
able  accuracy.  The  scanning  rate  could  be  set  as  high  as  10,  000  drops  in  seven  minutes  at  maximum 
drum  speed. 

The  advantages  of  the  instrument  are:  (l)  the  human  element  is  removed  from- the  counting 
process,  (2)  all  drops  in  a  run  may  be  scanned,  (3)  drops  may  be  simultaneously  counted  and 
classified  into  15  size  classes,  and  (4)  counting  is  about  100  times  faster  than  by  manual  methods. 

The  principal  limitation  of  Marshall1  s  analyzer  is  that  it  is  restricted  to  the  analysis  of 
transparent  images  on  photographic  negatives,  which  requires  that  the  spray  be  sampled  by  col¬ 
lection  of  droplets  in  cells  or  on  surface-treated  slides  and  then  photographed.  Successful  opera¬ 
tion  of  the  instrument  depends  largely  on  the  preparation  of  satisfactory  negatives. 


Pigford's  Automatic  Drop-Size  Counter.  Pigford^”^)  developed  an  automatically  operated 
optical  device  which  can  scan  a  transparent  photograph  of  spray  droplets  and  determine  the  size- 
frequency  curve. 

The  principal  part  of  the  apparatus  is  a  6-in.  -diameter  by  10-in,  -long  glass  cylinder  around 
which  the  photographic  negatives  are  wrapped.  This  cylinder  can  be  rotated  and  simultaneously 
advanced  along  its  axis,  so  that  a  parallel  light  beam  of  rectangular  cross  section  can  be  made  to 
traverse  a  spiral  path  on  the  surface  of  the  cylinder.  If  it  is  not  interrupted  by  a  drop  image,  the 
beam  of  light  enters  a  small  right-angle  prism  located  inside  the  cylinder  and  passes  out  from  the 
open  end  of  the  cylinder  to  enter  a  photoelectric  cell.  The  photocell  is  connected  to  an  amplifier  that 
activates  a  self-quenching  thyratron  circuit  which  allows  a  condenser  to  discharge  through  a  mag¬ 
netic  counter  each  time  the  beam  is  totally  obscured.  The  size-frequency  curve  is  computed  statis¬ 
tically  from  the  influence  of  beam  width  on  the  number  of  countB  registered. 


Pigford  encountered  trouble  in  the  operation  of  the  apparatus  owing  to  the  tendency  of  the 
thyratron  circuit  to  oscillate  and  give  spurious  counts.  Recently,  Skalamera^"^®)  employed  an 
improved  electronic  circuit  which  eliminates  the  spurious  counts. 


British  Methods  for  Automatic  Counting.  Walton  ^  ^  gives  an  account  of  the  widespread 

effort  being  made  in  England  to  meet  the  need  for  an  apparatus  to  relieve  human  observers  of  the 
tedious  work  of  counting  and  sizing  microscopic  particles,  and  to  improve  the  consistency  of 
results. 

Four  principles  of  operation  are  described: 

(1)  The  "double- scan"  method  whereby  the  number  of  particles  cutting  the  edges  of  the  scan 
track  may  be  estimated  and  allowed  for  by  comparing  the  counts  obtained  from  two  scans  with 
tracks  of  different  widths.  These  two  measurements  may  be  made  independently  by  scanning  the 
specimen  twice  with  apertures  of  different  widths,  or  simultaneously  by  two  such  scanning  aper¬ 
tures  placed  side  by  side. 

(2)  The  "intercept  length"  method  whereby  the  numbers  and  lengths  of  the  intercepts  of  the 
scanning  lines  across  the  particles  are  recorded.  From  this  information  the  aggregate  area  and 
perimeter  of  the  particles  may  be  obtained.  The  number  and  size  distribution  can  be  calculated 
with  some  difficulty  if  the  particle  shape  is  known. 

(3)  The  "guard  spot"  method  whereby  two  scanning  spots  arc  provided,  separated  transverse¬ 
ly  to  the  direction  of  motion,  one  of  which  controls  the  counting  of  the  other.  The  absence  of  the 
control  signal  indicates  that  the  lower  or  upper  edge  of  a  scanned  particle  has  been  reached  and 
the  particle  is  then  recorded.  Its  size  is  not  given,  although  a  lower  limit  to  the  detection- level 
may  be  "et.  The  size  distribution  may  be  obtained  by  repeating  the  measurements  at  each  of  a 
series  of  such  limits. 
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(4)  The  "memory"  or  "sequential  signal"  method  whereby  repeat  signals  from  the  same  par¬ 
ticle  in  successive  scan  lines  are  characterized  by  their  occurrence  in  a  regular  sequence  at  cor¬ 
responding  times  or  positions.  Such  sequences  of  signals  are  grouped  or  counted  as  single  parti¬ 
cles  at  the  end  of  the  sequence,  the  size  of  the  particles  being  obtained  from  the  number  of  signals 
in  the  sequence  or  from  the  intercept  lengths. 

Walton  feels  confident  that  automatic  counting  apparatus  to  suit  many  requirements  will  be¬ 
come  available  during  the  next  few  years. 

The  BCURA{4-69)  has  developed  a  method  based  on  repeated  counting  with  scanning  apertures 
of  different  sizes.  An  instrument  using  a  "flying  spot"  technique,  similar  to  television  scanning, 
for  surveying  the  field  of  view  has  been  investigated  by  BCURA. 


Battelle  Semiautomatic  Counter.  A  semiautomatic  particle-size  counter  has  been  developed 
by  H.  P.  Munger  and  J.  E,  Yocom  of  the  Battelle  Memorial  Institute.  This  equipment  consists  of 
(1)  a  projector-enlarger  with  ground  glass  for  viewing  the  photomicrographs  of  aerosols  and  (2)  a 
special  caliper  and  electrical  system  for  recording  the  number  of  drops  of  each  size  range.  The 
movable  jaw  of  the  calipers  determines  the  position  of  an  electrical  pickup  on  a  segmented  commu¬ 
tator  consisting  of  conductive  segments  that  correspond  to  the  size  classes  into  which  the  dispersion 
is  to  be  divided.  Each  segment  is  wired  to  an  electrically  operated  counter.  EaclTdrop  or  particle 
must  be  measured,  but  the  semiautomatic  procedure  reduces  considerably  the  amount  of  time  and 
work  involved. 


Attention  is  called  to  the  important  fact  that  the  final  accuracy  of  the  measurement  of  drop- 
size  distribution  is  limited  by  the  accuracy  with  which  the  spray  is  sampled,  and  no  correction  can 
be  made  by  automatic  scanning  devices  to  compensate  for  poor  sampling. 


Collection  Efficiency.  All  methods  of  measuring  drop-size  dirtribution  that  require  collection 
of  droplets  on  a  slide  or  in  a  cell  are  suscepfi.ble  to  error  owing  to  discrimination  against  the 
smaller  size  particles.  The  smallest  droplets  tend  to  follow  the  flow  lines  around  the  sampler, 
rather  than  collect  on  the  sampler. 

Geist,  York,  and  Brown(4_47)  delineate  the  problem  of  sampling  bias  by  pointing  out  that  if 
all  suspended  particles  maintained  their  position  in  the  flow  lines  during  deflection,  none  would  be 
intercepted  by  a  sampler  that  removed  none  of  the  fluid  in  which  the  droplets  were  dispersed.  On 
the  other  hand,  if  all  the  droplets  had  sufficient  inertia  to  leave  their  flow  lines  and  to  continue  in 
straight  paths,  the  sampler  would  intercept  all  droplets  whose  paths  projected  into  it  and  collection 
would  be  100  per  cent  efficient.  Actual  operation  lies  between  these  extremes;  larger  particles  are 
intercepted  and  smaller  particles  tend  to  follow  the  flow  lines  around  the  sampler.  Flow  lines 
directed  toward  the  center  of  the  sampler  have  a  large  portion  of  all  sizes  of  their  suspended  par¬ 
ticles  intercepted;  flow  lines  directed  toward  the  edge  of  the  sampler  carry  all  except  the  largest 
particles  around  the  sampler. 

The  effectiveness  of  sampling  increases  as  the  velocity  and  size  of  the  particles  increase  and 
as  the  width  oi  he  sampler  decreases. 

Figure  4-23  shows  the  results  of  several  investigations  recalculated  to  a  common  basis.  The 
ordinate  is  the  calculated  effectiveness  of  sampling.  The  abscissa  is  a  dimensionless  number,  de¬ 
fined  as  the  ratio  of  the  maximum  horizontal  distance  traveled  by  the  particle,  if  injected  horizon¬ 
tally  into  the  nonflowing  suspension  medium  with  a  velocity  equal  to  that  of  the  suspension  relative 
to  the  sampler,  to  the  distance  across  the  sampler.  ThiB  abscissa,  calculated  from  Stokes'  law, 
was  common  to  all  investigator s.  The  parameter  is  the  Reynolds  number. 

Although  there  is  a  disagreement  in  the  quantitative  results  of  the  calculations  by  the  various 
investigators,  there  is  sufficient  qualitative  agreement  to  estimate  some  limitations  of  spray- 
campling  devices. 
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0=  diameter  of  drop,  cm 

v -  velocity  of  carrier  gas  stream,  cm  per  sec 

Pj  density  of  drop,  grams  per  cc 

(i-  viscosity  of  carrier  gas  stream, grams  per  cm-sec 

Ds=  controlling  distonce  across  sampler,  cm 

FIGURE  4-23.  COMPARISON  OF  COLLECTION  EFFECTIVENESS 
CALCULATED  BY  SEVERAL  INVESTIGATORS 

(Geiet,  York,  and  Brown)(4-4^) 


On  the  basis  of  the  method  of  Langmuir  and  BIodgett(4_71 ),  the  effectivenesses  of  a  1-in. 
ribbon  (microscopic  slide),  a  1 6-gage  wire,  and  a  24-gage  wire  were  calculated  for  water  drops 
moving  in  air. 

Figures  4-24,  4-25,  and  4-26  show  the  results,  To  illustrate  the  use  of  these  figures, 
assume  a  particle  velocity  of  32  ft  per  sec  and  an  effectiveness  of  at  least  90  per  cent.  A  1-inch 


FIGURE  4-24.  COLLECTION  EFFECTIVENESS  OF  ONE-INCH 
MICROSCOPE  SLIDE 

(Gcist,  York,  and  Brown)i4'4^) 
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Diameter  of  Water  Drops,  microns 
FIGURE  4-25.  COLLECTION  EFFECTIVENESS  OF  16-GAGE  WIRE 
(1295  MICRONS) 

(Geist,  York,  and  Brown)(4-47) 
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FIGURE  4-26.  COLLECTION  EFFECTIVENESS  OF  24-GAGE  WIRE 
(511  MICRONS) 

(Geiot,  York,  and  Brown)^'^) 

slide  would  be  an  effective  interceptor  for  particles  larger  than  62  microns,  a  16-gage  wire  (1295 
microns)  would  be  effective  for  particlen  larger  than  20  microns,  and  a  24-gage  wire  (511  microns) 
would  be  effective  for  particles  larger  than  11.5  microns.  At  a  velocity  of  32  ft  per  sec,  a  1-inch 
slide  would  intercept  no  particles  smaller  than  7  microns,  a  16-inch  wire,  no  particles  smaller 
than  1.5  microns,  and  a  24-gage  wire,  no  particle  smaller  than  1  micron. 

These  considerations  indicate  that  data  on  size  distribution  obtained  with  large  samplers  at 
low  velocities  are  to  be  questioned  for  particle  sizes  smaller  than  50  microns. 

Houghton  and  Radford^"®\  during  their  investigation  of  the  particle  size  of  natural  fogs,  en¬ 
countered  difficulty  in  obtaining  a  sufficiently  representative  sample  of  fogs  having  a  predominant 
particle  diameter  less  than  20  microns.  To  minimize  the  sampling  error,  5-mm-squarc  slides 
were  substituted  for  the  standard  25-mm-squarc  slides.  Again,  their  results  could  not  be  con¬ 
sidered  to  be  quantitative,  but  it  appeared  that  more  highly  representative  samples  were  obtained 
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on  the  small  slides  exposed  by  impact  for  drops  down  to  about  5  microns  in  diameter.  It  was  def¬ 
initely  demonstrated  that  the  5-mra  slides  obtained  a  much  truer  sample  of  the  fog  than  did  the 
25-mm  slides. 

May^4"^4)  made  a  theoretical  study  of  the  collection  efficiency  of  a  stage  of  a  cascade  im- 
pactor.  Dimensional  analysis  of  the  system  comprising  a  jet  of  air  issuing  from  a  slot  and  im¬ 
pacting  on  a  plane  surface  suggested  to  May  that  for  geometrically  similar  systems  the  condition 
for  dynamical  similarity  andr therefore,  for  equal  impaction  efficiency  is  given  by  the  expression: 


pD^V/r)L  *  const.  , 

where  £  is  the  density  of  the  particle  (assumed  large  with  respect  to  air),  D  is  the  diameter  of  the 
particle  (if  spherical),  V  is  the  velocity  of  the  jet,  Tjis  the  viscosity  of  air,  and  L  is  a  character¬ 
istic  length  of  the  system  (the  width  of  the  slot  for  May's  cascade  impactor). 

Impaction  efficiency  is  taken  as  the  ratio 

number  of  particles  hitting  plate 
number  of  particles  entering  jet 

It  is  assumed  that  all  particles  hitting  the  plate,  or  slide,  are  retained  by  it. 

Reynolds  number  was  neglected  in  the  above  expression;  however,  in  May's  cascade  impactor, 
the  Reynolds  number  does  not  exceed  1400  at  any  jet,  so  that  streamline  flow  can  be  assumed  at  all 
jets. 


Figure  4-27  shows  a  plot  of  experimentally  determined  mean  values  of  I  against  the  impaction 
efficiency,  where  is  a  constant  for  any  given  impaction  efficiency. 


FIGURE  4-27.  CURVE  FOR  ESTIMATING  IMPACTION  EFFICIENCY  OF  JETS 
(May)*4-54) 

e 

This  curve  should  provide  a  valuable  tool  for  predicting  the  performance  of  any  impaction 
system  within  the  limits  prescribed  by  May.  It  will  also  indicate  the  performance  for  different 
sampling  rates  in  the  same  cascade  impactor  and  indicate  the  effect  of  a  change  in  the  density  of 
the  particle  or  a  change  in  the  viscosity  of  the  air.  Laskin^4"®^)  applied  May's  curve  for  calcu¬ 
lating  the  expected  sise  counts  for  the  four  stages  of  his  cascade  impactor  (Figure  4-16)  and  ob¬ 
tained  excellent  agreement  with  the  experimentally  determined  values. 

May's  expression  docs  not  take  into  consideration  the  ratio  of  the  jet-slide  clearance  to  L, 
which  ratio  muBt  be  a  significant  factor  influencing  the  performance  of  an  impactor  stage. 
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Therefore,  too  much  weight  should  not  be  given  to  Figure  4-27  for  applications  where  the  ratio  of 
clearance  to  characteristic  length,  L,  of  the  jet  is  greatly  different  from  that  of  May's  impactor. 

Brun,  Demon,  and  Vasseur^-^^  made  theoretical  calculations  of  the  capture  coefficient 
(ratio  of  given-sized  drops  captured  to  those  passed)  as  a  function  of  air-stream  speed,  plate 
width,  and  drop  size.  The  capture  coefficient  was  found  to  be  higher  the  narrower  the  plate,  and 
the  coefficient  approached  unity  as  the  width  of  the  plate  approached  drop  dimensions. 

All  of  these  investigations  emphasize  the  importance  of  using  narrow  slides  wherever  drop¬ 
lets  smaller  than  50  microns  are  involved.  The  efficiency  of  collection  under  a  given  set  of  con¬ 
ditions  can  be  predicted  with  considerable  accuracy. 


Flattening  Coefficient  and  Impression  Coefficient.  Another  important  problem  that  is  en¬ 
countered  when  drops  are  collected  on  a  glass  slide  is  the  determination  of  the  coefficient  by  which 
the  diameters  of  the  flattened  drops  must  be  multiplied  to  obtain  the  original  diameter  of  the 
spherical  drop.  A  similar  problem  exists  for  the  impressions  made  by  drops  collected  on  slides 
coated  with  a  fragile  layer  of  material,  as  in  the  case  of  MgO-coated  slides.  For  samples  collected 
on  glass  slides,  the  term  "flattening  coefficient"  is  generally  used,  and  for  coated  slides,  the  term 
"impression  coefficient"  may  be  used. 

Flattening  Coefficient.  Houghton  and  Radford^"®)  determined  the  flattening  coefficient  by 
two  methods:  (1)  the  height  and  diameter  of  individual  flattened  drops,  viewed  from  the  side,  was 
measured;  (2)  in  the  second  method,  an  average  value  of  the  flattening  coefficient  was  obtained  by 
determining  the  total  weight  of  a  number  of  flattened  drops  resting  on  a  slide  and  then  measuring 
the  diameter  of  the  individual  drops.  From  numerous  measurements,  Houghton  and  Radford  found 
that  the  flattening  coefficient  for  water  drops  resting  on  a  baseline  surface  is  0.  80  ±  0.  04, 

May(4-54)  determined  the  size  of  the  original  spherical  drop  by  measuring  the  diameter  and 
focal  length  of  the  plano-convex  liquid  lens  formed  by  the  flattened  drop.  The  microscope  used  for 
the  measurement  must  have  a  micrometer  drum  on  the  fine-focusing  adjustment,  so  that  vertical 
movement  of  the  microscope  tube  can  be  estimated  in  microns. 


The  original  drop  diameter  (2r)  can  be  obtained  from  the  lens  diameter  (2A)  and  from  f', 
where  _f'  is  the  distance  between  the  glass  surface  and  the  focal  point  of  the  lens.  The  method 
applies  where  the  focal  point  of  the  lens  is  below  the  coverslip,  if  one  has  been  used.  The  angle  of 
contact  of  the  liquid,  9,  is  assumed  below  60  degrees,  and  the  surface  of  the  lens  is  taken  to  be 
spherical.  May  points  out  that  exceptions  to  these  conditions  seldom  arise  in  practice. 


Let  R  be  the  radius  of  curvature  of  the  liquid  lens.  From  the  geometry  of  the  system,  it  can 
be  shown  that 


Hence, 


so  that 


Now,  R  *  (P  -  h)(p  -  1),  where  h  is  the  thickness  of  the  lens  and  ^  is  the  index  of  refraction  of  the 
liquid  forming  the  lens.  Also,  h  *  R  (1  -  cos  9);  hence 


RaP 


M  -  1 _ 

1  +  (a  -  1 } ( 1  -  cos  0) 
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and 


1 


but 


so  that 


£' 

2R 


2  (ju  -  1) 


(1  -  cos  0) 


_£  _  _£  R.  f1 

2A  2R  A  2R  sin  0 


f  1 

—  =  -  +  1/2  tan  1/2  0 

2A  2  (/Li  -  1 )  sin  0 


A  graphical  solution  has  been  worked  out  by  May  and  is  much  more  convenient  to  use  than 
the  analytical  solution. 


Figure  4-28  shows  the  curves  for  computing  original  spherical  drop  diameter  from  lens 
diameter.  The  angle  of  contact,  0,  may  be  obtained  for  any  likely  value  of  f  /2A  for  different 
values  of  ju.  Having  obtained  the  angle  of  contact  0,  the  dotted  curve JmFigure  4-28  makes  it 
possible  to  evaluate  the  factor  r/A,  which  is  the -flattening  coefficient. 

r/A  -  Radius  of  Spherical  Drop 
Radius  of  Lens 

ao  0.1  02  03  0.4  05  0  6  0.7  0.8  0.9  1.0 


FIGURE  4-28.  CURVES  FOR  COMPUTING  ORIGINAL  DROP 


DIAMETER  FROM  LENS  DIAMETER 
(May)<4'54> 


Fukui4-7^  determined  the  droplet  diameter,  d,  from  the  lens  diameter,  D,  assuming 
ophericity  of  the  lens,  by  use  of  the  formula 


2  +  cos^  0-3  cos  0 
4  sin^  0 

Figure  4-29  shows  the  re.lation  of  flattening  coefficient  to  contact  angle  corresponding  to 
the  above  equation.  The  curve  gives  a  relation  that  is  in  agreement  with  the  dotted  curve  of 
Figure  4-28. 
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FIGURE  4-29.  RELATION  BETWEEN  FLATTENING  COEFFICIENT 
AND  CONTACT  ANGLE 

(Fuks)H-76) 

Fuks  measured  the  contact  angle  with  the  aid  of  a  microscope  mounted  in  a  horizontal 
position  and  equipped  with  a  special  eyepiece  to  facilitate  the  measurement  of  the  angle  between 
the  surface  of  the  slide  and  a  line  tangent  to  the  base  of  the  lens. 


Figure  4-30  is  a  sketch  of  a  flattened  droplet  as  viewed  through  a  horizontal  microscope. 

The  magnitude  of  the  contact  angle  was  practically  independent  of  the  size  of  the  lenses,  so  that 
measurements  were  made  of  large  lenses  having  diameters  of  1  to  2  mm  to  increase  precision. 

For  oil3  resting  on  a  slide  coated  with  a  thin  layer  of  basic  zinc  stearate,  the  flattening  coefficient 
was  almost  constant  and  was  equal  to  about  0.  55. 


Tangent  to  base  ofliguid  lens 


Thin  layer  of  basic 
stearote 


Gloss  slide 


FIGURE  4-30.  CONTACT  ANGLE,  9,  FOR  A  FLATTENED  OIL  DROP 

Levine  and  Kleinknccht^-^)  used  a  simplification  of  May’s  mcthodH'54)  t0  determine  the 
flattening  coefficient  of  dibutyl  phthalate  droplets  on  clear  glass  slides.  From  the  focal  length,  f, 
of  the  droplet  lens  and  the  index  of  refraction,  n  ,  of  dibutyl  phthalate,  the  radius  of  curvature,  r, 
of  the  lens  was  determined  from  the  thin-lcns  equation  r  «  (n  -  1 )  f.  The  height  of  the  lens,  h,  is 
related  to  r  and  the  lens  diameter,  2a,  by 
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and  the  volume,  v,  of  the  lens  is 


v  *  —  7Th  ^h2  +  3a2  j 


The  radius,  R,  of  the  spherical  droplet  before  impaction  can  then  be  obtained  from 


Figure  4-31  shows  the  plot  of  actual  spherical  diameter  against  the  measured  flattened 
diameter  for  dibutyl  phthalate  droplets.  The  curve  was  based  on  measurements  of  the  focal 
lengths  of  37  droplet  lenses  which  ranged  in  diameter  from  151  to  8.  7  microns.  - - 
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Measured  Diometer  of  Flameted  Droplet  on  Slide,  microns 


FIGURE  4-31.  ACTUAL  SPHERICAL  DIAMETER  AGAINST  MEASURED  FLATTENED 
DIAMETER  FOR  DIBUTYL  PHTHALATE  DROPLETS 

(Levine  and  Klcinknecht)^"^2) 


The  flattening  coefficient  is  Been  to  range  from  0.45  to  0.48  for  dibutyl  phthalate  droplets 
having  actual  spherical  diameters  of  20  to  100  microns.  It  is  possible,  however,  that  the  magni¬ 
tude  of  the  flattening  coefficient  will  change  when  the  condition  of  the  surface  of  the  glass  slide  is 
changed  by  a  variation  in  the  procedure  for  cleansing  the  slides.  Flattening  of  the  drop  results 
from  a  balance  between  gravitational  and  surface-tension  forces,  and  the  latter  force  will  depend 
upon  the  condition  of  the  surface  of  the  glass  slide.  It  is,  therefore,  advisable  to  determine  the 
flattening  coefficient  for  the  specific  experimental  conditions  employed. 


Impression  Coefficient.  Levine  and  Kleinknecht^"^)  also  determined  the  ratio  of  the  actual 
spherical  diameter  to  the  diameter  of  the  impression  made  in  a  thin  layer  of  magnesium  oxide. 

The  average  value  of  the  impression  coefficient  for  liquids  of  unit  density  was  about  0.  71 


May(*”^)made  a  complete  calibration  of  the  method  of  measuring  droplets  by  the  MgO  method. 
He  found  that,  for  a  size  range  of  from  200  to  20  microns  and  a  wide  range  of  liquids  and  impact  ve~ 
locities,  the  ratio  of  true  drop  size  to  impression  size  was  constant  at  0.86.  The  impression  coef- 
ficient  decreased  to  about  0.72  for  10-micron  droplets.  Below  10  microns,  the  magnesium  oxide 
method  is  of  little  value,  owing  to  the  increasing  effect  of  the  grain  size,  although  droplets  down  to 
5  microns,  and  perhaps  smaller  ones,  can  leave  an  impression  at  sufficiently  high  impact  veloc¬ 
ities. 

The  results  of  Levine  and  Kleinknecht^-^)  and  of  May(^”^),  for  MgO  impression  coeffi¬ 
cients,  are  in  good  agreement  for  droplets  of  about  10-micron  diameter,  namely,  0.  71  and  0.  72, 
respectively. 

It  i3  of  interest  to  note  that  K.  R.  May^4-78^  developed  a  magnesium-ribbon  "gun"  which 
greatly  facilitates  the  coating  of  surfaces  with  MgO  produced  by  burning  a  1  8-in.  ribbon  under  the 
glass  slide  at  such  a  distance  that  the  tip  of  the  flame  just  fails  to  reach  the  glass. 

Stoker^"^)  derived  a  criterion  for  relating  spherical-droplet  diameter  to  the  diameter  of 
the  track  or  impression  left  in  a  thin  layer  of  soot  on  which  the  droplet  was  collected.  He  made 
the  assumption  that  the  only  significant  forces  brought  into  play  during  the  impact  are  the  inertia 
forces  and  the  forces  due  to  the  surface  tension  of  the  droplet,  and  that  forces  due  to  viscosity, 
gravity,  and  compressibility  are  of  negligible  importance.  Stoker  shows  that  Weber's  number, 
pdv^/o,  is  a  criterion  of  dynamical  similarity  for  deformation  of  the  droplet  during  impact,  and 
that  the  diameter  of  the  droplet,  d,  can  be  determined  by  the  equation 

which  may  be  expressed  more  conveniently  as: 


d  =  1.25 


(pd’v2/o)1/6 


where  d'  is  the  track  diameter  of  the  droplet,  £  is  the  density  of  the  droplet,  v  is  the  impingement 
velocity  of  the  droplet,  and  o  is  the  surface  tension  of  the  droplet. 


£  0.0 


o  Mercury 
•  Woter 

—  d'/d=  0.77  Wni 


e  io 


Webers  Number,  Wns  P  dv* 


FIGURE  4-32.  EXPERIMENTAL  RELATIONSHIP  BETWEEN  WEBER'S  NUMBER 
AND  THE  RATIO  OF  TRACK  DIAMETER  TO  DROPLET  DIAMETER 


(Stoker)^7’) 


Figure  4-32  shows  the  experimental  relation  between  the  ratio  of  track  diameter  to  droplet 
diameter  and  Weber's  number,  as  determined  by  Stoker.  The  experimental  data  were  obtained  by 
allowing  droplets  of  mercury  and  droplets  of  water  of  known  diameters  to  fall  from  various  meas¬ 
ured  heights  onto  a  soot-coated  glass  surface  and  observing  the  tracks  under  a  microscope.  The 
velocity  of  impact  was  taken  as  the  free-fall  velocity. 


I 

i  i 


It  is  apparent  from  the  graph  that  if  Weber's  number  is  about  four,  the  track  diameter  is 
equal  to  the  droplet  diameter.  This  would  occur,  for  example,  if  a  water  droplet,  5  microns  in 
diameter,  struck  the  coated  plate  with  a  velocity  of  approximately  25  fps. 

It  is  also  apparent  from  the  graph  that  the  diameter  of  the  spherical  droplet  may  be  either 
larger  or  smaller  than  the  diameter  of  the  track  or  impression.  This  relation  is  not  in  accord  with 
the  findings  of  May(4”^),  who  reported  that  the  ratio  of  drop  size  to  MgO  impression  size  was  con¬ 
stant  at  0.  86  for  droplets  larger  than  20  microns,  and  was  independent  of  liquid  density  and  of 
impact  velocity. 


Microscopic  Techniques.  Space  will  not  permit  a  detailed  discussion  of  microscopic  tech¬ 
niques  that  may  be  used  in  the  study  of  drop-size  distribution.  However,  attention  will  be  directed 
toward  a  few  points  of  special  interest. 

Fairs^4  points  out  that  apart  from  errors  in  sampling,  the  main  inaccuracies  in  particle- 

size  analysis  are  due  to:  (1)  the  uneven  dispersion  of  the  sample  on  the  slide,  (2)  the  sizing  of  an 
insufficient  number  of  particles,  and  (3)  an  inaccurate  estimate  of  the  size  of  nonspherical  particles 
The  resolving  power  of  the  microscope  lens  and  the  type  of  light  used  are  important,  especially 
where  small  particles  are  concerned.  Sodium-vapor  illumination  greatly  improves  visibility. 

Fairs  recommended  that  a  special  graticule  be  inserted  in  the  focal  plane  of  the  microscope  eye¬ 
piece  for  the  sizing  of  particles.  Size  intervals  on  Fair's  graticule  (except  for  the  two  lowest)  were 
arranged  in  a  progression. 

Golitzine^4-^1)  described  the  apparatus  that  he  used  for  taking  photomicrographs  of  water 
droplets.  The  setup  consisted  essentially  of:  (l)  a  Carl  Zeiss  20X  microscope,  (2)  a  Leica  sliding- 
focusing  copying  attachment  with  a  145-mm  length  of  extension  tubing,  (3)  a  Leica  camera,  without 
lens,  (4)  an  E.  Leitz  "Ortholux"  lamp  housing  with  500-watt,  6-amp  bulb  which  transmits  light 
through  the  droplet  sample  to  the  camera,  and  (5)  an  E.  Leitz,  Ty  >e  RT1,  120/6-volt  transformer, 
6-amp  capacity.  Excellent  results  were  obtained. 

Brown(4“81)  gives  considerable  information  on  microscopic  procedures  for  measuring  the  size 
of  small  particles.  The  size  of  the  smallest  particle  determined  by  the  light-field  counting  method 
was  about  1  micron,  and  the  size  of  the  particles  determined  by  the  dark-field  counting  method  was 
as  small  as  0.28  micron. 

Reference  should  be  made  to  standard  texts  on  microscopy  for  more  complete  general  infor¬ 
mation  on  microscopic  techniques. 


Critical  Impact  Velocity.  Rupe^4-®^  points  out  that,  in  the  study  of  drop-size  distribution  by 
the  oil-immersion  method,  droplets  of  various  sizes,  traveling  at  appreciable  velocities,  must  re¬ 
tain  their  identity  as  discrete  particles  while  penetrating  *n  air-liquid  interface  and  coming  to  rest 
within  a  collecting  cell.  Therefore,  in  order  to  establish  the  validity  of  the  collected  sample,  it 
was  necessary  to  investigate  the  possibility  of  droplet  breakup  at  the  point  of  impact  on  the  oil-air 
interface.  A  similar  problem  must  surely  exist  for  the  collection  of  droplets  on  glass  slides  or  on 
slides  coated  with  MgO  or  soot. 

Rupe  found  that,  over  the  range  of  droplet  diameters  studied,  the  critical  impact  velocity  was 
inversely  proportional  to  the  droplet  diameter.  Conscq  lently,  the  sampling  of  water  sprays  by  the 
kerosine-immersion  method'4"1"'  is  limited  by  the  critical  impact  velocity. 

Figure  4-33  shows  the  critical  impact  velocities  >f  water  droplets  penetrating  kerosine-air 
interface. 


Since  the  slope  of  the  curve  as  plotted  on  log-log  paper  is  equal  to  -1,  the  expression  for  the 
critical  impact  velocity  of  water  droplets  penetrating  a  kerosine-air  interface  is  simply 
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•where  Vc  is  the  critical  velocity  in  meters  per  second,  D  is  the  droplet  diameter  in  microns,  and 
Cis  a  constant  equal  to  1725. 


FIGURE  4-33.  CRITICAL  IMPACT  VELOCITIES  OF  WATER  DROPLETS  PENETRATING 
KEROSINE-AIR  INTERFACE 

(Rupe)** 


An  extremely  regular  and  interesting  breakup  pattern  was  observed.  Rupc  noted  in  every 
case,  regardless  of  drop  sine  or  critical  velocity,  that  breakup  at  velocities  only  slightly  higher 
than  critical  velocity  (about  1  to  2  per  cent  higher)  resulted  in  two  drops,  consisting  of  a  compara¬ 
tively  large  mass  accompanied  by  a  quite  small  "satellite". 

Figure  4-34  illustrates  this  phenomenon  and  shows  a  portion  of  a  collected  ramplc  for  which 
approximately  half  of  the  droplets  exceeded  the  critical  velocity.  As  the  impact  velocity  was  fur¬ 
ther  increased,  the  "satellite"  became  larger  and  larger,  until  the  two  drops  became  of  the  same 
size.  At  this  point,  another  small  "satellite"  appeared.  The  diameter  ratios  of  the  ti  ree  drops 
appeared  to  be  extremely  sensitive  to  small  changes  in  impact  velocity.  Successive  in:reascs  in 
the  number  of  particles  formed  were  observed. 
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FIGURE  4-34.  TYPICAL  DROPLET  BREAKUP  FOR  IMPACT  VELOCITIES  SLIGHTLY 
HIGHER  THAN  CRITICAL  VELOCITY 


(Rape)4"82 


Rupe  made  a  brief  study  of  droplet  impact  in  glass  slides  coated  with  magnesium  oxide.  He 
observed  that,  if  a  critical  impact  velocity  somewhat  lower  than  the  critical  velocity  for  a  kerosine- 
air  interface  is  exceeded,  the  droplets  will  strike  the  surface,  flatten  out  inside  the  crater  which 
develops,  re-form,  and  bounce  away  from  the  surface  as  discrete  droplets.  Rupe  states  that  a 
bouncing  droplet  may  form  two  or  three  secondary  craters  which  could  be  identical  with  craters 
formed  by  similar  droplets  traveling  at  a  lower  velocity  or  that  formed  by  a  smaller  droplet 
traveling  at  the  same  velocity. 

Golitzine(4-21)  aiso  observed  that  droplets  impinging  on  a  soot-  or  vaseline-covered  slide 
splash  easily,  but  that  the  pattern  of  splash  was  quite  characteristic,  consisting  of  an  empty  space 
with  a  ring  of  small  droplets  around  it. 

Breakup  of  droplets  on  impact  is  a  serious  problem  that  should  be  investigated  in  connection 
with  any  method  of  drop-size  measurement  involving  the  collection  of  drops  on  a  clear  or  coated 
3lide,  or  in  a  cell  of  liquid. 


Summary 


The  analysis  of  a  spray  in  terms  of  drop-size  distribution  is  probably  the  most  important 
single  problem  involved  in  the  study  of  atomization  of  liquid  fuels.  Research  on  the  mechanism  and 
on  methods  of  atomization,  and  on  nozzle  design  would  be  aided  greatly  by  a  simple  and  accurate 
method  for  determining  the  drop-size  distribution  of  the  spray. 

Of  the  six  classes  of  experimental  methods  for  determining  drop  size  distribution,  the  method 
most  generally  used  consists  of  collecting  a  sample  of  the  spray  on  a  glass  slide  or  in  a  cell  con¬ 
taining  a  special  liquid.  The  droplets  arc  then  observed,  or  photographed,  with  the  aid  of  a  micro¬ 
scope.  This  method  has  many  variations  and  is  relatively  simple,  requiring  a  minimum  of  appara¬ 
tus.  However,  the  measuring  and  counting  of  hundreds  of  droplets  is  obviously  a  tedious  and  time- 
consuming  operation.  A  more  valid  objection  to  the  simple  collection  of  drops  on  a  glass  slide  is 
that  it  is  extremely  difficult,  if  not  impossible,  to  sample  the  spray  without  discrimination  against 
the  smaller  sizes  which  tend  to  follow  the  air  stream  around  the  collecting  device.  Discrimination 
becomes  a  serious  problem  for  particles  smaller  than  20  microns  in  diameter,  and  almost  no  drops 
smaller  than  5  microns  will  deposit  on  a  slide  when  ordinary  sampling  methods  arc  used.  No 
satisfactory  correction  can  be  made  to  compensate  for  such  sampling  errors.  The  magnitude  of 
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error  resulting  from  discrimination  against  small  droplets  during  sampling  can  be  minimized  by 
using  narrow  slides.  The  collection  of  the  spray  in  a  cell  containing  a  confining  liquid  has  two  ad¬ 
vantages  over  collection  on  a  slide,  (l)  the  drops  remain  almost  perfectly  spherical,  provided  the 
density  of  the  confining  liquid  is  only  slightly  less  than  that  of  the  sprayed  liquid,  and  (2)  evapora¬ 
tion  is  prevented.  A  minimum  of  about  500  to  1000  drops  should  be  measured  and  counted,  and 
only  a  small  fraction  (about  one  per  cent)  of  the  area  of  the  cell  or  slide  should  be  covered  with 
droplets  to  reduce  the  probability  of  coalescence.  The  duration  of  the  sampling  period  is,  there¬ 
fore,  extremely  important. 

The  frozen-drop  arid  the  wax  methods  for  determining  the  size  distribution  of  drops  in  a  spray 
have  the  advantages  that  (l)  the  tedious  and  time-consuming  operations  of  microscopic  counting  are 
eliminated,  and  (2)  sampling  errors  are  less  likely  because  all  of  a  large  increment  of  spray  can  be 
collected  and  handled,  employing  screens  and  gravimetric  methods  of  analysis.  The  chief  limita¬ 
tion  of  these  methods  is  that  they  do  not  provide  data  on  the  fine  particles  smaller  than  75  microns 
because  no  satisfactory  screens  exist  for  them.  However,  air  elutriation  or  sedimentation  may  be 
used  for  analysis  of  frozen  wax  particles. 

Photographic  methods  for  determining  drop-size  distribution  of  fuel  sprays  have  the  distinct 
advantage  that  no  object  is  placed  in  the  path  of  the  spray  which  might  result  in  unrepresentative 
sampling  of  the  droplets.  Errors  that  might  result  from  coalescence  or  evaporation  of  droplets 
after  sampling  are  eliminated.  On  the  other  hand,  the  photographic  methods  have  two  definite 
disadvantages:  (l)  the  droplets  smaller  than  20  microns  cannot  be  photographed  satisfactorily  in  a 
fast-moving  spray,  and  (2)  the  photograph  records  the  spatial  rather  than  the  more  important 
temporal  distribution  of  drops.  The  latter  objection  can  be  overcome  if  drop  velocities  are  known, 
but  data  on  velocities  are  not  easily  obtained.  Another  serious  problem  encountered  in  the  photo¬ 
graphic  method  is  the  determination  of  whether  a  droplet  is  in  focus,  or  out  of  focus,  when  it  ap¬ 
pears  near  the  boundary  of  the  field  of  focus.  Generally  speaking,  the  photographic  method  is  too 
laborious  for  routine  spray  analysis,  and  it  is  certainly  not  ideally  suited  for  extensive  research  on 
spray  analysis.  However,  the  photographic  method  may  serve  as  a  primary  means  of  calibrating 
some  more  simple,  indirect  method. 

Optical  methods,  based  on  the  scattering  of  light  by  dispersed  droplets,  provide  a  relatively 
simple  and  rapid  measure  of  particle  size.  However,  the  optical  techniques  give  data  concerning 
the  average  drop  size  or  the  predominant  size  only,  and  size-distribution  data  cannot  be  obtained. 
Also,  the  optical  methods  are  more  suited  to  the  size  analysis  of  aerosols  and  extremely  fine  mists 
than  to  the  analysis  of  typical  fuel  sprays.  The  photometer  method,  based  on  a  measure  of  the  light  . 
absorbed  by  a  spray,  is  recommended  as  a  rapid  means  of  comparing  sprays  produced  under  vari¬ 
ous  injection  conditions.  The  effects  of  variations  of  spray-nozzle  design  or  of  physical  properties 
of  the  atomized  liquid  might  be  investigated  by  this  indirect  method  of  spray  analysis. 

Electronic  methods  of  determining  drop-size  distribution,  based  upon  the  electrostatic 
charge  that  may  be  carried  by  small  particles,  are  extremely  rapid  and  should  be  applicable  to  cer¬ 
tain  problems  of  spray  analysis.  However,  additional  development  of  electronic  methods  will  be 
required  to  improve  the  stability  of  the  equipment  and  the  reproducibility  of  the  tests.  All  elec¬ 
tronic  methods  will  require  calibration  against  some  direct  method  of  determining  drop-size  dis¬ 
tribution. 

The  size  distribution  of  radioactive  compounds  may  be  studied  using  radioautographic  tech¬ 
niques.  This  method  is  especially  useful  in  the  size  range  of  0.1  to  10  microns.  Inert  material  can¬ 
not  be  detected,  however,  and  if  large  particles  are  present  the  finer  particles  tend  to  be  obscured. 
The  method  hao  limited  application  as  a  research  tool. 

The  cascade-impactor  method  offers  the  most  promising  solution  to  the  problem  of  deter¬ 
mining  drop-size  distribution  for  fine  sprays  containing  drops  under  100-micron  diameter.  This 
method  is  based  upon  the  principle  that  a  droplet  moving  at  high  velocity  will,  because  of  its  mo¬ 
mentum,  impact  upon  a  slide  placed  in  its  path.  By  increasing  the  velocity  of  the  stream  containing 
the  droplets,  smaller  and  smaller  sizes  will  impact.  By  employing  isokinetic  sampling,  the  prob¬ 
ability  of  discrimination  against  the  smaller  sizes  can  be  practically  eliminated.  The  greatest  effi¬ 
ciency  of  sampling  is  achieved  in  the  size  range  of  50  to  1.  5  microns.  An  important  advantage  of 
the  cascade  impactor  is  that  after  calibration,  the  amount  of  drops  in  each  size  range,  collected  io 
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each  stage  of  the  cascade  impactor,  can  be  obtained  by  gravimetric,  chemical,  or  colorimetric 
methods,  and  the  tremendous  ^abor  and  time  required  for  microscopic  analysis  can  be  avoided.  The 
theory  of  impaction,  as  it  occurs  in  the  cascade  impactor,  makes  it  possible  to  design  an  instrument 
to  provide  impaction  of  particles  of  a  specified  size  range  in  each  stage.  Any  number  of  stages  may 
be  used. 

A  problem  common  to  all  methods  of  measuring  drop-size  distribution  based  on  the  collection 
of  drops  on  a  slide  is  deciding  how  much  of  the  slide  area  should  be  covered.  A  one  per  cent  covers 
age  does  not  appear  excessive  from  the  standpoint  of  droplet  overlap;  hGwever,  from  the  standpoint 
of  ease  of  counting  and  measuring  individual  droplets,  a  coverage  of  only  0.2  per  cent  is  preferred. 

Automatic  scanning  devices  make  it  possible  to  count  and  measure  the  size  of  droplets  about 
100  times  as  rapidly  as  by  manual  methods.  Other  advantages  of  the  scanning  instruments  are  that 
the  human  element,  always  present  in  manual  methods,  is  removed,  and  all  of  the  droplets  may  be 
simultaneously  counted  and  classified  into  a  number  of  size  classes.  An  objection  to  the  scanning 
devices,  besides  the  fact  that  they  are  complicated  and  expensive  to  construct  and  maintain,  is  that 
photomicrographic  negatives  of  high  definition  and  contrast  are  required.  Sampling  errors  that 
occur  during  collection  of  the  spray  are  not  minimized  by  making  large  counts  with  scanning  de¬ 
vices.  The  use  of  a  relatively  simple  semi-automatic  particle-size  counter  may  be  a  compromise 
solution  to  the  problem  of  measuring  the  diameters  of  large  numbers  of  droplets. 

The  collection  efficiency  with  which  droplets  may  be  sampled  by  collection  on  a  slide  or  in  a 
cell  depends  upon  the  velocity  and  size  of  the  particles  and  upon  the  width  of  the  sampler.  The  ef¬ 
fectiveness  of  sampling  is  increased  as  the  velocity  of  the  particles  increases  and  as  the  width  of 
the  interceptor  (glass  slide  or  cell)  decreases.  Drop-size  data  based  on  samples  collected  on  stan¬ 
dard  glass  slides  (25  mm  wide)  are  questionable  for  particles  smaller  than  50  microns.  Slides  5  mm 
square  will  collect  a  much  truer  sample  than  standard  slides  25  mm  x  75  mm.  The  efficiency  of  any 
system  of  collection  by  impaction  can  be  predicted  with  considerable  accuracy. 

The  flattening  coefficient,  defined  as  the  factor  by  which  the  diameter  of  a  flattened  drop  must 
be  multiplied  to  obtain  the  original  diameter  of  the  spherical  drop,  may  be  determined  in  several 
ways.  The  height  and  diameter  of  individual  flattened  drops,  viewed  from  the  side,  may  be  meas¬ 
ured,  and  the  flattening  coefficient  may  be  computed  by  solid  geometry.  Another  method  is  based 
upon  the  assumption  that  the  flattened  drop  is  a  plano-convex  liquid  lens.  By  determining  the 
focal  length  and  diameter  of  this  lens,  the  flattening  coefficient  can  be  computed  using  an  equation 
for  the  optics  of  a  plano-convex  lens.  The  flattening  coefficient  for  water  drops  on  a  greased  sur¬ 
face  is  about  0.8,  and  for  oil  drops  on  a  clean  glass  surface  the  flattening  coefficient  is  about  0.5; 
however,  it  is  highly  advisable  to  determine  the  flattening  coefficient  for  each  specific  experimental 
condition,  because  the  value  will  change  when  the  properties  of  the  liquid,  or  the  condition  of  the 
surface  of  the  slide,  are  changed. 

The  impression  coefficient,  defined  as  the  ratio  of  the  true  spherical-drop  diameter  to  the 
diameter  of  the  impression  made  in  a  fragile  layer  such  as  MgO,  is  about  0.86  for  drops  larger  than 
20  microns,  and  about  0.  72  for  10-micron  droplets,  under  typical  conditions  of  sampling.  The  im¬ 
pression  coefficient  for  a  wide  range  of  conditions  is  related  to  the  dimensionless  Weber's  number. 

Satisfactory  light-microscopic  techniques  are  available  for  measuring  the  size  of  particles 
down  to  about  0.  3  micron,  provided  the  resolving  power  of  the  microscope  lens  is  sufficiently  high. 

The  type  of  light  used  and  the  method  of  illumination  are  also  important  considerations. 

Another  important  factor  that  must  be  considered  in  spray  analysis  is  the  possibility  that  drops 
break  up  into  two  or  more  droplets  upon  impact  with  a  glass  slide  or  a  liquid-air  interface.  There 
exists  a  "critical  Impact  velocity"  which  is  the  particle  velocity  below  which  rupture  will  not  occur. 
The  critical  impact  velocity  is  inversely  proportional  to  the  drop  diameter  aDd  must  be  determined 
for  the  specific  experimental  conditions  considered. 

Much  additional  development  work  is  required  for  the  extremely  rapid  electronic  method  of 
determining  drop-size  distribution. 
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SECTION  II  -  MATHEMATICAL  EXPRESSIONS  FOR  DROP -SIZE  DISTRIBUTIONS 


C.  C,  Miesse  and  A.  A.  Putnam 


This  section  on  the  mathematical  representation  of  drop-size  distributions  will  include  the' 
various  expressions  which  have  been  suggested  for  this  application,  their  potentialities,  and  their 
limitations.  It  might  be  hoped  that  a  suitable  expression  would  (1)  fit  the  data  adequately,  (2)  allow 
for  extrapolation,  (3)  permit  easy  calculation  of  mean  sizes  and  other  parameters  of  interest, 

(4)  furnish  a  means  of  consolidating  large  amounts  of  data,  and  (5)  give  an  insight  into  the  funda¬ 
mental  mechanism  of  droplet  production.  An  attempt  will  be  made  to  make  clear  the  degree  to 
which  each  of  these  possibilities  can  be  obtained  in  the  subsequent  discussion. 

Although  each  of  the  investigators  who  has  made  an  analysis  of  the  breakup  of  liquid  jets  has 
been  able  to  determine,  either  by  means  of  a  valid  mechanism  or  by  means  of  a  conjectural  model, 
the  size  of  droplet  to  be  expected  as  a  result  of  this  breakup,  none  but  Baron'^"®^)  made  any  at¬ 
tempt  to  determine  the  distribution  of  droplet  sizes  resulting  from  secondary  atomization  of  the 
larger  droplets  formed  originally. 

In  the  absence  of  any  physical  mechanism  or  model  upon  which  to  build  a  theory  of  drop-size 
distributions,  a  number  of  functions  have  been  uncovered,  either  by  purely  empirical  or  by  proba¬ 
bility  considerations,  which  have  permitted  the  mathematical  representation  of  experimental  drop- 
size  distributions. 


The  size  distributions  can  be  expressed  in  terms  of  any  of  four  measurable  quantities: 


(1)  the  incremental  number  AN  of  droplets  within  the  size  range 


(2)  the  incremental  volume  (or  weight),  AV,  of  droplets  in  this  size  range;  (3)  the  cumulative  number 
of  droplets  N  less  than  a  given  size  x;  and  (4)  the  cumulative  volume  (or  weight)  of  droplets,  V,  less 
than  a  given  size  x.  From  elementary  considerations,  it  is  obvious  that  the  following  relation  must 
exist  between  the  number  of  droplets  N  and  the  volume  V: 


dN_  6  dV 
dx  7TX^  dx  ’ 


(4-1) 


where  x  is  the  "effective"  diameter  which  is  defined  such  that  an  irregularly  shaped  droplet  of  ef¬ 
fective  diameter  x  will  produce  the  same  effect,  in  the  phenomenon  uuder  consideration,  as  a  spher¬ 
ical  droplet  of  actual  diameter  x. 

A  relatively  simple  mathematical  function,  which  is  sufficiently  flexible  for  adequate  repres¬ 
entation  of  all  unimodal  experimental  distributions  is  an  equation  W-io)  containing  three  independent 
constants: 


—  =  .  xP  e"bxn  . 
dx 


(4-2) 


In  the  discussion  that  follows,  it  will  be  noted  thrt  all  except  two  of  the  size-distribution  functions 
which  have  been  presented  arc  cither  specializations  of  this  function,  or  slight  modifications  of  it. 


Each  of  the  various  distribution  functions  which  are  presented  below  will  be  applied  to  the 
correlation  of  the  droplet-size  data  obtained  by  Houghton^-®?),  and  given  in  Table  4-2.  It  is  noted 
that  the  original  data  are  given  in  terms  of  the  incremental  numerical  distribution  AN;  for  this  study, 


A  V 

the  normalized  incremental  volume  distribution  — was  obtained  by  multiplying  the  normalized  in- 

Ax 

cremental  numerical  distribution,  that  is,  the  ratio  of  A  N  to  Ax,  by  the  cube  of  the  mean  diameter 
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Dfor  each  range.  The  cumulative  numerical  and  volume  distributions,  Nand  respectively,  may 
be  obtained  by  summing  the  corresponding  incremental  distributions. 


The  Concept  of  Mean  Diameters 


At  this  point,  the  concept  of  mean  diameter  will  be  introduced  since,  for  many  purposes,  a 
spray  may  be  characterized  by  an  appropriate  mean  diameter.  One  cf  the  most  common  mean 
diameters  is  the  linear  mean  diameter,  x,  where 


-  ZxdN 
x  = - 

ZdN 


ZxdN 


or 


I  * 


dN  , 
—  dx 
dx 


(4-3) 


I 


dN  , 
j —  dx 
dx 


In  these  expressions  7]  is  the  total  number  of  droplets  in  the  spray,  xQ  is  the  lower  size  limit  of  the 
spray,  and  xm  is  the  upper  size  limit. 


The  concept  of  mean  size  has  been  generalized  and  its  notation  standardized  by  R,  A.  Mugele 
and  H.  D.  Evans(*"^),  who  considered  not  only  the  numerical  mean  for  any  property,  but  also  the 
mean  sizes  in  terms  of  surface  per  unit  volume,  volume  per  unit  diameter,  etc.  Hence,  the  general 
equations  for  the  various  types  of  mean  diameters  can  be  written 


-  q-p 
xqp 


dx  dx 


dx 


(4-4) 


fxP^dx  PxP-3f*V 

dx  vL  dx 


dx 


where  3  and  £  may  take  on  any  values  corresponding  to  the  effect  investigated,  and  the  sum  (q  +  p) 
is  called  the  order  of  the  mean  diameter.  Some  of  the  more  important  mean  diameters  and  their 
fields  of  application  are  listed  in  Table  4-3,  together  with  the  corresponding  values  for  £  and  £. 


TABLE  4-3.  MEAN  DIAMETERS^Mu8ele  and  Evans)4-85 


p 

q 

p  +  q 
(Order) 

Name  of  Mean 
Diameter 

Field  of  Application 

0 

1 

1 

Linear 

Comparisons,  evaporation 

0 

2 

2 

Surface 

Surface  ares  controlling--e.  g. ,  absorption 

0 

3 

3 

Volume 

Volume  controlling--e.  g. ,  hydrology 

1 

2 

3 

Surface  diameter 

Adsorption 

1 

3 

4 

Volume  diameter 

Evaporation,  molecular  diffusion 

2 

3 

5 

Sautcr 

Efficiency  studies,  mass  transfer,  reaction 

3 

4 

7 

Dc  Brouckerc 

Combustion  equilibrium 
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Inspection  of  Equation  (4-4)  indicates  that  the  various  mean  values  defined  by  different  p' s  and  q'  s 
are  related  by  the  equation 


x  q-c 

x„  P"c 
pc 


(4-5) 


Application  of  Equation  (4-4)  to  each  of  the  various  distribution  functions  will  be  considered  in  the 
subsequent  sections. 


The  Nukiyama-Tanasawa  Equation 


Two  Japanese  investigators,  S,  Nukiyama  and  Y.  Tanasawa^-86)^  obtained  extensive  data  on 
drop  sizes  in  sprays  formed  by  air  atomization,  and  sought  to  correlate  these  data  by  the  general 
function  given  by  Equation  (4-2).  Their  investigations  indicated  that  a  value  of  2  for  the  exponent p 
effected  a  good  correlation  of  the  experimental  data  in  every  case,  and  that  the  exponent  n  varied 
but  little  from  unity.  With  p  *  2,  Equation  (4-2)  becomes 


dN 

dx 


ax'- 


e-bxn 


(4-6) 


and,  from  Equations  (4- 1 )  and  (4-6), 


^  .2<SlV  . 

dx  6 


(4-7) 


The  equations  for  N  and  V  are  determined  by  integrating  Equations  (4-6)  and  (4-7),  respectively,  to 
be 


N  = 


nb3^n 


and 


V  a 


Tra 

6nb6/n 


^bxn 


rbx0" 


where  fa  is  the  incomplete  gamma  function,  as  defined  by 


(4-8) 


(4-9) 


(4-10) 


and  u  is  a  variable  of  integration  and  c  is  the  argument.  The  constant  a  of  Equation  (4-8)  or  Equa¬ 
tion  (4-9)  is  determined  such  that  either  N  or  V  will  be  equal  to  unity  for  x  —  »  ;  that  is,  a  io  used 
as  a  normalizing  constant.  Dividing  Equation  (5-6)  through  by  x^  and  taking  logarithms  of  both 
sides  gives 


log 


1 


—  s  log  a  -bx11  log  e 
dx 


(4-11) 
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This  expression  is  linear  in  (log  a)  and  (b  log  e).  If  a  value  of  n  is  assumed  for  a  given  set  of  data, 
it  is  apparent  that  a  and  b  may  be  determined  by  plotting 


against  xn. 


Figure  4-35  shows  a  plot  of  log 


/J_  AN  \ 
L2  Ax  ) 


from  Houghton's  data,  as  given  in  Column  5  of 


Table  4-2,  against  x^'^.  The  value  of  1/4  for  n  was  found,  by  trial  and  error,  to  allow  the  data  to 
fall  approximately  along  a  straight  line.  The  first  row  of  data,  j  *  -1,  has  not  been  included  be¬ 
cause  of  an  uncertainty  of  the  range,  Ax,  to  which  these  data  apply.  Since  the  negative  slope  is 
(b  log  e),  and  the  zero  intercept  is  (log  a),  this  process  permits  a  determination  of  a,  b,  and  n  for 
a  given  set  of  data,  and  thus  the  characterization  of  the  data  by  the  Nukiyama-Tanasawa  equation. 


FIGURE  4-35.  GRAPH  OF  NORMALIZED  INCREMENTAL 

NUMERICAL  DISTRIBUTION  FROM  HOUGHTON'S 
DATA  AGAINST  fa 


Better  approximations  for  the  values  of  a,  b,  and  n  can  be  obtained  by  substituting  the  value 
of  n  as  obtained  by  the  graphical  trial-and-crror  method  outlined  above,  into  Equation  (4-11),  which 
can  then  be  used  to  find  oolutior.B  for  a  and  b  by  the  method  of  least  squares.  Substitution  of  the 
value  of  a  thus  obtained  into  the  logarithm  of  Equation  (4-1 1 ),  namely, 


log  log 


I  — 
I  dN 

\  dx 


*  log  (b  log  c)  4-  n  log  x 


(4- 1  la) 
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then  yields  an  equation  which  can  be  solved  readily  for  b  and  n,  also  by  the  method  of  least  squares 
Alternate  use  of  Equations  (4-11)  and  (4-1  la)  should  be  continued  until  one  set  of  values  of  the  param¬ 
eters  a,  b,  and  n  differs  from  the  previous  set  by  less  than  a  preassigned  percentage  (for  exam¬ 
ple,  one  per  cent).  6 


FIGURE  4-36.  COMPARISON  OF  NUKIYAMA  AND  TANASAWA'S  THEORETICAL  CURVE 
WITH  NORMALIZED  INCREMENTAL  NUMERICAL  DISTRIBUTION  FROM 
HOUGHTON’S  DATA 


Figure  4-36  shows  a  comparison  of  the  theoretical  curve  thus  obtained  with  the  experimental 
points.  It  is  noted  that  the  correlation  thus  effected  is  quite  good,  especially  since  only  a  few  ap¬ 
plications  of  the  above  iteration  method  were  required.  It  may  be  noted  that  a  final  value  of  n  of 
0,  17  is  obtained,  as  compared  with  the  value  of  0.  25  obtained  graphically  from  Figure  4-35, 

Corresponding  changes  in  a  and  b  were  from  1.  12  x  10*^  to  1.  39  x  10^  and  9.  79  i0  18.  38  re¬ 
spectively  These  comparisons  clearly  indicated  that  the  value  of  a  is  the  least  sensitive,  and  is  the 
proper  value  to  carry  over  from  the  use  of  Equation  (4-11)  to  Equation  (4-lla). 
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Finally,  the  general  equation  for  mean  sizes  from  the  Nukiyama-Tanasawa  distribution 
function  is  obtained  by  substituting  Equation  (4-6)  into  Equation  (4-4).  Thus, 


when  it  is  assumed  that  xQ  *  0  and  xm  —  oe  .  For  small  n,  Equation  (4-13)  may  be  approximated  by 


SL+J  X  <TP  = 

qJj/i+Ajpf  ' 

p+  3  W 

.  bne  V  p  +  3 / 

(4- 13a) 


The  Rosin-Hammler  Equation 


Semiempirical  Derivation 

After  many  unsuccessful  attempts,  P.  Rosin  and  E.  Rammler(4-88)  were  able  to  find  a  gen¬ 
eral  expression  which  was  flexible  enough  to  give  adequate  representation  for  the  size  distributions 
of  all  consists  of  pulverized  materials  which  they  investigated.  This  distribution  function  is  but 
another  specialization  of  the  three-constant  expression  of  Equation  (4-2),  and  is  written 


V  a  1 


e 


-bx11 


a  1 


R 

Too 


(4-14) 


where  R  is  the  per  cent  residue  left  on  the  sizing  screens. 

The  validity  of  Equation  (4-14)  was  subsequently  established  by  a  semiempirical  inductive 
derivation.  This  is  presented  herein  as  an  example  of  what  might  be  done  in  the  case  of  liquid 


As  a  result  of  grinding  tests  with  bituminous  coal,  it  was  found  that,  for  any  one  test  sieve, 
the  per  cent  residue  R  varied  as  a  power  of  the  rate  of  output  M  for  the  mill.  Thus,  it  is  noted  that 
a  change  in  the  value  of  M  will  result  in  a  change  in  the  size  distribution  of  the  aggregate.  This 
variation,  which  is  expected  physically,  since  a  larger  period  of  grinding  would  result  in  a  larger 
percentage  of  fine  particles  and  a  smaller  percentage  retained  by  any  one  screen,  is  expressed  by 

R  =  cMp  ,  (4-15) 


where  the  values  of  c  and  £  can  be  determined  by  plotting  the  data  on  logarithmic  coordinates. 
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FIGURE  4-37.  VARIATION  OF  THE  RESIDUE  R  WITH  THE  RATE  OF  OUTPUT  M_  FOR 
VARIOUS  SCREENS 

(Rosin  and  Rammler)^"^ 


Figure  4-37  shows  the  variation  of  the  residue  R  with  the  rate  of  output  M_  for  various  screens, 
a  as  plotted  on  logarithmic  coordinates.  In  agreement  with  Equation  (4-15),  the  data  for  each  sieve 
fall  on  a  straight  line,  the  linear  slope  of  which  is  equal  to  the  exponent  £. 

Figure  4-37  also  shows  a  convergence  of  all  the  lines  on  one  point,  at  a  value  R  of  100  per 
cent,  and  a  value  M  of  M*.  This  result  is  also  expected,  since  at  some  relatively  rapid  rate  of 
output  M*  there  will  be,  obviously,  no  particle  smaller  than  the  largest  sie''e  size  considered,  and 
all  the  particles  will  be  retained  in  each  sieve.  This  result  also  gives  a  relation  between  £  and  £, 
and  Equation  (4-15)  may  be  rewritten  as 


R  _/M_y 

100  ~  U*/ 


(4-16) 


When  the  values  of  £  obtained  from  the  slopes  of  the  curves  of  Figure  4-37  v/ere  plotted 
against  sieve  size  x  on  logarithmic  coordinates,  it  was  found  that  £  varied  as  a  power  n  of  x. 
Hence, 


P 


(4-17) 


If  only  one  constant  output,  M,  is  now  considered,  and  R0  is  assumed  to  be  the  value  of  R  associated 
with  this  output,  p0,  and  with  xQ,  Equation  (4-15)  may  be  rewritten,  using  Equation  (4-17),  as 


R  = 


If  one  lets 


b 


In 


» 


(4-18) 


(4-19) 


Equation  (4-18)  is  the  same  as  Equation  (4-14)  as  originally  roposcd.  From  Equation  (4-19),  it  is 
clear  that  b  can  also  be  expressed  as 

-  n 


b  =  X 


(4-20) 


i 


where  X  is  the  size  of  the  sieve  which  retains  (100  e”l)  per  cent  of  the  total  (infinite)  consist. 
Differentiation  of  Equation  (4-14)  yields 


^  =bnxn'1  e"bxn 


which,  with  Equation  (4-1),  leads  to 


dN  _  6b n  xn-4  e-bxn 
dx  7 r 


(4-22) 


this  equation  is  immediately  identifiable  with  the  three-constant  Equation  (4-2),  Integration  of 
Equation  (4-22)  yields 


r\v  a 


rbx  n 


(4-23) 


where  the  incomplete  gamma  functions  are  as  defined  by  Equation  (4-10). 


The  Bennett  Diagram  and  Inner  Percentages 


If  Equation  (4-18)  is  solved  for  - - ,  and  if  the  logarithm  of  the  resultant  equation  is  taken 

R. 


twice,  then  the  following  equation  linear  in  n  and  log  b,  is  obtained: 


log  log 


=  log  b  +  n  log  x  +  log  log  e. 


(4-24) 


Equation  (4-24)  immediately  suggests  the  plotting  of  log  log  (r)  against  log  x,  from  which  the 
value  of  n  may  be  determined  as  the  linear  slope  of  the  straight  line  which  most  closely  fits  the 
data  points.  This  type  of  graph  is  called  a  Bennett^-®!)  diagram,  after  J.  G.  Bennett,  who  first 
suggested  its  use. 

Curve  A  of  Figure  4-38  is  the  Bennett-diagram  plot  of  Houghton's  data  (^_79)  a8  transformed 
to  the  cumulative  volume  basis  (Column  8  of  Table  4-2).  It  can  be  seen  that  Curve  A,  for  which  R 
was  determined  as  the  per  cent  of  the  finite  consist,  is  relatively  straight  along  only  a  short  por¬ 
tion  of  its  extent,  but  curves  sharply  to  the  vertical  at  the  upper  and  lower  size  limits  of  the  con¬ 
sist,  which  precludes  a  direct  evaluation  of  the  parameters  b  and  ri  for  subsequent  use.  The  reason 
for  this  sharp  vertical  slope  at  either  limit  can  be  seen  immediately  by  consideration  of  Equation 
(4-24).  fjij^e  the  per  cent  of  the  finite  aggregate  larger  than  the  upper  size  limit  xm  is  zero,  the 
log  log  Jterm  becomes  infinite,  and  the  curve  will  turn  sharply  upward  as  x  approaches  xm 

Similarly,  at  the  lower  limit  xQ,  the  per  cent  oversize  is  one  hundred  and  the  corresponding  log 
log  ^-^  )  becomes  negatively  infinite,  which  accounts  for  the  sharp  downward  bend  as  x  approaches 


Curve  B  ehow*  the  straight  line  which  is  obtained  when  the  data  arc  transformed  to  the  In¬ 
finite  limits  implied  by  Equations  (4-14)  and  (4-18);  the  general  basis  for  this  transformation  will 
now  be  described. 
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FIGURE  4-38.  BENNETT  DIAGRAM  FOR  HOUGHTON’S  CUMULATIVE  VOLUME 

DISTRIBUTION;  (A)  FROM  RAW  DATA;  (B)  FROM  DATA  ADJUSTED 
TO  ACCOUNT  FOR  UPPER  AND  LOWER  SIZE  LIMITS 


Consideration  of  Equations  (4-14)  and  (4-18)  reveals  that  R  can  be  equal  to  one  hundred  per 
cent  only  for  a  size  x  of  zero,  and  that  the  per  cent  oversize  R  can  be  zero  only  for  infinite  values 
of  the  size  x,  thus  implying  that  the  size  range  of  the  consist  extends  from  zero  to  infinity.  This, 
however,  is  never  the  case  physically,  and  so  a  means  must  be  found  whereby  an  experimental 
finite  consist  can  be  represented  by  an  equation  which  implies  an  infinite  consist.  This  is  done  by 
introducing  the  concept  of  "inner  percentages"  which  was  first  defined  by  B.  A.  Landry(^-90). 


The  concept  of  inner  percentages  is  valuable  in  the  sense  that  it  permits  the  data  available  to 
be  well  fitted  over  the  range  covered,  with  a  minimum  of  parameters,  and  with  parameters  which 
may  be  easily  interpreted.  As  long  as  the  curves  are  not  used  to  extrapolate  the  data  beyond  a 
point  where  the  results  have  physical  meaning,  or  to  infer  the  existence  of  any  such  region,  there 
can  be  no  objection  to  using  this  concept.  On  the  other  hand,  as  long  as  data  do  have  limits  of 
range,  for  various  reasons,  such  a  concept  is  necessary  in  dealing  with  the  data. 


The  inner  percentage  pj  of  droplets  whose  diameters  are  less  than  a  given  value  of  x^  is 
defined  as  the  volume  (or  weight)  of  droplets  whose  sizes  are  less  than  xj  divided  by  the  total  vol¬ 
ume  (or  weight)  of  droplets  in  the  consist.  Thus,  the  inner  percentage  of  droplets  whose  diameters 
are  less  than  xj  is  expressed  by: 


Pi  = 


(4-25) 


where  V|  It  the  volume  of  droplets  of  diameters  less  than  x^,  Vm  is  the  volume  of  droplets  of  diam¬ 
eter  less  than  the  upper  limit  x,^,  and  VQ  is  the  volume  of  droplets  whose  diameter  is  less  than 
the  lower  limit  x0.  In  order  for  the  experimental  finite  consist  to  be  properly  represented  by 
Equation  (4-18),  it  is  necessary  for  the  experimental  inner  percentages  pj  to  be  equal  to  the  theo¬ 
retical  inner  percentages  p{  as  found  from  Equation  (4-14),  and  expressed  by 
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(4-26) 
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m 


where 


(4-27) 


The  proper  values  of  b  and  n  for  a  given  experimental  size  distribution  are  those  for  which  the 
values  of  most  closely  approximate  the  corresponding  values  of  pj  for  each  range  of  data. 
Details  of  calculation  for  determining  b  and  n  to  fulfill  the  inner  percentage  requirements  are 
given  subsequently  after  the  presentation  of  certain  prerequisites. 


The  Effect  of  the  Parameters  b  and  n 


Consideration  of  Equation  (4-24)  indicates  immediately  that  a  large  value  of  n,  resulting  in 
a  steep  slope  on  the  Bennett  diagram,  corresponds  to  a  highly  uniform  spray  with  but  a  small  vol¬ 
ume  of  droplets  outside  of  a  small  range.  Conversely,  small  values  of  n  correspond  to  a  wide 
distribution  of  droplet  sizes.  From  Equation  (4-20),  it  can  be  seen  that  (b)^/n  is  a  measure  of  the 
average  size  of  the  particles  in  the  spray,  37  per  cent  of  the  droplets  (by  weight  or  volume)  having 
diameters  greater  than  (i/b)  */R.  A  small  value  of  b  means  that,  on  the  average,  the  droplets  tend 
to  be  large,  and  conversely. 

The  effect  of  n  cn  the  differential  volume  and  numerical  distribution  was  studied  by  Hopkins 
(4-91),  who  considered  Equations  (4-21)  and  (4-22),  Differentiation  of  Equation  (4-21)  with  respect 
to  x  yields 


d_ 

dx 


=  bn 


(n-  1)  xn_2  -  bnx2n 


'*] 


e-bxn 


(4-28) 


which  reveals  immediately  that  the  diameter  x' ,  at  which  the  greatest  differential  volume 
(dV/dx)max  occurs,  is  then 


(4-29) 


where  X  is  as  defined  by  Equation  (4-20).  It  is  noted,  from  Equation  (4-29),  that  x'  has  a  real 
value  for  n  >  1.  Furthermore,  x'  is  always  less  than  X,  that  is,  at  least  37  per  cent  of  the  volume 
in  the  infinite  consist  must  be  in  droplets  greater  than  x'. 


dV 

Figure  4-39  shows  the  variation  of  Tlx  with  x  for  various  values  of  q.  The  curves  on  this  fig¬ 
ure  give  a  graphical  representation  of  the  behavior  of  at  x  =  0  for  various  values  of  n. 

This  behavior  can  be  determined  analytically  consideration  of  Equation  (4-28);  hence,  for 

n  <  [>  as  (a?)  -- 00 


n  O  1 


l  <  n  <  2, 


■fc  (£)<■ 

(§v  \ 

\d  x)  ~~ 


+  CO 
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n  =  2, 


n  >  2, 


(4-30) 


Bounds  on  the  value  of  n  can  thus  be  readily  determined  for  a  set  of  experimental  incremental  vol¬ 
ume  data  by  plotting  these  data  against  x  and  by  comparing  the  behavior  of  the  resultant  curves  at 
x  a  0  with  the  criteria  o*  Equation  (4-30).  If  this  curve  has  a  real  maximum,  then  this  approxi¬ 
mate  value  of  n  may  be  substituted  into  Equation  (4-29)  in  order  to  riiake  a  determination  of  the 
corresponding  approximate  value  of 


FIGURE  4-39.  VARIATION  OF  dV/dx  WITH  x  FOR  VARIOUS  VALUES  OF  n 
(Hopkins)^  ^ 


The  same  type  of  analysis  was  then  applied  to  the  numerical  distribution.  Differentiation  of 
Equation  (4-22)  with  respect  to  x  yields 
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FIGURE  4-40.  VARIATION  OFdN/dx  WITH  >  FOR  VARIOUS  VALUES  OF  n 
(Hopkins)**"1^ 

dN 

Figure  4-40  shows  the  variation  of  with  x  for  various  values  of  n.  Again,  the  behavior  of 

—  at  x  =  0  for  various  values  of  n,  which  is  represented  graphically  by  Figure  4-40,  can  be  dctcr- 
dx  - 

mined  analytically,  from  Equation  (4-31),  to  be  as  follows: 
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,  ebe  ) 

(4-33) 


with  x  for  n  «  a 


Comparison  of  Figures  4-39  and  4-40  reveals  that  the  variation  of 
corresponds  quite  closely  with  the  variation  of  with  x  for  n  *  a  -  3,  except  for  the  curve  rep¬ 
resenting  the  variation  for  a  ■  4.  For  this  value  of  a,  ^  varies  as  e“x  ,  which  is  represented  by 
a  bell-shaped  curve  which  has  a  horizontal  slope  for  x  =  0.  On  the  other  hand,  for  a  -  3  »  1,  flY 
varies  as  e"x,  the  curve  which  has  no  horizontal  slope  for  any  finite  value  of  x  and  has  a  finite* 
negative  slope  for  x  ■  0.  The  experimentally  determined  variation  of  ^  with  x  can  also  be  used  to 
determine  an  approximate  value  of  n,  and,  if  there  is  a  value  x"  of  x  for  which  f|Mhas  a  maximum 
value,  an  approximate  value  for  b  can  be  determined  by  substitution  of  the  approximate  values  for 
nand  x"  into  Equation  (4-32). 


The  Graphico-Analytical  Criterion 

The  following  considerations  lead  to  a  simple  graphical  method  for  determination  of  the  ap¬ 
plicability  of  the  Rosin-Rammler  function  to  the  set  of  inner  percentages  pj  corresponding  to  any 
given  set  of  drop-size-distribution  data. 

Let  the  theoretical  inner  percentages  pj,  as  defined  by  Equation  (4-26),  be  considered  as  a 
continuous  function  P(x)  of  x; 


P  (x) 


(4-34) 


Differentiation  of  Equation  (4-34)  with  respect  to  x  yields 


dP 

dx 


x 


n- 1 


e-bxn 
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■m 


dV_ 

dx 


(4-35) 


as  shown  by  consideration  of  Equation  (4-21),  Consideration  of  Equations  (4-28),  (4-29),  and  (4-33) 
indicates  that  has  one  stationary  value  for  x  >  1,  and  none  for  x  <  1.  Substitution  of  Equation 
(4-29)  into  the  aerivative  of  Equation  (4-28)  with  respect  to  x indicator  that  the  point  x'  at  which 
uP  has  a  stationary  value  is,  indeed,  a  maximum  point  on  the  curve  of  £?  against  x,  Hence,  if  a 

gfVcn  set  of  drop-size  data  is  to  be  represented  adequately  by  the  Rosin-Rammer  function,  as  given 
by  Equation  (4-18),  then  the  experimental  inner  percentages  pj  must  be  such  that  the  variation  of 
AP ,  or  of  the  incremental  volume^-  ,  with  x  must  have  not  more  than  one  maximum  point,  and  no 
minimum  point;  that  is,  it  must  be  unimodal. 
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The  procedure  to  be  followed  in  determining  whether  the  Rosin-Rammler  expression  will 
adequately  represent  a  given  set  of  experimental  data  is  to  plot  against  x  the  experimentally  deter¬ 
mined  incremental  volume  distribution  ^  (or  the  values  of  as  determined  graphically  from  the 
curve  of  th;  experimental  inner  percentages  £  against  x).  If  the  resultant  curve  is  unimodal,  or 
decreases  monotonically  from  x  *  0,  then  the  data  should  be  adequately  representable  by  the  Rosin- 
Rammler  function.  If  the  resultant  curve  is  truly  multimodal,  then  the  Rosin-Rammler  function  can¬ 
not  adequately  represent  the  data.  Consideration  of  Equations  (4-1)  and  (4-2)  indicates  that  the  same 
criterion  can  also  determine  the  applicability  of  the  Nukiyama-Tanasawa  function  to  a  given  set  of 
experimental  data. 


FIGURE  4-41.  INCREMENTAL  VOLUME  DISTRIBUTION  FROM  HOUGHTON'S  DATA 

Figure  4-41  shows  the  variation  of  Houghton's  incremental  volume  data,  from  Column  6  of 
Table  4-2,  with  x.  These  data,  if  the  curve  through  them  is  extended  indefinitely  to  the  right,  give 
a  trimodal  curve;  however,  the  accuracy  of  the  data  do  not  justify  inferring  more  than  a  bimodal 
distribution.  Nevertheless,  even  the  bimodal  distribution  of  Houghton' s  data  precludes  their  per¬ 
fect  representation  by  either  the  Rosin-Rammler  or  the  Nukiyama-Tanasawa  function. 


Iteration  Method  for  Determining  j)  and  n  for  Equivalent  Infinite  Consist 

The  method  of  least  squares  will  now  be  applied  to  the  problem  of  determining  the  values  of 
b  and  n  of  the  infinite  consist  corresponding  to  a  given  experimental  cumulative  volume  distribution. 
Since,  for  a  proper  representation,  pi  ^  P;,  Eq'iation  (4-26)  may  be  written, 


Pi  n 


(4-36) 


Superficially,  Equation  (4-36)  indicates  that  there  are  four  unknown  quantities  to  be  determined: 
b,  n,  e0,  and  em.  However,  cQ  and  cm  are  functions  of  the  parameters  b and  n and  of  the  known 
limits  of  the  data.  Let  it  now  be  assumed  that  e0  and  cm  are  constants,  which  can  be  arbitrarily 
chosen  such  that 


0  < 


cm  !_  co 


<  1. 


Equation  (4-36)  can  be  rewritten  as 


,bxjn  = 


-  <co-cm>  Pi 


=  Gj 


(4-37) 
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If  the  common  logarithm  of  both  sides  of  Equation  (4-37)  is  taken  twice,  the  following  equation  re¬ 
sults: 


log  b  +  n  log  xj  +  log  log  e  =  log  log  G- 


(4-38) 


which  is  linear  in  n  and  (log  b),  and,  hence,  can  be  solved  readily  by  the  method  of  least  squares. 

At  lease  ten  or  twelve  size-distribution  data  points  should  be  available  for  this  computation. 

The  values  of  b  and  n  thus  obtained  are  used  to  determine  new  values  for  eQ  and  em>  as  de¬ 
fined  by  Equation  (4-27),  and  the  whole  process  is  repeated  until  two  subsequent  values  of  b  and  n 
differ  from  each  other  by  an  amount  less  than  a  preassigned  limit  of  accuracy.  This  method  con¬ 
verges  to  a  unique  result  in  no  more  than  eight  iterations. 

Although  the  method  can  be  applied  with  no  knowledge  of  the  approximate  values  for  b  and  n 
(let  eQ  =  1,  and  em  =  0,  for  example),  several  iterations  can  be  avoided  by  comparing  the  data  with 
Figures  4-39  and  4-40,  to  determine  an  approximate  value  for  n.  This  requires  only  the  plotting  of 
the  curves  for  and  against  x.  In  addition,  the  curve  of  AX  against  x  exhibits  a  maximum 

Ax  Ax  °  —  fly  °  — 

point  at  x  =  x',  so  that  the  approximate  value  of  b,  corresponding  to  the  previously  determined  ap¬ 
proximate  value  of  n,  can  b^  determined  by  substituting  x'  and  n  into  Equation  (4-29).  If  there  is 
no  real  maximum  value  of  ,  then  an  appropriate  value  of  b  can  be  obtained  by  substituting  the 
approximate  value  of  n,  along  with  the  coordinates  ^X  and  x  for  a  particular  point  on  the  curve, 
into  Equation  (4-21),  which  results  in  a  transcendental  equation  for  b.  These  approximate  values  of 
n  and  b  can  then  be  used  to  determine  the  first-approximation  values  of  e0  and  em,  which  can  be  used 
in  the  successive  iteration  method  described  above. 

Houghton's  data  will  now  be  used  to  illustrate  this  method  by  "decapitation"  at  the  value  of 
xm  of  65  /i,  and  "amputation"  at  the  value  of  xQ  of  7.  5  /u  .  The  resulting  data,  in  the  form  of  inner 
percentage  undersize,  are  tabulated  in  Column  10  of  Table  4-2. 

To  use  the  comparison  criteria  just  presented  to  determine  initial  values,  the  data  are  used 
in  the  form  shov/n  in  Figure  4-42,  with  allowance  made  for  the  decapitation  and  amputation  points. 

The  decapitation  and  amputated  data  show  a  wide  scatter  and  no  turning  point,  in  the  sense  needed 
for  a  comparison  with  the  Rosin-Rammler  curves.  Therefore,  no  initial  choice  of  b  and  n  can  be 
made,  and  the  successive  iteration  outlined  above  was  applied  by  letting  e0  =  1  and  e  =  0,  as  a 
first  approximation.  The  final  values  of  the  parameters  were  then  found  to  be  n  =  0.  65861  and  b 
=  0.  09282,  resulting  in  Curve  B  on  Figure  4-39, 

The  method  of  least  squares  can  also  be  employed  to  determine  the  values  of  b  and  n  for  a 
giver  experimental  size  distribution  if  the  data  are  given  in  terms  of  the  incremental  volume  AX  . 
The  logarithm  of  Equation  (4-21)  results  in  the  equation, 

log(  S)  *  log  bn  +  ^n-1^  lo8  x  +  *>xn  lo8  e 

=  a  +  (n- 1 )  log  x  +  |9xn  ,  (4-39) 

Hence,  if  a  first  approximation  for  the  value  of  n  can  be  obtained  by  comparing  Figures  4-40  and 
4-41  with  the  curves  for  ^X  and  AN  against  x,  the  first  approximation  values  for  xn  can  be  deter¬ 
mined.  Substitution  of  thcBe  approximate  values  for  xn  into  Equation  (4-39)  then  yields  a  series  of 
linear  equations  for  a,  and  (n-1),  from  which  a  second  value  for  n  can  be  obtained  by  the  method 
of  least  squares.  By  using  this  new  value  of  n,  another  set  of  values  for  x  is  obtained,  and  the 
least  squares  method  can  be  used  again  to  determine  a  third  value  for  n. 

This  process  is  then  repeated  until  two  successive  values  of  n  differ  by  less  than  a  preassigned 
percentage.  The  corresponding  value  of  b  can  then  be  obtained  from  the  value  of  $  which  resulted 
from  the  last  iteration. 
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This  method  was  not  applied  to  Houghton' s  data,  since  the  multimodal  character  of  these  data, 
as  shown  in  Figure  4-42,  precludes  a  reasonable  representation  of  the  incremental  volume  distri¬ 
bution  by  the  Rosin-Rammler  distribution  function. 


Mean  Diameters  for  Rosin-Rammler  Equation 

Substitution  of  Equation  (4-21)  into  Equation  (4-4)  yields  the  following  general  equation  for  the 
various  mean  sizes  of  the  droplets,  as  determined  by  the  Rosin-Rammer  distribution  function. 


which  simplifies  to 


(4-40) 


(4-41) 


when  it  is  assumed  that  xQ  =  0  and  that  xm  —  oo  • 

Hopkin3  (4-91)  chose  a  particular  Rosin-Rammler  equation  for  an  infinite  consist,  and  deter¬ 
mined  the  mean  size.  Then  he  determined  the  mean  sizes  for  various  decapitated  and  amputated 
portions  of  this  consist.  For  the  range  he  covered,  there  was  little  difference.  Basically,  this 
means  that  once  Js  and  n  are  determined  for  the  infinite  consist,  the  value  of  x  can  be  computed  from 
the  relatively  simple  Equation  (4-41),  rather  than  from  Equation  (4-40),  providing  the  amount  of 
material  outside  the  cut-off  points,  as  indicated  by  the  infinite-consist  equation,  is  "reasonably 
small".  Hopkins  did  not  investigate  the  problem  sufficiently  to  lead  to  a  good  definition  of  "reason¬ 
ably  small". 


The  Weibull  Equation 


By  identifying  the  distribution  function  F(x)  which  determines  the  quantity  of  items  with  dimen¬ 
sion  <  x  with  the  probability  P(x)  of  choosing  at  random  an  item  of  dimension  <  x,  W.  Weibull^-^ 
arrived  at  the  following  general  statistical  distribution  function: 

F(x)  =  1  -  c-$M  ,  (4-42) 


where  the  function  0(x)  is  to  be  subject  only  to  the  following  conditions: 

(1) 0  (x0)  =  0;  where  xQ  is  the  smallest  value  of  x; 

(2)  0(x)  >  0,  for  x  >  xD;  (4-43) 

(3)  d0(x) 

dx  > 

Weibull  then  chooses  a  simple  function  3(x)  which  would  satisfy  the  conditions  of  Equation  (4-42), 
namely, 


WADC  TR  56-344 


4-66 


i 


0(x)  *(^r^)  •  (4-44) 

Weibull  made  no  claims  regarding  the  theoretical  basis  of  either  Equation  (4-42)  or  Equation  (4-44), 
but  stated  that  the  only  merit  for  the  F(x)  and  the  0(x)  of  Equations  (4-42)  and  4-44)  is  that  these 
are  the  simplest  mathematical  expressions  which  satisfy  the  conditions  of  Equation  (4-43). 

If  Weibull1  s  function  is  identified  with  the  cumulative  volume  distribution  V(x),  then  the  fol¬ 
lowing  equation  results: 


VM.l-exp  {-(  — 


(4-45) 


This  is  seen  to  be  a  modification  of  the  Rosin-Rammler  Equation  (4-21).  The  difference  is  that 
Equation  (4-45)  allows  for  the  existence  of  a  lower  size  limit  xq.  This  eliminates  the  necessity  for 
determining  one  limiting  value  of  the  distribution  function,  namely  eQ.  Application  of  Equation 
(4-45)  to  several  sets  of  experimental  distribution  data  indicates  that  a  good  correlation  is  obtained 
without  consideration  of  the  second  limiting  value  e^  of  the  function,  either.  Hence,  the  method 
of  least  squares  can  be  used  to  determine  the  value  of  n  and  x  directly  from  the  original  experimen¬ 
tal  data  for  cumulative  volume  distribution.  The  equation  to  which  the  least-squares  method  is  ap¬ 
plied  is  obtained  by  taking  the  logarithm  of  1  /( 1 — V )  twice,  where  V  is  defined  by  Equation  (4-45). 
Thus, 


log  log 


n  log  (x  -  xQ) 


log  xn  +  log  log  e. 


(4-46) 


Figure  4-42  is  a  Bennett  diagram  of  Houghton' s  cumulative  volume  distribution  data,  using 
Weibull' s  cut-off  method.  A  cut-off  value  cf  xQ  of  7.  5fi  was  chosen  as  an  example,  which  elimi¬ 
nated  the  data  for  j-'-l,  0  of  Table  4-2.  Column  8  was  then  recomputed  from  Column  7,  and  used  to 
plot  Figure  4-42,  It  will  be  noted  that  the  horizontal  coordinate  is  now  (x-xQ),  rather  than  x,  as  with 
the  Rosin-Rammler  Equation  (4-21),  or  in  Figure  4-38. 


Figure  4-42  shows  that  all  the  data  points,  except  those  for  0  and  100  per  cent  oversize,  fall 
close  to  the  straight  line,  obtained  by  the  method  of  least  squares,  above;  this  indicates  that,  at 
least  in  some  instances,  correlation  can  be  obtained  by  plotting  the  experimental  data  directly  on  a 
Bennett  diagram,  the  horizontal  coordinate  of  which  is  (x-xQ).  The  lower  end  point,  at  100  per  cent 
oversize,  is  in  line  with  the  extrapolated  curve,  but,  because  of  the  coordinates,  the  lower  end  point 
cannot  be  shown.  On  the  other  hand,  the  upper  point,  at  zero  per  cent  oversize  and  (x-xo)  of  67.5  , 
is  certainly  not  on  the  line.  (Refer  to  Figure  4-54b. ) 


The  values  of  b  and  n  are  not  the  same  as  for  the  same  data  using  the  Rosin-Rammler  equation 
and  the  inner  percentage  method.  This  is  not  unexpected,  since  the  form  of  the  equation  has  changed. 
Relative  values  of  b  and  n  would  still  have  the  same  interpretation,  in  comparing  sets  of  data. 


Since  the  argument  of  the  exponential  in  Weibull' s  function  is  (x-xQ),  rather  than  x,  considera¬ 
tion  of  Equations  (4-4)  and  (4-45)  indicates  that  the  mean  diameters,  as  predicted  by  Weibull' s 
equation,  can  be  expressed  only  by  a  complicated  function  of  incomplete  gamma  functions: 


30. 3 

V  (q-3)l  xoq-3-^in 
L  (q-3-i)'.  i! 


P-3  _ 

y  Ip-31'.  x„P-i-»r 
L  (p-3-i)'.  U 

i  -  0 


(4-47) 
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where  xm  is  the  maximum  size  of  droplet.  If  xm  is  assumed  to  be  infinite,  the  imcomplete  gamma 
functions  Fa(b)  in  Equation  (4-47)  become  the  complete  gamma  function  T  (b). 


FIGURE  4-42.  DENNETT  DIAGRAM  FOR  HOUGHTON'S  CUMULATIVE  VOLUME 
DISTRIBUTION,  USING  xQ  =  7.  5  FOR  WEIBULL'S  EQUATION 


The  Logarithmico-Normal  Equation 

Application  of  the  methods  of  statistical  analysis  to  the  problem  of  size  distribution  has  re¬ 
sulted  in  the  logarithmico-normal  equation,  which  has  proved  to  be  an  effective  means  of  correla¬ 
ting  size-distribution  data  for  crushed  solids  and  spray  droplets  alike.  Several  theories  have  been 

of  these  theo- 


advanced  to  derive  this  distribution  function  from  first  principles.  Most  plausible 
retical  derivations  have  been  those  of  B.  Epiitein^_<^)  and  F.  Kottler^-  ’ 


Statistical  Approach 

After  assuming  that  any  breakage  process  may  be  conceived  as  composed  of  discrete  steps, 
Epstein  made  the  following  assumptions:  (a)  the  probability  that  a  piece  will  be  broken  is  equal  to 
one,  and  (b)  the  proportional  size  distribution  Fn(x)  resulting  from  the  nth  step  in  the  breakage  pro¬ 
cess,  as  applied  to  any  piece  of  size  ^  remaining  after  the  (n-l)st  step,  is  independent  of  the  size  £ 
of  the  piece. 

If  it  is  assumed  that  the  original  size  distribution  G(y)  corresponds  to  the  random  variable  »),  , 
and  that  the  first  step  in  the  breakage  process  yields  a  distribution  Fj(x)  of  pieces  obtained  from  each 
piece  of  size  Fi(x)  corresponding  to  a  random  variable  Cl»  then  the  resultant  distribution  remain¬ 
ing  after  the  first  step  of  the  breakage  process  will  correspond  to  a  random  variable 
since  t)j  and  £.  are  independent,  as  assumed  in  (a)  and  (b)  above.  .Subsequent  steps  will  result  in 
further  size  distributions  Fn(i;),  each  corresponding  to  an  additional  random  variable  £n>  which  has 
a  multiplicative  effect  on  the  random  variable  $n  associated  with  the  resultant  distribution  after  the 
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nth  step.  Hence, 


log  £n  =  log  T)j  + 


n 

log  4i 

i  =  1 


(4-48) 


By  the  central-limit  theorem  of  statistics,  it  can  be  shown  that  log£n  is  asymptotically  normal  for 
n  -»  oo  ,  and  hence  that  £n  is  asymptotically  logarithmico-normal.  Epstein  then  proceeded  to 
prove  this  asymptotic  behavior  for  less  restrictive  assumptions. 


Exponential  Law  of  Decay 

Having  established  that  direct  application  of  the  Normal  Law  to  the  volume  distribution  of 
particles  was  not  consistent  with  physical  observations,  Kottler(4-94)(4-95)  began  with  a  consider¬ 
ation  of  the  exponential  law  of  decay: 


^  =  -lex  ,  (4-49) 

which,  in  effect,  is  a  mathematical  expression  of  Epstein' s  assumption  (b),  above.  Integration  of 
this  expression  yields 

,~5hS  '  {4-S0) 

where  A  is  the  value  of  x  at  t  =  0. 

Assuming  that  the  times  during  which  the  particles  have  been  comminuted  are  noimally  dis¬ 
tributed  with  zero  mean  and  unit  variance,  the  probability  z  of  a  volume  of  particles  having  the 
normalized  timej^  connected  with  them  is  given  by 


z  =  -i_e-(t2  2)  .  JL  e-lnZ  (*/A)/2k2 
^2tt  ^2tt 

This  probability  z  is  also  given  by 


dV  kdV  ,  dV 
dt  “d  ln(x/A)  “  kx  dx 


(4-51) 


(4-52) 


Equating  Equations  (4-51)  and  (4-52), 


IX  , _ L_c-ln2  (x/A)/2k2 

dx  s/2 7t"kx 

(4-53) 

s.  1 .  e-ln2  (x/A)/2o2 

\lcir  ox 


where  according  to  the  customary  probability  nomenclatures,  A  has  been  identified  as  the  geometric 
mean  size  M  (which  is  synonymous  with  the  median  for  the  logarithmico-non  tal  distribution),  and 
k  can  be  identified  with  the  standard  deviation,  a  . 


The  cumulative  volume  distribution  V  is  determined  by  integration  of  I  quation  (4-53)  to  be 
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V  =  J  [  1  +  erf  (y)  ]  ,  (4-54) 


where 


1  ,  x  t 

Y  =^IlnM  =‘^ 


(4-55) 


and  erf  (y)  is  the  error  function,  or  probability  integral,  of  Since  erf  (y)  is  an  odd  function  of 
it  follows  that  erf  (-y)  =  -erf  (y). 

Considerations  of  Equations  (4-1)  and  4-53)  results  in  the  following  expressions  for  ^  and  N: 


dN  6 

dx  ~  7T \jTrTox%  CXp 


JLf, 

2a2  V  ln  M 


(4-56) 


and 


9cr 


N  a 


3e 


M^7T 


1  +  erf  (  y  +  ~ 


(4-57) 


where  jr  is  as  defined  by  Equation  (4-55).  Inspection  of  Equation  (4-57)  reveals  immediately  that 
this  equation  for  N  could  be  readily  normalized  by  setting  the  coefficient  to  the  left  of  the  bracket 
equal  to  one-half.  A  similar  normalization  could  be  effected  for  the  equations  for  N,  as  determined 
for  each  of  the  other  size-distribution  functions. 

> 

Lotl-Probability  Coordinates  and  Goodness  of  Fit 

If  Equation  (4-54)  is  solved  for  y,  the  following  equation,  which  is  linear  in  ln  x,  is  obtained: 


crT1  [2V-  l]  =  ya  (In  x  -  In  M),  (4-58) 

where  erf"*  [a]  is  the  inverse  error  function  of  Accordingly,  Hazcn^-®®)  and  Whipplc^-®*^ 
have  devised  a  particular  type  of  graph  paper,  called  log-probability  paper,  on  which  the  ordinate 
unit  is  log  x  =  0.4  34  ln  x,  and  the  abscissa  unit  is  erf*  [  2V  -  1  ] . 
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* 

X 


Per  Cent  Undersize 

FIGURE  4-43.  LOG -PROBABILITY  GRAPH  OF  HOUGHTON'S  RAW  DATA  FOR  CUMULATIVE 
VOLUME  DISTRIBUTION 

Figure  4-43  is  a  log  -  probability  graph  of  Houghton's  data,  as  taken  directly  from  Column  9 
of  Table  4-2.  The  straight  line  which  appears  to  fit  these  data  best  has  been  drawn,  and  the  param¬ 
eters  M  and  a  have  been  determined  from  this  line.  The  value  of  M  can  be  determined  by  in¬ 
spection  as  the  value  of  x  at  which  the  straight  line  crosses  the  ordinate  for  which  V  ■  0,  5,  or  for 
which  erf-*  [2V  -  1  ]  t  0.  Consideration  of  Equations  (4-55)  and  (4-58)  reveols  that  the  value 
of  o  corresponding  to  the  straight  line  drawn  in  this  figure  can  be  determined  by  the  equation 


•s/2  o 


where  a  and  b  are  any  two  points  on  the  line.  By  a  simple  change  of  variable  the  values  of  the  in¬ 
verse  error  functions  can  be  obtained  from  the  Probit  tables'^"1’®'  of  the  standardised  normal  dis¬ 
tribution  given  by 

y  *-jj~  exp  (-xZ/z)  .  (4-60) 

Although  the  plot  of  an  exact  logarithmico-normal  distribution  will  be  a  straight  line  on  log- 
probability  coordinates,  any  deviation  of  the  experimental  data  from  the  exact  logarithmico-normal 
distribution  will  be  greatly  distorted  by  the  log-probability  coordinates.  Hence,  in  order  to  judge 
th*>  goodness  of  fit  for  a  particular  logarithmico-normal  distribution  function  to  a  given  set  of  ex¬ 
perimental  data,  it  is  necessary  to  compare  the  experimental  deviation  i  with  some  standard  error 


in  f  — 
V  *b , 


erf"1  [2Va-l]  -  erf1  [2Vb-l] 


(4-59) 


S  associated  with  the  particular  logarithmic o-normal  function.  From  probability  considerations. 
Urban(4“99)  showed  that  the  standard  error  S  to  be  associated  with  any  given  value  of  V  is 


S  = 


fv'  (1-0 

v  v 


(4-61) 


where  v  is  the  number  of  data  points  considered,  and  V'  is  the  value  of  the  theoretical  cumulative 
volume  distribution  predicted  by  the  logarithmico-normal  function.  By  using  Equation  (4-61)  it  is 
possible  to  determine  the  coordinates  Vg  of  the  standard  error  band  by  the  equation 

Vg=V'±S.  (4-62) 


FIGURE  4-44.  STANDARD  ERROR  BAND  FOR  LOG-PROBABILITY  GRAPH  OF  HOUGHTON'S 
RAW  DATA  FOR  CUMULA11  »VE  VOLUME  DISTRIBUTION 


Figure  4  -44  shows  Houghton' s  data,  decapitated  at  x  =  65  fi  and  amputated  at  x  =  7.  5  p,  as 
given  in  Column  10  of  Table  4-?,  and  the  standard  error  band  associated  with  a  mean  line  through 
the  data  points.  Inspection  of  this  figure  reveals  immediately  that  all  of  Houghton's  experimental 
data,  which  have  been  included,  fall  inside  of  the  standard  error  band.  Owing  to  amputation  and 
decapitation  at  the  point  x  =  7.  5,  the  per  cent  undersize  equals  zero,  and  at  x  a  65.0,  the  per  cent 
undersize  equals  one  hundred.  Since  these  points  arc  both  at  infinity  on  a  log-probability  graph, 
they  do  not  fall  within  the  error  band. 

Since  the  standard  error _S  to  be  expected  varies  with  the  theoretical  cumulative  volume  dis¬ 
tribution  V',  as  seen  from  Equation  (4-61),  it  is  apparent  that  the  logarithmico-normal  function 
which  best  fits  a  given  set  of  data  (in  the  least  squares  sense)  will  be  that  function  for  which  the  sum 
of  the  squares  of  experimental  deviations  &  2  divided  by  the  squares  of  the  standard  errors  S^  is  a 
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minimum 


^  C  L  K 


i=  1 


i=l 


(Vj  -  Vj  T 

Vi  (l-Vi1) 


min. 


(4-63) 


This  sum  has  been  identified  with  the  X  *  distribution  of  probability  theory  by  Kottler.  The  prob¬ 
lem  thus  becomes  one  of  determining  the  values  of  the  parameters  a  and  Mof  Equation  (4-53),  such 
that  the  minimizing  conditions  of  Equation  (4-63)  are  satisfied.  Rewriting  Equation  (4-58)  as 

p.  1  1 

-V2  y=t--lnM--lnx  =  a  +  blnx  ,  (4-64) 

and  recalling  from  Equation  (4-54)  tha. 


V 


1  +  erf 


_t_ 

n/2 


) 


the  minimum  condition  of  Equation  (4-63)  can  be  expressed  by: 


and 


(4-65) 


(4-66) 


Consideration  of  Equation  (4-54)  reveals  that  Equations  (4-65)  and  (4-66)  will  be  exceedingly 
nonlinear  as  they  stand.  However,  by  making  use  of  a  method  suggested  by  Brunt^-^®),  these 
equations  can  be  linearized,  resulting  in  two  simultaneous  linear  equations.  Brunt's  method  pro¬ 
ceeds  as  follows:  let 


V  =  V' (x, a, b)  +  6  ,  (4-67) 

and  let  the  best-fit  values  for  a  and  Js  be  expressed  as 

a  =  aQ  +  aj  (4-68) 

and 

b  =  b0  +  bj  (4-69) 

where  aQ  and  b0  are  the  first  approximation  values  for  a  and  b,  as  obtained  from  the  straight  line 
drawn  through  the  experimental  points  on  the  logarithmic  probability  coordinates.  Under  the  as¬ 
sumption  that  aj  and  bj  are  small  compared  with  aQ  and  b0,  V'  can  then  be  expressed  by  the  first 
three  terms  of  a  Taylor  scries: 


V'  (x,  a,  b)  =  (V1)  +  a,  +  b. 

•>*o 


^  (V')o 

<»b0 


(4-70) 


from  which 


V 


J(V% 

c?a0 


♦  b, 


(V')o 

Abo 


+  i 


(4- 71) 
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and 


! 


6  =  v  -fV')  -  a  ^(VI)o  h  a(V>o 
V  (V,o  al  -9a„  ’ 


(4-72) 


where  (V')0  is  the  value  of  V'  obtained  from  the  first  graphical  approximation.  If  the  denominators 
of  Equations  (4-65)  and  (4-66)  are  held  constant  for  the  differentiation,  consideration  of  Equations 
(4-65),  (4-66),  (4-67),  (4-71),  and  (4-72)  leads  to  the  following  set  of  equations,  which  are  linear  in 
al  and  b^: 

A  V  (Vi  -  yi')2  2r.V _ i _ r  .  v  l  £Xl 

da-  L  V{'  (l-V,')  "  2Z  V  '  {3-V  ')  LVi'  ■  ViJ  da  ' 
i=l 


-4  OTg['Vi%-Vl,^!2 

i=l 

+  N  Wi%  .  0 

1  db0  j  d&0  -v> 


(4-73) 


S  _ » _ —  \J,)  _  v.  +  a,  £ili% 

L  (Vi')0[l~(Vi  ')0]  L'  1  }°  1  1  da0 


<W)0  ,<3(Vi')n 

where  — jz -  and  — -,£■  ■■ 

(4-63)  be  ° 


^(Vi')0  “|  d(vy)0 

J  “JET"  *  ’ 


(4-74) 


can  be  determined  by  consideration  of  Equations  (4-54),  (4-55)  and 


a(Vi')0  1  1SL 


da0  n/Ztt 


e"  2  , 


(4-75) 


where 


c5(Vi')0  In  x  _ 

db0  °  tfW  6 


t0  c  a0  +  b0  In  x  . 


(4-76) 


(4-77) 


If  a  j  and  b|  are  small  compared  with  aQ  and  bQ,  respectively,  the  problem  is  essentially  solved,  al¬ 
though  further  applications  of  the  above  method  can  be  made  if  a  closer  fit  is  desired.  If,  however, 
the  values  of  aj  and  bj  as  determined  by  Equations  (4-73)  and  (4-74)  are  not  small  compared  with 
aQ  and  b0,  respectively,  then  the  linearizing  assumptions  of  the  above  method  are  not  correct,  and 
it  will  be  necessary  to  draw  a  different  straight  line  which  more  closely  fits  he  data,  as  plotted  on 
the  log-probability  coordinates.  It  can  be  seen  that  this  method  is  of  little  uic  if  the  first  graphical 
approximation  was  not  a  good  one. 

Figure  4-45  shows  the  best-fit  straight-line  approximation  to  Houghton's  data,  given  in 
Column  10  of  Table  4-2,  as  determined  by  the  above  method.  Actually,  several  iterations  were 
made  in  order  to  ensure  the  closest  possible  fit  of  the  straight  line  to  the  experimental  data.  Com¬ 
parison  of  Figures  4-44  and  4-45  show  that  little  was  gained  over  the  original  fit.  No  amount  of 
iteration,  of  course,  can  change  the  fact  that  Houghton's  data  are  not  unimodal,  and  that  they  have 
been  decapitated  and  amputated. 
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FIGURE  4-45.  BEST -FIT  STRAIGHT  LINE  APPROXIMATION  TO  HOUGHTON'S  RAW  DATA 
FOR  CUMULATIVE  VOLUME  DISTRIBUTION  AS  DETERMINED  BY  BRUNT'S 
METHOD 


Inner  Percentage  and  the  Logarithmico-Normal  Equation 

In  an  effort  to  obtain  a  better  fit  to  Houghton' s  data  with  the  logarithmico-normal  equation, 
the  effect  of  upper  and  lower  size  limits  will  be  considered.  Since  the  size  range  for  Houghton's 
data  is  finite,  whereas  the  logarithmico-normal  equation  assumes  an  infinite  range  of  sizes,  it 
again  appears  advisable  to  make  use  of  the  concept  of  inner  percentages,  as  described  in  a  previous 
section.  By  making  use  of  this  concept,  a  successive  iteration  method  similar  to  that  developed  for 
the  Rosin-Rammler  Equation  (4-18)  can  be  devised  for  the  logarithmico-normal  Equation  (4-54). 

Substitution  of  Equation  (4-54)  into  Equation  (4-26), with  consideration  of  Equation  (4-58)  , 

yields 


erf"1  [2(Vm  -  V0)  P{  +  2  VQ  -  l)  serf1  [G'] 


2.  3026 
on/2 


(log  xj  -  log  M). 


(4-78) 


Here  again,  a  set  of  values  for  VQ  and  Vm  is  chosen  such  that 


°<Vo<Vm<l.  (4-79) 

and  the  first-approximation  values  for  O  and  Marc  obtained  from  Equation  (4-59)  by  the  method  of 
least  squares.  These  values  of  0  and  Mean  then  be  used  to  find  a  new  set  of  values  for  VQ  and 


bum  laana  « — 


n  nrr*""*1" 


Vm,  by  using  Equation  (4-54),  and  the  process  can  be  continued  until  one  set  of  values  for  a  and 

M  differs  from  the  previous  set  by  less  than  a  preassigned  percentage.  As  before,  this  iteration 

process  converges  to  a  unique  set  of  values  for  a  and  M,  and  a  reasonable  first  guess  for  the  values 

of  V  and  V_  would  be  zero  and  one,  respectively, 
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FIGURE  4-46.  LOG-PROBABILITY  GRAPH  OF  HOUGHTON'S  CUMULATIVE  VOLUME 
DATA,  AFTER  MAKING  ALLOWANCE  FOR  SIZE  LIMITS,  USING  THE 
CONCEPT  OF  INNER  PERCENTAGES 


Figure  4-46  shows  the  straight  line  obtained  from  Houghton's  data  given  in  Column  10  of 
Table  4-2,  as  a  result  of  applying  the  successive  iteration  method  above.  The  experimental  points 
grouped  about  this  line  were  obtained  by  plotting  G'  against  x  on  the  log-probability  coordinates. 
Comparison  of  Figures  4-45  and  4-46  reveals  immediately  that  the  second  curve,  which  makes  al¬ 
lowance  for  the  finiteness  of  the  size  range,  is  by  far  the  better  fit  to  the  experimental  data,  and 
that  the  concept  of  inner  percentages  is  again  a  useful  tool  in  the  correlation  of  drop-size  data.  It 
must  be  kept  in  mind,  however,  that  this  curve  shows  only  52  per  cent  undersize  at  x  =  65  p,  or 
48  per  cent  over  65  p  .  With  this  large  per  cent  oversize  at  65  p  ,  as  compared  with  the  value  of 
7.7  per  cent  for  Houghton' s  original  data,  this  becomes  a  case  where  the  mean  drop  size  cannot  be 
approximated  by  considering  the  infinite  distribution  only.  The  cut-off  must  be  taken  into  account. 


Limited  Logarithmico-Normal  Equations 

A  second  method  for  making  allowance  for  x0  and  xm,  the  minimum  and  maximum  sizes,  re¬ 
spectively,  is  to  modify  the  logarithmico-normal  equation  itself.  This  modification  can  be  effected 
by  redefining  the  y  of  Equation  (4-55)  such  that 
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y(*o> 


y(*m)  =  M  • 


(4-80) 


Satisfaction  of  Equation  (4-80)  is  assumed  by  letting 

1  (x“xo)  1  , 

y  c  ■  •  — =-  In  -  a - p-  J 

oV2  M*  (x^-x)  a  V2 


(4-81) 


which  is  the  argument  for  Kottler'  s  limited  logarithmico -normal  function.  Consideration  of  the  ex¬ 
ponential  law  of  decay,  which  led  to  Equation  (4-54),  indicates  that  Equation  (4-81)  can  be  derived 
from  fundamental  considerations  only  by  assuming  the  following  law  of  decay: 


dx  .  (x-x0)(xm-x) 

tt  =.  -k  - : - : - 


(4-82) 


Although,  as  mentioned  by  Kottler,  Equation  (4-82)  is  similar  to  the  equation  of  second -order,  or 
bimolecular,  reaction  in  chemical  kinetics,  there  is  no  observable  extreme  value  of  the  rate  of 
decay  inside  tie  chemically  significant  interval.  Hence,  it  appears  that  Equation  (4-81)  has  no 
chemically  significant  interval.  Hence,  it  appears  that  Equation  (4-81)  has  no  physically  reasonable 
theoretical  foundation. 


Consideration  of  Equations  (4-54)  and  (4-81)  reveals  that  the  following  equation  is  true: 


M'  = 


x50  ~  xo 
xm  -  x50 


(4-83) 


where  xa  is  the  value  of  x  for  which  V  =  a.  Also,  since  erf(-y)  =  -erf(y),  it  is  readily  apparent 
that 


Kn-Xo)  M’  Kn  ~xb) 
M'  (xm  " xa)  (xb  -  xo) 


where 


b  =  1  -  a. 


(4-84) 


(4-85) 


By  equating  the  expressions  for  M2,  as  obtained  from  Equations  (4-84)  and  (4-85),  the  following 
quadratic  equation  for  the  unknown  quantities  xTn  and  xQ,  in  terms  of  the  experimentally  determined 
values  of  xa  and  x^,  is  obtained: 

(xm-xaHxm-xb)  (x5Crxo)2  '  Kn^t))2  (xa-x0)<xb  _xo)  =  x02  [(xm’x5o)2  -  (xm-xaHxm-xb)] 

-xo  [  xaxb)(xm"x50)2  -  2x5o(xm"xb)] 
xax  (xm_x5o)2  "  x502  (xm"xa)(xm“xb) 


=  AxQc  -  Bx0  +  C  =5  0 


(4-36) 


The  nonlinearity  of  Equation  (4-86)  makes  application  of  the  method  of  least  squares  inadvisable. 

If,  however,  the  minimum  size  xD  is  assumed  to  be  equal  to  zero,  as  was  done  by  Mugclc  and 
Evan3  for  their  special  Upper  Limit  Function,  Equation  (4-81)  becomes 


1  x  1 

y  a  — —  In  -  =  — —  In  u1 

0^/2  M"(xm-x)  osr2 


(4-87) 


from  which  the  following  equation  for  x^  results: 
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*m  _  X5Q  (xa+xb)  -  2xaxb 
x50  x502  _xaxb 


(4-88) 


The  value  of  x_^  can  then  be  determined  as  the  simple  average  of  the  values  of  x^j  obtained  from 
Equation  (4-88)  by  letting  a  equal  5,  10,  15,  .  .  40,  and  45. 

Having  determined  by  letting  xQ  =  0,  tiie  corresponding  value  of  x0  can  be  readily  deter¬ 
mined  from  Equation  (4-86)  by  assuming  that  «  1.  From  Equation  (4-86), 


IB  B  f  4AC 

2  „A  A  ^  B2 

^  r  B  B  /  2AC 

2  A  "  A  I  B2 


_  q-p 


n  (  Me 


(q+p-6)- 


q-p  rm'  (!)  -  ro'  (1) 


rm"  O)  -  r0"  (1) 


(4-90) 


=  .  (4-89) 

B 

Further  iteration  beyond  this  first  approximation  is  inadvisable,  since  it  was  found  that  the  process 
is  nonconvergent.  The  best-fit  values  of  0  and  M'  (or  M")  can  be  determined  by  substitution  of  u' 
(or  u")  for  u  in  Equation  (4-58),  which  can  then  be  solved  for  o  and  M'  (or  M")  by  the  method  of 
least  squares. 

Figure  4-47  shows  the  graph  of  Houghton' s  cumulative  volume  data  as  given  in  Column  10  of 
Table  4-2  against  u",  where  xQ  is  set  equal  to  zero,  on  log -probability  coordinates.  Figure  4-48 
shows  the  graph  of  the  same  data  against  u' ,  where  the  value  of  xD  was  determined  by  means  of 
Equation  (4-89).  The  best-fit  straight  line  in  each  case  was  determined  by  the  method  of  least 
squares.  Although  each  of  these  straight  lines  shows  better  correlation  of  the  data  than  did  the  line 
obtained  from  the  log-normal  equation,  as  shown  in  Figure  4-45,  each  is  a  poorer  correlation  than 
that  obtained  by  using  the  concept  of  inner  percentages,  as  shown  in  Figure  4-46. 

Mean  Diameters  for  Logarithmico-Normal  Equation 

From  Equations  (4-4)  and  (4-53),  the  mean  diameter  for  the  logarithmico-normal  equation  is 
seen  to  be 


where 


. 

••  B-4lnf^nV(X2i2  , 

0$  \  M  / 

...  ■  i„ (2>y fcy2  . 

0\£  \  M  ^ 


(4-91) 
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FIGURE  4-47.  LOG -PROBABILITY  GRAPH  OF  HOUGHTON'  S  CUMULATIVE 
VOLUME  DISTRIBUTION  DATA  USING  SPECIAL  UPPER  LIMIT 
FUNCTION 


Per  Cent  Undersize 


FIGURE  4-48.  LOG-PROBABILITY  GRAPH  OF  HOUGHTON'S  CUMULATIVE  VOLUME 
DATA  USING  LIMITED  LOGARITHMIC-NORMAL  FUNCTION 

xm  a  168.  Z  x0  »  0.  744  38 
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Consideration  of  Equations  (4-90)  and  (4-91)  reveals  that,  if  xQ  and  xm  are  set  equal  to  zero  and 
infinity,  respectively,  the  mean  size  can  be  determined  by  the  equation  - 


x  =Me^+P-6)' 

qp 


(4-92) 


Substitution  of  Equations  (4-54)  and  (4-81)  into  Equation  (4-4)  results  in  an  expression  for 
the  mean  size  which  cannot  be  integrated  in  closed  form  for  any  but  a  few  discrete  values  of  a. 
Hence,  the  limited  logarithmico-normal  equation,  which  makes  allowance  for  both  xQ  and  xm, 
offers  no  advantages  whatsoever  insofar  as  the  calculation  of  mean  drop  sizes  is  concerned. 

However,  if  only  the  upper  size  limit  xm  is  considered,  as  in  the  special  upper  limit  function 
of  Equation  (4-88),  the  general  equation  for  mean  drop  sizes  can  be  determined  by  substituting 
Equations  (4-88)  and  (4-54)  into  Equation  (4-4).’  The  resultant  equation  then  becomes 


m 


q-p 


-  q-p 
xpq 


3-q 

'V  (3-q)  ! 

_ 1.  ,  gjm 

(iir)2 

U  (3-q-i)  !  i  ! 
icO 

(M«)* 

2 

3-P 

V  (3-P)  i 

1  PVp 

["(iff)2 

L  (3-p-i)  1  i  '. 
i=0 

(M')i 

L  2  . 

(4-93) 


The  Griffith  Comminution  Function 


By  applying  the  theory  of  probability  to  the  molecular  surface  energy  in  an  elementary  com¬ 
minuted  system,  L.  Griffith^-^^  obtained  an  expression  for  the  incremental  numerical  size  dis¬ 
tribution  which  is  based  on  fundamental  considerations.  He  considered  an  elementary  system  of 
N  particles  with  Nj  particles  in  each  size  range  xi  <  x  <xi  +  Ax.  The  corresponding  surface  energy 
per  molecule  of  the  particles  in  each  size  range  was  designated  as  Ej,  and  the  following  equations 
were  thus  established: 


and 


11 

X 

i=0 


Ni  = 


N 


(4-94) 


£  Ni  Ei  =  E  , 
i=0 


(4-95) 


where  Eis  the  total  surface  energy  of  the  system. 

By  assuming  that  the  individual  molecules  do  not  possess  identity,  the  number  of  ways  G 
that  the  size  distribution  can  occur  can  be  expressed  by 


G  a 


(4-06) 


Bv  further  assuming  that  the  size  distribution  will  be  that  for  which  Gis  a^njaximum,  for  a  given 
amount  of  energy,  the  normalized  differential  numerical  size  distribution  can  then  be  expressed 
as 
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(4-97) 


i*0 


where  p.  is  an 'added  probability  factor  to  allow  for  differential  effects  of  protection  on  various 
sizes  of  particles,  and  the  coefficient  Bean  be  determined  from  the  equation* 


I 


Ei 


e-BEi 


i*0 


n 


I 


e-BEi 


ixO 


(4-98) 


The  problem  now  becomes  that  of  determining  expressions  for  and  p.,  as  functions  of  x. 
By  assuming  the  surface  energy  £  per  unit  surface  area  to  be  independent  of  x,  the  surface  energy 
per  molecule  can  be  determined  as  the  surface  energy  of  the  particle  divided  by  the  number  of 
molecules  in  the  particle.  Hence, 


„  6gm  1 

V. .  —  - 

1  r,  > 

*  n  v 


(4-99) 


where  m  is  the  mass  of  a  molecule  and  p  is  the  density  of  the  substance. 

By  postulating  that  the  probability  £  that  a  particle  class  will  remain  in  a  certain  size  range 
is  inversely  proportional  to  the  probability  that  it  will  be  comminuted,  Griffith  proposed  the  fol¬ 
lowing  expression  for  the  probability  £: 


P  =  ~  ■  (4-100) 

xr 

Since,  in  actual  practice,  the  probability  of  comminution  varies  from  no  discrimination  to  the 
probability  that  larger  particles  will  fall  into  the  grinder  more  rapidly,  as  predicted  by  Stokes' 
law,  it  is  to  be  expected  that 


0  <  r  <  2  . 

Substitution  of  Equations  (4-99)  and(4-100)  into  Equation  (4-97)  then  results  in  Griffith's 
equation  for  incremental  numerical  size  distribution: 


dN 

dx 


x  k'  x”r  c 


b 

x 


,4-101) 


•Sec  Boltzmann  distribution  in  any  statistical  mechanics  reference. 
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Figure  4-49  shows  the  curve  obtained,  using  Equation  (4-104),  by  applying  the  method  of 
least  squares  to  Houghton1  s  data,  given  in  Column  5  of  Table  4-2.  It  is  apparent  from  this  figure 
that  Griffith's  distribution  function  is  a  valid  means  of  representing  incremental  numerical  size 
distribution. 

Since  Equation  (4-101)  cannot  be  integrated  in  closed  form,  it  is  not  readily  applicable  to  the 
determination  of  a  cumulative  numerical  or  volume  distribution.  For  the  same  reason,  it  cannot 
be  used  to  determine  a  general  expression  for  mean  sizes. 


Roller' s  Size-Distribution  Function 


From  empirical  considerations,  P.  S. 
the  cumulative  volume  distribution  V: 


Roller^4-102) 


deduced  the  following  expression  for 


V  =  ax* / 2e-b/x  i 


(4-105) 


The  corresponding  differential  distributions  are  readily  determined  from  Equations  (4-1)  and 
(4-105)  as 


dV 

dx 


+  bx 


-3/2\  -b/x 

J 


(4-106) 


and 


dN  _  3a 
dx  "  7T 


(x-VZ  +  2b x“9/2^  e-k^x  . 


(4-107) 


Consideration  of  Equation  (4-107)  indicates  immediately  that  it  is  impossible  to  obtain  an  expres¬ 
sion  for  Nin  closed  form.  This  fact  also  rules  out  the  possibility  of  obtaining  any  expression  in 
closed  form  for  the  average  size  of  the  droplets. 


Inspection  of  Equations  (4-105)  and  (4-106)  indicates  at  once  that  Roller's  size-distribution 
function  possesses  the  following  general  properties,  which  are  confirmed  by  experimental  obser¬ 
vation: 


V  (0)  =  0  , 


dV 

dx 


(0)  =  0  , 


> 


(4-108) 


and 


dV 

dx 


j —  *  >  0  for  V  »  1. 


It  is  readily  apparent  from  Equation  (4-105)  that  the  values  of  b  and  a  can  be  determined  graphical¬ 
ly  by  plotting  log  (V/x^2)  against  1/x.  The  slope  of  the  best  straight  line  through  these  points  will 
be  equal  to  (b  log  c),  and  the  point  at  which  this  line  crosses  the  abscissa,  for  x  o  1,  will  be  equal 
to  log  a.  The  best-fit  values  of  a  and  b  can  also  be  determined  analytically  by  applying  the  method 
of  least  squares  to  the  logarithm  of  Equation  (4-105): 


log  (V/x1^2)  =  log  a  -  b  log  c/x 


(4-109) 
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FIGURE  4-50.  CORRELATION  OF  HOUGHTON'S  CUMULATIVE  VOLUME  DISTRI¬ 
BUTION  BY  MEANS  OF  ROLLER'S  FUNCTION 


Figure  4-50  shows  the  variation  of  log  (V/x^/^)  for  Houghton' s  data  (where  V  is  taken  from 
Column  10  of  Table  4-2)  with  respect  to  (l/x),  along  with  the  best-fit  straight  line  as  determined 
by  the  least  squares  method  outlined  above.  Inspection  of  Figure  4-50  indicates  that  Roller' s 
equation  gives  about  as  good  a  correlation  of  Houghton's  data  as  the  other  methods  when  cut-off 
limits  are  not  considered. 

Since  Roller's  function,  as  defined  by  Equation  (4-105),  permits  no  upper  limit  for  V,  the 
iteration  method  for  determining  the  best  values  of  the  parameters  by  use  of  the  concept  of  inner 
percentages,  is  not  applicable  to  this  function.  This  absence  of  an  upper  limit  for  V  makes  the 
iteration  process  nonconvergent. 

Consideration  of  Equations  (4-4)  and  (4-107)  leads  to  the  following  complicated  expression 
for  the  mean  diameters,  as  predicted  by  Roller's  distribution  function: 


x  9“P  x  b^-P 

qp 


Pb/x0  (5/2‘q)  +rb/xo  (7/2-q)  -  [rb/Xm  (5/2-9)  +  rb/Xm  <?/2-q) 


r b/x„  (5/2-p)  +r b/x  (7/2-p)  - 


rb/xin(5/2-p)  +  rb/Xm(7/2-P) 


(4-110) 


Multimodal  Size  Distribution 


Most  of  the  formulae  for  differential  numerical  or  volume  distributions  which  have  been 
presented  cannot  be  used  to  fit  multimodal  data,  of  which  the  Houghton' s  data  are  a  type.  Yet,  as 
pointed  out  on  page  1-39  of  Chapter  1,  several  disturbances  of  different  wavelength  may  contribute 
to  the  breakup  of  a  liquid  jet.  When  the  phenomenon  of  secondary  atomization  occurs,  there  may 
then  be  a  different  size  distribution  associated  with  each  of  the  effective  wave-lengths  of  breakup 
The  size  distribution  of  the  total  resultant  spray  will  then  be  a  composite  of  the  various  individual 
size  distributions,  each  associated  with  a  different  wavelength  of  disturbance.  Hence,  it  may  be 
reasoned  that  multimodal  size  distributions  arc,  indeed,  theoretically  to  be  expected. 
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However,  since  it  is  frequently  difficult  to  determine  where  one  individual  distribution 
"ends"  and  another  "begins",  it  is  difficult  to  fit  a  multimodal  experimental  distribution  by  a  sum 
of  the  unimodal  expressions  given  above.  Accordingly,  the  problem  has  been  attacked  by  con¬ 
sidering  it  to  be  simply  one  of  curve  fitting. 


The  general  function  which  was  found  by  O'  Toole 
best  is 


(4-95) 


to  represent  multimodal  distributions 


z  a  exp 


(4-111) 


where  z  can  be  identified  either  with  or  with  and  where  n  is  the  number  of  maxima  ob¬ 
served  in  the  experimental  distributiraf.  Three  methods  for  fitting  Equation  (4-111)  to  an  experi¬ 
mental  bimodal  size  distribution  which  are  described  by  Dallavalle,  Orr,  and  Blocker'^’ 104) are 


(1)  The  Method  of  Moments 

(2)  The  Method  of  Least  Squares 

(3)  The  Five-Ordinate  Method. 


Since  these  are  standard  methods  employed  in  curve-fitting,  they  will  not  be  further  described 
here. 


FIGURE  4-51.  COMPARISON  OF  THEORETICAL  CURVE  OBTAINED,  USING 

O'TOOLE'S  METHOD  FOR  A  BIMODAL  DISTRIBUTION ,  WITH 
NORMALIZED  INCREMENTAL  VOLUME  DISTRIBUTION  FROM 
HOUGHTON'S  DATA 


Figures  4-51  and  4-52  show  the  curves  obtained  by  applying  the  method  of  least  squares  to 
Houghton's  data  given  in  Column  6  of  Table  4-2,  and  using  the  function  given  by  Equation  (4-111). 
Figure  4-51  shows  the  fit  assuming  a  bimodal-distribution  equation;  it  was  mentioned  previously 
that  the  assumption  of  a  trimodal  distribution  for  these  data  did  not  appear  compatible  with  their 
accuracy.  Figure  4-52  shows  the  fit  assuming  a  trimodal  distribution,  or,  essentially,  a  distri¬ 
bution  function  with  two  more  parameters.  Figure  4-52  showB  better  agreement  than  Figure  4-51, 
but  still  not  good  agreement,  although  it  was  obtained  at  the  expense  of  about  twice  the  labor  in 
fitting.  Furthermore,  considering  that  seven  parameters  were  available  to  fit  only  13  points,  the 
agreement  may  be  considered  poor  indeed. 

It  may  be  concluded  that  this  method,  considered  as  a  purely  empirical  one,  is  of  little  use, 
since  the  fit  may  be  poor,  the  amount  of  labor  required  large,  and  extrapolation  is  not,  in  any 
sense,  justified. 
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FIGURE  4-52.  COMPARISON  OF  THEORETICAL  CURVE  OBTAINED,  USING  O'TOOLE’  S 
METHOD  FOR  A  TRIMODAL  DISTRIBUTION,  WITH  NORMALIZED  IN¬ 
CREMENTAL  VOLUME  DISTRIBUTION  FROM  HOUGHTON’S  DATA 


Persistence  of  Form 


Since  none  ox  the  size-distribution  functions  described  above  are  based  upon  fundamental 
principles,  it  would  seem  desirable  to  devise  a  method  for  deriving  an  expression  for  drop-size 
distribution  which  would  conform  to  some  definite  physical  law.  It  has  been  found  that  a  Maxwel¬ 
lian  distribution  of  velocities  has  a  persistence  of  mathematical  form  in  statistical  mechanics.  As 
a  mathematical  artifice,  rather  than  a  physical  concept,  it  can  be  assumed  here  as  a  postulate  that 
the  distribution  for  drop  size  will  show  a  preservation  of  form.  To  this  postulate  may  be  added  an 
assumption  as  to  the  law  of  radius  change,  such  as 


dr  __k 
cTF  =  r 


(4-112) 


which  is  derived  for  the  evaporation  of  single,  stationary  droplets  (cf.  Chapter  8). 

G.  F.  Carricr^-^^  has  examined  this  problem  as  follows:  Let  the  number  of  liquid  drops 
in  the  system  under  consideration  be  N  and  the  number  in  the  radius  range  of  £  to  (r  +  Ar),  at 
time _t,  beNp(r,t)Ar,  where  p(r,  t)  is  a  density  function  describing  the  distribution  of  drop  sizes. 
Furthermore,  let  the  rate  of  change  of  the  radius  be  given  by  the  general  relation 


dr 

3F 


=  -  g(r) 


(4-113) 


If  it  is  supposed  that  the  initial  density  distribution  p(r,0)  is  known,  the  problem  may  be  de¬ 
fined  as  that  of  determining  p  (r,t)  from  these  assumptions.  If  there  arc  Np(r,t)(r'  -  r)  drops  in 
the  size  range  r  to  r'  at  time_t,  there  will  be  the  same  number  of  drops  in  the  sine  range 
[  r  -  g(r)  At  )  ,  (  r’  -  g(r')  At]  at  (t  +  At)-  That  is, 

p(r,  t)(r 1  -  r)  = 

(pfr  -  g(r)  At,  t  +  At)]  [r*  -  r  g(r’)  -  g(r)X  At].  (4-114) 
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Dividing  both  sides  of  Equation  (4-114)  by  (r1  -  r)  and  taking  the  limit  as  r' 


P(r,t)  =  [p(r  -  g(r )  At,  t  +  At]  [l  -  g'(r)  At] 
Dividing  by  At,  and  passing  to  the  limit  as  At  _  0, 

Plj-  gAt,  t  +  At)  -  p(r,t)  .  ,  B  0 

At  P  g 


or 


Pt  “  g  Pr  -  Pgr  1  0, 


so  that 


g-  (gP)t  "  '% P)r  =  °- 


Defining 


(r)  dr 


a  h  (r), 


then 

(gp)t  -  (gP)h  =  0. 

Also,  g p  may  be  defined  in  terms  of  a  new  function,  F,  such  that 


gp  =  F  (h(r)  +  t] 


The  density  distribution  may  now  be  written  as 

p=-prF  [h(r)  +  t] 
g(r ) 


Suppose  that  at  t  =  0,  p(r,t)  is  given  by  the  function  S(r);  then 

S(r)  “  — — •  F  [h(r )] 

g(r) 


and,  in  order  to  find  F,  the  inverse  relation  r(h)  must  be  used. 

Lctg[r(h)]  and  S  [  r(h)  ]  be  denoted,  respectively,  by  G(h)  and  o(h). 
(4-121 )  becomes 

F(h)  «  G(h)  o(h), 

and  the  density  function  becomes 


p  ■  -f~r  G  [h(r)  +  t]  o(h(r)  +  t] 

g(r) 


which  reduces,  at  t  *  0,  to 


p(r,  0)  «  o( h(r ) ]  ■  S(r). 


r,  there  results 

(4-115) 


(4-116) 

(4-117) 

(4-118) 

(4-119) 

(4-120) 

(4-121) 

Now  Equation 

(4-122) 
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It  is  now  seen  that  the  types  of  distribution  functions  of  a  self-preserving  form  are  very 
limited.  It  may  also  be  noted  that  if  the  original  distribution  has  a  cut-off  at  r  the  new  distri¬ 
bution  will  have  a  cut-off  at  rc  s  r  [h(r0)  -  t] . 


As  an  example,  the  evaporation  law  of  Equation  (4-112)  will  be  used,  that  is,  g(r)  =  ancj 

r  D  _w_q 

the  three-constant  equation  will  be  used  to  express  the  initial  distribution,  that  is,  S(r)  =  ar  e"D 
Then 

J0 

Also,  r(h)  =  Jzkh,  G(h)  =  and 


JP  q 

c(h)  =  a{2kh)2e-b(2kh)2 


(4-123) 


From  Equation  (4-122),  p  is  now 


P-1 

p  =  ar  (r2  +  2kt)  ~T 


q 

e-b(r2  +  2kt)  2 


(4-124) 


If  the  form  of  the  distribution  is  to  be  invariant,  then  the  time  terms  must  go  into  a  renormalizing 
factor,  and  be  separable  from  r.  Thus,  £  must  equal  1  and  £  must  equal  2.  Equation  (4-124)  now 
becomes 


p  -  are 


-br  -b2kt 


(4-125) 


Jo 


UU 

J« 


pdr, 


The  ratio  of  the  original  number  of  droplets,  Jq  p0  dr,  to  the  number  of  particles, 
remaining  after  evaporation  of  the  smallest  droplets  gives  the  renormalizing  factor  to  be  applied  to 
p  ,  since  p  still  relates  to  the  original  number  of  particles. 


Making  this  correction, 


p  -  are 


-br' 


(4-126) 


which  is  identical  with  the  original  form. 

It  may  be  concluded  that:  (a)  the  method  leading  to  Equation  (4-122)  is  general,  (b)  assump¬ 
tion  of  a  form-preserving  law  greatly  limits  the  available  functions  and  fixes  some  of  the  param¬ 
eters  of  certain  classes  of  functions,  and  (c)  the  further  assumption  of  a  decay  law  may  entirely 
fix  one  or  more  parameters  of  a  general  distribution  equation  which  meets  the  requirement  of  self 
preservation  of  form. 


Summary 


As  has  been  mentioned,  none  of  the  expressions  for  size  distribution  arc  based  on  a  funda¬ 
mental  theoretical  analysis,  although  Griffith' s  comminution  function  and  the  logarithmico-normal 
function  arc  based  on  plausible  conjectures  for  solid-particle  grinding.  Consequently,  the  only 
bases  on  which  the  respective  merits  of  the  various  expressions  can  be  ascertained  arc  the  good¬ 
ness  of  fit  and  the  case  with  which  the  parameters  can  be  determined  and  used  in  other  computa¬ 
tions. 
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FIGURE  4-53.  COMPARISON  OF  NUKIYAMA-TANASAWA ' S  AND  GRIFFITH'S 
EMPIRICAL  CURVES  WITH  NORMALIZED  INCREMENTAL 
NUMERICAL  DISTRIBUTION  FROM  HOUGHTON'S  DATA 


Figure  4-53  shows  a  comparison  of  the  theoretical  curves  for  the  incremental  numerical 
distribution,  as  given  by  the  Nukyama-Tanasawa  function  [Equation  (4-11)]  and  by  the  Griffith 
comminutivc  function  [Equation  (4-104)]  ,  for  Houghton's  data  given  in  Column  5  of  Table  4-2. 
These  curves  have  been  reproduced  from  Figure  4-35  and  Figure  4-49,  respectively.  It  is  seen 
that  there  is  little  choice  between  the  two  curves.  One  is  closer  to  the  data  in  one  region  and  the 
other  in  another  region.  Without  more  extensive  consideration  of  the  type  of  randomizing  proc¬ 
esses  that  occur  in  producing  and  analyzing  the  data,  there  is  no  basis  for  choice  other  than 
convenience. 

Figures  4-54a,  4-54b,  and  4-54c  show  a  comparison  of  the  various  empirical  curves  for 
cumulative  volume  distribution  with  Houghton's  experimental  data  as  given  in  Column  10  of  Table 
4-2.  From  these  graphs,  it  is  apparent  that  each  of  the  curves  gives  a  reasonable  correlation  for 
the  data  in  the  intermediate  size  range,  but  that  only  those  curves  (Rosin-Rammler,  log-normal) 
which  are  obtained  by  consideration  of  the  concept  of  inner  percentages  give  a  good  correlation  of 
the  data  at  cither  end  of  the  range.  However,  it  has  been  shown  that  even  these  two  treatments  of 
the  data  cannot  be  used  safely  as  a  basis  for  extrapolation.  Of  these  two  curves,  it  is  noted  that 
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the  computations  involved  in  the  determination  of  the  Rosin-Rammler  parameters  are  less  tedious 
than  those  involved  in  the  determination  of  the  logarithmico-normal  parameters. 

Insofar  as  determining  approximate  values  for  the  parameters  from  a  plot  of  the  raw  data  on 
specialized  coordinates  is  concerned,  however,  it  is  noted  that  a  closer  approximation  is  obtained 
by  plotting  the  data  on  logarithmico- probability  paper,  from  which  the  corresponding  parameters 
can  be  obtained  by  consideration  of  the  logarithmico-normal  equation. 


FIGURE  4-54a.  COMPARISON  OF  EMPIRICAL  CURVES  WITH  HOUGHTON’S 
DATA  ON  CUMULATIVE  PER  CENT  UNDERSIZE 
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FIGURE  4-54b.  COMPARISON  OF  EMPIRICAL  CURVES  WITH  HOUGHTON'S 
DATA  ON  CUMULATIVE  PER  CENT  UNDERSIZE 


Determination  of  the  mean  sizes  is  effected  most  readily  by  use  of  Equation  (4-92),  where 
the  infinite  size  range  is  implied  for  the  loga rithmico-normal  function.  A  better  approximation  to 
the  experimental  mean  sizes  can  be  determined  with  but  little  extra  effort  by  use  of  Equation  (4-93), 
which  is  derived  from  the  special  upper  limit  function  under  the  assumption  of  a  size  distribution 
which  is  limited  only  from  above.  Full  consideration  of  the  upper  and  lower  limits  on  the  size 
range,  however,  leads  to  quite  complicated  expressions  for  the  mean  sizes,  which  arc  expressed 
in  terms  of  incomplete  gamma  functions.  Unfortunately,  such  a  consideration  is  necessary  in 
many  instances. 

From  this  discussion,  and  from  a  consideration  of  other  general  factors  involved,  it  may  be 
concluded  that: 
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FIGURE  4-54c.  COMPARISON  OF  EMPIRICAL  CURVES  WITH  HOUGHTON'S 
DATA  ON  CUMULATIVE  PER  CENT  UNDERSIZE 


(1)  None  of  the  distribution  curves  has  a  theoretical  basis,  as  regards  droplet  statistics, 

(2)  Two  types  of  cut-off,  natural  and  artificial,  arc  inherent  in  all  the  data.  Some  examples 
of  natural  cut-off  arc  an  upper  size  of  the  order  of  magnitude  of  the  spray-nozzle  diam¬ 
eter  and  a  lower  size  below  which  the  aggregate  of  molecules  ceases  to  act  as  a  drop. 
Artificial  cut-offs  arc  given  by  such  factors  as  limits  of  observation,  on  one  hand  and 
the  size  of  the  sampling  instrument,  on  the  other. 

(3)  Treatments  allowing  for  decapitation  and  amputation  are  desirable,  since  data  arc  ac¬ 
tually  decapitated  and  amputated.  However,  if  the  equations  are  used  for  extrapolation, 
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the  natural  cut-off  limits  must  still  be  observed,  and  abnormal  percentages  outside  the 
artificial  limits  imposed  by  the  range  of  data,  but  inside  the  natural  limits,  must  be 
guarded  against. 

(4)  Sometimes  the  cut-offs  are  so  extreme  relative  to  the  mean  size  and  distribution  that, 
for  many  practical  purposes,  an  infinite  consist  may  be  assumed  when  using  the  com¬ 
puted  parameter  of  the  curve  to  determine  mean  sizes,  etc. 

(5)  Since  none  of  the  curves  has  a  theoretical  basis,  the  important  criteria  are  ease  of  use, 
goodness  of  fit,  and,  if  used  for  extrapolation,  acceptability  of  extrapolated  values. 

(6)  Many  distributions  are  multimodal,  either  because  of  inaccuracies  in  the  data,  in  which 
case  the  problem  is  one  of  statistical  judgment,  or  because  of  natural  factors  in  the 
method  of  producing  the  spray,  in  which  case  methods  of  combining  the  appropriate  uni- 
modal  distribution  equations  must  be  devised. 

It  is  clear  that  as  soon  as  a  theoretical  equation,  even  on  shaky  grounds,  is  derived  for  any 
particular  type  of  spray,  then,  for  this  spray,  the  approach  will  be  revised.  The  emphasis  will 
shift  from  fitting  data  to  some  distribution  equation,  with  a  view  of  presenting  compactly  large 
amounts  of  data  and  saying  that  each  parameter  varies  in  a  certain  manner  with  the  physical  con¬ 
ditions,  to  comparison  of  the  data  with  the  theoretical  equation  and  to  an  explanation  of  the  differ¬ 
ences.  It  would  seem  that  one  should  not  be  led,  then,  to  the  reduction  of  droplet  distribution  data 
by  means  of  empirical  equations,  and  to  the  presentation  of  only  the  reduced  data. 

It  may  also  be  concluded  that,  with  the  possible  exception  of  developing  simple  methods  of 
combining  unimodal  distributions  to  fit  truly  multimodal  data,  further  work  along  the  lines  of  im¬ 
proved  data  fitting  is  fruitless.  The  real  need  is  for  the  development  of  distribution  equations 
based  on  plausible  assumptions  as  to  the  mechanisms  operating  in  the  creation  of  a  spray. 


SECTION  III  -  SPRAY  PATTERN  AND  DISTRIBUTION 
J.  M.  Pilcher 


In  addition  to  drop-size  distribution,  the  spray  pattern  or  distribution  of  droplets  through 
the  space  within  the  combustion  chamber  is  an  important  characteristic  of  a  fuel  spray.  Spray 
pattern  vitally  affects  combustion  efficiency  and  performance.  A  common  difficulty  that  may  re¬ 
sult  from  nonuniform  distribution  of  droplets  is  local  overheating  of  the  combustion  chamber  or 
turbine,  which  may  cause  the  burnout  of  parts.  The  distribution  of  fuel  is  important  also  because, 
in  combination  wit^the  velocity  distribution,  it  determines  the  variation  of  local  air-fuel  ratios, 
and  what  Rupe^  '  ^  has  termed  combustion-chamber  "space  efficiency". 


Factors  Influencing  Weight-Flow  Distribution 


The  weight-flow  distribution  of  fuel  from  swirl-type  pressure  atomizing  nozzles  is  in¬ 
fluenced  by  the  physical  properties  of  the  liquid  fuel,  the  operating  pressure  of  the  nozzle,  and  the 
physical  dimensions  and  configuration  of  the  internal  components  of  the  nozzle.  Rupc^-^^)  ob¬ 
served  that,  at  low  pressures,  where  the  centrifugal  forces  imparted  to  the  fluid  by  the  tangential 
slots  are  low  compared  with  the  surface  tension,  the  liquid  may  take  the  form  of  an  elongated 
hollow  bulb  which  is  closed  at  both  ends,  with  the  drops  forming  at,  or  below,  the  closure  point. 

As  the  pressure  is  increased,  the  bulb  gradually  opens  up  until  atomization  is  occurring  approxi¬ 
mately  half  way  up  the  bulb.  Further  increase  in  pressure  causes  the  bulb  of  liquid  to  open  still 
further,  until  it  stabilizes  itself  as  a  hollow  cone  which  is  relatively  thick  at  the  top  and  tapers  to 
a  fine  edge  at  the  open  end. 
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FIGURE  4-55.  THREE  STAGES  OF  ATOMIZATION 
(Watson)4'107 


Figure  4-55  shows  the  three  stages  of  atomization  as  described  by  Watson^-^®^).  The 
"bubble"  stage  occurs  at  extremely  low  pressure,  where  the  kinetic  energy  of  the  liquid  is  small 
compared  with  the  surface  tension.  As  the  pressure  increases  the  bubble  changes  to  the  form 
known  as  the  "tulip"  stage,  with  a  ragged  edge  from  which  fairly  coarse  droplets  of  fuel  break  off. 
As  the  pressure  is  increased  further,  above  20  psi,  the  tulip  shortens  and  atomization  begins 
practically  at  the  orifice  itself,  and  the  film  is  virtually  nonexistent.  The  boundary  of  the  fully  de¬ 
veloped  spray,  in  air,  is  curved  in  toward  the  center  of  the  spray,  whereas,  in  vacuum,  the  boun¬ 
dary  of  the  spray  maintains  true  conical  form. 

It  is  evident  from  Figure  4-55  that  the  weight-flow  distribution  of  fuel  is  materially  in¬ 
fluenced  by  fuel  pressure.  The  trend  is  for  more  fuel  to  be  distributed  further  from  the  axis  of 
the  nozzle  as  pressure  is  increased.  The  fineness  of  droplets,  of  course,  increases  as  the  pres¬ 
sure  is  increased. 

Ganger^4  10^  shows  photographs  of  three  similar  stages  of  atomization  which  he  designates 
as  "A",  "B",  and  "C".  Stage  "A"  is  called  the  "bubble"  or  "olive"  form  and  represents  the  mini¬ 
mum  atomization  that  can  ever  be  tolerated  in  service.  Ganger  describes  stage  "B"  as  a  "cone  of 
glassy  film"  extending  5/8  inch  from  the  tip  of  the  nozzle,  beyond  which  there  is  a  cone  of  coarse 
drops  with  the  angle  not  too  well  defined.  For  3tage  "C"  the  fuel  leaves  the  orifice  as  droplets 
rather  than  as  a  film,  and  the  cone  angle  is  well  defined. 

Rupe^-10^)  found  that  weight-flow  distribution  changed  little  with  increase  in  distance  from 
the  nozzle,  within  the  region  of  interest.  Fluid  characteristics  and  air  velocity  also  were  observed 
to  have  negligible  effects  on  weight  distribution  of  liquid  atomized  at  the  higher  pressures.  It  may 
be  concluded,  therefore,  that  fuel  pressure  and  nozzle  design  arc  the  two  major  factors  that  deter¬ 
mine  weight-flow  distribution. 


Methods  for  Determining  Spray  Distribution 


Several  methods  have  been  developed  for  measuring  the  weight-flow  distribution  from  a  spray 
nozzle.  The  most  common  method  consists  of  collecting  the  liquid  in  a  number  of  glass  tubes 
closed  at  the  bottom  and  open  at  the  top  where  the  spray  enters.  In  this  way,  a  weight-distribution 
histogram  may  be  obtained. 
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FIGURE  4-56.  SPRAY  DISTRIBUTION  SAMPLER 
(The  Texas  Co.)4-1 10 


Figure  4-56  is  a  photograph  of  a  spray  distribution  sampler  or  "Nozzle  Tester"  (4-  1 09)  de¬ 
vised  by  the  Texas  Company(4-  1 10).  It  consists  of  a  scries  of  I /8-in.  O.  D. ,  0.084-in.  I.  D.  brass 
tubes  with  ends  chamfered  to  form  a  sharp  edge  at  the  outside  diameter.  These  tubes  are  arranged 
with  their  chamfered  ends  along  the  arc  of  a  circle  of  4-in.  radius  so  that  the  angle  between  the 
center  lines  of  adjoining  tubes  is  2  degrees.  The  test  nozzle  is  clamped  in  such  a  position  that  its 
tip  is  at  the  center  of  the  circle.  The  32  tubes,  covering  a  64-degree  arc,  arc  individually  con¬ 
nected  by  means  of  neoprene  tubing  to  an  equal  number  of  test  tubes,  graduated  in  millimeters. 
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The  test  tubes  are  held  in  a  closed  chamber  which  is  connected  to  a  vacuum  source.  A  vacuum  of 
5  in.  of  water  at  the  collecting  tube  has  been  found  satisfactory  for  a  wide  range  of  operating  con¬ 
ditions.  The  period  of  time  during  which  fuel  is  collected  in  the  test  tubes  should  be  chosen  to  in¬ 
sure  ease  of  measurement  and  good  reproducibility. 

The  Texas  Company  uses  kerosene  for  all  tests.  With  more  volatile  fuels,  such  as  gasoline, 
the  reproducibility  of  the  test  is  adversely  affected  by  losses  through  the  ventilating  system  and  the 
vacuum  line  attached  to  the  chamber  holding  the  test  tubes.  Neglecting  differences  in  relative 
vaporization,  the  variation  in  the  quantity  of  fuel  collected  at  the  different  spray  angles  is  an  in¬ 
dication  of  the  distribution  of  fuel  concentration  along  the  arc  described  by  the  tube  openings. 

The  distribution  of  fuel,  expressed  as  cc/min  -  degree,  is  useful  in  evaluating  the  symmetry 
of  a  spray,  and  in  comparing  the  distribution  of  several  nozzles. 

Although  the  actual  histogram  is  the  only  true  representation  of  the  weight-flow  distribution, 
Rupe^-^^)  has  devised  two  basic  criteria  which  make  it  possible  to  plot  weight -distribution  data 
as  a  function  of  some  variable  such  as  pressure.  The  two  criteria  are  (1)  spray  angle,  and  (2)  the 
"peak  to  center  ratio",  tentatively  defined  as  the  ratio  of  the  maximum  unit  flow  rate  to  the  unit 
flow  rate  at  the  center  of  the  spray.  By  plotting  these  two  variables,  curves  may  be  obtained  to 
compare  different  nozzles  or  different  liquids  atomized  with  the  same  nozzle. 

Pigford  and  Pyle^”^),  in  a  study  of  commercial  spray  nozzles  of  the  type  used  in  spray 
absorbers,  determined  spray  distribution  by  mounting  the  nozzle  above  a  target  painted  on  a  con¬ 
crete  floor.  The  target  consisted  of  six  concentric  circles  differing  in  radius  by  increments  of 
six  inches.  Radii  were  painted  on  the  target  at  angular  intervals  of  60  degrees.  Rates  of  spray 
collection  were  determined  by  observing  the  volume  of  liquid  collected  in  a  cylindrical  vessel 
during  measured  time  intervals.  The  vessel  was  located  successively  at  various  points  on  the 
target,  usually  at  six  points  along  each  of  three  equally  spaced  radii. 

Two  methods  were  used  by  Pigford  and  Pyle  to  represent  the  spray-distribution  data.  In 
one,  the  "spray  intensity",  f1 ,  expressed  as  gallons  per  minute  per  square  foot,  was  plotted  as  a 
function  of  the  angular  inclination  of  a  line  connecting  the  spray  nozzle  with  the  element  of  area. 

In  the  other  method,  the  spray  distribution  was  represented  by  plotting  f,  the  fraction  of  the  total 
discharge  per  unit  solid  angle  at  6  degrees  from  the  center  line,  against  0  . 

Figure  4-57  shows  the  relation  between  f  and  P  ,  which  involves  the  cosine  of  the  angle  0  . 
For  a  nozzle  which  distributes  spray  uniformly  in  all  directions  within  the  angular  limits  of  the 
spray  cone,  _f  is  uniform  within  these  limits;  f  decreases  as  cos^  0  toward  the  edge  of  the  cone. 


A/(  h2  +  r2)  *  A'  cos30  /h2 
since  A»  A'  cos  0,  and 
cos20*  hz/(h£+ 

f'  *  q/A’ 

f«q/Qw*  f'(hc/Q  cos5  9 ) 

A1  is  horizontal  ond  represents 
_ area  of  collecting  pen 


FIGURE  4-57.  GFOMETRICAL  RELATIONS  USED  IN 
REPRESENTING  SPRAY  DISTRIBUTION 

(Pigford  and  Pyle)*-*2 
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In  the  case  of  nozzles  for  aircraft  gas  turbines,  the  spray  is  generally  a  hollow  cone.  An 
ingenious  device  known  as  a  rapid  spray  analyzer  has  been  developed  at  the  Engineering  Research 
Institute  of  the  University  of  Michigan  for  the  Air  Materiel  Command  of  the  United  States  Air 
Force.  This  instrument,  which  can  analyze  the  spray  with  more  convenience  than  is  possible  with 
conventional  patternators,  is  described  below.  Also,  results  of  tests  conducted  by  the  Air 
Materiel  Command  of  the  spray  patterns  of  aircraft  fuel  nozzles  are  reviewed. 


Rapid  Spray  Analyzer 

Dodge^"* H)  and  Hagerty  and  Yagle^”*^,  who  developed  the  rapid  spray  analyzer,  set 
forth  the  following  six  basic  requirements: 

1.  The  analyzer  should  survey  the  spray  rapidly:  should  give  quantitative  information 
on  the  mass  distribution  of  the  3pray,  point  by  point  around  the  spray  periphery: 
and  should  give  some  measure  of  the  mean  drop  size. 

2.  The  accuracy  with  which  a  set  of  nozzles  is  matched  at  all  fuel  pressures  should 

be  determinable.  < 

3.  The  analyzer  should  be  compact,  so  that  it  can  be  used  in  combustion  chambers 
to  obtain  spray  information  under  air-  and  fuel-flow  eruditions. 

4.  The  probe  or  pickup  of  the  instrument  should  not  interfere  with  air-fuel  flow 
patterns. 

5.  Permanent  graphical  records  should  be  taken  which  would  permit  ready 
comparison  with  a  standard  performance. 

6.  The  instrument  should  be  easy  to  operate  and  to  maintain. 

The  device  which  Hagerty  and  his  associates  have  developed  meets  nearly  all  of  the  above 
requirements. 

Figure  4-58  shows  the  essential  parts  of  the  pickup  element,  which  consists  of  a  probe,  a 
cantilevered  elastic  bar  with  electric  strain  gages  mounted  on  it,  and  a  rotating  shaft.  The  probe 
is  a  small  rod  which  intercepts  a  thin  slice  of  the  spray.  The  force  exerted  by  the  spray  on  the 
probe  is  transferred  to  the  elastic  cantilevered  bar  and  is  measured  by  the  electric  strain  gages. 
The  pickup  is  rotated  at  a  uniform  rate,  and  the  force  is  measured  at  every  section  of  the  spray. 
The  performance  record  of  the  nozzle  is  recorded  on  a  chart  for  quick  and  permanent  reference. 

Absolute  values  of  the  momentum  are  not  actually  measured,  but,  instead,  this  instrument 
compares  the  momentum  at  one  section  of  the  spray  with  the  momentum  at  all  other  sections  at 
the  same  distance  from  the  nozzle  tip.  Thus,  for  a  perfectly  distrubuted  (axially  symmetric)  Bpray 
of  absolutely  uniform  velocity,  at  a  given  distance  from  the  tip,  the  momentum  would  be  the  same 
over  the  periphery.  The  measurement  of  momentum  is  essentially  a  measurement  of  total  mass 
distribution,  because  the  velocities  of  all  sizes  of  drops  close  to  the  nozzle  are  nearly  the  same. 

In  addition  to  the  pickup  element,  tho  rapid  spray  analyzer  consists  of  a  motor,  cams, 
contacts  and  switches  necessary  for  operation  of  the  pickup,  a  strain  analyzor,  a  recorder,  and  a 
control  unit.  The  strain  analyzer  and  recorder  are  standard  items  that  may  be  purchased  from 
the  Brush  Development  Company. 

Fifty-two  working  drawings  for  tho  entire  rapid  spray  analyzer  are  available  upon  re- 

quest(*-H2>. 
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FIGURE  4-58.  PICKUP  ELEMENT  OF  THE  RAPID  SPRAY  ANALYZER 
(Hagerty  and  Yagle)^-^ 


The  portable  mou'l  of  the  rapid  apray  analyzer  ic  designed  to  be  operated  by  one  person. 

A  distance  of  one-half  inch  between  the  nozzle  tip  and  the  end  of  the  straight  portion  of  the  probe 
has  been  found  satisfactory  for  routine  testing  of  both  simplex  and  duplex  nozzles.  The  present 
Air  Force  specifications  for  testing  simplex  nozzles  call  for  tests  at  eight  different  pressure  dropn 
across  the  nozzle.  The  complete  test  may  be  rocorded  on  a  single  strip  of  the  recorder  chart 
and,  since  the  operation  is  automatic,  tbe  operator  is  free  to  record  flow  and  temperature  read¬ 
ings,  and  to  observe  the  spray  itself. 

The  most  obvious  applications  of  the  rapid  spray  analyzer  are  in  nozzle  production  control, 
nozzle  matching,  and  the  field  testing  of  nozzles. 
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Applications  of  the  Rapid  Spray  Analyzer 


Rodean^-!^)’  (4-114),  (4-115)  Qf  United  States  Air  Force  Air  Materiel  Command  has 
made  extensive  application  of  the  rapid  spray  analyzer.  Tests  were  made  of  eight  duplex  fuel 
nozzles(4-113)  using  both  the  segment  patternator  and  the  rapid  spray  analyzer.  Rodean  reports 
that  a  general  correlation  exists  between  results  with  the  segment  patternator  and  those  with  the 
rapid  spray  analyzer.  He  further  points  out  that  the  great  advantage  of  the  rapid  spray  analyzer 
is  that  it  is  much  more  sensitive  to  variations  in  the  spray  pattern,  since  the  actual  flow  is  indi¬ 
cated  at  each  point,  instead  of  an  average  over  a  segment  of  the  spray. 

In  a  study  of  the  effect  of  temperature  (-85  to  +75  F)  on  spray  pattern,  as  determined  by  a 
six-segment  patternator,  Rodean(4"l  15)  reports  no  general  trend  of  spray  pattern  with  tempera¬ 
ture,  but  reports  that  spray  pattern  varied  with  each  of  the  five  fuel  nozzles  tested.  However, 
Rodean  concluded  that  the  use  of  the  rapid  spray  analyzer  would  result  in  more  accurate  spray 
pattern  data  than  those  obtained  with  the  segment  patternator. 


Deposition  and  Dispersion  of  Sprays 


Alexander  and  Coldren(4-l  16),  (4-117),  (4-118)  p0jnt  out  that  deposition  of  a  spray  on  the 
walls  of  a  duct  must  be  considered  in  the  design  and  operation  of  combustion  chambers  in  which 
liquid  fuels  are  burned.  Accordingly,  these  investigators -made  a  study  of  the  transport  of  small 
(average  diameter  27  microns)  water  droplets  from  a  turbulent  air  stream  to  the  walls  of  a 
straight  duct  to  elucidate  the  mechanism  by  which  sprays  are  deposited  in  such  systems.  They 
injected  the  spray  axially  into  an  air  stream  moving  at  moderate  velocities  in  a  straight  horizon¬ 
tal  circular  duct. 

From  the  shapes  of  the  radial  profiles  of  mass  velocity  of  suspended  matter,  Alexander  and 
Coldren  deduced  that  the  major  resistance  to  transfer  from  the  air  stream  to  duct  wall  resided  in 
a  relatively  thin  layer  of  gas  adjacent  to  the  wall.  The  problem  of  maBB  transfer  from  the  main 
body  of  the  gas  stream  to  the  walls  of  the  confining  duct  was  treated  mathematically  to  yield  an 
equivalent -film  coefficient  of  mass  transfer.  The  coefficient  varied  with  the  1.17  power  of  the 
velocity  and  was  10  to  20  times  greater,  on  a  mass  basis,  than  coefficients  of  common  gases 
under  the  same  conditions. 

Brown  and  Young(4-l  19),  recognizing  the  fact  that  combustion  performance  is  influenced  by 
fuel  dispersion,  conceived  the  idea  of  developing  a  fuel-injection  system  that  would  have  a  fixed 
fuel  pattern  for  varying  fuel  and  air  rates.  Then  the  problems  of  combustion  could  be  simplified. 

Figure  4-5?  shows  one  of  the  experimental  cylindrical  jet  injectors  devised  by  Brown  and 
Young  to  study  liquid-dispersion  patterns.  A  cylindrical  jet  of  liquid  was  forced  upstream,  which 
resulted  in  better  dispersion  than  downstream  injection. 

The  droplet-diBpersion  pattern  remained  substantially  fixed,  and  the  diffusion  coefficient 
did  not  increase  with  liquid  rate,  as  when  a  simple  baffled  disk  was  used.  Tho  diffusion  coef¬ 
ficient  increased  linearly  with  air  velocity,  provided  the  air-Btream  velocity  was  sufficiently 
high  for  good  atomization.  Brown  and  Young  found  that  the  only  method  for  obtaining  a  fixed 
droplet-dispersion  pattern  was  to  inject  the  liquid  at  low  velocity  (5  to  25  ft  per  sec),  so  that  the 
kinetic  energy  of  the  emerging  jet  was  negligible.  The  initial  radial  component  of  the  droplet 
velocity  was  therefore  determined  by  the  radial  component  of  air-stream  volocity  near  tho  nozzle 
face,  which  was  proportional  to  the  axial  component  of  the  air-stream  velocity.  Hence,  tho 
droplet-dispersion  pattern  was  essentially  fixed. 

The  nozzles  wore  mounted  in  an  8-inch  induced-draft  duct,  and  data  were  obtained  over  a 
range  of  air  velocities  of  from  150  to  285  fps.  Diffusion  coefficients  were  calculated  assuming 
point-source  injection,  whereas  the  nozzles  had  diameters  of  appreciable  magnitude.  However, 
small  errors  from  this  assumption  could  be  compensated  for  by  assuming  the  effective  point 
source  to  be  several  inches  upstream  from  the  nozzle  face. 


WADO  TR  56-344 


4-99 


1 


FIGURE  4-59,  CYLINDRICAL  FUEL  INJECTOR  FOR  STUDY  OF  SPRAY  DISPERSION 
(Brown  and  Young)4-119 


The  diffusion  coefficient  was  found  to  vary  as  the  3/2  power  of  the  nozzle  disk  diameter,  and 
as  the  first  power  of  the  air-stream  velocity,  resulting  in  the  following  empirical  equation; 

E  a  0.0025  (d)3/2  V  , 

where  E  is  the  diffusion  coefficient  in  ft^  per  sec,  d  is  the  disk  diameter  in  inches,  and  V  is  the 
air-stream  velocity  in  fps.  It  appears  that  too  much  emphasis  may  be  placed  on  disk  diameter 
in  this  equation.  Brown  and  Young  point  out  that  this  equation  holds  true  only  when  the  liquid 
injection  velocity  is  low  enough  to  prevent  penetration  of  the  air  stream,  and  when  the  air-stream 
velocity  is  high  enough  to  overcome  the  surface  tension  causing  the  liquid  to  adhere  to  the  nozzle 
body. 

Longwell  and  Weiss(4-120)  made  a  valuable  contribution  to  the  study  of  distribution  of 
atomized  liquids  by  investigating  the  variables  that  affect  the  distribution  of  fuel  downstream  of 
simple  tube  injectors  and  nozzleB.  In  general,  the  dispersion  of  fuel  throughout  the  airstroam 
could  be  described  by  a  turbulent  diffusion  process  assuming  constant  eddy  diffusivity.  The  dif- 
fusivity  used  in  the  diffusion  equations  must  be  determined  experimentally  for  any  particular 
equipment;  its  value  is  quite  sensitive  to  the  nature  of  the  flow  and  therefore  to  obstacles  in  the 
stream,  including  the  fuel  injector  and  its  supporting  structure. 

For  given  geometry,  the  ratio  of  diffusivity  to  stream  velocity  was  found  to  be  about  constant 
for  vaporized  fuels.  This  would  bo  expected  because  diffusivity  should  be  proportional  to  turbu¬ 
lent  intensity  which,  in  turn,  is  proportional  to  stream  velocity  in  normal  pipe  turbulence.  For 
nonvolatile  fuels,  this  ratio  decreased  as  velocity  increased  presumably  because  the  inertia  of 
liquid  drops  prevented  thorn  from  closely  following  the  higher  velocity  random  fluctuations  in 
faster  flow.  Changes  in  air  static  pressure  from  4  to  55  psia  resulted  in  no  change  in  diffusivity, 
and  similarly  there  was  no  effect  on  diffusivity  due  to  fuel  rate.  Tests  in  6  to  24-inch  pipes 
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showed  that  duct  size  has  a  negligible  effect  on  diffusivity.  Because  diffusivity  should  be  propor¬ 
tional  to  the  scale  of  turbulence,  which,  in  turn,  is  proportional  to  duct  size  in  normal  pipe 
turbulence,  it  was  theorized  that  (a)  diffusion  time  was  too  short,  as  it  often  is  in  practice,  for 
more  than  about  one  "cycle"  of  turbulent  air  fluctuations,  thus  causing  intensity  to  determine  the 
effective  diffusivity  rather  than  scale,  and  (b)  fully  developed  normal  pipe  turbulence  may  not 
have  existed  in  the  tear,  equipment. 

Although  eddy  di'fusivity  is  a  constant  of  some  importance,  it  is  not  necessary  to  know  its 
value  with  great  accuracy  in  many  practical  situations.  This  conclusion  follows  from  the  fact 
that  usually  much  mora  of  the  dispersion  is  a  result  of  the  initial  spreading  caused  by  the  fuel 
injector  and  by  its  supports  rather  than  by  subsequent  diffusion  in  the  stream.  Initial  spreading 
must  be  taken  into  account  as  a  boundary  condition  in  the  turbulent  diffusion  equations.  A  small 
tube,  oriented  parallel  to  the  flow,  and  through  which  fuel  is  injected  at  low  velocity,  not  more 
than  a  few  feet  a  second,  acts  as  a  point  source  whether  fuel  is  injected  upstream  or  downstream. 
The  familiar  point  source  equation  in  turbulent  diffusion  can  then  be  used.  However,  if  fuel  is 
injected  upstream  at  high  velocity  in  such  a  tube,  the  source  no  longer  acts  as  a  point.  The  fuel 
jet  mushrooms  out  rad.ally  and  folds  over  before  passing  downstream;  the  apparent  source  then 
closely  resembles  a  dink.  Equations  and  figures  were  thus  given  for  predicting  the  distribution 
downstream  from  such  disks  if  the  disk  size  and  diffusivity  were  known.  Diffusivities  were 
determined  experimentally  in  the  same  equipment  using  point  source  injection.  Effective  disk 
sizes  for  simple  tubes  pointing  upntream  were  correlated  with  the  several  variables.  This 
effective  disk  size  was  found  to  be  directly  proportional  to  the  actual  size  of  the  mushroomed  jet 
as  observed  spraying  in  the  stream. 

Nozzles  may  also  behave  as  disk  sources  but  a  general  correlation  of  disk  size  with  nozzle 
characteristics  and  operating  conditions  is  not  yet  available.  In  addition,  it  iB  important  to 
appreciate  that  the  strut  on  which  the  injector  is  mounted,  for  any  type  of  injector,  may  have  a 
significant  effect  on  the  resulting  distribution. 

Solutions  for  the  distribution  downstream  of  a  ring  source  are  also  given  by  Longwell  and 
Weiss.  The  ring  source  may  sometimes  be  used  to  simulate  injection  from  a  series  of  nozzles 
or  tubes  mounted  on  a  circle.  Graphical  techniques  were  developed  to  account  for  simultaneous 
injection  from  any  number  of  sources,  and  to  account  for  wall  effects  and  changing  duct  areas 
where  present. 


Summary 


The  spray  pattern,  or  distribution  of  droplets  through  space,  vitally  affects  combustion 
efficiency  and  general  performance  of  any  engine  that  burns  atomized  liquid  fuel.  The  two  major 
factors  that  determine  weight-flow  distribution  are  fuel  pressure  and  nozzle  design.  As  the  fuel 
pressure  is  increased,  for  swirl-type  nozzles,  the  geometry  of  the  spray  passes  through  three 
stages,  known  as  the  "bubble"  stage,  the  "tulip"  stage,  and  the  "fully  developed"  spray. 

The  moat  common  method  for  determining  spray  distribution  consists  of  collecting  the  liquid 
in  a  number  of  glass  tubes,  so  that  a  weight-distribution  histogram  is  obtained.  The  resulting 
spray  distribution  is  represented  best  by  showing  the  complete  histogram.  However,  results  may 
be  expressed  more  simply  in  terms  of  two  parameters,  (1)  spray  angle,  and  (2)  "peak  to  canter 
ratio".  Spray  distribution  may  also  bo  reported  in  terms  of  tho  spray  intensity  plotted  as  a  func¬ 
tion  of  angular  inclination. 

The  rapid  spray  analyzer,  which  measures  and  records  the  momentum  of  all  sections  of  the 
spray,  is  a  marked  improvement  over  the  common  typo  of  segment  patternator  that  consists  of  a 
number  of  vertical  tubes.  Tho  rapid  spray  analyzer  i6  useful  in  nozzle  production  control,  in 
nozzle  matching,  and  in  the  field  testing  of  nozzles.  The  United  States  Air  Force  has  made  exten¬ 
sive  use  of  the  rapid  spray  analyzer  and  has  found  it  to  be  more  accurate  than  the  conventional 
segment  patternator. 
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The  major  resistance  to  the  deposition  of  spray  on  the  walls  of  a  duct  is  oneieu  uy  d. 
relatively  thin  layer  of  gas  adjacent  to  the  wall.  The  equivalent-film  coefficient  of  mass  transfer 
of  droplets  to  the  walls  varies  with  the  1.  17  power  of  the  stream  velocity,  and  is  10  to  20  times 
greater  than  the  coefficients  of  common  gases. 

With  upstream  injection,  dispersion  of  liquid  is  increased  considerably  over  downstream 
injection.  A  fixed  droplet-dispersion  pattern  can  be  obtained  by  injecting  the  liquid  at  low  velocity 
into  a  high-velocity  air  stream.  Under  these  conditions  the  diffusion  coefficient  varies  as  the 
first  power  of  the  air-stream  velocity. 

The  dispersion  of  fuel  throughout  an  air  stream  may  be  described  by  a  turbulent  diffusion 
process  assuming  constant  eddy  diffusivity.  Equations  are  available  for  predicting  the  distribu¬ 
tion  downstream  following  injection  from  a  point  source,  or  from  a  disk,  provided  disk  size  and 
diffusivity  are  known.  The  diffusivity  must  be  determined  experimentally  for  any  particular 
equipment. 
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CHAPTER  5.  BALLISTICS  OF  A  SINGLE  DROPLET 


ABSTRACT 


The  methods  of  classical  hydrodynamics  are  employed 
to  obtain  those  fundamental  results  which  pertain  to  the  trans¬ 
lation  and  rotation  of  solid  spheres  and  ellipsoids  in  an  ideal 
fluid.  The  extensions  of  these  results  to  the  motion  of  solid 
or  liquid  spheres  in  real  fluids  are  indicated.  The  stream 
functions,  velocity  potentials,  and  pressure  distributions  are 
obtained  only  for  the  simple  cases.  Stokes'  law  of  drag, 
internal  circulations,  and  oscillations  of  viscous  spheres 
are  also  considered  in  the  classical  form.  Following  the 
discussion  of  the  classical  work,  the  recent  modifications  of 
hydrodynamics  due  to  Oseen's  approximation  to  the  Navier- 
Stokes'  equations  and  PrandtI's  theory  of  the  boundary  layer 
are  discussed.  The  various  theories  regarding  the  wake 
formation  behind  a  moving  sphere  are  compared,  and  a 
mathematical  analysis  of  droplet  deformations  is  given. 
Finally,  the  equations  for  the  motion  of  a  droplet  injected 
into  a  uniform  and  curved  flow  field  are  developed. 
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CHAPTER  5 

BALLISTICS  OF  A  SINGLE  DROPLET 


by 


R.  E.  Thomas,  F.  Benington, 

A.  E.  Weller,  and  J.  D.  Kettelie,  Jr. 


The  general  aim  of  this  chapter  is  to  consider  a  physical  system  composed  of  a  single,  mov¬ 
ing  droplet  surrounded  by  a  gas.  For  the  most  part,  the  various  flow  fields  which  arise  from  the 
interactions  between  the  droplet  and  the  gas  will  be  obtained  through  the  general  methods  of  clas¬ 
sical  hydrodynamics.  Every  investigator  in  the  field  of  hydrodynamics  is  aware  of  the  fact  that 
"drastic1'  simplifications  are  often  employed  in  the  classical  developments.  The  assumption  of 
zero  viscosity  is  associated  with  the  concept  of  an  "ideal"  fluid.  The  mathematical  utility  of  such 
a  concept  is  apparent  from  the  resulting  simplifications  produced  in  the  Navier- Stokes  equations. 
The  physical  utility  lies  in  the  remarkable  fact  that  the  correlation  between  the  "ideal"  theory  and 
the  laboratory  data  is  quite  satisfactory  in  many  instances.  The  failure  of  the  classical  tneory, 
however,  cannot  be  attributed  merely  to  the  oversimplification  involved  in  the  assumption  of  zero 
viscosity.  Recent  mathematical  considerations  indicate  that  the  ideal  fluid  is  a  complete  "physical 
fiction"  in  the  sense  that  it  does  not  even  represent  the  limiting  case  of  a  real  fluid  whose  viscosity 
approaches  zero.  Many  of  the  present-day  problems  and  paradoxes  arising  in  the  field  of  hydro¬ 
dynamics  stem  from  this  fact(5-l).  In  a  sense,  it  is  much  more  difficult  to  explain  the  success  of 
classical  hydrodynamics  than  it  is  to  explain  its  failure. 

The  fact  that  the  classical  theory  does  not  account  for  all  hydrodynamic  phenomena  puts  a 
considerable  burden  on  the  investigator.  Should  he  assume  that  the  classical  methods  are  applica¬ 
ble  to  his  problem,  or  should  he  rely  on  the  more  modern  methods  of  dimensional  reasoning? 

From  a  survey  of  recent  developments  in  hydrodynamics,  he  should  combine  both  methods.  One 
of  the  major  endeavors  of  modern  hydrodynamics  seems  to  lie  in  the  attainment  of  a  synthesis  of 
classical  results,  on  one  hand,  with  the  theory  of  modeling  and  dimensional  reasoning  on  the  other. 
Almost  every  major  advance  in  the  field  of  hydrodynami<  s  since  1900  has  involved  a  coupling  of  the 
classical  results  with  dimensional  reasoning. 

Thus,  the  classical  results  have  not  been  abandoned  in  the  modern  approach  to  hydrodyna¬ 
mics.  More  properly,  the  classical  results  are  assumed  to  be  valid  in  certain  specified  regions 
of  the  flow  apace.  For  example,  Prandtl(5-2)  assumes  that  the  unmodified  classical  results  hold 
everywhere  outside  of  the  "boundary  layer",  while  inside  the  boundary  layer  more  appropriate 
simplifying  assumptions  are  made.  Consequently,  in  the  physical  systems  considered  in  this  chap¬ 
ter  practically  all  of  the  flow  volume  may  be  properly  treated  by  classical  methods. 

These  remarks  have  been  made  primarily  to  justify  the  inclusion  of  many  of  the  classical 
results  to  be  found  in  Part  One  of  thiB  chapter.  The  material  presented  in  this  part  is  based  on 
several  excellent  texts  on  hydrodynamics^-^  4,  5,  6,  7).  ;;0mc  reorganization  has  been  made  to  af¬ 

ford  the  simplest  and  most  direct  access  to  those  classical  results  which  are  applicable  to  the  mo¬ 
tion  of  a  droplet  in  a  gas. 

In  Part  Two  of  this  chapter,  some  of  the  more  recent  approximations  to  the  hydrodynamic 
equations  are  considered,  together  with  boundary-layer  theory,  the  wake  behind  a  sphere,  defor¬ 
mations,  oscillations,  and  trajectories  of  liquid  droplets. 
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METHODS  OF  CLASSICAL  HYDRODYNAMICS 


Fundamental  Concepts  of  Potential  Flow 


In  this  section  several  of  the  fundamental  concepts  utilized  in  the  classical  approach  to  fluid 
flow  are  introduced.  These  include  a  brief  description  of  the  basic  properties  of  irrotational  flow 
together  with  a  derivation  of  the  Stokes1  stream  function  and  the  velocity- potential  function  for 
axially  symmetric  flow. 


Axially  Symmetric  Flow 

Tn  the  classical  approach  to  the  problems  of  three-dimensional  flow,  one  assumes  an  "axial 
symmetry",  that  is,  that  there  exists  a  line  in  the  flow  field  such  that  the  flow  patterns  in  any  pair 
of  planes  containing  this  line  are  identical.  With  respect  to  a  sphere  immersed  in  the  fluid,  the 
line  of  symmetry  will  be  taken  as  a  line  through  the  center  of  the  sphere  oriented  parallel  to  the 
relative  velocity  of  flow  at  infinity.  It  will  be  convenient  to  use  spherical  polar  coordinates  in  most 
of  these  considerations.  These  coordinates  are  related  to  the  usual  Cartesian  coordinates  by  the 
following  coordinate-transformation  equations: 

x  =  r  cos  0 


y  =  r  sin  0  cos  u> 
z  =  r  sin  0  sinw 

The  x-axis  will  always  be  taken  in  the  direction  of  the  fluid  flow. 

Figure  5-1  shows  the  position  vector,  l^r,  0,«),  of  an  arbitrary  point  P  in  the  flow  field. 

Let  r  and  0  denote  unit  vectors  which  are  parallel  and  perpendicular,  respectively,  to  P  in  the 
meridian  plane,  u  a  constant.  The  flow  through  the  space  generated  by  revolving  an  element  of 
area,  rdrdfl,  about  the  axis  of  flow  may  be  easily  obtained  as  follows.  The  flow  in  the  0  direction 
through  a  cylindrical  surface  element  generated  by  revolving  an  element  of  arc,  dr,  about  the  axis 
of  symmetry  is  given  by  F(0)  =  27T  Vg  r  sin  0  dr,  where  Vg  denotes  the  0  component  of  the  vector 
velocity  v.  Then  Taylor's  expansion  yields  for  the  first  approximation: 


=JL 

39 


27T  vg  r  sin  0  dr  d0 


Similarly,  the  flow  in  the  r-direction  through  a  cylindrical  surface  element  generated  by  revolving 
an  element  of  arc,  rdfi,  about  the  axis  of  symmetry  is  given  by  F(r)  =  2 n  vr  r2  sin  0  d0,  so  that 


n  -i-  [  27t  v_  r2  sin  0  d0  drl , 

Srl  j 

where  vr  denotes  the  r  component  of  v.  Then  if  there  arc  no  sources  or  sinks  in  the  region  (that 
is,  no  fluid  is  created  or  destroyed),  and  if  the  fluid  is  incompressible,  then  the  flow  into  the 
space  generated  is  equal  to  the  flow  out  of  the  space,  so  that 


2n  vn  r  sin  G  d 


' 


df?  + 


Sr 


i 


Zj 7  vr  r* 


Bin  ui? 
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and  this  is  precisely  the  condition  required  for 

-  Vg  r  ain  0  dr  +  vr  r^  sin  0  d0 

to  *be  "kn  exact  differential.  This  expression  is  defined  to  be  the  exact  differential  of  Stokes'  stream 
function,  ^(r,0),  so  that 


d^  =  -  vg  r  sin  0  dr  +  vr  r^  sin  0  d0  .  (5-1) 

The  relation  between  the  components  of  the  velocity  of  flow  and  the  stream  function  is  found  by 
alternately  setting  dr  =  0  and  d0  =  0  in  Equation  (5-1}.  This  yields 


r  "  •> 

r  sin  0  <?0 
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and 


(5-2) 


i’ 

1  1  dt 

.r  &  r  sin  0  dr 


It  should  be  noted  that  the  surfaces  represented  by  ^(r,0)  =  constant  are  surfaces  generated  by  re¬ 
volving  the  streamlines  in  any  meridian  plane  about  the  axis  of  symmetry.  These  stream  surfaces 
are  everywhere  tangent  to  the  vectors  representing  the  velocity  of  flow  at  each  point. 


i 

i 

i 

i 

« 

i 

i 


i 


i 
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Irrotational  Flow 

If  every  closed  surface  in  a  region,  R,  can  be  collapsed  to  a  point  without  passing  outside  of 
R,  then  R  is  said  to  be  simply  connected.  A  physical  example  of  a  case  in  which  these  concepts 
fail  to  hold  is  given  by  the  consideration  of  an  infinite  circular  cylinder  filled  with  a  liquid  contain¬ 
ing  bubbles  of  a  gas.  The  region,  R,  consisting  of  the  liquid  is  not  bounded  at  the  ends  of  the  tube, 
and  a  sub- region  of  R  containing  a  bubble  cannot  be  shrunk  to  zero  volume  without  the  boundary 
passing  through  the  bubble  in  the  process.  Thus  R  is  neither  closed  nor  simply  connected. 

Let  R  be  simply  connected  and  let  C  be  a  simple,  closed  curve  in  R.  The  circulation  of  the 
fluid  with  respect  to  C  is  obtained  by  integrating  the  tangential  component  of  the  velocity  vector 
around  the  curve  C.  Thus  letting  u  denote  a  unit  vector  tangent  to  C  and  letting  da  denote  an  ele¬ 
ment  of  arc  along  C,  the  circulation  is  given  by 

v  •  u  ds  . 

If  the  circulation  is  zero  for  every  simple  closed  curve  in  R,  then  the  fluid  flow  in  R  is  said  to  be 
irrotational.  Physically,  this  means  that  the  angular  motion  of  any  incremental  volume  of  fluid  is 
zero.  The  following  properties  of  irrotational  flow  should  be  noted: 

(a)  The  existence  of  the  Stokes'  stream  function  does  not  depend  on  the  assumption  of 
irrotational  flow. 

(b)  In  irrotational  flow,  under  conservative  forces,  the  pattern  of  the  fluid  flow  is 
completely  determined  by  the  boundary  conditions. 

(c)  Some  portions  of  a  fluid  medium  may  undergo  irrotational  flow  while  other 
portions  do  not. 


Vorticity 

As  a  consequency  of  Stokes'  theorem(5-8)  ft  follows  that 

^  v  ■  u  di  =  |  (Vx  v)  •  n  dS  ,  (5-3) 

C  S 

where  the  integral  on  the  right  is  taken  over  the  surface,  S,  enclosed  by  the  curve,  C;  dS  denotes 
an  element  of  area,  n  denotes  a  unit  vector  which  is  perpendicular  to  the  surface,  and 


V  c 


dir  f  + 


7(?e 


r  sin  9  du 


Thus,  in  a  region  which  has  zero  circulation,  Equation  (5-3)  imjjlies  that  Vx  v  a  0,  so  that  the 
curl  of  an  irrotational  velocity  vector  is  zero.  The  vector,  V  x  v,  is  called  the  vorticity  vector  and 
is  equal  in  magnitude  to  twice  the  angular- velocity  vector  of  rotation  at  any  given  point.  The  sub¬ 
ject  of  fluid  motion  in  whichV  xv|l  0  is  discussed  more  fully  in  Chapter  20. 
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Velocity  Potential 


If  there  exists  a  single-valued  function  of  position,  0(r,  0),  such  that  v  =  -  t7*  then  0  is  called 
the  velocity  potential  of  the  fluid  flow.  In  a  meridian  plane,  co  =  constant,  this  r.  Jirement  may  be 
written  as  follows: 


v  =  vr  r  +  vq  9  =  -  V0  = 


0  -  1  <9  3 

—  r  + - -6 

dr  r  <90 


<t>  , 


so  that 


0  0 

vr  =  "  07  »and 


v9  = 


i. 

r  <90  * 


(5-4) 


If  the  velocity  is  continuous  and  the  circulation  with  respect  to  any  curve,  C,  in  a  region,  R, 
is  zero,  it  follows  that  the  line  integral,  (  ®  v  •  u  ds,  evaluated  on  some  path  between  the  points 

_  Ja 

A  and  B  is  independent  of  the  joath  chosen(^"^).  In  this  case  the  velocity  potential,  0(P),  may  be 
defined  by  the  integral,  -  P  ^  v  •  u  ds,  where  0  denotes  an  arbitrary,  fixed  origin,  and  P  denotes 

Jo  _  _ 

a  variable  point  in  R.  Then  d0  =  -v  •  u  ds,  and  since  d0  is  also  given  by  V0  •  u  ds,  it  follows  that 
v  =  -V0.  Thus,  whenever  the  circulation  is  zero  in  a  region,  R,  the  velocity,  v,  is  the  gradient 
of  some  scalar  function,  0.  The  determination  of  the  velocity  potential  and  its  properties  consti¬ 
tutes  the  major  considerations  of  the  classical  approach  to  three-dimensional  flow.  Some  of  the 
most  important  results  concerning  the  nature  of  the  velocity  potential  are  listed  in  the  next  sec¬ 
tion.  For  a  complete  treatment  of  these  results,  the  reader  may  consult  standard  text  books  on 
hydrodynamics. 


General  Properties  of  the  Velocity  Potential 


(1)  As  indicated  in  the  last  section,  the  velocity  potential  exists  if  and  only  if  the  fluid 
motion  is  irrotational. 


(2)  If  a  velocity  potential  exists  for  a  finite  volume  of  fluid  for  a  finite  interval  of  time, 
then  the  velocity  potential  exists  for  that  volume  of  fluid  for  all  time  intervals,  pro¬ 
vided  the  density  is  constant  or  a  function  of  pressure  only^-lO), 

(3)  The  existence  of  a  velocity  potential  indicates  that  the  flow  of  the  fluid  could  be 
produced  instantaneously  from  a  fluid  at  rest  by  the  application  of  a  suitable  set 
of  impulsive  pressures.  The  impulse  pressures  are  given  by  p  =  p0(r.  0)  +  C, 
where  p  denotes  the  density  of  the  fluid  and  C  is  an  arbitrary  constant^-  1 1 ). 


(4)  The  lines  of  flow  in  a  fluid  possessing  a  velocity  potential  arc  orthogonal  to  the 
set  of  surfaces  given  by  the  equations  0(r,  0)  =  constant^-  1 2)< 

(5)  The  velocity  potential  is  a  harmonic  function.  This  means  that  0(r,  0)  is  a  solu¬ 
tion  of  Laplace's  cquation(5- 1  3)  go  that 


sin 


<9r 


r2  +  _iL  Sin  Piii  ♦  — *2^4  =  0 


<9  r  ,  .»P  V. 


<9  P  sin  P  j  2 

v  U> 
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In  the  case  of  the  axially  symmetric  flow  this  becomes 


dr 


r 


2  rL$ 

dr 


1 


sin  0  dQ 


sin  0 


(5-5) 


(6)  The  velocity  in  any  direction,  u,  from  an  arbitrary  point  is  given  by  -V0 *  u  where 
<£  denotes  the  velocity  potential  at  the  point  and  u  denotes  a  unit  vector  in  the  de¬ 
sired  clirection(5- 14)# 


(7)  A  harmonic  velocity  potential  cannot  have  a  proper  maximum  or  minimum  at  any 
point  interior  to  the  fluid(5-15)  The  square  of  the  velocity  cannot  be  a  maximum 
at  any  point  within  the  fluid(5-l6) 


(8)  When  0(r,  0)  is  harmonic  the  volume  of  fluid  crossing  a  surface  is  given  by 
V0  <  n  dS,  where  n  is  a  unit  normal  vector  to  the  surface  and  dS  is  an 


II 


element  of  area(5-17)#  if  the  surface  is  closed 


■  il 


V$  •  n  dS  =  0 . 


(9)  The  mean  value  of  0(r,  0)  over  the  surface  of  any  sphere  having  no  sources  or 
sinks  within  the  boundary  is  equal  to  the  value  obtained  at  the  center  of  the 
sphere.  This  mean  value  is  given  by 


_1 _ 

4ir  r2 


0(r,0)  dS 


where  the  integration  extends  over  the  surface  of  the  sphere^- 18). 

(10)  The  irrotational  motion  of  an  infinite  fluid  completely  surrounding  a  closed 
surface  having  fixed  boundaries  is  uniquely  determined  in  case(5-19); 


(i)  the  values  of0(r,0)  are  specified  over  the  boundary  and  lim 

r_.oo 

0(r,0)  =  constant;  or 

(ii)  the  values  of  V </>•  n  are  specified  over  the  boundary  and  lim 

r—co 

0(r ,  0)  =  constant. 


(li)  Il  two  velocity-potential  functions  differ  only  by  an  additive  constant,  then  they 
represent  the  same  flow(5-20),  The  velocity- potential  functions  may  be  com¬ 
bined  linearly  to  obtain  new  velocity- potential  functions. 


The  Velocity  Potential  in  Terms  of  Surface  Zonal  Harmonies 

Many  instances  of  axially  symmetric  flow  may  be  treated  by  assuming  that  the  velocity  po¬ 
tential  is  expressible  as  the  product  of  two  functions,  f(r)  and  g(0).  The  substitution  of  f { r )  g(0)  = 
f(r,0)  into  Equation  (5-5)  indicates  that  f(r)  and  g(0)  must  satisfy  the  following  equations: 


r2 


siitl! »  Jr  Sllil .  vi 

dr2  dr 


f(r) 


0 


and 


— L_  — 

sin  0  d9  \ 


sin  ^ 


d  r(°) 
d" 


♦  X2  g(^)  =  0 


I 


\ 
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where  Xz  denotes  a  numerical  constant.  The  first  equation  is  Cauchy's  differential  equation  and 
may  be  solved  by  setting  r  =  e*.  This  substitution  yields 

[D2  +  D— X2]f(et)  =  0 

where  D  denotes  the  operator  d/dt.  Thus,  the  auxiliary  equation  is  m2  +  m  -  X^  =  0,  and,  solving 
this  for  m,  the  following  expression  for  f(r)  is  obtained: 

f(r)  =  Am  rm  +  Bm  r-(“+D  , 

where  Am  and  Bm  are  arbitrary  constants  and 

-1  +t/  1  +4X2 
m  =  - -  . 

By  choosing  X  2  -  m(m+l)  and  setting  x  =  cos  0,  the  second  equation  is  transformed  into  Legendre's 

equation(5-22) 

.2  j 

(1  -  x2)_  g( 0)  -2x  g[Q)  +  m(m-H)  g{ ©)  =  0  . 

dxz  dx 

For  integral  values  of  m  the  solutions  of  this  differential  equation  are  given  by  the  orthogonal  set 
of  surface  zonal  harmonies,  Pm  (cos  Q)(5-23)  Under  the  above  assumptions  the  velocity  potential 
then  has  the  following  form: 


$(r,0)  = 


00 

m  =  0 


m 


rm 


B  H™*1) 
m 


P  (cos  0) 
m  ' 


(5-6) 


The  values  of  Am  and  Bm  must  be  obtained  from  the  boundary  conditions  associated  with  the  par¬ 
ticular  flow  problem  under  consideration. 


Relation  Between  the  Stream  Function  and  the  Velocity  Potential 


When  the  motion  of  the  fluid  is  ir rotational,  Equation  (5-4)  shows  that  a  velocity  potential, 
<f>(r,  0),  exists  such  that  vr  =  - <50/(5  r  and  Vg  =- 1 /r  <5  0/<5  0.  Thus  from  Equation  (5-2),  the  velocity 
potential  is  related  to  the  stream  function  by  the  equations 


<50  _ 
<5  r 


<50 

<5'-> 


and 


(5-7) 


tl  =  -  1  'll 

r>°  s  i  n  0  <)  r 

It  should  be  noted  that  the  dimensions  of  0(r,0)  arc  given  by  Lz/T,  and  from  Equation  (5-7)  the 
dimensions  of  0(r,0)  arc  given  by  L^/T.  Thus,  in  three-dimensional  flow,  as  compared  to  two- 
dimensional  flow,  it  is  not  possible  to  interchange  the  roles  of  the  velocity  potential  and  stream 
function  to  obtain  additional  admissible  flow  patterns.  It  is  largely  for  this  reason  that  the 
complex- variable  treatment  of  two-dimensional  flow  cannot  be  immediately  applied  to  three- 
dimensional  flow  having  axial  symmetry. 


Basic-Flow  Configurations 


The  classical  flow  patterns  associated  with  the  simple  source,  sink,  and  doublet  are  devel¬ 
oped  in  this  section.  The  velocity  potential  and  stream  function  associated  with  these  flows  are 
derived  by  a  direct  application  of  Stokes'  stream  function. 


Sources  and  Sinks 


In  many  simple  cases,  the  velocity  potential  and  stream  function  may  be  calculated  directly 
without  applying  the  general  solution  given  by  Equation  {5-6),  Many  three-dimensional  flow  patterns 
can  be  easily  obtained  by  superposition  of  the  configurations  associated  with  the  creation  or  de¬ 
struction  of  fluid  at  specified  points.  A  simple  source  of  strength,  m,  is  defined  to  be  a  point  at 
which  a  volume  of  47Tm  units  of  fluid  is  created  per  unit  of  time.  The  created  fluid  is  assumed  to 
flow  outward  from  the  source  in  a  radial  direction,  so  that  Vg  =  0.  Analogous  definitions  hold  for 
the  simple  sink  of  strength  m  at  which  fluid  is  destroyed. 


Flow  Due  to  a  Simple  Source 

From  Stokes'  stream  function,  the  volume  of  fluid  passing  through  the  surface  of  a  sphere 

fir 

having  a  simple  source  for  its  center  is  given  by  the  integral  Jq  Ztt  r^  vr  sin  0  d 0.  By  the  defini¬ 
tion  of  a  simple  source,  this  volume  is  also  given  by  47im,  where  m  is  the  strength  of  the  source. 
Equating  these  two  expressions  shows  that  the  radial  velocity,  vr,  is  given  by  m/r^.  Then  from 
Equation  (5-4)  the  velocity  potential  may  be  written  immediately  as 

<t(r,  0)  =  m/r  .  (5-8) 

Furthermore,  from  Equation  (5-7)  it  follows  that  the  stream  function  is  given  by 

f  (r,  0)  =  m  cos  8  .  (5-9) 

The  velocity  potential  and  stream  function  for  a  sink  of  strength  m  are  similarly  found  to  be  given 
by 


</>( r,  8)  =  -m/r 


and 


(5-10) 


Tfi  (r,  6)  =  -m  cos  G . 

Uniform  Flow  Parallel  to  an  Axis  of  Symmetry 

Figure  5-2  shows  a  circular  disk  which  is  centered  on  the  x-axis.  The  x-axis  is  taken  to  be 
an  axis  of  radial  symmetry  for  the  fluid  flow,  and  the  plane  of  the  disk  is  perpendicular  to  this  axis. 
Letting  U  denote  the  stream  velocity  in  the  x-direction,  the  volume  of  the  fluid  passing  through  the 
surface  of  the  disk,  in  unit  time,  is  given  by  -tt  r^  sin^  G  U.  From  the  definition  of  Stokes'  stream 
function,  it  can  be  shown  that  this  volume  of  fluid  may  also  be  denoted  by  2 Tty  (r,  0).  Equating  these 
two  expressions  for  the  flow  yields 


(r,  6)  =  -1/2  U  r^  sin^  0 

and  from  Equation  (5-7)  it  follows  that 


<? (r,  0)  =  -  U  r  cos  0  . 


(5-11) 


(5-12) 
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FIGURE  5-2.  UNIFORM  FLOW  THROUGH  A  BISK 


Flow  Due  to  a  Doublet 


Figure  5-3  indicates  a  source  located  at  the  point  (a/2f  0)  and  a  sink  at  (-a/2,  0).  From 
Equations  (5-8),  (5-9),  and  (5-10)  and  the  additive  property  of  potential  functions,  it  follows  that 
the  velocity  potential  and  the  stream  function  are  given  by 

0(r,  0)  =  m/rz  -  m/rj  , 

$  (r ,0)  =  m  cos  02  -  m  cos  0j  , 

where  both  the  source  and  sink  are  assumed  to  have  strength  m.  Now  assume  that  the  strength  in¬ 
creases  and  that  th»>  distance  between  the  source  and  sink  decreases  in  such  a  manner  that 


lim  a  m  =  p  =  constant  . 
a  —  0 
m-~oo 


The  combined  source  and  sink  at  the  origin  is  called  a  doublet.  Applying  the  law  of  sines  in 
Figure  5-3  yields 


FIGURE  5-3.  FORMATION  OF  A  DOUBLET  FROM  A  SOURCE  AND  A  SINK 


and 


0) 


p  cos  1  /2  (02  +  0j) 
r i  rz  cos  1 /2  (02  -  0j) 


i(r,  0) 


p  r  cos  0  cos  1/2  (02  +  0()  ^  j  j  - 

r,  r2  cos  l/Z  (02  -  0 j )  l  (r,  +  r£ j 
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Then,  as  a  becomes  arbitrarily  small,  6j  and  6%  approach  6,  and  rj  and  r£  approach  r.  Thus  the 
above  equations  become 


0 (r,  0) 


U  COS  6 
XT  ■  ■■  ■  . . 


and 


(5-13) 


in^  6 


,  ,  -LI  sir 

f  (r,  0)  8  -~- 

These  equations  represent  the  velocity  potential  and  stream  function  for  a  doublet  at  the  origin. 


A  Solid  Sphere  in  an  Ideal  Fluid 


In  this  section  the  fundamental  equations  relating  to  the  classical  flow  about  a  sphere  are  de¬ 
veloped  by  an  application  of  the  Sphere  Theorem  of  Weiss,  and  the  results  are  interpreted  in  terms 
of  a  Rankine  body.  The  velocity  distribution  on  the  surface  of  the  sphere  is  calculated  from  the 
velocity- potential  function.  The  pressure  equation  and  Bernoulli's  equation  are  deduced  from  the 
Navier-Stokes  equations  which  are  rigorously  derived  in  Chapter  11.  From  these  results  the  pres¬ 
sure  distribution  on  the  surface  of  the  sphere  is  computed. 


The  Sphere  Theorem 

In  1945,  Weiss(5-24)  proved  a  theorem  which  can  be  readily  applied  to  problems  of  fluid  flow 
around  spheres.  The  result  may  be  stated  as  follows: 


Theorem.  Let  0o(x,  y,  z)  denote  a  velocity  potential  (in  Cartesian  coordinates)  which  defines 
an  irrotational  flow  of  an  incompressible,  inviscid  fluid  in  a  three-dimensional  flow  field  having  no 
rigid  boundaries.  Suppose,  further,  that  all  of  the  singular  points  of  0o(x,  y,  z)  are  outBide  a  sphere 
of  radius  a  whose  center  is  at  the  origin.  Then,  if  a  sphere,  given  by  +  y2  +  z2  _  a2  =  o ,  is 
introduced  into  the  fluid,  the  new  velocity  potential,  $(x,  y,  z),  is  given  by 


0  (x,  y,  z)  =  <f)0(x,  y,  z)  +  ^  0O  {—^  , 


JL 

ar 


^0C 


x£x  \2jr 


dX 


t 


where  r^  =  +  y2  +  z2  An  application  of  this  theorem  is  made  in  the  following  section. 


(5-14) 


Sphere  at  Rest  in  a  Uniform  Stream 


From  Equation  (5-12),  the  velocity  potential  in  the  uniform  stream  before  the  introduction  of 
a  sphere  is  given  by  <f0(r,  0)  =  -U  r  cos  0.  Then,  by  the  sphere  theorem,  Equation  (5-14),  it  fol¬ 
lows  that  the  velocity  potential  after  the  sphere  is  introduced  may  be  written  as  follows: 


0(r ,  0)  ■  -U 


r  cos  0  —  U 


a* 


r  cos  0 
r^ 


+ 


ar 


IU 


X^  r  cos  0 


dX 
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By  evaluating  this  expression,  it  is  readily  found  that 


<t>(r,6)  =  -U  ^r  cos  0  +  — — ~3-  —  I  .  (5-15) 

It  may  be  noted  that  the  resulting  velocity  potential  can  be  written  as  <p  =  +  <f>z,  where  tfq  = 

-Ur  cos  9  is  the  velocity  potential  for  uniform  flow,  and  =  (-Ua3/2)  cos  6/  r^  is  the  velocity 
potential  for  a  doublet  of  strength  /i=  -Ua^/2  which  is  located  at  the  origin.  Thus  the  flow  around 
a  sphere  at  rest  may  be  considered  as  equivalent  to  a  superposition  of  the  flow  due  to  a  doublet  and 
a  uniform  flow.  The  observation  that  the  flow  patterns  around  solids  are  often  mathematically  ob¬ 
tainable  by  a  consideration  of  the  flow  due  to  the  presence  of  a  suitable  array  of  doublets  about  the 
origin  has  received  considerable  attention  in  classical  hydrodynamics.  The  solids  which  corre¬ 
spond  to  these  arrays  of  doublets  are  usually  called  Rankine's  bodies.  From  the  preceding  results, 
the  sphere  is  seen  to  be  the  simplest  example  of  a  Rankine  body. 

From  Equations  (5-11)  and  (5-13),  the  stream  surfaces  corresponding  to  tfq  and  <t>z  are, 
respectively, 


Tp  i(r,  9)  =  -1/2  Ur^  sin2  0 


and 


fz(T,e) 


Ua^  sin2  0 
'  2r 


Thus,  putting  ^(r ,6)  =  yields 


ip  (r,6)  =  -1/2  U  r^  sin^  9 


(5-16) 


for  the  stream  function  associated  with  a  sphere  at  rest  in  a  uniform  stream.  From  Equation 
(5-4),  the  tangential  component  of  the  velocity  is  given  by 

1  a  <b  (  a  3  sin  d\ 

ve  =  u  ^sin  •  <5-17) 

On  the  surface  of  the  sphere,  r  is  equal  to  a,  so  that  the  tangential  component  of  the  velocity  at  the 
surface  is  given  by 


vg  =  ^  U  sin  0  ,  (5-18) 

The  points  on  the  sun'ace  of  a  body  where  vg  =  0  are  called  the  stagnation  points.  From  the 
preceding  equation,  the  stagnation  points  on  a  sphere  are  found  to  occur  for  9-  0  and  0  =  tt.  Thus, 
the  tangential  velocity  is  zero  at  the  extreme  upstream  and  downstream  points  on  the  surface  of  the 
sphere. 

The  maximum  values  of  the  tangential  velocity  at  the  surface  of  the  sphere  occur  for  those 
values  of  6  which  satisfy  the  equation,  dvg/d 6  =  0.  From  Equation  (5-18)  it  is  readily  found  that 
the  critical  values  of  0  are  7t/2  and  3n/2.  Thus,  the  maximum  tangential  velocity  occurs  on  a 
great  circle  midway  between  the  stagnation  points.  The  magnitude  of  this  maximum  tangential 
velocity  is  equal  to  3/2  U. 


Sphere  Moving  Uniformly  in  a  Fluid  at  Rest 

in  this  case  the  fluid  is  assumed  to  be  at  rest  at  infinity.  To  obtain  the  appropriate  velocity 
potential  and  stream  function,  it  is  only  necessary  to  combine  a  uniform  flow,  U,  in  the  negative 
direction  of  the  x-axis  with  the  flow  of  the  preceding  section.  Thus,  from- Equations  (5-15)  and 
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(5-12),  it  follows  that  the  potential  function  for  a  sphere  moving  in  the  positive  direction  of  the  x- 
axis  is  given  by 


0(r,e)  =  -iua3 


cos  0 


(5-19) 


By  comparing  this  result  with  the  velocity  potential  of  the  doublet,  Equation  (5-13),  it  may  be  in¬ 
ferred  that  the  stream  function  is  given  by 


f  (r,e)  =  1  u  a3 


sin- 


20 


(5-20) 


Navier-Stokes  Equations  of  Motion 


The  equations  of  motion  of  a  fluid  element  in  a  general  tensor  form  are  derived  in  detail  in 
Chapter  11.  The  Navier-Stokes  equation,  Equation  (11-19),  may  be  written  in  the  following  form: 


Gj  -  1 1£-  6i«  +  U  (-  6rs  +  6ir  <5:c 

J  p  dxi  *•>  p  dxrdXi  v  rs  ir  J£ 


dU:  dUj 

+  <5is  6jr  +  -  6jj  brs/  =  +  Ui  ,  i,  j,  r,  s,  =1,  2,  3, 

where  G,  represents  the  three  components  of  the  external  force  acting  on  the  fluid  element,  p 
denotes  the  pressure  and  is  proportional  to  the  first  scalar  invariant  of  the  stress  tensor,  Uj 
denotes  the  component  of  velocity  in  the  xj  direction,  p  denotes  the  viscosity,  and  the  6jj  satisfy 
the  relations 


=  0  for  i  i  j 

6ij  =  1  for  i  =  j;  i,  j  =1,2,3  . 

This  general  result  may  be  considerably  simplified  for  the  present  development.  Thus,  for 
an  ideal  fluid  the  viscosity  is  zero  and  the  preceding  equation  becomes 


Gj  -if 
J  p  dx 


,6y- 


dU 


dU 


dt  +  Ui  dXj  :  1,3  =  J’  2’  3 


Eliminating  the  6jj  and  summing  on  the  repeated  indices  yields 

1 


Gj  -  - 
J  p 


iL 

dX 


J  . 


dUj  dUj  dUj 


+  u 


dt  X2 

J'=  1,2,3 


+  U, 


dx3 


If  the  Gj  and  the  Uj  arc  regarded  as  components  of  a  vector,  the  preceding  equation  must  be  satis¬ 
fied  componentwise.  Consequently,  the  equation  may  be  written  in  vector  form  as  follows: 


—  1  dU  —  — 

G  -  -  Vp  =  —  +  (U  •  V)U  , 

P  dt  ’ 

where  G  represents  the  vector  force,  U  represents  the  vector  velocity,  and  Vp  is  the  gradient  of 
the  pressure.  By  the  vector  identity(5-25)f 

(u  •  v )  u  =  i  /2  v(TJ  .  u)  -  u  x  ( y  x  u)  , 
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the  Navier-Stokes  equation  becomes 


G  --  VP  ~  +7  V  (u  ■  U)  .  U  x  (v  x  U)  .  (5-21) 

p  dX  l. 

If  it  is  assumed  that  the  external  forces  are  derivable  from  a  scalar  potential  function,  E,  the  force 
G  may  be  replaced  by  -VE,  so  that 

^-Ux(vxU)»-vf£+;U'iliE']  .  (5-22) 

dt  \p  2  / 


Pressure  Equation  for  Irrotational  Flow 

It  has  already  been  shown  that  the  velocity  vector  of  a:i  irrotational  motion  is  the  negative 
gradient  of  a  scalar  potential  function  and  the  curl  of  the  velocity  vector  is  zero,  so  that  U  =  -  V^ 
and  V  x  U  =  O.  Making  these  substitutions  in  Equation  (5—2 2 )  yields 

-4  (-V0)  =  -7(p/p  +  1/2  U  •  U  +  E)  , 


or  simply, 


v(p  +  i u ■  u  +  E-"5t)  "°  ■  <5-2,> 

This  result  is  known  as_the  pressure  equation  o£the  fluid  motion.  When  the  velocity  potential,  </> , 
is  known,  the  velocity,  U,  is  determined  from  U  =  -v</>and,  from  Equation  (5-23),  the  pressure 
distribution  may  be  found.  Thus,  in  principle,  the  solution  to  any  problem  involving  irrotational 
motion  is  reduced  to  that  of  finding  the  velocity  potential. 


Bernoulli1  s  Equation 

For  the_case  of  a  fluid  motion_which  is  inviscid  (p  =  0),  incompressible  and  without  sources 
or  sinks  (v  ■  U  =  0),  irrotational  (U  =  -ytf  and  V  x  U  *  0)  and  steady  in  time  (dcfr/dt  =  0),  the  pres¬ 
sure  Equation  (5-23)  becomes 


V  (p/p  +  1/2  U  •  U  +  E)  =  0  , 


or 


p/p  +  1/2  U  •  U  +  E  =  constant.  (5-24) 

This  equation  is  the  well-known  Bernoulli  equation. 


Pressure  Distribution  on  the  Surface  of  a  Sphere 

The  velocity  potential  associated  with  the  irrotationrl  motion  of  an  ideal  fluid  about  a  sphere 
was  found  to  be  given  by  Equation  (5-15), 


(r,  6)  =  -  U 


r  cos  6  + 


re’ 


2r2 


From  this,  it  follows  that  U  •  U  =  (<*<f/dr)2  +  l/r2  is  equal  to  9/4  U2  a2  sin2  Q  on  the  sur¬ 

face  of  the  sphere.  Thus,  by  Bernoulli's  equation,  the  following  result  may  be  obtained: 


U2  a2  sin 


2  o)  =  ♦  4  U2  , 
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where  Pco  denotes  the  pressure  at  infinity.  Consequently,  the  pressure  distribution  on  the  surface 
of  the  sphere  is  given  by 


p  -  Poo  =  1/2  pU2  [-5/4  +  9/4  cos2  6] 


(5-25) 


Motions  Derivable  From  Kinetic  Energy 


An  expression  for  the  kinetic  energy  of  a  fluid  in  irrotational  motion  due  to  the  uniform  mo¬ 
tion  of  a  sphere  is  obtained  in  this  section.  The  concept  of  virtual  mass  is  introduced  and  is  em¬ 
ployed  in  the  determination  of  the  approximate  flow  patterns  associated  with  the  approach  of  two 
spheres  and  with  parallel  motion  of  two  spheres.  The  behavior  of  a  sphere  in  the  vicinity  of  a  wall 
is  deduced  from  an  application  of  Hamilton' s  principle  and  the  Euler -Lagrange  equations. 


Kinetic  Energy  of  a  Fluid  in  Irrotational  Motion 

The  kinetic  energy  of  a  volume,  V,  of  fluid  is  given  by  the  integral  1/2  ^ p  U  •  U  dT,  where 

V 

dr  denotes  an  element  of  volume  and  the  integral  is  taken  throughout  the  volume.  In  irrotational 
flow,  U  =  -70  so  that  the  kinetic  energy  may  be  written  as  1/2  C  p  (70)-  (7^)dr.  From  the  known 

_  _  _  JV  n 

vector  identity(5“26)j  y  .  ($U)  =  U  •  (70)  +  0(7- U),  and  from  the  divergence  theorem,  \  y.  U  dr  = 

r_  _  v 

J  n  ■  U  dS,  (where  n  denotes  an  inwardly  directed  unit  vector  normal  to  the  surface  element  dS), 
S 

it  follows  that 


Jn  •  0U  dS  =  -  Ju  •  (70) dr  -  J  0( 7  •  U)dT  . 


Now  replacing  U  by  -70  and  noting  that  the  last  integral  is  zero  (since  v-70  =  0),  this  equation 
becomes 


.f 


n  •  0(-70)dS  =  \  (70)  •  (70)dT  . 

S  V 

Since  70  «  d  0/  n  n,  the  last  equation  implies  that  the  kinetic  energy,  T,  is  given  by  the  expression 


■  1/2  p^  n 


T  ■  1/2  pj  n  •  0(-n  <?0/<?n)dS  , 
S 


and  from  n  •  n  ■  1,  there  results 


T  ■  -1/2  pj  0  <10 /rln  dS  .  (5-26) 

S 

This  is  the  general  expression  for  the  kinetic  energy  of  a  volume  of  fluid  in  irrotational  motion. 


Kinetic  Energy  of  a  Fluid  Due  to  the  Uniform  Motion  of  a  Sphere 

For  a  sphere  of  radius  la,  the  element  of  surface  area  may  be  taken  as  dS  ■  2na  sin  0  ds, 
where  ds  is  an  element  of  arc  in  a  meridian  plane.  Moreover,  the  normal  velocity,  -  <?0/<J n,  may 
be  expressed  also  as 


d± 

dr 


■  vr 


— il_  ii  , 

a^  sin  G  ^  6 
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by  Equation  (5-7).  Thus, 


—  dS  = - - - 4^  ^  7T  a  sin  0  ds  =  27r  dA  , 

511  a2  sin  6  d3  96 


and  the  kinetic  energy  becomes 


r* 

-IT  PJ  0 


T  a  -upj  0d^ 
0 


By  utilizing  Equations  (5-19)  and  (5-20),  this  kinetic -energy  integral  can  be  expressed  as 

P  7r 

T  *  7T/2  p  U2a3  j  sin  8  cos2  0  d0 


and  the  kinetic  energy  is  found  to  be  given  by 

T  a  1/3  7T  p  U2a3  . 


(5-27) 


Virtual  Mass  of  a  Moving  Sphere 

From  Equation  (5-27),  the  kinetic  energy  of  the  irrotational  motion  due  to  a  moving  sphere 
may  be  written  as  T  a  1/4  M*  U2,  where  the  mass  of  the  displaced  fluid,  4/3  up  a^,  is  equal  to  M*. 
Thus,  the  total  kinetic  energy  of  the  system  may  be  written  as 

T  »  1/2  (M  +  1/2  M*)U2  (5-20) 

where  M  denotes  the  mass  of  the  sphere.  The  quantity  M'  =  M  +  1/2  M*  is  called  the  virtual  mass 
of  the  sphere.  This  result  indicates  that,  with  respect  to  kinetic  energy,  the  fluid-sphere  system 
is  equivalent  to  a  system  consisting  only  of  a  sphere  which  moves  with  a  velocity  U  and  has  a  mass 
equal  to  M1  . 


The  Approach  of  Two  Spheres 

Figure  5-4  indicates  the  approach  of  two  spheres,  Sj  and  Sj,  having  their  respective  centers, 
C>i  and  O2,  on  the  x-axis.  As  indicated  in  the  figure,  Uj  and  U2  are  the  respective  velocities  of 
the  spheres;  rj  and  r2  denote  the  distances  of  a  point,  P,  from  Oj  and  Q 2,  and  and  0 2  denote  the 
angles  between  OiP  and  the  x-axis  and  O2P  and  the  x-axis. 

Using  the  method  of  images  and  a  zonal  harmonic  expression  of  the  type  given  in  Equation 
(5*6),  the  following  approximate  form  of  the  velocity  potential  of  the  flow  is  obtained: 

U  T  a3  pl  (co8  ®l)  Pi  (cos  62)] 

*"  2I  7?  - 7? — J 

U2  fb3  Pi  (cos  62)  a3b3  Pi  (cos  8[)  ] 

T  l - 7? - -~7? — J’ 

where  a  and  b  denote  the  radii  of  the  spheres  Si  and  S2  and  c  deuotes  the  distance  between  Oj  and 
02- 

By  Equation  (5-26),  the  kinetic  energy  of  the  liquid  due  to  the  motion  of  the  two  spheres  is 
given  by 

T  =  -1/2  pj  dS!  -  1/2  pj  *#dS2 

S,  ^  s2  cn 
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ana,  correct  to  terms  in  l/c3,  this  kinetic  energy  becomes 

T  =  1/4  U22  +  ZTr  a3fe3  p  UjU2  +  1/4  M2*  U22  , 


(5-49) 


i  4c 

where  and  M2  denote  the  mass  of  the  fluid  displaced  by  the  spheres  Sj  and  S2,  respectively. 


FIGURE  5-4. 


Two  Spheres  in  Uniform  Parallel  Motion 

Using  methods  similar  to  those  of  the  preceding  section,  it  may  be  shown  that  the  approxi¬ 
mate  kinetic  energy  of  a  system  composed  of  two  spheres  moving  in  a  direction  perpendicular  to 
their  line  of  centers  is  given  by  the  equation 

T  =  1/4  M i*U tz  +  7  a3b3P  utU2  +  1/4  M2*U22  ,  (5-30) 

c3 

where  Uj  and  U2  denote  the  respective  velocities  of  the  spheres  Sj  and  S2  in  the  line  of  motion, 
and  the  other  symbols  remain  as  defined  in  the  preceding  section. 


Hamilton1  s  Principle  and  the  Euler-Lagrange  Equation 

By  Hamilton' s  principle,  the  definite  time  integral  of  the  kinetic  potential  has  a  stationary 
value  for  all  natural  paths  of  the  system  in  phase  space(5-28),  By  the  calculus  of  variations  this 
principle  requires(5-29)  that 

dj  ?(T  -  V)dt  .  0  , 

‘1 


where  6  denotes  the  first  variation  operator,  T  denotes  the  kinetic  energy  of  the  system,  V  denotes 
the  potential  energy  of  the  system,  and  tj  and  t2  denote  the  initial  and  final  times  of  the  configura¬ 
tion.  Taking  the  first  variation  of  the  above  integral  yields  the  Euler-Lagrange  equations  of  mo¬ 
tion, 


(5-31) 


where  qj  denotes  a  generalised  coordinate,  qj  denotes  the  time  derivative  of  qj,  and  Qj  denotes  a 
generalised  force.  The  validity  of  these  equations  in  the  field  of  hydrodynamics  has  been  thor  - 
oughly  considered  by  several  writers(5-l|  30,  31),  The  equations  may  be  applied  to  obtain  the  dif¬ 
ferential  equations  of  motion  of  a  solid  moving  through  a  fluid  under  the  following  conditions: 
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(i)  The  motion  of  the  fluid  is  due  entirely  to  the  motion  of  the  solid. 

(ii)  If  the  motion  of  the  solid  were  suddenly  stopped,  the  motion  of  the  fluid  would  cease 
at  the  same  instant. 

(iii)  The  motion  of  the  fluid  is  single-valued  and  irrotational. 

Moving  Sphere  in  the  Vicinity  of  a  Wall 


To  apply  the  Euler-Lagrange  equations,  the  kinetic  energy  of  the  system  must  be  computed. 

In  Cartesian  coordinates,  the  kinetic  energy  may  be  written  as  T  »  1/2  (A&2  +  By^)  where  x  and 
denote  the  time  derivatives  of  the  position  coordinates,  and  A  and  B  are  determined  from  Equations 
(5-29)  and  (5-30). 

In  Equation  (5-29),  put  b  *  a,  so  that  the  approaching  spheres  have  equal  radii.  If  Uj  is  equal 
to  U£,  the  resulting  flow  will  be  symmetric  about  a  plane  perpendicular  to  the  x-axis  midway  be¬ 
tween  the  spheres.  Under  these  assumptions,  no  fluid  can  cross  the  plane  of  symmetry  so  that, 
mathematically,  the  symmetry  plane  is  equivalent  to  a  solid  wall.  Thus,  the  kinetic  energy  of  a 
sphere  approaching  a  wall  is  given  by 


T  »  1/4  M*U2  f  1  +—  1  , 

L  8h3  J 


(5-32) 


where  h  is  the  distance  between  the  center  of  the  sphere  and  the  wall. 


By  a  similar  argument,  putting  Ui  *  Vz  and  b  a  a  in  Equation  (5-30)  yields  the  kinetic  energy 
for  a  sphere  moving  parallel  to  a  wall.  This  is  given  by 


T  a  1/4  M*U2 


[.♦-Sll. 

L  16h3  J 


(5-33) 


By  adding  Equations  (5-32)  and  (5-33),  the  total  kinetic  energy  of  a  system  composed  of  a 
sphere  moving  in  the  presence  of  a  fixed  wall  ia  iound  to  be 


'7 

L 


.Mt7M*(,  +  i7^)]  >2  - 


(5-34) 


where  the  center  of  the  sphere  has  coordinates  (x,  y),  the  wall  is  given  by  the  equation  x  =  0,  and 
M  denotes  the  actual  mass  of  the  sphere. 

Substitution  of  the  value  of  T  given  by  Equation  (5-34)  into  the  Euler-Lagrange  equations  of 
motion  yields 


|"m  +- 

M*  ( 

i  +  ! 

ilY)  x 

X2 

+  — 

4m*  ill 

L  2 

\ 

8 

x3/J 

2 

L16  x4  J 

•2 
♦  f. 

\± 

M*  ill 

=  Q-, 

... 

2 

[32 

x4  J 
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and 


_3.a3  Y 

16  x3  y_ 


If  it  is  further  assumed  that  the  sphere  moves  at  a  constant  velocity,  so  that  x  *  y  =  0,  the  equa¬ 
tions  of  motion  become 


9M*a3 
64  x^ 


(-2  k2  +  Jr2) 


Qx 


and 


-9  M*  a3 
32  x^ 


*y  =  Qy 


These  equations  lead  directly  to  the  following  qualitative  statements: 

(i)  If  the  sphere  moves  in  a  direction  perpendicular  to  the  wall  (either  toward  the  wall  or 
away  from  the  wall),  then  y  =  0  and  Qjj  is  negative.  Thus,  to  maintain  uniform  motion 
in  a  direction  perpendicular  to  the  wall,  a  force  toward  the  wall  must  be  applied  to  the 
sphere.  Consequently,  the  sphere  behaves  dynamically  as  though  it  is  repelled  by  the 
wall. 

(ii)  If  the  sphere  moves  parallel  to  the  wall  so  that  x  is  zero,  it  is  easily  seen  that  Qjj  is 
positive.  Thus,  to  maintain  uniform  motion  in  a  direction  parallel  to  the  wall,  a  force 
directed  along  the  positive  x-axis  must  be  applied.  Dynamically,  the  sphere  behaves 
as  though  it  is  attracted  to  the  wall. 

(iii)  The  approach  of  two  equal  spheres  along  their  line  of  centers  is  accompanied  by  a  force 
tending  to  oppose  the  approach.  Thus,  a  direct  collision  between  two  spheres  of  equal 
size  is  not  favored. 


Flow  Past  Spheroids 


Since  the  principal  modes  of  oscillation  of  a  liquid  droplet  are  the  prolate  and  oblate  sphe¬ 
roids,  these  forms  are  given  special  attention  in  this  section.  A  brief  outline  of  the  classical  re¬ 
sults  pertaining  to  the  irrotational  flow  associated  with  the  linear  translation  and  rotation  of  sphe¬ 
roids  is  presented. 


The  Motion  of  Spheroids  in  a  Fluid 

Th  •  consideration  of  the  flow  about  an  ellipsoid  of  revolution  is  important  for  the  investiga¬ 
tion  of  the  fluid  flow  around  a  liquid  globule  undergoing  oscillations  about  a  spherical  shape.  In 
the  following  sections,  the  velocity-potential  functions  and  the  stream  functions  associated  with  the 
flow  abou.  spheroids  are  presented.  It  should  be  noted  that,  from  the  knowledge  of  these  functions, 
an  analogous  treatment  to  that  given  to  spheres  may  be  carried  out  for  the  spheroids.  From  the 
velocity  lotential,  the  velocity  at  every  point  of  the  fluid  may  be  obtained  by  the  use  of  Equation 
(5-4);  th  •  pressure  distribution  may  be  derived  through  Equation  (5-23);  the  kinetic  energy  and  the 
virtual  nass  may  be  calculated  from  Equations  (5-26)  and  (5-28);  and  the  equations  of  motion  may 
be  obtai  icd  from  the  Euler-Lagrange  Equation  (5-31). 
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Linear  Motion  of  a  Prolate  Spheroid 


A  prolate  spheroid  is  an  ellipsoid  of  revolution  generated  by  revolving  an  ellipse  about  its 
major  axis.  The  fluid  flow  past  an  ellipsoid  is  best  described  through  the  use  of  ellipsoidal  co¬ 
ordinates  which  are  related  to  the  Cartesian  coordinates  as  follows: 

x  =  c  cosh  u  cos  0  , 

y  b  c  sinh  u  sin  0  cos  w  , 

z  ■  c  sinh  u  sin  0  sin  w  . 

The  surfaces  obtained  by  setting  u  =  constant  are  confocal  ellipsoids  which  form  a  set  of 
surfaces  that  are  everywhere  orthogonal  to  the  set  of  hyperboloids  generated  by  setting  0  =  con¬ 
stant.  Thus,  putting  a  *  cos  6,  1 3  *  cosh  u,  and  7  «  w,  the  coordinates  (a, £,7)  form  an  orthogonal 
system.  In  ellipsoidal  coordinates,  Laplace's  equation,  7  2^  s  0,  becomes 


<9a 


_i _  dz(t 

1  -  a*  V 


•4>{(!-^}+7T7T$  • 

The  solutions  to  this  equation  are  expressible  in  terms  of  the  Legendre  functions  and,  in  this  case, 
are  called  ellipsoidal  harmonics(5-32)#  For  an  axially  symmetric  flow  outside  of  an  ellipsoid,  the 
velocity  potential  may  be  written  as  followo(5-33): 

*  <<*,£)■  S  Pn(a)0  O)  , 
n*0 


where  Pn(a)  is  Legendre's  polynomial  of  degree  n,  and 


W)  •  P„tf>  f  7 - -S 

Fn()3) 


2  (P2-  1) 


The  corresponding  stream  function  is  given  by 


c  ,  d  Pn(a)  ?  d  Qn(j3) 

'Ma''1|-SSTTT(1-“2)-3r-(p2-,|-dp-  ' 


Thus,  if  a  prolate  spheroid  moves  with  velocity  U  parallel  to  its  major  axis,  and  if  e  b  l//30 
is  the  eccentricity  of  a  meridian  section,  it  follows  from  the  above  equation  for  n  =  1  that 

f(a,/J)  =  1/2  Aacf  1/2  log  -  -1-  l  (1  -  -  1)  , 

l  P  ”  1  fl4-  -  1  J 


where  a  denotes  the  semi-major  axis, 


A  b 


Ua 


1  +  e 
1  -  e 


f 


and  tht  boundary  conditions  are  given  by  f{a.  0)  b  0  at  infinity,  and  f(a,  /3)  b  -1/2  Ua^c2  {1  -  a^) 

-  1)  at  the  surface  of  the  ellipsoid.  The  velocity  potential  corresponding  to  this  stream  func¬ 
tion  is  given  by 
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0(a,0)  =  A  a  1 1/2  j3  log  i±l  -  lj 


Linear  Motion  of  an  Oblate  Spheroid 


An  oblate  spheroid  is  an  ellipsoid  of  revolution  obtained  by  revolving  an  ellipse  about  its 
minor  axis.  Here  the  coordinate  system  employed  is  related  to  the  Cartesian  system  as  follows: 

x  =  c.  sinh  u  cos  0  , 

y  -  c  cosh  u  sin  0  cos  «  , 

z  =  c  cosh  u  sin  0  sin  u  . 


Again,  an  orthogonal  system  of  ellipsoidal  coordinates  is  obtained  by  setting  a  *  cos  9,1 3  =  sinh  u, 
and  y  =  w.  The  surfaces  obtained  by  putting  p  *  constant  are  oblate  spheroids,  which  are  every¬ 
where  orthogonal  to  the  hyperboloids  of  one  sheet  generated  by  setting  a  =  constant.  In  these  co¬ 
ordinates,  Laplace's  equation  becomes 


±  /(!  _  a2)  Ml  +  - i -  iii 

da  L  da J  l  _  a2  dyZ 

$  +?T7v- 


The  solutions  to  this  equation  for  fluid  motion  outside  of  the  ellipsoid  are  given  by0>-34) 

</>( a,P)  =  1  Pa(a)  qn(P)  , 

n=0 

where 


Tn  (P)  =  Pd  (P) 


[Pn(P)]Z  (P*+  1) 


Pn(p)  =  lit -  0 J pD  +  n(n  ~  i)  p* 

n!  ^  ?.(2n  -  1) 


+  n(n  -  1)  (n  -  2)  (n  -  3)  on  -  4  +  . . 

2-4  (2n  -  1)  (2n  -  3)  P  J  ' 


The  stream  function  corresponding  to  this  velocity  potential  is  given  by 

I 

Let  P  =  constant  denote  an  oblate  spheroid  which  moves  parallel  to  its  axis  through  an  infinite 
fluid.  If  £  denotes  ( p 2  +  l)-*/2  and  a  denotes  a  semimajor  axis,  then  the  preceding  equations  yield 

$(a,  p)  ■  Aa  (1  -  P  arc  cot  p)  , 


where 


-  Ua  (fi2  4  l)  !/2 


P  [(1  -  e2)1/2  -  1/c  arc  sin  e] 
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=  1/2 


02  +  1 


-  arc  cot  0 


(1  -  a' 


2)  (p2  +  i) 


Rotation  of  an  Ellipsoid 


The  ellipsoidal  harmonics  appropriate  to  a  rotating  ellipsoid  in  an  ideal  fluid  are  expressible 
as  F  or  r  x  where  r  s  xi  +  yj  +  zlc  denotes  a  position  vector  in  Cartesian  coordinates 

and 


F  =  f7  -  i)  ^ 

\  a2  +  X  b2  +  X  c2  +  X  /  k 


x2  _  (a2  +  X)  (a2  +  (a2  +  y) 


(a2  -b2)  (a2  -c2) 


+  X)  (b2  + 


(b2  -c2)  (b2  _  a2) 


,2  _  (c 


2  +  X)  (c2 


(c2  +  v) 


(c*  -  a2)  (c2  -  b2) 


k2  =  (a2  +  X)  (b2  +  X)  (c2  +  X)  . 

Figure  5-5  shows  a  sketch  of  the  ellipsoid  x2/a2  +  y2/b2  +  z2/c2  =  1,  which  is  assumed  to 
rotate  with  an  angular  velocity  given  by  <3  =  u  x  T.  The  velocity  of  a  point  on  the  boundary  can  be 
written  asuxr  :-uxzJ+ux  yE.  Consequently,  the  boundary  condition  is  found  to  be  given  by 
d<p/d\  =  (zdy/d\  -  y  d  7./d\)u x,  and  the  velocity  potential  becomes 


0  (*>  Yi  z)  = 


(b2  _  c2)2  abc  u x 


2(b2  _  c2)  +  (b2  +  c2)  (60  -70)  Jx  (b2  +  X)  (c2  +  X)k 


00 

r _ ax 

Jx  (b2  +  x)  (c2  + 


where  f30  =  abc  dX/(b2  +  X)k  and  70  =  abc  ^  dX/(c2  +  X)k.  By  superposing  solutions  of  a  similar 

form,  the  velocity  potential  arising  from  simultaneous  rotations  in  all  three  directions  may  be  ob¬ 
tained. 


-m-'-L. 


FIGURE  5-5.  ROTATION  OF  AN  ELLIPSOID 


In  the  special  case  of  a  rotating  sphere,  a  =  b  *  c,  and  the  preceding  equations  show  that  d(x,  y,  s)  « 
0,  so  that  a  rotating  sphere  docs  not  impart  any  motion  to  the  surrounding  ideal  fluid. 

WADC  TR  56-344  5-21 


A  Solid  Sphere  in  a  Real  Fluid 


In  this  section,  some  of  the  properties  of  a  real  fluid  are  introduced.  The  stress  tensor  as¬ 
sociated  with  the  flow  of  a  real  fluid  is  presented,  together  with  the  concept  of  kinetic  viscosity  and 
Reynolds  number.  Approximate  solutions  for  the  flow  of  a  real  fluid  past  a  solid  sphere  are  given 
for  small  Reynolds  numbers.  Stokes'  law  of  drag  is  derived  from  the  energy-dissipation  function, 
and  a  correction  for  "slip"  at  the  surface  of  the  sphere  is  given.  From  the  drag  laws,  the  terminal 
velocity  of  fall  is  computed,  and  finally,  the  simultaneous  translation  and  rotation  of  a  solid  sphere 
at  low  Reynolds  numbers  is  considered. 


Some  Properties  of  Real  Fluids 

A  real  fluid  is  distinguished  from  an  ideal  fluid  by  the  fact  that  the  real  fluid  exhibits  a  resis¬ 
tance  to  distortion.  This  resistance  is  said  to  be  the  result  of  "internal  friction"  or  viscosity. 

Some  of  the  more  important  facts  associated  with  real  fluids  are  given  below. 

(1)  The  viscous  forces  operating  within  a  fluid  cause  a  positive  dissipation  of  energy 
when  the  fluid  undergoes  any  finite  internal  motion. 

(2)  In  a  real  fluid,  the  stress  (or  force  per  unit  area  of  surface)  is  not  necessarily 
oriented  in  a  direction  perpendicular  to  the  element  of  area  dS  as  in  the  case  of 
an  ideal  fluid. 


(3)  The  stress  tensor  associated  with  the  motion  of  a  real  fluid  is  fully  developed  in 
Chapter  11,  and  is  found  to  be  given  by  the  following  matrix: 

/<3U2  <Wl\  /<?U3  dUl\ 

-  p  t  2„  -  2/3p  «kk,  P  (7^  ,  P  ♦  — 3) 


LV'ij  ] 


-  p *  »Z2  - »kk  ’ 

’  -p+  2"  »33-2'3P»k 


where  xj,  x^,  X3  denote  Cartesian  coordinates,  Uj,  U2,  U3  are  the  respective  velocity 
compc-ients,  p  denotes  the  coefficient  of  viscosity,  =  (9Uj/5xj,  ^ 2  =  dl^/dxg, 

«t> 3  =  <JU3/<?Xj,  and  <f>kk  =  +  ^22  +  ‘*’33  =  ^1^  X1  +  +  ^3/^X3. 


(4) 


The  first  scalar  invariant  (the  sum  of  the  diagonal  terms)  of  the  stress  tensor  is  defined 
to  be  =  ^11  +  ^2  4  3^3 3 »  50  ^at  pressure,  p,  for  a  real  fluid  is  given  by  the 
equation 


(5)  The  force  components  due  to  the  internal  fluid  forces  arc  given  by  Fj  =  dfyj/dx.  = 

tylj/**i  +  d^2j/^x2  +  <^3j/^x3»  j  3  2,  3. 

(6)  To  evaluate  the  relative  importance  of  the  viscous  forces,  the  ratio  of  the  viscous 
stresses  to  the  inertia  of  the  fluid  must  be  considered.  The  significant  quantity  in  this 
case  is  the  kinetic  coefficient  of  viscosity,  given  by  v  n  p / p,  where  p  is  the  viscosity 
coefficient  of  the  fluid  and  p  is  the  density  of  the  fluid. 
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(7)  The  coefficient  of  viscosity  in  gases  has  been  found  to  be  independent  of  pressure  over 
wide  ranges,  but  increases  with  increasing  temperatures. 

(8)  The  stress  components  across  an  interface  between  two  dissimilar  fluids  are  continuous, 
provided  the  forces  due  to  surface  tension  are  neglected. 

(9)  The  N&vier -Stoke s'  equations  of  motion  which  are  developed  in  Chapter  11,  may  be  ex¬ 
pressed  componentwise  as  follows: 


and,  consequently,  in  vector  form,  it  follows  that  the  fluid  motion  is  governed  by  the 
equation 

i^+(U-V)U  =  G--  Vp-^Vx(VxU)  +  i^V(V-U)  , 

a  t  p  p  3  p 

where  it  has  been  assumed  that  the  viscosjty  is  constant  throughout  the  fluid.  By  the 
use  of  the  vector  identity^  “36),  7  x  (V  x  U)  =  V  ( 7  •  U)  -V2U,  the  preceding  equation 
may  be  written  as  follows: 

^  +  (u-V)U=G-.2£  +  £v2u  +-^V(7-U)  .  (5-35) 

at  p  p  3  p 

If  the  real  fluid  is  assumed  to  be  incompressible,  then  7  •  U  =  0,  and  the  last  term  of 
Equation  (5-35)  may  be  dropped.  If  the  external  forces  are  assumed  to  be  conserva¬ 
tive,  then  G  »  -VE,  where  E  is  a  scalar  function  of  position.  Under  these  assumptions, 
the  equations  of  motion  may  be  written  in  the  following  convenient  forms: 


+  (u  •  v  )u  *  +  e)  +  vV2  U 


(5-36) 


dU 

dt 


-  U  x(7x  U) 


-7 


U2  + 


0 


+  v  V4  u 


(5-37) 


(10)  Solutions  to  the  general  equations  of  motion  of  a  real  fluid  have  not  been  obtained; — How¬ 
ever,  if  the  equations  are  subjected  to  certain  simplifying  assumptions,  solutions  are 
more  readily  obtained.  Usually  it  is  assumed  that  the  quadratic  terms_in  the  equations 
of  motion  may  be  neglected,  Thus  in  Equation  (5-36),  the  term  (U-  7)U  is  omitted,  so 
that  the  resulting  differential  equation  is  linear.  The  approximation  which  results  from 
a  solution  of  the  linearized  equation  is  measured  in  terms  of  the  Reynolds  number, 
given  by 


Re  aiLXii  ,  (5-38) 

where  d  is  some  characteristic  length,  p  is  the  fluid  density,  v  is  the  magnitude  of  the 
fluid  velocity,  and  p  is  the  coefficient  of  viscosity.  This  dimensionless  quantity  ir, 
obtained  by  taking  the  ratio  of  the  magnitude  of  the  inertia  terms  (measured  by  U2/d) 
to  ihe  magnitude  of  the  viscosity  terms  (measured  by  p  U/pd2).  If  this  ratio  is  small, 
the  Reynolds  number  is  small  and  the  approximation  is  considered  valid. 

An  approximation  may  also  be  obtained  by  neglecting  the  terms  TJ  x  (7  x  U)  in  Equation  (5-37). 
The  resulting  solutions  are  again  valid  for  small  values  of  the  Reynolds  number. 
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Steady  Flow  of  a  Real  Fluid  Past  a  Solid  Sphere 


If  P(r,  0)  denotes  a  point  in  a  meridian  plane,  it  may  be  shown(5-37)  that  whenever  the  quad¬ 
ratic  terms  of  the  equations  of  motion  have  been  neglected,  the  stream  function,  ty{r,  0),  must 
satisfy  the  equation 


a2  ,  sin  0 

±.( 

'  1  ^ 

0  ' 

0r2  0r2 

00  \ 

v  sin  0  J 

00_ 

r,e)  =  0 


) 


where  the  boundary  conditions  require  that  0^/00  =  dy/dr  =  0  at  the  surface  of  the  sphere,  and  lim 

oo 

f(r,6)  be  equal  to  -  1/2  U  r2  sin^  0,  If  a  solution  is  assumed  to  have  the  form  l(r)  sin2  0,  then  f(r) 
is  given  by 

f(r)  =  A/r  +  Br  +  Cr2  +  Dr4 

The  uniform  flow  at  infinity  requires  that  C  =  -U/2  and  D  =  0,  so  that 

^(r,  0)  =  (A/r  +  Br  —  1/2  U  r2)  sin2  0 
From  Equation  (5-2)  the  velocity  components  are  found  to  be 

vr  ■  U  cos  0-2  (A/r3  +  B/r)  cos  0 

and 

vg  =  -  U  sin  0  -  (A/r3  -  B/r)  sin  0 

The  surface  boundary  conditions  yield  A  ■  -  1/4  U  a3  and  B  =  3/4  U  a,  where  a  denotes  the  radius 
of  the  sphere.  Thus, 

f  (r,  0)  =  -  1/2  U(1  -  3/2  a/r  +  1/2  a3/r3)  r2  sin2  0  (5-39) 

is  the  appropriate  expression  for  the  stream  function  representing  the  flow  of  a  real  fluid  around  a 
sphere  at  small  Reynolds  numbers. 


Stokes  Law  of  Drag 

When  the  Reynolds  number  is  small  the  dissipation  of  energy  due  to  motion  pf  a  real  fluid  is 
given  by 


F  ■  1/2 


<t>  dx  dy  dz 


) 


whefe 


♦(£♦£)**(£♦$)*]  • 


For  a  sphere  it  is  easily  shown  that(5-38) 


*  ■12pf^4  +  A')2  cos2  0  +  36  p  ^  sin2  0 
\  r4  rz/  r8 
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where  A  and  B  are  determined  by  the  boundary  conditions  at  the  surface  of  the  sphere.  If  there  is 
no  slipping  at  the  surface,  then  A  =  -  1/4  U  a^  and  B  =  3/4  U  a,  as  obtained  in  the  preceding  sec¬ 
tion.  Thus  the  total  rate  of  dissipation  of  energy  is  obtained  by  multiplying  $  by  27T  r^  sin  ©  dr  d© 
and  integrating  from  0  =  0  to  0  »  7T  and  from  r  a  a  to  r  a  oo.  These  calculations  show  that  F  =  67T  a 
p  U2. 


If  the  drag  force  on  the  sphere  is  denoted  by  D,  then  DU  represents  the  rate  at  which  work  is 
done  when  there  are  no  other  dissipative  forces.  If  the  motion  of  the  sphere  is  steady,  it  follows 
at  once  that  DU  a  6rr  a  p  U2,  so  that 


D  =  6tt  a  p  U  .  (5-40) 

This  important  result  is  known  as  Stokes'  law  of  drag(5“39),  it  is  usually  considered  valid  for 
Reynolds  numbers  between  0.  1  and  1. 

If  it  is  assumed  that  the  fluid  is  allowed  to  "slip"  over  the  surface  of  the  sphere,  the  Stokes' 
drag  force  becomes(5-40). 

D  * 6" a  *■  u[  -  f5-4') 

where  p  is  the  coefficient  of  sliding  friction.  For  P  -*  oo  there  is  no  slip  and  Equation  (5-41)  re¬ 
duces  to  Stokes'  law. 


Terminal  Velocity  of  Fall  for  Small  Reynolds  Numbers 


If  a 

it  follows 
force  and 
velocity: 


sphere  is  assumed  to  fall  at  terminal  velocity  in  a  real  fluid  at  small  Reynolds  numbers, 
that  the  downward  force  due  to  gravity  is  equal  in  magnitude  to  the  sum  of  the  buoyancy 
the  drag  force.  Thus,  from  Equation  (5-41),  the  following  equation  holds  at  the  terminal 


4”  a3  p'  g  =4  7ra3_  p_£  ^  y 

3  3 


2p  +  Pa 
3p  +  /la 


where  p' ,  p  denote  the  respective  densities  of  the  sphere  and  the  fluid.  If  this  equation  is  solved 
for  U,  the  terminal  velocity  iB  found  to  be  given  by 


u  - 2  (p'  ~  p)  aZ b  \  1e±1±' 

9  p  2p  +  p  a  _ 


(5-42) 


If  it  is  assumed  that  there  is  no  slip  between  the  fluid  and  the  sphere,  then  p  oo,  and  the  Stokes' 
terminal  velocity  is  obtained, 


Ua  .  2  (P'  -  P)  g 

8  9  n 


(5-43) 


Translation  and  Rotation  of  a  Solid  Sphere 
in  a  Real  Fluid 


By  using  vector  methods,  Drazin(5-41)  has  recently  obtained  the  vector  force  per  unit  area 
acting  on  a  sphere  that  undergoes  simultaneous  translation  and  rotation  in  a  real  fluid  when  the 
higher  order  terms  ar»“  neglected.  The  force  obtained  is  given  by 

F  ■  -  1  /a  (p  r+3pwxr+3/2pU)  , 

00 
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where  ^  denotes  the  pressure  at  infinity  and  «  denotes  the  angular  velocity  of  the  sphere.  By  in¬ 
tegrating  this  expression  over  the  surface  of  the  sphere,  the  Stokes'  drag  force  given  by  Equation 
(5-40)  is  obtained.  This  indicates  that  the  drag  is  independent  of  the  rotation  at  low  Reynolds  num¬ 
bers.  The  resulting  couple  about  the  center  of  the  sphere  was  found  to  be  given  by 

C  =  8 7r  p  a^  o>  .  _  (5-44) 

The  couple  given  by  Equation  (5-44)  is  often  called  the  Garstang  couple,  and  represents  the  resis¬ 
tance  to  rotation  offered  by  a  sphere  rotating  in  a  real  fluid  when  the  Reynolds  number,  pu  is 

small. 

Thus,  letting  k  denote  the  radius  of  gyration  of  the  sphere,  the  equations  of  motion  become 

M  dU/dt  =  -  67T  a  p  U 


and 

M  k^  dw/dt  =  -  87T  a  3  p^ 

Further  consideration  regarding  the  magnitude  of  the  neglected  terms  indicates  that  these  results 
hold  only  for  small  Reynolds  numbers  and  very  near  the  surface  of  the  sphere.  If  the  second-order 
terms  cannot  be  neglected,  Lamb(^“^^)  shows  that  steady  motion  is  not  possible,  The  rotating 
sphere  behaves  like  a  centrifugal  fan  that  causes  the  fluid  to  flow  outwards  from  the  equator  and 
inwards  toward  the  poles. 


A  Liquid  Sphere  in  a  Real  Fluid 


Some  of  the  effects  due  to  the  fluid  nature  of  a  liquid  globule  are  considered  in  this  section. 
Corrections  to  the  drag  laws  and  to  the  terminal  velocities  are  expressed  in  terms  of  the  viscosity 
coefficients.  The  stream  functions  for  the  internal  circulation  of  the  droplet  are  given  for  the 
"creeping"  motions.  The  equations  governing  the  oscillations  of  a  liquid  sphere  are  given  and  the 
effect  of  these  oscillations  on  the  internal  circulation  is  considered. 


Linear  Motion  of  a  Liquid  Sphere  in  a  Real  Fluid 

When  a  liquid  sphere  moves  through  a  real  fluid,  a  finite  tangential  velocity  on  the  sphere' s 
surface  must  be  taken  into  account.  If  it  is  assumed  that  the  drag  experienced  by  a  liquid  sphere 
is  proportional  to  the  drag  given  by  Stokes'  law,  then  the  actual  drag  may  be  written  as  R  =  KD, 
where  K  denotes  a  proportionality  constant  and  D  is  given  by  Equation  (5-40).  If  continuity  of  the 
tangential  forces  and  velocities  at  the  surface  cf  the  sphere  arc  assumed,  then  the  constant  of  pro¬ 
portionality  is  found  to  be  given  by(5-43) 

2/3  4  p'/p 
i  +  p'/p 

where  p'  and  p  denote  the  viscosity  coefficient  of  the  fluid  sphere  and  surrounding  medium,  re¬ 
spectively.  If  p'  _  oo  then  the  liquid  sphere  approaches  a  solid  sphere,  K  —  1,  and  Stokes'  law  is 
recovered.  The  above  expression  for  K  is  a  special  case  of  a  more  general  form  given  by 

Boussinesq:(5'44) 


K  .  P  +  (2p  +  3m1  )a 
"  P  4  (3/J  +  3p'  )a 

where  £  denotes  a  surface  viscosity  due  to  surface  tension. 
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Terminal  Velocity  of  a  Liquid  Sphere 
in  a  Real  Fluid 


In  the  range  of  Stokes'  law,  the  preceding  results  indicate  that  the  force  of  drag  acting  on  the 
liquid  sphere  is  given  by 

Rs  <bT*>‘a)  ■ 

Thus,  the  equations  of  motion  for  settling  under  gravity,  at  terminal  velocity,  become 

iZL£l£l£  =  iZLS IrJL  +  2/3  +  (6n  a  u  u) 

3  3  l  +  fi’/v  ■ 

and  solving  for  U,  it  is  found  that 


U 


r  i  +  u'/u 

2  (p1  -  p)  ga2  ‘ 

[.2/3  +  p>  /fi_ 

L  9  M  ■  J 

This  result  is  due  to  Bond(5“45) 


Internal  Circulation  Due  to  Slow  Translation 

Under  a  slow  translation,  or  "creeping  motion",  the  stream  function  for  fie  internal  circula¬ 
tion  of  a  liquid  sphere  is  given  by(5-46,  47) 

(r’  6)  *  “  *6(V+^)g  r2(1  "  f2)  Sin2  6 

and  the  stream  function  for  the  fluid  motion  outside  the  sphere  is  given  by 

'>(r,6)  *  (6(3^'  +2rfS  [  r(l-r)]  si„2  6 

The  velocity  components  may  be  obtained  from  these  stream  functions  by  Equation  (5-2). 

Figure  5-6  shows  the  streamlines  within  the  liquid  sphere  together  with  their  orthogonal  tra¬ 
jectories.  These  two  sets  of  curves  are  given  by 


and 


£  =  4  r^  (1  -  r^)  sin2  0  a  constant 

,  r**  cos'*  0 

Q  =  - - -  =  constant 

2  r2  -  1 


Oscillations  of  a  Viscous  Sphere 

The  equations  governing  the  oscillations  of  a  sphere  composed  of  a  viscous  fluid  have  been 
developed  by  Rayleigh(^-^®)  and  Lamb(^-^^).  For  oscillations  between  oblate  spheroid  and  a  pro¬ 
late  spheroid,  Rayleigh  obtained  an  oscillation  frequency  given  by 


V  ■ 


where  d  denotes  the  diameter  of  a  sphere  having  a  volume  equal  to  the  volume  of  the  drop,  and  r 
denotes  the  surface  tension.  Neglecting  internal  circulation  and  the  influences  of  the  external  gas, 
it  can  be  *hown(^"50)  that  the  amplitude  of  oscillation  of  a  3-mm  drop  of  water  decreases  to 


1 

n  Y  P' d3 
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one-half  of  its  initial  value  in  0.35  second.  The  energy  dissipation  within  the  droplet  would  cause 
the  amplitude  to  decrease  even  more  rapidly. 


M 


FIGURE  5-6.  STREAM  LINES  AND  THEIR  ORTHOGONAL  TRAJEC¬ 
TORIES  IN  A  VERTICAL  PLANE  THROUGH  THE  AXIS 
OF  A  FALLING  DROPLET 

Kronig  and  Brink^”^) 


Circulation  Due  to  Oscillations  of  a  Viscous  Sphere 

The  oscillations  of  a  sphere  composed  of  a  viscous  fluid  cause  circulation  of  a  different  type 
from  that  shown  in  Figure  5-6.  If  the  effects  of  the  external  fluid  arc  ignored  and  no  internal  eddies 
are  assumed  to  exist,  the  lines  of  flow  can  be  calculated  as  shown  by  Lamb(5-51), 

Figure  5-7  shows  the  streamline  configuration  for  internal  motion  where  the  axis  of  symme¬ 
try  is  taken  to  be  the  x-axis.  In  this  case,  the  maximum  velocities  occur  at  a  45*  latitude  on  the 
surface  of  the  sphere. 


FIGURE  5-7.  STREAMLINES  DUE  TO  OSCILLATIONS  OF 
A  LIQUID  DROPLET 

(Lamb)5"5 1 


RECENT  MODIFICATIONS  OF  HYDRODYNAMICS 


In  the  first  section,  the  methods  of  classical  hydrodynamics  have  been  applied  to  some  of  the 
problems  associated  with  the  motion  of  a  sphere  in  a  fluid  medium.  If  a  fluid  is  assumed  to  be  in- 
viscid,  and  the  motion  is  assumed  to  be  irrotational,  the  scope  of  the  results  obtainable  is  some¬ 
what  limited.  In  most  instances  of  practical  concern,  the  attempt  to  combine  irrotational  flow  with 
the  correct  boundary  conditions  leads  to  inconsistent  mathematical  formulations.  If  the  viscous 
forces  are  not  ignored,  the  differential  equations  of  motion  have  greater  flexibility,  and  conse  - 
quently,  the  imposition  of  the  correct  boundary  conditions  does  not  "overdetermine"  the  equa- 
tions(^-52).  For  the  viscous  fluid,  however,  the  solutions  to  the  Navier-Stokes  equations  have  not 
been  obtained.  Furthermore,  linearizing  of  the  Navier-Stokes  equations  leads  to  approximate 
solutions  which  hold,  at  best,  for  very  small  Reynolds  numbers  and  only  near  the  surface  of  the 
body. 


The  modern  approach,  as  suggested  by  this  chapter,  aims  to  rely  on  the  classical  results 
only  in  a  region  outside  of  the  body  and  its  "boundary  layer".  Within  the  boundary  layer  the  vis¬ 
cous  and  inertial  forces  are  assumed  to  be  of  the  same  order  of  magnitude.  This  approach  has 
developed  largely  through  Prandtl' s  theory  of  the  boundary  layer  together  with  the  general  consid¬ 
erations  of  dimensional  reasoning. 


Modern  Approach  to  Fluid  Flow 


In  this  section,  Oseen' s  approximations  to  the  Navier-Stokes  equations  are  given  and  the 
corresponding  stream  function  for  small  Reynolds  numbers  is  presented.  Some  of  the  important 
qualitative  features  of  Prandtl' s  theory  of  the  boundary  layer  are  discussed  and  related  to  classical 
flow.  Finally,  theoretical  considerations  and  experimental  results  pertaining  to  the  formation  of 
the  wake  behind  a  moving  sphere  are  presented. 
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Oseen1  s  Equation  of  Motion 

The  validity  of  Stokes1  equation  for  the  drag  on  a  sphere  moving  in  a  viscous  fluid  depends 
on  the  assumption  that  the  inertial  effects  are  dominated  by  the  viscous  effects.  It  may  be  shown 
that  although  such  an  assumption  may  be  valid  near  the  surface  of  the  sphere,  it  is  not  valid  for 
portions  of  a  viscous  fluid  in  regions  far  removed  from  the  sphere(5-53)_ 

/  _  _  1  _ 

In  Equation  (5-36),  Oseen(^-^)  put  U  =  U'  +  ui,  where  i  denotes  a  unit  vector  which  is  paral¬ 
lel  to  the  average  velocity,  u>  and  neglected  the  quadratic  terms  of  the  form  (U1  •  V  )U’  .  The 
hydrodynamic  equations  may  then  be  written  as  follows: 

^7+  u(i.\7)U'  =  -  V  (p/p  4  E)  +  vV2  U'  .  . 

<7  1 

At  large  distances  these  equations  indicate  that  those  quadratic  terms  arising  from  the  velocity 
components  that  are  perpendicular  to  the  direction  of  flow  are  negligible.  The  solutions  to  these 
equations  nearly  coincide  with  the  solutions  obtained  by  neglecting  the  inertia  of  the  fluid  in  regions 
very  near  the  surface  of  the  sphere.  Thus,  the  drag  on  the  sphere  obtained  from  Oseen' s  equa¬ 
tions  has  the  same  value  as  that  given  by  Stokes,  Equation  (5-40).  However,  in  distant  regions, 
the  solutions  to  Oseen' s  equation  differ  widely  from  the  Stokes'  solutions.  The  flow  pattern  is  no 
longer  symmetric  on  the  upstream  and  downstream  sides  of  the  sphere. 

It  should  also  be  noted  that  the  boundary  conditions  are  only  approximately  satisfied  by  the 
solutions  to  Oseen' s  equation.  The  approximation  improves  as  the  Reynolds  number  decreases. 

By  a  further  refinement  of  the  approximations,  Oseen  found  that  the  resistance  of  the  sphere  was 
given  by  6it  a  p  U(l  +  3/8  Re). 


Exact  solutions  of  Oseen' s  linearized  equations  of  motion  were  first  obtained  by  Gold- 
stein(5‘55).  At  low  Reynolds  numbers,  these  solutions  were  found  to  agree  well  with  the  approxi¬ 
mate  solutions  used  by  Oseen.  An  approximating  dimensionless  expression  for  the  stream  func¬ 
tion,  based  on  Goldstein' s  exi  ct  solutions,  has  been  obtained  by  Tomotika  and  Aoi(5-56)  For 
values  of  the  Reynolds  number  less  than  unity,  the  approximating  stream  function  is  given  by 


*1 


16  +  3Re  (r,2  _i  \  +  1R£  /r  2 

32  '"I  r/+  32  (rl 


—  •>)  cos  el  sin2  9 
rl  J 


f 


where  ipi  =  tp  /Ua2  and  r  j  is  the  ratio  of  the  radius  of  the  sphere,  a,  to  the  distance  of  the  point 
considered  from  the  center  of  the  sphere.  It  may  be  noted  that  in  the  limit,  as  Re  -»  0,  the  above 
expression  is  reduced  to  a  dimensionless  form  equivalent  to  Stokes'  stream  function,  Equation 
(5-39). 


Prandtl' s  Theory  of  *ne  Boundary  Layer 

If  a  body  immersed  in  a  fluid  is  subjected  to  an  impulsive  force,  the  initial  motion  of  the 
fluid  is  free  from  circulation.  The  classical  results  regarding  the  irrotational  motions  of  a  vis¬ 
cous  fluid  are  thus  applicable  to  the  initial  stages  of  such  a  motion.  The  validity  of  the  classical 
results  under  these  conditions  has  been  experimentally  verified  by  several  invcstigators(5-57,  58)> 
Experimental  evidence  also  indicates  that  the  fluid  in  contact  with  the  surface  of  the  solid  is  at 
rest  relative  to  the  solid  at  all  times.  Consequently,  when  the  impulse  is  applied,  the  boundary 
layer  consists  only  of  the  fluid  having  immediate  contact  with  the  solid.  The  velocity  of  any  other 
element  of  fluid  is  obtained  from  the  velocity-potential  function  derived  from  the  classical  theory. 
As  the  motion  cont  nues,  however,  the  number  of  adjacent  layers  of  fluid  between  the  innermost 
layer,  which  has  tie  same  velocity  as  that  of  the  solid  surface,  and  the  layer  having  a  velocity 
given  by  a  vclocib  potential  increases,  that  is,  the  boundary  layer  grows  in  thickness.  In  the 
volume  of  fluid  oc  :upicd  by  the  boundary  layer,  the  viscous  and  inertial  effects  arc  assumed  to 
be  of  comparable  magnitude.  It  may  be  shown(5-59)  for  the  case  of  a  flat  plate  that  the  thickness 
of  the  boundary  layer  is  directly  proportional  to  the  ratio  of  the  distance  from  the  upstream  edge  to 
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the  square  root  of  the  Reynolds  number  based  on  that  distance.  A  similar  relation  may  be  assumed 
to  apply  in  the  case  of  a  sphere. 

In  the  first  section,  it  was  shown  that  the  irrotational  motion  about  a  sphere  is  characterized 
by  the  existence  of  an  upstream  and  downstream  stagnation  point,  together  with  positions  of  maxi¬ 
mum  velocities  (and  minimum  pressures)  around  the  equatorial  belt  between  the  stagnation  points. 
According  to  the  classical  theory,  an  element  of  fluid  at  the  upstream  stagnation  point  is  trans¬ 
ported  by  the  pressure  gradient  to  a  position  on  the  equatorial  belt  between  the  two  stagnation 
points.  At  this  point,  the  fluid  element  has  gained  sufficient  kinetic  energy  to  continue  its  motion 
against  the  increasing  pressure  gradient  to  the  downstream  stagnation  point.  In  the  case  of  a  vis¬ 
cous  fluid,  however,  the  fluid  element,  in  traversing  between  stagnation  points,  encounters  the 
boundary  layer.  Here,  because  of  viscosity,  some  of  the  energy  of  the  fluid  element  is  dissipated, 
so  that  it  does  not  have  sufficient  energy  to  move  in  the  direction  of  increasing  pressure  to  the  rear 
stagnation  point.  Instead,  the  fluid  element  is  brought  to  rest  before  the  completion  of  its  journey 
at  a  point  on  the  separation  ring.  At  this  point  the  fluid  element  leaves  the  surface  of  the  sphere 
and  becomes  part  of  a  vortex  sheet  that  consists  of  those  fluid  elements  which  have  had  direct  con¬ 
tact  with  the  surface  of  the  sphere.  The  vortex  sheet  encloses  a  volume  of  fluid  called  the  wake. 
The  fluid  within  the  wake  undergoes  a  "recirculation",  so  that  a  fluid  element  at  the  rear  stagna¬ 
tion  point  moves  along  the  surface  towards  the  front  of  the  sphere  until  it  encounters  the  separation 
ring,  where  it  becomes  part  of  the  vortex  sheet.  Additional  energy  may  also  be  consumed  in  the 
vorticity  of  the  wake.  This  energy  must  be  accounted  for  in  the  determination  of  the  velocity  po¬ 
tential  associated  with  the  irrotational  flow  outside  the  wake.  In  some  instances,  the  fluid  motion 
in  the  wake  may  be  described  as  irrotational  except  at  certain  isolated  vortices.  In  the  two- 
dimensional  flow  about  an  infinite  cylinder,  for  example,  the  vorticity  generated  at  the  surface  of 
discontinuity  of  velocity  collects  into  isolated  vortices  in  two  parallel  rows  called  a  Karman  vortex 
street(5-60).  This  subject  is  considered  in  more  detail  in  Chapter  20. 


The  Wake  Formation  Behind  a  Sphere 

There  seems  to  be  little  agreement  regarding  the  wake  configuration  behind  a  sphere  moving 
in  a  real  fluid.  Attempts  to  generalize  the  Karman  vortex  street  to  three-dimensional  flow  have 
not  proved  successful.  For  example,  Rosenhcad(^“^U  has  shown  that,  for  vortices  of  finite  thick¬ 
ness,  a  two-dimensional  Karman  vortex  street  is  always  unstable  when  influenced  by  three- 
dimensional  disturbances.  Levy  and  Forsdyke(5-62)  have  proved  that  a  single  vortex  having  a  helix 
for  an  axis  is  stable  under  some  conditions,  but  Jcffreys^-^)  has  shown  that  these  conditions 
cannot  be  physically  realized.  A  combination  of  two  vortices  having  helical  axes  wound  on  the  same 
cylinder  was  suggested  by  Lev“y(5-64,  65)(  but  again,  difficulties  arise  in  meeting  the  physical  re¬ 
quirements.  A  wake  consisting  of  a  series  of  vortex  rings  which  drift  downstream  can  also  be 
shown  to  be  unstable. 

An  investigation  by  Tomotika  and  Aoi(5-66)  has  shown  that  the  exact  solutions  of  Oseen' s 
equations,  which  were  obtained  by  Goldstein,  indicate  that  a  stationary  vortex  ring  is  formed  be¬ 
hind  the  moving  sphere  even  for  Reynolds  numbers  as  small  as  0.1. 

Experimental  evidence  regarding  the  wake  formation  is  also  contradictory.  Lapple(5-67)  has 
indicated  that  bubbles  rising  in  a  liquid  may  trace  a  helical  course  and  tend  to  spiral  upwards  in 
agreement  with  Blanchard'  s(^"68)  observation  that  adjacent  droplets  spiral  into  each  other.  Both 
of  these  observations  suggest  that  a  helical  wake  is  formed.  However,  Schmidcl(5-69)  has  reported 
the  formation  of  vortex  rings  for  Reynolds  numbers  between  500  and  1000.  From  photographic 
evidence,  Winney(^-^®)  has  concluded  the  existence  of  a  spiral  vortex  formation  for  Reynolds  num¬ 
bers  between  2000  and  8000,  For  Reynolds  numbers  around  10,  000,  Ermish(^"^0  confirmed 
Karman' s  suggestion  of  intertwined  spirals,  and  Foch  and  Charlicr(^"^)  found  spiral  forms  for 
Reynolds  numbers  between  100,  000  and  300,000. 

Figure  5-8  sho.  .  sketches  of  photographs  taken  by  Mollcr^5"^)  of  the  wake  formed  behind  a 
sphere  over  a  wide  ra  igc  of  Reynolds  numbers.  It  should  be  noted  that  in  all  experiments  involving 
a  sphere  which  is  constrained,  the  resulting  wake  may  be  quite  different  from  the  wake  formed 
behind  a  freely  moving  sphere.  In  the  case  of  a  rising  balloon,  for  example,  Lunnon^*^'*)  has 
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observed  that  the  balloon  alternately  accelerates  and  decelerates.  The  observation  seems  to  sug¬ 
gest  that  energy-consuming  vortices  are  formed  and  then  discharged,  perhaps  as  a  series  of  vortex 
rings.  If  the  balloon  were  constrained,  however,  such  accelerations  could  not  occur. 


0  Q  0 

'ji  \  .■ 


Re=l50  Re- 302  Re=506 


Re=l340  Re=l5IO  Re=2020 

FIGURE  5-8,  WAKE  FORMATION  BEHIND  A  SPHERE 
(Mollcr)^-^ 

Drag  on  a  Solid  Sphere  Moving  in  a  Real  Fluid 


The  drag  force  acting  on  a  sphere  moving  in  a  real  fluid  is  considered  in  detail  in  this  sec¬ 
tion.  The  drag  corrections  required  by  a  finite  field  of  flow,  by  nonviscous  flow,  by  "slip"  between 
the  molecules,  and  by  linear  acceleration  arc  considered.  The  empirical  formulas  of  Langmuir, 
Prandtl,  and  Kumm  which  relate  the  drag  coefficient  to  the  Reynolds  number  arc  presented  and 
compared  with  the  data  of  Schiller  and  Muttray. 
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Skin  Friction,  Pressure  Drag,  and  Hydrodynamic  Drag 


The  drag  force  exei  .ed  on  a  sphere  moving  in  a  real  fluid  is  often  considered  as  composed  of 
two  components:  the  drag  due  to  the  pressure  distribution  over  the  surface  of  the  sphere,  and  the 
drag  due  to  the  viscous  shear.  These  components  of  the  drag  are  called  the  pressure  drag  and  the 
skin  friction,  respectively. 

In  a  theoretical  investigation  based  on  Goldstein' s  solution  of  Oseen' s  equation,  Tomotika 
and  Aoi(5-75)  found  that  the  ratio  of  the  pressure  drag  to  the  skin  friction  is  equal  to  1/2  for  all 
Reynolds  numbers.  Thus,  for  small  Reynolds  numbers  the  pressure  drag,  Dp,  and  the  skin  fric¬ 
tion,  Df,  are  given  by  the  equations 


Dp  =  27T  a  ju  U 


and 


Df  =  4tt  a  U 

With  the  introduction  of  the  boundary  layer,  the  drag  force  is  increased  beyond  that  predicted 
by  Stokes'  law,  since  the  actual  volume  moving  through  the  fluid  consists  of  the  sphere  together 
with  its  boundary  layer.  At  high  Reynolds  numbers,  the  drag  force  may  be  increased  due  to  the 
formation  of  a  wake  and  possible  detachment  of  energy-consuming  vortices.  Consequently,  the 
magnitude  of  the  drag  force  is  directly  influenced  by  the  vortex  configuration  which  occurs  in  the 
wake  of  the  moving  sphere. 

The  hydrodynamic  drag  on  a  body  moving  in  an  infinite  fluid  field  is  frequently  written  as 
follows: 


D  =  CD  (1/2  p  U2)  A  ,  (5-45) 

where  Cjq  denotes  a  dimensionless  drag  coefficient,  and  A  is  the  projected  area  of  the  body  on  a 
plane  oriented  at  right  angles  to  the  direction  of  motion.  When  the  Reynolds  number  is  small,  the 
forces  of  viscosity  dominate  the  character  of  the  flow.  In  this  case,  the  drag  coefficient  is  found 
to  be  a  simple  function  of  the  Reynolds  number 

CD  =  24/Re,  where  Re  =  pdU//i  .  (5-46) 

If  this  value  aL.the-drag  coefficient  is  substituted  into  Equation  (5-45),  the  usual  form  of  Stokes' 
law,  Equation  (5-40),  will  be  obtained.  If  the  velocity  is  sufficiently  increased,  any  system  of 
vortices  will  decay  into  random  turbulence.  In  this  case,  the  drag  on  a  sphere  is  theoretically 
proportional  to  the  square  of  the  velocity,  as  given  by  Newton' s  formulaP-76) 


D  =  7T  /4  p>U2  a2  .  (5-47) 

Here  the  drag  may  be  interpreted  as  the  force  due  to  the  loss  of  pressure  on  the  downstream  side, 
as  introduced  by  the  absence  of  the  streamlines  in  the  flow  pattern. 


Corrections  to  the  Drag  Laws 

The  corrections  to  the  drag  of  a  sphere  are  generally  applied  to  Stokes'  law,  Equation  (5-40). 
These  corrections  arise  mainly  from  the  following  violations  of  the  hypotheses  underlying  the 
development  of  Stokes'  law: 

(1)  The  fluid  field  is  not  infinite  in  extent, 

(2)  The  motion  is  not  entirely  dominated  by  the  forces  of  viscosity. 
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(3)  The  fluid  is  not  continuous;  for  very  small  spheres,  the  fluid  must  be  regarded 
as  a  discontinuous  molecular  field. 

(4)  The  sphere  undergoes  accelerated  motion  in  the  fluid.  The  corrections  due  to 
these  causes  will  be  discussed  in  the  sections  which  follow. 


Corrections  for  a  Finite  Fiehl  of  Flow 

These  corrections  include  the  so-called  "wall  corrections".  For  the  case  of  a  sphere  which 
settles  along  the  axis  of  a  circular  cylinder  containing  a  real  fluid,  Ladenburg  and  Faxen(5_77) 
found  that  the  Stokes'  drag  should  be  multiplied  by  the  factor  kw,  where 

k^  =  (1  +  2.1  d/d')  .  (5-48) 

Here  d  and  d'  denote  the  respective  diameters  of  the  sphere  and  the  cylinder,  and  the  Reynolds 
number  is  assumed  to  be  less  than  one,  Clearly,  from  physical  considerations,  kw  should  become 
infinite  as  d/d'  approaches  one.  Consequently,  Equation  (5-48)  is  valid  only  if  d/d'  is  small  com¬ 
pared  with  unity. 

For  values  of  d/d'  larger  than  0.  1,  an  empirical  correction  has  been  obtained  by 
F  rancis(5-78); 


1^  =  (1  -  d/d')'2-5  . 

This  correction  is  valid  for  small  Reynolds  numbers  and  for  values  of  d/d  between  0.  13  and  0. 97. 


In  the  case  of  large  Reynolds  numbers,  the  drag  law  given  by  Newton,  Equation  (5-47),  may 
be  corrected  by  the  factor  k^,,  where 

-2 


kw  = 


1  -  (d/d' )3/2 


This  correction  factor  was  first  obtained  by  Munroe(5-79),  It  may  be  noted  that  the  above  wall 
corrections  apply  mainly  to  sedimentation  processes  where  the  increased  drag  is  due  to  the  com¬ 
pensating  upward  flow  of  fluid. 


Corrections  Due  to  the  Molecular  Structure 
of  the  Fluid 


A  moving  sphere  whose  size  is  comparable  to  the  mean  free  path  of  the  fluid  molecules  may 
"slip"  between  the  molecules  of  the  fluid.  In  sedimentation,  this  causes  an  increased  velocity  over 
the  usual  Stokes'  velocity  given  by  Equation  (5-43).  To  correct  for  the  slip,  Cunningham(5"®^) 
obtained 


1 


1  +  3r4 


where  X  denotes  the  mean  free  path  which  has  not  been  corrected  for  any  velocity  distribution  of 
the  fluid  molecules.  This  correction  is  to  be  applied  to  the  computed  value  of  the  Stokes'  drag  to 
obtain  the  corrected  drag.  A  further  refinement  of  thi s  correction  factor  ha3  been  given  by  Knudscn 
and  Wcber(5"®0, 


Table  5-1  shows  values  of  am  corresponding  to  values  of  X/d,  as  calculated  from  data  of 


Millikan^5-®2).  The  value  of  X  in  most  gases  is  of  the  order  of  0.  1  of  a  mi 


c  ron. 
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TABLE  5-1.  VALUES  OF  am  FOR  VARIOUS 
VALUES  OF  X/d.  Lapple(5-67) 


am 

(X/d) 

1.  644 

0.01 

1.  644 

0.05 

1.  645 

0.  10 

1. 706 

0.3 

1. 792 

0.5 

1.931 

1.0 

2. 161 

10.0 

2.  196 

00 

Table  5-2  shows  a  comparison  of  the  motion  imparted  to  a  small  particle  due  to  collisions 
with  fluid  molecules  (Brownian  movement)  with  the  motion  due  to  gravitational  settling.  The  effects 
of  Brownian  movement  become  quite  significant  for  a  particle  whose  diameter  is  less  than  three 
microns.  The  average  linear  displacement,  As(t),  in  any  given  direction  is  given  by  Lapple(^-^7) 
as 


As 


37T2^  Nd 


t 


(5-49) 


where  R  is  the  gas  law  constant,  T  is  the  absolute  temperature,  and  N  denotes  Avogadro' s  number. 
This  result  is  based  on  the  work  of  Fletcher.  {5-83) 


TABLE  5-2.  COMPARISON  OF  BROWNIAN  AND  GRAVITATIONAL 
DISPLACEMENTS  FOR  SPHERICAL  PARTICLES 
SUSPENDED  IN  AIR  AND  WATER,  Lapple(5"67) 

Specific  Gravity  of  Particles,  2.0 


Particle 

Diameter, 

microns 

Displacement  in  1, 

0  sec,  microns 

In  Air  at  70F, 

1  atm 

In  Water  at  70  F 

Due  to 

Brownian 

Movement* 

Due  to 

Gravitational 

Settling 

Due  to 

Brownian 

Movement* 

Due  to 

Gravitational 

Settling 

0.  1 

29.4 

1. 73 

2.36 

0.005 

0.25 

14.2 

6.  30 

1.49 

0.0346 

0.  5 

8.  92 

19.90 

1. 052 

0. 1384 

1.0 

5.91 

69.6 

0.743 

0.  554 

2.5 

3.58 

400.0 

0.471 

3.46 

5.0 

2.49 

1550.0 

0.  334 

13.84 

10.0 

1.  75 

6096.0 

0.236 

55.4 

♦  Calculated  from  Equation  (5-49),  with  t  ■  1.0  sec. 


Corrections  for  Nonviscous  Flow 

It  has  already  been  noted  that  Stokes'  law  is  mathematically  equivalent  to  the  relation  Cp  = 
24/Re.  This  relation  holds,  however,  only  for  flow  which  is  entirely  dominated  by  the  forces  of 
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viscosity,  that  is,  for  flow  characterized  by  small  Reynolds  numbers.  For  higher  Reynolds  num- 
g  bers  the  inertia  forces  also  become  significant  and  the  simple  relation  given  above  is  no  longer 
valid . 


Figure  5-9  indicates  the  observed  relation  between  the  drag  coefficient  and  the  Reynolds  num¬ 
ber  over  a  wide  range  of  Reynolds  numbers.  Empirically  determined  functions  that  approximate 
the  observed  data  have  been  calculated  by  several  investigators,  and  include  the  following: 

Langmuir (5 -84)  CD  Re/24  s  1  +  0.197  Re0- 63  +  2.  6  x  lO^Re1-38  , 

Prandtl(5-85)  CD  =  24/Re  +1,  0  <  Re  <  100  , 

Kumm(5"86)  CD  x  33  Re"2/3  . 

Engineering  approximations  are  discussed  in  Perry' s  Handbook.  (8_8^) 


FIGURE  5-9.  THE  DRAG  COEFFICIENT  OF  SPHERES  AS  A  FUNCTION  OF 
REYNOLDS  NUMBER 

Goldstein^-’O 


Table  5-3  shows  a  comparison  of  the  values  predicted  by  the  above  equations  with  the  data  of 
Schiller  and  Muttray(5-84)f  From  this  table,  it  is  clear  that  the  Langmuir  form  is  the  best  em¬ 
pirical  approximation  for  the  range  of  Reynolds  numbers  between  0.2  and  200.0.  Rather  large  de¬ 
viations  are  shown  by  Kumm' s  equation  for  most  Reynolds  numbers. 

The  dip  in  the  experimental  curve  relating  the  drag  coefficient  to  the  Reynolds  number  can  be 
qualitatively  explained  by  assuming  that  the  boundary  layer  becomes  turbulent  at  this  point.  The 
mechanism  associated  with  this  phenomenon  may  be  developed  as  follows.  At  lower  Reynolds  num¬ 
bers,  the  boundary  layer  near  the  separation  point  is  a  smooth,  well-behaved  surface  that  trans¬ 
mits  the  viscous  forces  without  amplifying  ambient  disturbances  in  the  enclosing  fluid.  At  the 
critical  Reynolds  number,  the  boundary  layer  itself  begins  to  fluctuate  rapidly.  This  permits  a 
much  larger  transmission  of  energy  to  the  fluid  elements  near  the  surface  of  the  sphere.  Conse¬ 
quently,  the  point  of  separation  moves  toward  the  downstream  side  of  the  sphere.  Thus,  the  area 
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causing  the  loss  of  back  pressure  is  reduced  so  that  the  back  pressure  is  increased,  the  velocity 
is  increased,  and  the  drag  coefficient  is  decreased.  It  should  be  noted  that  the  Reynolds  number 
at  which  this  phenomenon  occurs  is  strongly  affected  by  the  amount  of  ambient  turbulence  in  the 
fluid  in  contact  with  the  sphere.  A  small  wire  loop  placed  on  the  surface  on  the  upstream  side  of 
the  sphere  can  induce  this  effect  and  thus  lower  the  resistance.  The  extreme  sensitivity  of  a 
sphere  to  ambient  turbulence  has  led  to  its  utilization  as  a  turbulence  indicator.  However,  it 
should  be  noted  that  the  Reynolds  number  range  involved  in  this  turbulent  boundary  layer  phenomena 
is  such  that  the  velocities  involved  greatly  exceed  the  breakup  velocities  of  droplets. 


TABLE  5-3.  THE  DRAG  COEFFICIENT  OF  SPHERES  AS  A 
FUNCTION  OF  REYNOLDS  NUMBER 


Reynolds 

Number, 

Re 

Schiller  & 
Muttray 
(Experi¬ 
mental) 

Drag  Coefficient,  Cd 

Langmuir  Kumm 

Equation  Equation 

Prandtl 

Equation 

Per  Cent  Deviations 
Between  Equations  and 
Experimental  Data 
Langmuir  Kumm  Prandtl 

0 

0 

0 

00 

00 

.. 

0.2 

122.4 

128.5 

97.0 

121. 

4.90 

-20.  8 

-  1.14 

0.  6 

44.2 

45.8 

46.4 

41. 

3.25 

4.98 

-  7.24 

1.0 

28.2 

28.  8 

33.0 

25. 

2.  12 

17.0 

-11.3 

2.0 

15.4 

15.  6 

20.6 

13. 

1.30 

33.8 

-15.  6 

5.0 

7.26 

7.43 

11.6 

5.8 

2.  34 

54.3 

-20.  1 

10.0 

4.28 

4.44 

7.06 

3.4 

3.74 

65.0 

-20.6 

20.0 

2.75 

2.79 

4.43 

2.20 

1.45 

61.  1 

-20.0 

50.0 

1.60 

1. 62 

2.39 

1.48 

1.25 

49.4 

-  7.5 

100.0 

1.  10 

1.  13 

1.51 

1.24 

2.  72 

37.  3 

12.  7 

200.0 

0.  783 

0. 834 

0.949 

1.  12 

6.  52 

21.2 

43.  1 

500.0 

0.  550 

0.  613 

0.  516 

1.048 

11.5 

-  6.  18 

90.  6 

1000.0 

0.447 

0.477 

0.  324 

1. 024 

5.  70 

-27.  5 

129. 

2000.0 

0.  393 

0.426 

0,204 

1.012 

7.  64 

-48.  1 

157. 

Corrections  for  Accelerated  Motion 


The  drag  coefficient  is  a  function  of  the  Reynolds  number  alone  only  when  the  motion  is 
steady.  Under  accelerated  motion,  dimensional  reasoning  indicates  that  the  drag  coefficient  for  a 
liquid  sphere  is  given  by 


CD  =  f(Re,  Su,  Wt,  Ac,  p/p'  p/p')  , 


where 


Re  =  pdU/p  , 

Su  *  pdr/pl  , 

Wt  =  d|i  .lft.T.fll  JL8 
1 3  p* 

Ac  *  d/U2  dU/dt  . 


1/3 


i 


Here,  r  denotes  the  surface  tension  and  the  other  symbols  remain  as  previously  defined. 

The  experimental  data  concerned  with  the  accelerated  motion  of  a  body  in  a  fluid  are  limited, 
and  pertain  primarily  to  solid  bodies.  The  dependence  of  the  drag  on  the  acceleration  has  been  con¬ 
sidered  by  Cook(S-89)  (oscillations  of  underwater  mines),  Allan(5“90)  (steel  spheres  in  water), 
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Schmidt^-0 *)  (balloons  in  air  and  wax  spheres  in  water),  and  Laws(5-92)  and  Williams(5-93) 
(water  drops  in  air).  The  most  detailed  study  of  this  phenomenon  has  been  made  by  Lunnon(5“94)( 
who  experimented  with  solid  spheres  of  various  densities  moving  in  air  and  water. 

From  these  investigations,  it  may  be  concluded  that  under  accelerated  motion  the  drag  coef¬ 
ficient  is  greatly  increased  for  both  low  and  high  Reynolds  numbers  whenever  the  density  of  the 
body  approaches  the  density  of  the  fluid,  A  quantitative  measure  of  the  increases  in  the  drag  coef¬ 
ficient  for  liquid  drops  is  not  available,  primarily  because  the  drag  coefficient  fluctuates  greatly 
with  the  distortion  of  the  liquid  drop. 


Droplet  Deformations  and  Drag  Coefficients 


The  principal  theoretical  and  experimental  results  pertaining  to  the  deformation  of  a  liquid 
droplet  are  considered  in  this  section.  The  breakup  velocities  are  expressed  in  terms  of  Weber's 
number  and  Bond' s  number.  The  effects  of  drop  size  on  surface  tension  and  the  effects  of  surface 
tension  on  internal  circulation  are  considered.  Finally,  the  drag  coefficients  and  terminal  veloci¬ 
ties  of  liquid  droplets,  as  obtained  by  Hughes  and  Gilliland,  are  presented. 


Deformation  of  a  Liquid  Drop  Moving  in  a  Real  Fluid 

Hughes  and  Gilliland^ “95)  consider  the  deformation  of  a  liquid  drop  to  be  of  two  basic  types: 
those  which  consist  of  oscillations  about  some  equilibrium  position,  and  those  which  are  steady  in 
time.  Under  steady  motion,  the  pressure  distribution  on  the  surface  of  a  liquid  sphere  is  not  uni¬ 
form,  so  that  distortion  due  to  pressure  differences  is  to  be  expected.  Since  the  static  pressure  on 
the  surfaces  of  a  deformed  sphere  has  not  been  theoretically  developed,  it  is  not  possible  to  predict 
the  shape  which  will  be  assumed  by  a  liquid  drop  moving  in  a  gas.  Most  investigators  assume  that 
the  drop  becomes  an  ellipsoid  of  revolution  with  an  axis  in  the  direction  of  the  motion.  If  the  semi¬ 
major  and  semi-minor  axes  are  denoted  by  a  and  b,  then  the  fineness  ratio,  h  a  b/a,  is  a  measure 
of  the  distortion.  For  both  oblate  and  prolate  spheroids,  it  can  be  shown(5-95)  that  the  drag  cor¬ 
rection  is  small  provided  h>0. 8.  Here  the  uncorrected  drag  is  based  on  a  sphere  having  a  volume 
equal  to  that  of  the  spheroid.  The  symmetry  of  spheroidal  shapes  is  not  confirmed  by  the  photo¬ 
graphic  studies  of  Laws(5-96)  and  Henrickson(^-97),  who  showed  more  distortion  on  the  upstream 
side  than  on  the  downstream  side.  Williams^-00)  has  obtained  some  experimental  confirmation  of 
a  theoretical  result  of  Saito^-00)  which  predicted  an  oblate  spheroid  for  water  drops  and  a  prolate 
spheroid  for  drops  of  mercury  falling  in  air. 


Disintegration  of  Liquid  Drops 

At  high  relative  velocities,  the  effects  of  distortion  may  become  so  pronounced  that  the  drop 
breaks  up  into  smaller  droplets.  This  process  of  disintegration  varies  considerably  under  differing 
conditions.  Such  phenomena  as  the  "bursting  bag"  effect  and  the  "umbrella"  effect  may  be  produced 
under  extreme  conditions^-100).  The  speed  of  the  liquid  issuing  from  an  atomizer  nozzle  insures 
the  "secondary  atomization"  of  the  larger  drops  that  are  formed  initially. 

If  it  is  assumed  that  the  viscous  drag  along  the  surface  of  the  drop  is  negligible  in  determin¬ 
ing  the  shape  of  the  drop,  the  deformation  may  be  considered  to  be  the  result  of  the  interplay  be¬ 
tween  the  measure  of  surface  tension,  <r / r ,  which  tends  to  preserve  the  sphericity,  and  the  de¬ 
forming  pressure  forces  measured  by  pU2.  The  ratio  of  these  quantities  is  known  as  Weber' s 
number,  We  =  prU2/o\  The  breakup  conditions  may  be  determined  experimentally,  and  the  critical 
value  of  Weber' s  number  associated  with  these  conditions  may  be  computed.  For  example, 
Hinzci5"101)  found  that  a  droplet  of  distilled  water  having  a  diameter  of  1  cm  has  a  breakup  velo¬ 
city  of  1220  cm/sec.  If  it  is  assumed  that  the  breakup  of  a  100-micron  droplet  of  distilled  water 
will  occur  for  the  same  value  of  the  Weber  number,  then  the  breakup  velocity  is  easily  found  to  be 
equal  to  12,200  cm/sec,  or  400  fps. 
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The  relation  between  surface  tension  and  the  radius  of  the  drop  has  received  considerable  at¬ 
tention  by  several  investigators(5~102,  103,  104,  105).  The  surface  film  which  produces  the  surface 
tension  is  about  10“8  Cm  in  thickness.  Thus,  for  droplets  larger  than  one  micron,  the  thickness 
of  the  surface  film,  6,  is  negligible  compared  with  the  diameter  of  the  droplet. 

Table  5-4,  due  to  Tolman(^- ^®3),  shows  the  relation  between  surface  tension,  it,  and  the 
ratio  of  the  surface  film  thickness  to  the  droplet  radius,  6/r.  The  table  indicates  that  for  a  droplet 
having  a  diameter  of  one  micron,  6/r  =  0.02,  and  the  uncorrected  surface  tension,  (r0,  must  be 
multiplied  by  0.96  to  obtain  the  correct  surface  tension. 


TABLE  5-4.  CHANGE  IN  SURFACE  TENSION 
WITH  RADIUS,  Tolman(5-103) 


6/r 

o’/o’o 

0.00 

1.  00 

0.01 

0.  98 

0.02 

0.96 

0.05 

0.  91 

0.  1 

0.83 

0.  2 

0.  70 

0.3 

0.  60 

0.4 

0.52 

0.  5 

0.46 

0.  6 

0.41 

0.  7 

0.36 

0.8 

0.  33 

0.9 

0.  30 

1.0 

0.  28 

The  Effect  of  Surface  Tension  on  Internal  Circulation 

The  internal  circulation  due  to  creeping  motion  was  considered  in  the  first  section  under 
the  simplification  of  zero  surface  tension.  The  effect  of  surface  tension  on  circulation  has  been 
investigated  by  Bond  and  Newton(5-106).  By  dimensional  considerations,  the  correction  coefficient, 
k,  of  the  drag  law,  R  =  k(67i  apU),  was  found  to  be  a  function  of  both  p'  /p  and  (p1  -  p)a^g/e.  Thus, 
the  resistance  was  shown  to  be  a  function  of  surface  tension.  Furthermore,  from  the  fact  that  the 
"skin  friction"  is  equal  to  2/3  of  the  total  drag(5“107),  it  was  shown  that  the  circulation  becomes 
significant  whenever  the  surface  tension  is  small  compared  with  the  skin  friction. 


Mathematical  Analysis  of  Droplet  Deformations 

J,  O.  Hinze(5-108)  kas  matje  a  mathematical  investigation  of  small  deformations  and  oscilla¬ 
tions  of  a  droplet  moving  in  a  gas.  The  deformations  arc  considered  to  be  the  result  of  pressures 
exerted  on  the  surface  of  the  droplet  by  the  surrounding  fluid.  Specifically,  the  external  pressure 
distribution  acting  on  the  surface  of  the  droplet  is  assumed  to  have  the  following  form: 

p  ■  x  (t)  Pn(cos  e)  , 

where  Pn  denotes  a  Legendre  polynomial  of  order  n  and  X(t)  is  a  given  function  of  time.  The  dis¬ 
tortion  is  expressed  as  a  function,  6(r,  6),  which  denotes  the  radial  displacement  of  each  fluid  ele¬ 
ment  in  the  droplet  from  its  position  in  the  undeformed  state.  It  is  further  assumed  that  the  drop 
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acquires  an  ellipsoidal  form  with  radial  symmetry  along  the  line  of  motion,  so  that  the  deformation 
may  be  measured  in  terms  of  the  one-parameter  function,  6  =  6(r,  0). 

For  irrotational  flow  past  a  sphere,  the  pressure  distribution  on  the  surface  of  the  sphere 
is  given  by  Equation  (5-25).  Expressed  in  terms  of  Legendre' s  functions  this  equation  becomes 

p{0)  =  1/2  pf  U2  [-1/2  +  3/2  P2  (cos  0)  ]  . 

For  Reynolds  numbers  between  10^  and  2  x  10^,  this  pressure  distribution  may  be  approximated  by 
the  following  equations: 

p(6)  =  1/2 p  U2[  -1/2  +  3/2  P2  (cos  0)]  for  0  <  0<  tt/3 


and 


p(0)  =  -11/32  pU2  for  7T/3  <  0  <  tt  . 

By  expanding  this  function  in  a  series  of  zonal  harmonies,  the  following  expression  may  be  obtained: 
p(0)  =  1/2  pU2 


-0,500  +  0.  1915  Pj  (cos  0) 

+  0.  551  P2  (cos  0)  +  0.415  Pj  (cos  0) 

+  0. 178  P4  (cos  0)  -  0. 020  P5  (cos  0)  +  .  .  .  j 


For  a  steady-state  deformation,  resulting  from  a  small  acceleration  of  the  droplet  or  from  viscous 
damping  of  transient  oscillations,  this  pressure  causes  a  maximum  deformation  given  by 


f*/*) max  *  -°-°95  We 

where  the  negative  sign  indicates  a  flattening  of  the  droplet. 


(5-50) 


For  an  analysis  of  the  oscillations  resulting  from  a  sudden  introduction  of  the  droplet  into  an 
air  stream,  only  the  cases  of  very  small  or  very  large  viscosity  of  the  droplet  fluid  are  amenable 
to  this  approach.  For  large  viscosity,  p/crpr  >>  1,  and  the  deformation  is  given  by 


6 

r 


pU^c  r 

tr 


/  20  cr 

0.069  VI  -e  19  r 

(  35  d 

+  0. 021  \  1  -  e  22  P'  r 
/  _  _36  cr 

+  0.005  I  1  -  e  17  P1  r 


•) 

) 

*) 


where  Uc  denotes  the  velocity  corresponding  to  the  critical  value  of  the  Weber  number.  In  this 
case,  the  oscillation  is  critically  damped  so  that  the  maximum  deformation  does  not  occur  until  the 
steady  state  is  reached.  Thus,  letting  t  -*  co  in  the  above  equation  yields  Equation  (5-50)  for  the 
maximum  deformation. 


When  the  viscous  forces  within  the  droplet  are  very  small,  so  that  p2/crpr  <<  1,  the  deforma¬ 
tion  is  measured  by 


-  *  ft  r  0.069  V 

T  O' 

1  -  e  P1  r2  c08  M  2  t ) 

+0.021  ' 

'  -6  -JL-  t  \ 

1  -  c  P1  ri  cos  o  3  t J 

+  0.005 

'  -12 -^-t  \ 

1  -  c  p1  r<*  cos  u  ^  t 

+  .  . 

- 

1 
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where  o»n^  =  (n-1)  (n)  (n+2)  cr/ p'  r^.  Here  the  deformation  is  greatest  when  u  k  0.87T,  so  that 

(6/rW  =  -0.  I?  We  .  (5-51) 

Thus,  the  deformation  resulting  from  impulsive  motion  is  almost  twice  as  large  as  that  resulting 
from  a  gradual  increase  in  velocity. 

Equation  (5-51)  has  been  found  to  hold  for  water  droplets  having  radii  as  small  as  0.  1  micron. 
Experimental  values  obtained  from  investigations  of  falling  drops  of  various  liquids  indicate  that 
the  steady-state  critical  Weber' s  number  lies  between  8  and  15.  Breakup  will  occur  for  all  values 
of  We  greater  than  15.  The  equivalent  critical  range  for  drops  subjected  to  a  sudden  blast  of  air 
is  given  by  the  inequality:  4.  5  <  We  <  8.  5. 

Richardson(5“109)  has  expressed  the  deformation  of  a  falling  droplet  in  terms  of  the  Bond 
number, 


B  =  (p*  ~  p)  d2  8 

(T 

Assuming  Newton*  s  formula  for  the  terminal  velocity, 

U  ■  1.74  gd(p'  -  p)p  , 

the  relation  between  the  Bond  number  and  Weber' s  number  is  found  to  be  given  by 

We  =  1 . 5B  . 

On  the  basis  of  a  125-foot  droplet  fall,  Richardson  obtained  an  average  value  of  12  for  the  critical 
Bond  number  of  liquids  having  a  small  viscosity.  This  would  indicate  a  critical  Weber' s  number  of 
18,  which  is  somewhat  higher  than  the  average  value  of  12  obtained  by  Hinze.  A  discrepancy  of  the 
same  order  is  found  when  the  experimental  data  are  compared  for  the  various  liquids.  Richardson 
also  suggests  that  the  deformation  of  the  droplet  is  significant  whenever  the  Bond  number  exceeds 
0.4,  and  that  the  circulation  within  the  droplet  has  an  appreciable  effect  on  the  drag  coefficient  for 
Bond  numbers  greater  than  1.5. 

Table  5-5,  due  to  Lane,  shows  the  minimum  breakup  velocity  corresponding  to  various  drop¬ 
let  diameters  under  steady-stream  and  transient-blast  conditions.  Compared  with  water,  the  break¬ 
up  velocities  of  dibutyl  phthalate  and  methyl  alcohol  were  decreased  by  30  per  cent  and  43  per  cent, 
respectively.  These  results  indicate  that  the  breakup  velocities  are  directly  proportional  to  the 
square  root  of  the  surface  tensions. 


TABLE  5-5.  CRITICAL  VELOCITIES  FOR  THE  BREAKUP  OF 
WATER  DROPS,  Lanef5-100) 


Diameter  of 

Drop,  mm 

Velocity,  m/s 

In  Steady 

Air  Stream 

In  Transient 
Air  Blast 

4.0 

12.7 

12.0 

3.0 

14.5 

12.  1 

2.0 

17.5 

12.6 

1.0 

24.7 

16.0 

0.5 

35.0 

24.0 

Table  5-6  shows  the  values  of  Weber' s  numbers  computed  from  the  entries  of  Table  5-5, 
The  nearly  constant  value  of  Weber' s  number  in  the  steady  state  indicates  that  this  dimensionless 
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quantity  is  an  appropriate  measure  of  droplet  breakup  under  these  conditions.  However,  the  aver¬ 
age  value  of  5.  5  is  somewhat  lower  than  the  value  6.  5  which  was  obtained  by  Hinze.  The  marked 
variation  of  Weber' s  number  under  the  transient-blast  conditions  suggests  that  further  refinements 
in  the  theory  are  needed  to  cover  this  case. 


TABLE  5-6.  THE  CRITICAL  WEBER  NUMBER  FOR  THE  BREAKUP 
OF  WATER  DROPS  (Based  on  Table  5-5) 


Diameter  of 

Drop,  mm 

We, 

Steady  Stream 

We, 

Transient  Blast 

4.0 

5.  70 

5. 07 

3.0 

5.56 

3.  87 

2.0 

5.  38 

2.80 

1.0 

5.36 

2.25 

0.  5 

5. 38 

2.  54 

Average  5.48 

The  Drag  Coefficient  for  Liquid  Droplets 

Direct  experimental  data  from  which  the  value  of  the  drag  coefficient  may  be  computed  are 
extremely  limited.  Latvs(5“l  10)  has  made  accurate  measurements  on  falling  drops  of  water, 
Watson(5-lll)  used  methylsalicylate  drops,  and  Hendrickson^-112)  used  water,  nitrobenzene, 
and  n-propanol. 

Figure  5-10,  due  to  Hughes  and  Gilli  and^-113)^  shows  the  result  of  a  theoretical  investi¬ 
gation  of  the  variation  of  the  drag  coefficient  with  Reynolds  number  for  various  values  of  Su  = 
pdr//x2.  In  order  to  compare  these  curves  with  experimental  data,  the  dimensionless  groups  C q. 
Re,  and  Su  were  replaced  by 


Wt  * 


Cn  Re2 


Tv  a  Re/Wt 
Sd  =  Su/Wt 


1/3 

and 


FIGURE  5-10.  DRAG  COEFFICIENT  OF  SPHERES  AND  DROPS 
(Hughes  and  Gilliland)^*  1  ^ 
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Figure  5-11  shows  the  data  of  Laws^'^)  and  Watson^-***)  as  compared  with  the  theoretical 
curves  plotted  in  terms  of  the  above  dimensionless  groups.  It  should  be  noted  that  the  parameter, 
Sd,  is  independent  of  both  the  velocity  and  diameter  of  the  droplet,  so  that  the  value  of  Sd  is  con¬ 
stant  for  a  given  liquid  and  gas. 


FIGURE  5-11.  TERMINAL  VELOCITIES  OF  SPHERES  AND  DROPS 
(Hughes  and  Gilliland)^" 


Oscillations  of  a  Liquid  Droplet 


The  oscillations  of  a  liquid  sphere  for  ideal  conditions  have  been  considered  in  the  first  sec¬ 
tion.  In  the  case  of  a  liquid  droplet,  the  external  gas  exerts  considerable  influence  on  the  average 
shape  that  can  be  assumed  by  the  droplet.  Consequently,  the  exact  nature  of  the  oscillatory  motion 
is  difficult  to  predict.  Experimental  results  of  Hendrickson(^_  1 14)  indicate  that  falling  drops  ex¬ 
hibit  oscillations,  even  after  a  fall  of  twenty  feet.  Williams^”*  found  that  the  value  of  the  drag 
coefficient  obtained  from  Laws'  data  is  periodic,  so  that  oscillatory  motion  is  suggested.  However, 
in  most  cases  the  average  shape  of  the  droplet  gives  a  satisfactory  correlation  of  data,  so  that  con¬ 
siderations  of  oscillatory  motion  are  of  importance  primarily  in  situations  where  knowledge  of  the 
internal  circulation  is  desirable,  as  in  mass  transfer  by  diffusion^- 116), 


auations  of  Motion 


In  this  section,  the  equations  of  motion  for  a  droplet  in  a  gas  stream  arc  developed.  For  the 
case  of  small  Reynolds  numbers,  the  Stokes'  law  of  drag  is  utilized.  The  equations  arc  given  for 
the  injection  of  a  droplet  into  a  gas  stream  when  the  flow  field  is  uniform  and  when  the  flow  field 
consists  of  curved  streamlines. 


jualions  of  Motion  of  a  Droplet  in  a  Gas  Stream 


From  Newton's  second  law  of  motion  and  Equation  (5-45),  it  follows  that  the  equations  of 
motion  for  a  spherical  droplet  can  be  written  as  follows: 
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(5-52) 


M'x  =  -CD  (p/2)(Ux  -  x)2  A  +  Ex 

M-y  =  -CD  (p/2)(Uy  -  y)2  A  +  £y 

where  Ux  and  Uy  are  the  Cartesian  components  of  the  stream  velocity,  and  Ex,  Ey  are  the  com¬ 
ponents  of  the  external  forces  acting  on  the  droplet.  For  a  liquid  droplet  moving  in  a  gas  stream, 
the  virtual  mass,  M1,  may  be  replaced  by  the  true  mass,  M,  in  the  above  equations.  It  is  clear 
that  the  solutions  to  these  equations  will  depend  on  the  particular  form  of  the  drag  coefficient  con¬ 
sidered  valid  for  each  investigation.  Some  practical  applications  of  the  Stokes,  Kumm,  and  Prandtl 
forms  of  the  drag  coefficient  are  considered  in  the  following  sections. 


Equations  of  Motion  for  Small  Reynolds  Numbers 

When  the  Reynolds  number  is  small,  the  Stokes'  relation,  Cj)  =  24/Re,  is  valid,  so  that 
Equation  (5-52)  becomes 


Mx  a  6tt  ap(Ux  -  x)  +  Ex 


and 


My  ■  67T  ap(Uy  -  y)  +  Ey 

for  a  spherical  liquid  drop  moving  through  a  gas.  If  the  fluid  character  of  the  droplet  must  also  be 
considered,  it  is  preferable  to  write 


Mx  ■  k(67rap)(Ux  -  x)  +  Ex  , 
My  *  k(67rap)(Uy  -  y)  +  Ey  , 

where 


(5-53) 


k  ,  2/3  +  p*  /p 

L  1  +  P'  /p  J 

Deformations  and  the  effects  of  surface  tension  will  invalidate  the  above  equations  at  higher 
Reynolds  numbers.  However,  these  deviations  may  be  absorbed  into  the  correction  factor  as  long 
as  k  is  found  to  be  essentially  constant  over  the  range  of  Reynolds  numbers  considered. 


Motion  of  a  Droplet  Injected  Into  a  Uniform  Gas  Stream 

In  Equation  (5-53),  choose  the  x-axis  to  be  parallel  with  the  motion  of  the  gas  so  that  Ux  =  U 
and  Uy  =  0.  By  dividing  the  resulting  equations  by  k(67rapU),  the  following  dimensionless  forms 
may  be  obtained 


dfi+  d| 

dr2  dT 


cx  «  °  , 


d2r)  d  T) 
dT2  dT 


€y 


>  o 


i 


where  i  m  x/TU,  q  ■  y/TU,  r  »  t/T,  ex  »  EXT/MU,  Cy  ■  EyT/MU,  and  T  *  M/k(67rap). 
Ey  are  also  constant,  these  equations  have  solutions  given  by 


If  Ex  and 


£(t) 


*(<>)♦  <l  +  cx)r+  [^1  -  1  -  €X1  (1 

l  r  ■  0 


o 
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t  j  a 


and 


nir)  =  t](0)  +  eyr  +  ["^1  -  eyl  (1  -  e"T) 

L  dTr  =  0  J 


Motion  of  a  Droplet  in  a  Field  of  Curved  Streamlines 


At  low  Reynolds  numbers,  the  two-dimensional  equations  of  motion  may  be  written  as  follows: 


M  —  -  Mr  (  — 
dtZ  V  dt 


=  -k(6,aM)(^-Ur)-^£  Uo2+Er  , 


Mr2^+2Mr^') 

df2  \dt/  \dt 


=  -k(67rap)  r  f  r  —  -  U@  )  +  r  Ee  , 


where  r,  6  denote  the  polar  coordinates  of  the  droplet,  Ur,  Ug,  Er,  Eg  denote  the  velocity  and 
external-force  components  which  are  parallel  and  perpendicular  to  the  radial  direction,  and  R0 
denotes  the  local  radius  of  curvature  of  the  streamlines.  If  the  fluid  density  is  small  compared 
with  the  droplet  density,  then  the  radius  of  curvature  term  may  be  neglected,  and  the  equations  can 
be  expressed  in  the  following  dimensionless  form 


+  u  -X  ve  -X  ee  a  0  , 


where  r  =  t  /T,  X  a  r/TU,  go  =  r^/TU^  d£/dt,  T  =  M/k(67Tap),  0  =  p/p' ,  X0  =  R0/TU,  v0  =  U0/U, 
and  vr  =  Ur/U. 

The  explicit  calculations  of  a  particular  trajectory  using  the  preceding  equations  often  require 
tedious  numerical  or  graphical  methods.  Lapple  and  Shepherd^-  ^ ?)  have  given  an  excellent  treat¬ 
ment  of  the  practical  calculation  of  such  particle  trajectories. 


Time  Required  to  Attain  Stream  Velocity 

Kumm(5-118)  ha3  calculated  the  time  required  for  an  axially  injected  drop  to  attain  a  given 
fraction  of  the  stream  velocity.  In  the  analysis,  the  following  assumptions  are  made: 

(1)  A  gas  flows  with  constant  velocity  through  a  tube  having  a  fixed  cross-sectional  area. 

(2)  A  drop,  initially  at  rest,  is  accelerated  to  its  final  velocity  by  the  gas  stream. 

(3)  The  velocity  component  of  the  drop  normal  to  the  gas  stream  is  negligible. 

(4)  There  is  no  change  in  the  state  of  the  gas  due  to  the  injection  of  the  droplet. 

(5)  The  drop  is  assumed  to  remain  spherical  in  shape  throughout  the  motion. 

(6)  The  effect  of  gravitational  forces  is  negligible. 


Under  these  assumptions  Equation  (5-52)  reduces  to  a  single  equation  given  by 


(5-54) 
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where  d  is  the  diameter  of  the  droplet  and  U  is  the  stream  velocity.  Using  the  Kumm  relation  fo 
the  drag  coefficient,  Cq  =  33  Re“'-/3,  the  equation  of  motion  becomes 


x  =  C(U  -  *)' 
d  5/3 


4/3 


) 


where 


99 

4  p' 


The  equation  for  the  acceleration  of  the  droplet  is  readily  integrated  to  yield 


(U  -  x)-1/3  -  U-1/3  , 

and  from  this  equation  the  position  of  the  droplet  is  found  to  be 

(5-55) 

Equation  (5-55)  is  a  valid  approximation  for  the  droplet  trajectory  for  Reynolds  numbers  near 
0.  6  or  500,  However,  if  an  accurate  trajectory  is  required  over  a  wide  range  of  Reynolds  numbers, 
it  would  be  preferable  to  use  the  Langmuir  form  for  Cq  in  Equation  (5-54)  and  to  evaluate  the  re¬ 
sulting  integral  by  numerical  methods. 

Kumm  expresses  the  time  and  distance  necessary  for  a  droplet  to  reach  90  per  cent  of  the 
stream  velocity  in  terms  of  the  initial  Reynolds  number,  Re0.  The  following  results  were 
obtained: 


x  =  Ut  + 


3  d5/-3 
2C 


Ct 


L\U 


1/3 


3  d 


5/2 


-L 


-  U2/3 


*90  per  cent  =  0.  140 (p 1  d/pU)ReQ2 /3 
x90  per  cent  *  0. 0924(p'  d/p)Re0  ^ 

These  quantities  are  calculated  for  a  drop-size  range  from  0.001  to  0.006  in.  The  distances 
traveled  to  attain  90  per  cent  of  the  stream  velocity  were  found  to  be  very  small  under  ramjet 
conditions . 


Motion  of  a  Droplet  Injected  at  Right  Angles  to  a 
Uniform  Gas  Stream 


In  a  theoretical  analysis  of  the  flight  path  of  a  fuel  droplet  in  the  air  stream  of  a  ramjet, 
Wagner^- *  *9)  has  considered  the  special  case  of  the  trajectory  of  a  drop  which  is  injected  in  a 
direction  at  right  angles  to  the  motion  of  air  stream.  The  air  stream  is  assumed  to  flow  at  con¬ 
stant  velocity,  U,  through  a  tube  of  fixed  cross-sectional  area.  The  droplet  is  assumed  to  remain 
spherical  and  its  motion  is  considered  to  be  independent  of  gravitational  forces. 

Relative  to  a  Cartesian  coordinate  system,  (5,  rj),  moving  at  a  velocity,  U,  with  the  s-axis 
parallel  to  the  stream  velocity,  the  droplet,  just  prior  to  injection,  is  moving  with  a  velocity  -U. 
At  the  instant  of  injection,  the  droplet  velocity  has  a  ^-component  equal  to  -U  and  an  q-componcnt 
equal  to  V.  Thus  the  total  velocity  of  the  droplet  relative  to  the  moving  frame  of  reference  is 
given  by  wQ  =  ^  U2  +  V2  when  t  =  0.  If  a  denotes  the  angle  that  the  velocity  vector  makes  with  the 
4-axis,  then  a  =  arc  tan  (V/-U),  so  that  sin  a  ■  V/w0  and  cos  n  =  -U/w^. 

The  drag  force  acting  on  the  drop  decreases  the  magnitude  of  the  velocity  vector,  but  over  a 
small  time  interval  does  not  alter  the  direction  of  motion.  Consequently,  the  (4,  q)-componcnts  of 
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the  velocity  immediately  after  injection  are  given  by 


W|j  *  w  cos  a  =  -(w/wQ)U 


and 


w^  =  w  sin  a  (w/wQ)V 

Upon  integrating  these  velocity  components  with  respect  to  time,  the  4,  V  position  coordinates 
of  the  droplet  become 

r 

4  *  ^  W£  dt  =  ~U  \  (w/w0)  dt 

*"0  lo 


and 


WT)  dt 


(w/wo)  dt  . 


The  transformations  to  a  Cartesian  coordinate  system  (x,  y),  which  is  fixed  relative  to  the 
flow  chamber,  are  given  by  the  relations  x  =  4  +  Ut  and  y  =  T),  so  that  the  (x,  y)  position  coordinates 
become 

x  =  U  \  (1  -  w/w0)  dt 

and  (5-56) 

y  *  V 

In  order  to  integrate  these  equations  of  motion,  the  relation  between  w  and  t  must  be  estab¬ 
lished.  For  this  purpose,  Wagner  considers  a  process  consisting  of  the  following  stages: 

(1)  In  the  first  stage,  called  the  preheating  period,  heat  is  transferred  from  the  ambient 
air  to  the  drop.  The  termination  of  this  period  is  marked  by  the  attainment  of  thermo¬ 
dynamic  boiling  conditions  at  the  surface  of  the  drop.  Temperature  gradients  within 
the  drop  and  evaporation  from  the  surface  of  the  drop  are  considered  negligible  during 
the  preheating  period,  so  that  the  drop  may  be  assumed  to  be  of  constant  size  during 
this  stage  of  the  process. 

(2)  The  second  stage  consists  of  a  period  in  which  the  effects  of  evaporation  are  significant. 
The  diameter  of  the  drop  and  its  velocity  relative  to  the  gas  stream  both  decrease  with 
increasing  time. 

The  preheating  period  is  considered  in  more  detail  in  the  following  section.  The  evaporation 
period  is  considered  in  Chapters  7,  8,  9,  and  10. 


The  Motion  of  a  Droplet  Dui  ing  Preheating 

From  Equation  (5-45)  and  Newton's  second  law  of  motion,  it  follows  that  the  equations  of 
motion  for  a  spherical  dropict  may  be  expressed  as  follows: 

m  dw/dt  =  -  C[}  (p/2)( 7rdI*/4)w^ 

Using  the  Prandtl  form  of  the  drag  coefficient,  Cp  =  24/Rc  +  1,  the  above  equation  may  be  written 
as 


18u 
d  lp' 


+ 


3 

4 
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If  the  initial  Reynolds  number  is  defined  to  be  Re0  =  pw0dQ/p,  where  wQ  denotes  the  magnitude  of 
the  initial  velocity,  and  d0  denotes  the  constant  diameter  of  the  droplet,  then  the  vector,  w/wQ, 
may  be  replaced  by  Re/ReQ  =  r,  and  the  preceding  equation  becomes 

-(*l)  s  JgiL,  r  +  i^orz 

\  dt  /  p'  d02  4  P'  do 


This  equation  may  be  integrated  to  obtain 


r  =  (w/wQ) 


(Re0/24  +  l)e 


18P  ”'0  t 

Re0p’d0 


Re0/24 


-1 


(5-57) 


and  a  relation  between  w  and  t  is  thus  established.  However,  further  calculations  are  required  to 
determine  a  time -dependent  heat-transfer  equation  which  involves  the  drop  and  airstream  varia¬ 
bles. 


The  total  quantity  of  heat,  Q,  which  is  transferred  to  the  drop  during  the  preheating  period 


0  p1  AH,  and  this  quantity  must  be  equal  to  the  time  integral  of  the  heat  trans- 


is  equal  to  (71/ 6)  d 

ferred  to  the  drop  per  unit  time  given  by  hTTd^A  T,  where  h  denotes  the  heat-transfer  coefficient 
and  AT  denotes  the  temperature  difference  between  the  drop  and  the  ambient  gas.  If  the  preheating 
time  is  denoted  by  tp  then  the  following  equation  holds: 

'*1 


f 


7T  hd^  AT  dt  x  7r/ 6  d  p1  AH 


(5-58) 


In  the  integration  of  Equation  (5-58),  Wagner  assumed  that  the  temperature  difference,  AT, 
is  independent  of  the  time.  Thus  the  nonsteady-state  heat-transfer  problem  is  avoided.  The  ap¬ 
proximation  seems  reasonable  when  compared  with  the  other  simplifying  assumptions  already  in¬ 
troduced  into  the  problem.  It  may  be  noted,  however,  that  Tanasawa  and  Kobayasi(8- have 
treated  AT  as  time-dependent  under  nearly  the  same  assumptions  as  those  used  by  Wagner.  The 
form  of  AT  was  obtained  directly  from  the  transient  heat  conductivity  of  a  sphere,  given  by 


AT 


(5-59) 


where  dQ  denotes  the  initial  diameter  of  the  drop,  Tg,  T0  denotes  the  temperatures  of  the  gas  and 
the  drop  at  t  =  0 ;  X,  X ’  denote  the  thermal  conductivities  of  the  gas  and  the  liquid,  respectively,  and 
K  is  the  thermal  diffuaivity  of  the  liquid.  The  variable  v  is  obtained  from  the  successive  roots  of 
the  equation 


1  a  (1  -  d0h/2X'  )  tan  v 

Since  the  time-dependent  term  in  the  summation  shown  in  Equation  (5-59)  is  exponential  in  form, 
the  scries  will  be  absolutely  convergent.  This  condition  will  permit  this  nonsteady-state  form  of 
AT  to  be  introduced  into  Equation  (5-58),  and  the  integral  of  the  summation  may  be  taken  as  the 
summation  over  the  integral. 

If  AT  and  dQ  arc  assumed  to  be  independent  of  time,  then  Equation  (5-58)  may  be  written  as 
follows: 

7Td02ATf  hdt  =  tt/6  dQ3  p'  AH  .  (5-60) 

*-0 

This  equation  may  be  further  simplified  by  noting  that  the  heat-transfer  coefficient  between  the  drop 
and  the  ambient  gas  is  given  by 


h  =  X  Nu/d  , 
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where  Nu  denotes  the  Nusselt  number  for  heat  transfer  and  may  be  expressed  as  follows(5-12 1); 

Nu  =  2.0  +  0.04  Re  . 

These  two  equations,  together  with  r  =  Re/Re0,  enable  Equation  (5-60)  to  be  written  as 

7T  dQX  AT  J  (2  +  0.04  r  Re0)dt  =  (tt/6)  d03  p'  AH  .  (5-61) 

After  substituting  Equation  (5-57)  into  Equation  (5-61),  dividing  by  7Td0  X  AT,  and  then  integrating, 
it  is  found  that 


2 1 j  +  0.  04  Re0 


4  p'd0 
3  p  w0 


Re0  /  18  pw0  \  ]  dQ2  p'  AH 

24  eXp\  Re0p'd0  VJ  =  6  X  A T 


(5-62) 


It  may  be  easily  seen  that  the  logarithm  term  of  Equation  (5-62)  approaches  zero.  For  this  limit¬ 
ing  case,  a  characteristic  time,  tj*,  may  be  defined  such  that 


tj*  =  lim  tj  = 
Re— 0 


d02  p'  AH 
12  X  AT 


For  convenience  a  dimensionless  group,  r  =  tj/tj*,  may  be  introduced,  so  that 

d02  p'  AH 
12  X  AT"  ' 

Substituting  Equation  (5-63)  into  Equation  (5-62)  yields 


C1 


T  t 


*  _ 


0.32 


XAH 

pAT 


In 


=  1  -T 


(5-63) 


(5-64) 


This  equation  can  be  further  simplified  by  introducing  the  Prandtl  number  for  air,  given  by  Pr  = 
pCp/X,  where  Cp  denotes  the  specific  heat  of  air  at  constant  pressure.  Thus  a  new  lumped  pa- 
rameiex^  ay  can.he  defined  such  that 


pAH  _  PrAH 
XAT  "  CpAT 

and  Equation  (5-64)  becomes 


1  -  T 


(5-65) 


Wagner  found  a  value  of  0.  6  for  i r  in  the  case  of  a  typical  fuel  (octane)  having  a  boiling  point  of  126 
C. 


Figure  5-12  shows  a  plot  of  Equation  (5-65)  from  which  r  can  be  read  as  a  function  of  Rc0 
and  r(Rc0).  It  may  be  shown  that  the  velocity  at  the  end  of  the  preheating  period  is  given  by 

wj  =  w0  rj  , 
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(ReQ),  FCRe^.or  r  (Re^) 


where 


rl 


=  r 


t=*i 


This  equation  is  also  plotted  in  Figure  5-12.  Thus  for  a  given  Re0,  the  velocity  of  the  drop  at  the 
end  of  the  preheating  period  may  be  readily  calculated. 


FIGURE  5-12.  DIMENSIONLESS  PLOT  OF  THE  PREHEATING  TIME  AND  THE 
VELOCITY  AND  COORDINATES  AT  THE  END  OF  THE 
PREHEATING  PERIOD 


Finally,  equations  for  the  coordinates  of  the  drop  at  the  end  of  the  preheating  period  arc  ob¬ 
tained  by  substituting  Equation  (5-63)  into  Equation  (5-57).  If  this  result  is  substituted  into  Equa¬ 
tion  (5-56),  the  integral  that  defines  the  position  of  the  drop  at  the  end  of  the  preheating  period 
becomes 


fll 

\  (w/w0)dt 


rdT 
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To  facilitate  computations,  Equation  (5-66)  can  be  written  in  the  form 


F(Re0) 


16 

Re0cr 


1  n 


Re0 

24 


exp 


This  function  is  plotted  in  Figure  5-11  in  such  a  manner  that  F(Re0)  can  be  read  as  a  function  of 
the  initial  value  of  Re.  From  the  value  of  F(Re0),  the  position  of  the  drop  at  the  end  of  the  preheat¬ 
ing  period  can  be  calculated  from 


r  -  F(Re 


•>] 


and 


Yl  =  Vtj*  F(ReQ) 


It  should  be  carefully  noted  that  the  graphical  portion  of  this  analysis  is  applicable  only  to 
liquid  ..  ving  properties  similar  to  those  of  n-octane.  However,  the  mathematical  derivations 
hold  '-nerally  within  the  limitations  already  discussed.  Thus  for  other  fuels,  cr  may  be  computed 
and  Lne  new  results  plotted  in  the  same  manner  as  shown  in  Figure  5-12. 


In  contrast  to  Tanasawa1  s  exact  form  for  AT,  Wagner1  s  approximate  form  will  tend  to  give 
maximum  values  for  the  parameters  which  characterize  the  termination  of  the  preheating  period. 

It  would  seem  that  Tanasawa1  s  form  of  AT  would  be  useful  in  some  particular  case,  such  as  those 
involving  a  large  drop  or  relatively  nonvolatile  liquid  droplets  moving  through  a  steep  temperature 
gradient. 


SUMMARY 


The  purpose  of  this  chapter  has  been  the  presentation  and  discussion  of  those  investigations 
pertaining  to  the  ballistics  of  a  single  droplet.  This  treatment  has  been  given  within  the  frame¬ 
work  of  hydrodynamics  where  classical  results  of  long  standing  are  generally  assumed  applicable. 
The  assumed  validity  of  these  results  can  often  be  seriously  questioned.  In  many  instances  the 
experimental  data  are  so  meager  and  unreliable  that  they  do  not  form  a  satisfactory  basis  for  either 
the  acceptance  or  rejection  of  the  theory.  The  need  for  a  large  amount  of  carefully  executed  ex¬ 
perimental  work  is  apparent.  In  particular,  thorough  experiments  which  will  furnish  reliable  data 
concerning  the  following  phenomena  pertaining  to  the  behavior  of  a  liquid  droplet  are  essential: 
deformation,  surface  tension,  drag,  turbulence,  acceleration,  an  1  wake  formation. 

Moreover,  the  inter-relations  between  these  phenomena  must  also  be  thoroughly  investigated 
to  determine,  for  example,  the  effect  of  turbulence  cn  drag,  the  effect  of  oscillation  on  wake,  the 
effect  of  deformation  on  acceleration,  and  the  effect  of  turbulence  on  acceleration. 

In  addition  to  the  vast  amount  of  experimental  work  required,  there  is  also  need  for  rigorous 
theoretical  investigations.  The  precise  application  of  hydrodynamic  theory  has  led  to  many  out¬ 
standing  "paradoxes"  which  arc  discussed  in  some  detail  in  Birkhoff  s  Hydrodynamics.  This  in¬ 
vestigator  expresses  the  opinion  that  many  of  the  apparent  discrepancies  between  theory  and  experi¬ 
ment  arc  due  to  a  suppression  of  mathema tical  and  logical  rigor  in  favor  of  "physical  reasoning". 
Consequently,  the  practical  investigator  should  attempt  to  correlate  his  data  with  all  the  mathema¬ 
tical  and  logical  rigor  at  his  disposal.  The  utilization  of  "physical  reasoning"  in  conjunction  with 
the  symbolism  of  mathematics  may  unjustly  verify  the  underlying  theory.  Any  discrepancy  between 
reliable  experimental  data  and  rigorous  mathematical  theory  is  a  discredit  to  the  theory,  not  the 
data 


It  should  also  be  noted  that  most  of  the  results  presented  in  this  chapter  have  been  obtained 
through  the  use  of  approximate  solutions  of  the  general  flow  equations.  Nisi  and  Porter^  -1^}  have 
pointed  out  that  approximate  solutions  found  to  be  valid  under  one  set  of  physical  conditions  may  be 


diinr  to  tA  \AA 


completely  invalid  under  another  set  of  conditions.  Thus,  a  considerable  amount  of  caution  must 
be  exercised  in  every  application  of  the  preceding  results. 
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CHAPTER  6.  DYNAMICS  OF  DISPERSIONS 


ABSTRACT 


In  this  chapter  the  dynamics  associated  with  the  injection  of 
liquid  droplets  into  a  gas  are  considered.  The  treatment  is  based 
on  the  assumption  that  the  injection  process  may  be  analyzed  by 
applications  of  basic  results  which  have  been  established  in  the  re¬ 
lated  fields  of  fixed  beds,  fluidized  beds,  and  pneumatic  transport. 
The  fundamental  results  pertaining  to  these  systems  are  developed, 
and  the  application  of  these  results  to  systems  of  liquid  droplets  is 
considered.  The  problems  of  sedimentation,  flocculation,  diffusion, 
coalescence,  and  sonic  agglomeration  are  treated  briefly.  In  every 
case,  the  results  are  assumed  to  be  qualitatively  valid  only  in  the 
initial  "embryonic"  stages  of  the  injection  process.  Many  of  the 
difficulties  encountered  in  dispersion  dynamics  are  pointed  out  and 
recommendations  for  future  research  are  indicated. 
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CHAPTER  6 


DYNAMICS  OF  DISPERSIONS 


by 


Ralph  E.  Thomas 


The  general  aim  of  this  chapter  is  to  consider  the  dynamics  of  physical  systems  composed 
of  solid  or  liquid  dispersions  in  gases.  For  this  purpose,  a  dispersion  is  defined  to  be  a  dis¬ 
tribution  of  small  droplets  or  particles  in  a  fluid  in  which  the  dynamical  behavior  of  a  single 
droplet  or  particle  is  significantly  influenced  by  the  presence  of  its  neighbors. 

The  problems  of  dispersion  dynamics  do  not  lend  themselves  to  simple  analysis  either  by 
the  experimentalist  or  by  the  theorist.  The  experimentalist  is  confronted  by  an  array  of  variables 
which  is  hardly  amenable  to  laboratory  control.  In  considering  a  simple  dispersion  of  droplets, 
he  must  take  into  account  the  size  distribution  of  the  droplets,  coalescence,  viscosity,  temper¬ 
ature,  resistance  to  motion,  evaporation,  surface  tension,  density,  pressure,  condensation,  and 
electrical  charges.  The  interrelations  among  these  variables  are  extremely  complex.  Clearly, 
the  experimentalist  must  exercise  great  care  if  erroneous  results  and  conclusions  are  to  be 
avoided. 

The  theoretical  side  of  the  picture  is  no  brighter.  Although  certain  mathematical  methods 
(dimensional  analysis,  statistics,  and  variational  principles)  yield  some  very  general  results,  a 
complete  theoretical  development  depends  to  a  large  extent  on  firBt  obtaining  the  exact  functional 
relations  which  hold  among  the  many  variables. 

The  necessity  for  distinguishing  dispersion  dynamics  from  the  dynamics  of  isolated  particles 
arises  from  the  fact  that  the  equations  of  motion  for  an  isolated  particle  simply  cannot  be  applied 
to  a  particle  in  a  dispersion.  Even  in  sedimentation  under  gravity,  the  mutual  influences  of  the 
dispersed  particles  may  be  extremely  large.  For  example,  in  a  15  per  cent  particle  concentra¬ 
tion  by  volume,  the  Stokes'  settling  velocity  of  the  particles  may  be  reduced  by  more  than  50  per 
cent  ^  (  “ty'  Thus  the  dispersion  as  a  whole  cannot  be  considered  as  a  physical  system  com¬ 

posed  of  a  collection  of  isolated  particles. 

The  mathematical  necessity  of  dealing  with  the  dispersion  as  a  unit  has  led  to  the  utilization 
of  macroscopic  variables  which  are  somewhat  analogous  to  the  variables  of  the  "equations  of 
state"  employed  in  thermodynamics.  The  equations  of  state  of  a  dispersion  are  generally  ex¬ 
pressed  in  terms  of  the  average  pressure  gradient  occurring  in  the  fluid  medium,  the  superficial 
velocity  of  the  fluid,  and  the  concentration  by  volume  of  the  fluid  in  the  dispersion.  A  mathemat¬ 
ical  transition  between  the  "equations  of  state"  of  a  dispersion  and  the  equations  of  motion  of  the 
isolated  particle  is  a  delicate  matter,  even  when  the  problem  is  simplified  by  assuming  solid 
particles  at  rest  relative  to  each  other. 

Several  typeo  of  dispersion  systems  will  be  considered  in  this  chapter  under  the  headings: 
fixed  beds,  sedimentatiou,  fluidized  beds,  and  pneumatic  transport.  In  these  systems,  the  dis¬ 
persed  material  is  assumed  to  consist  of  solid  particles.  Some  of  the  properties  of  dispersed 
liquid  droplets  will  be  treated  in  the  discussion  sections  and  in  the  sections  which  treat  coales¬ 
cence  and  ronic  agglomeration. 

The  justification  of  this  chapter  must  rest  on  the  establishment  of  a  significant  relationship 
between  dispersion  systems  and  the  injection  of  liquids  into  gas  streams.  To  establish  such  a 
relation,  it  is  convenient  to  consider  a  hypothetical  unit  volume  of  space  which  is  situated  near 
the  point  of  injection  of  the  liquid  droplets.  Initially,  it  is  assumed  that  the  unit  volume  contains 
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a  large  volume  concentration  of  droplets  which  are  moving  in  a  uniform  direction  and  with  a  uni¬ 
form  injection  velocity.  At  subsequent  times,  the  unit  volume  is  assumed  to  move  with  the  center 
of  mass  of  the  droplets  originally  contained  in  it. 


e.  Isolated  Droplet 

FIGURE  6-1.  VARIOUS  TYPES  OF  DISPERSION  SYSTEMS  ARISING  FROM  AN  INJECTION 
OF  LIQUID  DROPLETS  IN  A  GAS  STREAM 

Figure  6-la  is  a  sketch  of  the  initial  injection  conditions.  Clearly,  the  existence  of  these 
conditions  depends  on  the  type  of  injector  used.  Here  the  small  arrows  indicate  that  the  droplet 
velocities  arc  essentially  uniform,  and  the  large  arrows,  representing  the  directional  fluid- 
Btream  lines,  indicate  that  the  fluid  is  penetrating  between  the  droplets  of  the  unit  volume.  This 
stage  may  be  regarded  as  a  fixed  bed  which  is  characterized  by  fluid  flow  within  a  highly  concen¬ 
trated  dispersion  of  droplets  which  are  at  rest  relative  to  each  other. 

In  the  second  stage,  Figure  6-lb,  the  same  type  of  flow  is  exhibited  but  at  greatly  reduced 
droplet  concentrations.  This  stage  of  the  injection  process  may  be  treated  as  an  instance  of  dis¬ 
persion  sedimentation. 

The  third  stage,  Figure  6-lc,  indicates  a  random  motion  among  the  droplets  and  a  further 
decrease  in  droplet  concentration.  These  conditions  are  comparable  to  those  of  a  fluidised  bed  in 
which  mutually  interacting  particles  arc  suspended  in  a  fluid  medium.  In  the  fourth  atage, 
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Figure  6-ld,  the  particles  are  moving  in  the  direction  of  the  fluid  flow,  and  only  a  slight  mutual 
influence  of  the  droplets  is  indicated  by  the  small  droplet  concentration.  These  conditions  are 
typical  of  investigations  concerned  with  pneumatic  transport.  Finally,  in  Figure  6-le,  the 
droplet  concentration  has  become  sufficiently  small  so  that  the  behavior  of  each  droplet  is  un¬ 
affected  by  the  other  droplets  of  the  spray.  Here,  the  techniques  of  dispersion  dynamics  can  be 
replaced  by  the  methods  employed  in  the  study  of  the  dynamics  of  a  single,  isolated  droplet. 

It  must  be  understood  that  the  above  mechanism  of  an  injected  dispersion  has  not  been 
experimentally  established.  The  theoretical  attempt  to  reduce  the  injection  process  to  its  com¬ 
ponent  parts  has  led  to  the  sequence  outlined  above.  The  study  of  the  subject  matter  pertaining 
to  each  of  these  components  constitutes  the  major  portion  of  this  chapter.  It  is  extremely  doubt 
ful  whether  the  equations  which  are  developed  in  the  study  of  dispersion  systems  can  be  success 
fully  applied  to  a  unit  volume  of  spray.  It  is  hoped,  however,  that  the  equations  may  indicate 
certain  qualitative  relations  which  may  be  expected  to  hold  at  some  initial  "embryonic"  stage  of 
the  droplet  injection  process. 

For  convenience,  a  nomenclature  table  follows: 


A, 

D, 


E, 

E(r), 

E(r), 

G, 

Gs' 

J, 

K, 

L» 

M, 

P, 

P> 

R, 

Rc, 

Re*, 


NOMENCLATURE  TABLE 

transverse  cross-sectional  area  of  a  circular  cylinder. 

diameter  of  a  sphere. 

diameter  of  a  capillary  tube. 

diameter  of  a  circular  cylinder. 

energy  density  of  sonic  vibrations. 

Langmuir's  collision  efficiency. 

Gunn  and  Hitschfeld's  collection  efficiency, 
superficial  mass  velocity  of  a  fluid. 

superficial  mass  velocity  of  solids  in  pneumatic  transport. 

Lapple -Shepherd  factor. 

numerical  constant. 

height  of  a  dispersion  system. 

mass  flow  rate  of  fluid  in  empty  tube. 

pressure. 

permeability. 

viscous  resistance. 

Reynolds  number, 
modified  Reynolds  number. 
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hydraulic  radius. 

average  relative  velocity  of  fluid  with  respect  to  a  particle. 
Newton's  settling  velocity. 

Stokes'  settling  velocity. 

specific  surface  of  particles. 

upward  acceleration  in  pneumatic  transport. 

numerical  constants. 

concentration. 

initial  concentration. 

specific  heat  at  constant  pressure. 

specific  heat  at  constant  volume. 

function  of. 

Fanning's  friction  factor, 
acceleration  of  gravity, 
length  of  horizontal  circular  cylinder, 
molecular  mean  free  path, 
numerical  constant. 

pressures  at  L=0  and  L=L,  respectively, 
radius  of  a  sphere. 

radius  of  a  sphere  having  Bame  volume  as  that  of  the  particle. 

radius  of  a  hypothetical  enclosing  cylinder. 

time. 

linear  fluid  velocity  per  unit  cross  section, 
linear  superficial  fluid  velocity. 

corrected  superficial  velocity  of  compressible  gas. 

superficial  fluid  velocity  at  mean  pressure. 

average  final  velocity  of  solids  in  pneumatic  transport. 

terminal  velocity  of  a  particle  relative  to  a  fixed  horizontal  plane. 

total  volume  of  particles. 

total  volume  of  fluid-solid  system. 
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y, 


A, 

5, 

e, 


m> 


Pf, 


Pp. 

T, 

<*(£), 

4>c> 


ratio  of  specific  heats,  cv/ Cp. 
increment. 

dimensionless  group  of  Gasterstadt. 

fraction  of  voids. 

viscosity  of  a  fluid. 

viscosity  of  a  dispersion  system. 

mass  density  of  fluid. 

mass  density  of  gas. 

mass  density  of  a  particle  or  droplet. 

ratio  of  actual  volume  to  settled  bed  volume. 

shape  factor. 

Carman's  shape  factor. 
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FIXED  BEDS 


A  fixed  bed  is  a  physical  system  composed  of  solid  particles  in  direct  contact  with  each  other 
and  the  container  walls.  The  particles  are  at  rest  relative  to  each  other  and  form  a  porous  me¬ 
dium,  or  packing,  through  which  a  fluid  is  allowed  to  flow.  The  subject  of  fixed  beds  has  received 
considerable  attention  because  of  its  engineering  importance.  Water  and  chemical  filters,  ab¬ 
sorbing  towers,  mineral  dressing,  well  drilling,  and  numerous  other  industrial  operations  depend 
upon  a  working  knowledge  of  the  conditions  of  flow  in  a  fixed  bed.  However,  completely  rigorous 
and  detailed  solutions  of  the  hydrodynamic  flow  equations  for  fixed  beds  are  still  lacking  owing  to 
the  mathematical  difficulties  involved.  Thus,  the  equations  relating  the  fluid  flow  to  the  physical 
characteristics  of  the  fixed  bed  are  obtained  either  by  approximate  solutions  of  the  hydrodynamic 
equations  or  by  the  correlation  of  experimentally  determined  relations  with  relations  arising  from 
qualitative  reasoning.  A  review  of  this  field  has  been  given  by  Carman(6~3)  and  by  Sullivan  and 
Hertel.  (6“4> 


For  straight  channels,  a  fluid  flow  may  be  characterized  as  both  laminar  and  viscous,  that 
is,  the  flow  is  both  nonturbulent  and  dominated  by  the  forces  of  viscosity.  However,  when  the 
channel  is  curved,  or  of  varying  cross  section,  or  is  composed  of  the  interstices  in  a  porous 
medium,  the  flow  may  still  be  laminar  but  not  entirely  viscous.  This  situation  arises  because 
inertial  forces  are  involved  in  the  fluid  motion  along  curved  streamlines.  Consequently,  some 
workers^"4)  have  criticized  the  analogous  treatment  given  to  flow  through  fixed  beds  and  flow 
through  straight,  uniform  channels. 

Early  investigators(6-5)(6-6)  Qf  tjje  iaws  governing  the  flow  of  fluids  through  fixed  beds  at 
low  pressures  found  that  the  rate  of  flow  is  directly  proportional  to  the  pressure  drop  per  unit 
length  of  the  packing.  These  considerations  led  to  Darcy1  s^-^)  equation, 


_  p  AP 

M  L 


f 


where  permeability,  p,  is  expressed  in  units  termed  the  darcy  by  Fancher  and  Lewis^-?) 
and  Barnes(6“8).  analogous  treatment  given  to  fixed  bed  flow  and  flow  through  straight 

channels  arised  from  the  similarity  between  Darcy's  equation  and  the  Hagen-Poiseuille(6-9) 
equation, 


EsI  EL 

32p  L 


Using  dimensional  considerations,  two  dimensionless  groups, 
(u0Dpf/u),  are  obtained,  so  that 


(AP  D/Lu02pf)  and 


APD  u0Dp/ 

- —  =  f - .  (6-1) 

Luo^Pf  M 


The  term  on  the  left  side  of  this  equation  is  called  the  friction  factor  and  is  frequently  plotted  on 
logarithmic  coordinates  as  a  function  of  the  Reynolds  number,  which  appears  on  the  right-hand 
side. 


Figure  6-2,  reproduced  from  Hatfield^- 10)f  shows  the  friction  factor  plotted  against  the 
Reynolds  number  over  a  wide  range  of  conditions  for  fluid  flow  through  beds  of  porous  carbon. 
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FIGURE  6-2.  FRICTION  FACTOR  AS  A  FUNCTION  OF  REYNOLDS 
NUMBER  FOR  FLUID  FLOW  THROUGH  POROUS 
CARBON  (Hatfield)*6-10) 

Blake*6-11)  modified  Equation  (6-1)  by  introducing  the  specific  surface  of  the  particles,  and 
dividing  the  superficial  mass  velocity,  (uQPf),  by  e.  Thus  Blake  obtained 


u0 


2=  APC3  f  ,  G,  , 

Lpfa  \  pa  J 

Burke  and  Plummer*6-1^)  assumed  that  the  resistance  of  a  fixed  bed  is  given  by  the  sum 
of  the  resistances  of  the  individual  particles  and  were  led  to  the  following  equation: 


2  _  AP  €" 


/  Re(l-e)  \ 

\  Dae  ) 


Lpfa  (1-e) 

A  satisfactory  correlation  was  obtained,  but  the  experimental  range  was  narrow. 
A  completely  empirical  approach  was  taken  by  Furnas* 6-1 3)  to  obtain 


u0Z=  K 


AP 
L  Pf 


where  K  and  b  are  empirical  constants.  Chilton  and  Colburn,*6-1'1)  and  Morse*6-16)  have  criti¬ 
cized  the  Furnas  equation  on  the  grounds  that  the  equation  is  based  on  flow  in  both  streamline 
and  turbulent  states. 

Using  Fanning's  equation(6-l6),  Chilton  and  Colburn(6-14)  obtained 

APD  1 


2 

u0  = 


Lpf 


K(Re) 


Ti  • 


where  for  Re<40,  K  =  1700  and  n  =  -1,  and  for  Re>80,  K  =  76  and  n  =  -0.  15. 


Jl 
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Carman(k-3)  considered  the  pioneer  work  of  Blake^”l*)}  Kozeny(k"17)  and  others,  and, 
introducing  a  shape  factor,  <f> ■  ,  obtained 

u  ,  APe3  »c2DZ 
°  180  L(l-e)2  fi 

for  the  region  of  streamline  flow  where  the  modified  Reynolds  number,  Re*  8  u 0  Pf  <t>  D/ju(l  -  e), 
is  less  than  20;  and  ' 


u  1-9.  AP  e3  «c1-id1-1 

O  . . “y  "  1 

2. 9  L(l-e)1* 1  p°* 1 

i  • 

for  the  region  of  streamline  flow  where  Re*  is  greater  than  100,  The  form  of  these  equations  has 
also  been  obtained  by  Kozeny(^“^),  Leva, (6-18)  and  Hatch(6“19)(6-20) 

Figure  6-3,  reproduced  from  Morse(6“15),  shows  a  comparison  between  the  fixed-bed  curves 
of  Carman-Kozeny  and  Leva,  and  the  experimental  data  of  Wilhelm  and  Kwauk(°"2*). 


FIGURE  6-3.  FIXED-BED  DATA  OF  WILHELM  AND  KWAUK  AS  COMPARED 

WITH  CARMAN-KOZENY  CURVE  AND  LEVA  CURVE  (Morse)(6-15) 


The  effect  of  voidage  on  the  flow  characteristics  has  led  to  considerable  disagreement  among 
various  workers.  The  resistance  to  fluid  flow  appears  to  be  proportional  to  1  /en,  but 
Rose(6”22,  23,  24)  asserts  that  the  exponent,  n,  is  also  a  function  of  e.  Arthur,  Linnet,  Raynor, 
and  Sington(6-25)  haVe  compared  the  results  of  Carman(6  -3)(  Hatch(^"20),  Fowler  and  Hertel(6"26)J 
and  Traxler  and  Baum(6-27)  and  found  that  the  usual  porosity  factor,  (l-e)2/e3,  accounts  for  the 
effects  of  porosity  to  within  experimental  error. 

A  further  refinement  has  been  made  by  Sullivan^-2®).  An  orientation  factor  is  introduced  to 
permit  the  study  of  flow  through  particles  which  show  a  preferred  orientation.  The  evaluation  of 
these  orientation  factors  has  received  attention  in  the  investigations  of  Bartell  and  Osterhoff^-2^, 
Muskat  and  Botset^--^),  and  others^”2^"'*).  Muskat(6-31)  has  also*  considered  the  compress¬ 
ibility  of  the  gaseous  medium  to  obtain 


u*  -  uQ 


P;  n  -  Pi1*7 
(1  •»(P2-  PjJPj7 
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Brinkman'^1" 32J  has  modified  Darcy's  equation  to  account  for  the  intermediate  ranges  of  the 
permeability.  He  writes 


grad  P  =  - 


u  +  MmAv  > 


which  approximates  Darcy's  law  for  small  permeabilities  and  the  Navier-Stokes  equation  for  large 
permeabilities.  Using  this  equation,  the  force  ekerted  on  a  sphere  by  the  fluid  is  found  to  be 


R  =  6tt  ur 
“m 


1  +  Xr  +  X2r2i'3 


where  X  = 


Under  rather  stringent  mathematical  conditions,  Shoumatoff(6-33)  has  made  a  theoretical 
investigation  of  the  resistance  offered  by  a  dispersion  to  fluid  flow.  A  new  shape  factor  and 
modified  hydraulic  radius  are  introduced  so  that  comparison  with  other  works  is  not  easily  made. 
Transformation  equations  are  developed  between  the  drag  equations  for  individual  and  massed 
particles  of  uniform  size.  However,  some  aspects  of  the  development  are  not  fully  justified. 


>pMm  1  1/2  * 


Discussion 


The  evolution  of  the  fixed-bed  framework  is  suggested  by  the  gradual  development  of  the 
notion  of  particle  size.  Beginning  with  the  actual  particle  diameter,  there  came  various  sta¬ 
tistical  averages,  followed  by  an  "effective"  particle  diameter,  the  reciprocal  of  specific  surface, 
the  hydraulic  radius,  and  recently,  a  hydraulic  radius  modified  by  a  shape  factor(“”33)f  The 
Reynolds  number  has  also  undergone  a  series  of  modifications  as  shown  by  the  sequence:  Re, 
Re/Da,  Re  (l-e)/Da  e,  and  Re  /( 1-e).  These  modifications  serve  aB  evidence  that  considerable 
experimental  work  must  be  done  before  a  framework  acceptable  to  most  investigators  can  be 
established. 

Mathematical  descriptions  involving  the  use  of  the  hydraulic  radius  have  been  carried  to 
a  high  degree  of  refinement  in  the  investigations  of  Blake,  Carman,  Kozeny,  Steinour,  and  Fowler 
and  Hertel.  Iberall^'  has  termed  this  line  of  development  the  "hydraulic  radius"  theory  in 
contrast  to  the  "drag"  theory  as  developed  by  other  investigators,  Emersleben^-^),  for  example, 
attempted  to  solve  the  hydrodynamic  equations  giving  the  viscous  drag  of  a  fluid  on  special  con¬ 
figurations  of  parallel  fibers.  Burke  and  Plummer^"'*2)  used  the  drag  on  spheres  to  obtain  the 
dependence  of  the  permeability  of  a  porous  medium  on  its  porosity.  Since  experiments  have 
shown  better  agreement  with  the  results  of  the  hydraulic  radius  theory,  the  drag  theory  has  not 
received  much  attention.  Moreover,  the  drag  theory  clearly  involves  two  serious  difficulties: 

(1)  The  solutions  of  the  hydrodynamic  equations  arc  extremely  difficult  to  obtain.  For 
example,  the  hydrodynamic  equations  for  the  irrotational  flow  of  a  perfect  fluid  past  two  spheres 
have  only  recently  been  solved'^-3^. 

(2)  The  statistical  assumptions  which  must  be  made  regarding  the  number  of  particles  of 
various  shapes  which  occupy  various  orientations  are  difficult  to  justify  and  have  a  tremendous 
effect  on  the  results  obtained. 


SEDIMENTATION 


In  this  section,  the  rate  of  sedimentation  of  solid  particles  having  an  average  radius  greater 
than  5  microns  will  be  considered.  The  particles  are  assumed  to  be  homogeneously  dispersed  in  a 
confined,  non-flowing  liquid.  By  enclosing  the  system,  certain  difficulties  are  introduced,  since 
the  net  effect  on  a  particular  particle  is  the  combined  result  of  two  opposing  tendencies.  Due  to  the 
downward  motion  of  the  neighboring  particles  and  the  fluid  they  entrain,  there  is,  together  with  the 
force  of  gravity,  an  additional  downward  force  acting  on  a  typical  particle.  Moreover,  since  the 
fluid  is  confined,  there  is  a  compensating  vertical  fluid  flow  which  causes  an  upward  force  to  be 
exerted  on  the  particle. 


Steinour(6"37 )  (6-38)  considers  this  problem  by  expressing  the  average  relative  velocity  of 
the  fluid  with  respect  to  the  particle  in  terms  of  the  average  velocity  gradient  at  the  surface  of  a 
spherical  particle,  the  sphere  radir  <  jroportional  to  the  spacing  between  spheres  at  constant 
concentration  by  volume),  and  a  cot  .  ution  factor,  0(e).  The  parameter,  e,  is  called  the  fraction 
of  voids  and  measures  the  proportion  of  fluid  in  the  dispersion  as  shown  by  the  expression 


These  considerations  lead  to  the  following  equation  for  the  viscous  resistance,  R,  offered  by  a 
single  particle, 


R  =  6tt  firp  V 

0(e) 

Thus  the  usual  viscous  settling  velocity  of  Stokes  has  been  replaced  by  V  /0(e). 

At  terminal  velocities  the  total  weight  of  the  particles  is  supported  by  the  fluid.  This  means 
that  the  gradient  of  the  hydrostatic  pressure,  and  hence  the  buoyancy  of  the  particles  is  determined 
by  the  density  of  the  fluid  solid  mixture  rather  than  by  that  of  the  fluid  alone.  After  taking  account 
of  this  enhanced  buoyancy,  and  converting  from  relative  velocity  of  particles  and  fluid  to  the  velocity 
of  the  particles  past  a  fixed  reference  point,  the  terminal  velocity  becomes 


V  =  e2  0(e)  Vs  . 


No  complete  theoretical  solution  for  the  form  of  the  correction  factor  has  been  obtained,  but 
analyses  aimed  toward  the  solution  of  this  problem  have  been  given  by  several  inveotiga- 

tor8(6-l)(6-2)(6-39). 


Some  early  investigators  attempted  to  correct  the  Stokes'  terminal  velocity  for  the  cnsc  of  a 
settling  dispersion  of  solid  spheres  by  considering  each  sphere  as  moving  in  a  field  restricted  in 
some  manner  by  the  other  spheres.  Munroe(6"40],  for  exnmple,  supposed  that  each  sphere  moved 
in  a  virtual  cylinder  of  some  "appropriate"  radius.  Thus,  it  was  only  necessary  to  apply  a  suitable 
"wall  correction"  as  in  single-particle  dynamics.  The  application  of  the  Munroe(^‘^®),  Francis(^_^0, 
or  Ladenburg-Faxcn(6-42)  wan  corrections  leads  to  the  following  equations: 


v  = 


N 


1 


(Munroc) 
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=  V  (1  -  r/r')2-  25  , 


(Francis) 


v=  V  (1  +  2.  1  r/r')“J  . 
s 


(Ladenburg-Faxen) 


From  their  experiments  on  the  settling  velocity  of  red  blood  corpuscles,  Kermack,  McKendrick, 
and  Ponder(6"43)  obtained 


v  =  V 


1  -  7.1  (1  -  e) 


However,  this  equation  seems  to  indicate  that  sedimentation  will  cease  for  particle  concentrations 
greater  than  15  per  cent. 

Gaudin^-^^^  adopted  the  formula 


=  V.e[ 


1  -  (1  -  e) 


2/3 


][ 


1  -  2.  5  (1  -  e) 


in  which  factors  were  inserted  to  obtain  better  correlation  with  the  available  data. 
Cunningham^-8*?)  obtained  the  following  expression: 


v  =  V. 


1  + 


3  1 


m 

8r 


This  result  holds  for  uniform  solid  spheres  having  a  diameter  smaller  than  3  microns  in  gases,  or 
smaller  thanO.  01  micron  in  liquids.  An  experimental  determination  of  the  validity  of  Cunningham's 
correction  has  been  made  by  Millikan^"^^). 

More  recently  (1947).  Davies^8-**8)  considered  the  data  of  Knudsen  and  Weber(^-47)> 
Mattauch^8-**8),  Mbnch'®^^^,  and  Millikan(6-45)  and  obtained 


{ 


V  =  v.  i  1 


0.  882  +  0.  281  exp  (-1.  57  r/lm) 


]} 


which  agrees  closely  with  Cunningham's  correction. 

Steinour(8-2),  from  a  plot  of  his  experimental  data,  empirically  evaluated  the  factor  0(e), 
and  obtained 


v  =  Vfl  e2  10*L  82  (!  -  e)  , 

where  e  covers  the  range,  0.  50  to  0.95  .  This  result  may  be  compared  with  a  theoretical  equation 
derived  by  Burgera(6-l). 


1  +  6.  875  (1  -  e) 

Figure  6-4  shows  a  comparison  of  the  results  of  Steinour  with  the  results  of  Burgers:  v/V 
is  plotted  as  a  function  of  £  in  each  instance. 


v  *  V 


s 
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FIGURE  6-4.  COMPARISON  OF  BURGERS'  AND  STEINOUR’S 
CORRECTION  FOR  THE  SETTLING  VELOCITY 
OF  DISPERSIONS 


With  certain  minor  qualifications,  considerable  empirical  confirmation  of  Steinour's  equa¬ 
tion  has  been  given  by  Wilson^-50)  who  used  glass  microspheres  ranging  in  size  fractions  between 
3. 5  and  15  microns. 


Flocculation 


Some  of  the  difficulties  encountered  in  determining  the  sedimentation  rates  of  small  particles 
are  due  to  the  formation  of  loose  aggregates  of  particles,  called  floes.  Stcinour,  Powers(6“51), 
and  Kunkel(6-52)  have  Btudied  the  effects  of  floe  formations  on  the  terminal  velocity  of  fall.  In 
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each  investigation,  it  was  found  that  a  floe  fell  more  slowly  than  the  predicted  fall  velocity  of  a 
sphere  having  the  same  volume  as  the  component  spheres. 

Table  6-1,  reproduced  from  Kunkel,  shows  some  typical  values  of  the  discrepancy  between 
the  actual  and  theoretical  sizes  of  the  floes  as  indicated  by  their  fall  velocities.  The  floe  formations 
consisted  of  several  glass  spheres  which  were  glued  together  to  form  small  chains  of  two,  three, 
etc.  ,  up  to  eight  beads.  Certain  plane  arrangements  and  one  cluster  of  six  beads  were  investigated. 


TABLE  6-1.  TYPICAL  VALUES  OF  THE  DISCREPANCY  BETWEEN  THE 
THEORETICAL  AND  ACTUAL  SIZES  OF  FLOCS  AS  IN¬ 
DICATED  BY  THEIR  FALL  VELOCITIES.  (Kunkel) (6-52) 


Number 
of  Beads 

Arrangement 

Mass 

Radius  of 
Sphere  Having 
Same  Volume 

Radius  of 
Sphere  Computed 
by  Stokes'  Law 

Difference, 
per  cent 

Linear 

1 

o 

19.  1 

1.  18 

1.  20 

2 

2 

00 

39.4 

1.  51 

1. 40 

7 

3 

ooo 

58.  5 

1.  72 

1.  50 

13 

4 

oooo 

85.  1 

1.  95 

1.  56 

20 

8 

oooooooo 

161.  0 

2.  40 

1.64 

32 

Plane 

3 

& 

58.  9 

1.  72 

1.  53 

11 

7 

137.  9 

2.  28 

1.  83 

20 

Space 

6 

1.10.  7 

2.  12 

1.  85 

13 

Diffusion 

If  a  dispersion  of  small  particles  is  not  homogeneously  distributed  in  a  fluid,  a  phenomenon 
called  diffusion  takes  place.  Small  dispersed  particles  tend  to  distribute  themselves  throughout  the 
available  fluid,  and,  consequently,  the  sedimentation  process  may  be  considerably  hindered. 

Davies(6-^6)  has  investigated  the  combined  sedimentation-diffusion  problem  in  a  nonflowing 
nonturbulcnt  fluid  with  particles  which  are  essentially  spherical.  Using  dimensionless  groups,  the 
following  differential  equation  is  obtained 

dc  B  a  d^c  _  _dc_ 

dt  dx^  dx  (6-2) 

The  steady-state  solution  to  th.s  equation  was  obtained  and  checked  experimentally  by  Perrin(0_ 
Assuming  a  constant  number  of  particles  in  a  nonhomogeneous  distribution,  Mason  and  Wcavcri*"*’  =) 
obtained  a  solution  to  Equation  (6-2).  The  more  recent  work  of  Davics(6-46)  has  led  to  solutions 
under  a  variety  of  conditions.  If  the  rate  of  sedimentation  is  small  compared  with  the  rate  of  dif¬ 
fusion,  the  solutions  take  the  form  of  well-known  expressions  in  the  theory  of  heat  conduction. 
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Sedimentation  In  Horizontal  Flow 

Morton(^-55)  has  considered  the  settling  of  a  dispersion  which  is  contained  in  a  gas  flowing 
along  a  horizontal  tube.  For  turbulent  flow  he  obtains 


Figure  6-5  indicates  this  result  by  the  curve  AD  which  shows  the  relative  concentration  as 
a  function  of  the  dimensionless  group,  lv/ru. 


I  v/r  U 

FIGURE  6-5.  CONCENTRATION  DECAY  CURVES  OF  A  SETTLING 
DISPERSION  IN  A  HORIZONTAL  TUBE  (Morton)(6"55) 


For  non-turbulent  flow  the  particles  settle  out  completely.  For  instance,  the  curve  AC  represents 
the  concentration  decay  when  a  Poiseuille  type  flow  is  assumed.  If  the  flow  velocity  is  assumed  to 
be  constant  at  all  points  of  the  cross  section,  the  decay  curve  takes  the  form  shown  by  AB. 

Discussion 


It  may  be  noted  that  one  can  always  take  the  sedimenting  particles  as  a  fixed  frame  of  reference 
so  that  a  sedimentation  process  and  a  fixed  bed  can  both  be  regarded  as  fluid  flow  past  fixed  particles. 
However,  the  mathematical  expressions  describing  the  sedimentation  process  must  hold  over  a  much 
wider  range  of  dilutions  than  those  expressions  describing  flow  through  a  fixed  bed.  This  fact  may 
account  for  the  widespread  agreement  which  has  been  found  to  exist  among  the  fixed  bed  results  of 
Carman,  Kozcny,  Hatch,  Leva,  and  Sullivan.  Differences  among  these  workers  arise  mainly  from 
considerations  involving  shape  factors,  porosity  factors,  orientation  factors,  and  the  experimental 
determinations  of  these  quantities.  By  contrast,  it  may  be  noted  that  the  equation  obtained  by  Steinour 
for  the  sedimentation  process  has  a  quite  different  functional  form  from  that  obtained  by  Burgers. 

The  results  of  Steinour  and  Burgers  take  direct  account  of  the  mutual  influence  existing  among 
dispersed  particles.  This  is  accomplished  through  the  use  of  the  fraction  of  voids  and  can  be  con¬ 
trasted  with  the  logical  uncertainty  which  must  accompany  the  choice  of  an  "appropriate  radius"  to 
account  for  the  effect  of  a  "hypothetical  wall". 

Physical  conditions  require  a  zero  settling  velocity  as  a  limiting  case  in  highly  concentrated 
dispersions,  that  is,  t— 0  must  imply  v— 0.  From  this  it  is  clear  that  Burgers'  result  can  apply  only 
to  dilute  dispersions. 
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Perhaps  the  most  significant  feature  of  the  results  of  Steinour  and  Burgers  lies  in  the  steep 
slope  of  the  curves  for  large  values  of  €.  Physically,  this  indicates  that,  in  this  region,  a  small 
increase  in  the  proportion  of  solids  in  the  dispersion  causes  a  large  decrease  in  the  settling  ve¬ 
locity.  In  fact,  a  solids  concentration  of  only  5  per  cent  causes  a  decrease  of  more  than  25  per 
cent  in  the  Stokes'  velocity.  To  be  within  2  per  cent  of  Stokes'  velocity,  the  concentration  must 
not  exceed  0.  3  per  cent. 

From  a  cursory  examination  of  the  results  of  this  section,  it  would  appear  that  the  settling 
velocity  depends  only  on  e  and  the  Stokes  velocity.  However,  this  is  not  the  case.  The  hydraulic 
radius,  or  equivalent  characteristic  linear  measure,  as  well  as  a  functional  formulation  of  the 
effects  of  the  flow  space,  must  be  known,  particularly  when  flocculation  is  involved.  It  is  to  be 
expected  that  considerable  experimental  work  will  be  required  before  a  resolution  into  these  terms 
can  be  established. 

The  simplicity  of  Kunkel' s  experiments  forms  an  interesting  contrast  to  the  intricate  experi¬ 
ments  ordinarily  associated  with  dispersion  dynamics.  The  quantitative  results  which  were  obtained 
may  be  said  to  apply  to  the  fall  velocity  of  bodies  whose  elements  are  spheres,  but  it  does  not  seem 
appropriate  to  make  a  significant  conclusion  regarding  the  fall  velocity  of  a  loosely  formed  floe  on 
the  basis  of  these  data.  It  seems  apparent,  however,  that  considerable  qualitative  information 
could  be  gained  from  similar  experiments  in  which  the  spheres  were  not  fastened  together.  Specif¬ 
ically,  the  envisioned  experiments  would  involve  the  simultaneous  release  of  various  geometrical 
arrangements  of  freely  falling  spheres  in  a  long,  vertical  column  of  large  diameter  containing  high 
specific  gravity  white  oil  of  known  properties.  Answers  to  the  following  questions  might  be  obtained. 

(1)  Do  initial  horizontal  linear  arrangements  remain  linear  after  release  ?  If  not,  can 

it  be  said,  in  general,  that  a  linear  arrangement  becomes  planar,  or  three  dimensional? 

(2)  Similarly,  do  initial  horizontal  planar  arrangements  remain  thus  after  release  ? 

If  not,  can  any  general  dimensional  transformation  be  predicted? 

(3)  Can  any  distinctive  type  of  behavior  be  attached  to  the  "outer"  or  boundary  spheres 
as  contrasted  with  the  behavior  of  the  "inner"  spheres? 

(4)  Is  there  any  tendency  to  form  subclusters,  or  floes,  and  if  so,  how  is  this  tendency 
related  to  the  initial  arrangements? 

(5)  How  are  the  preceding  results  altered  by  using  spheres  of  mixed  sizes? 

It  has  become  increasingly  apparent,  especially  in  studies  of  fluidized  beds,  that  the  formation 
of  floes  is  an  extremely  important  feature  of  the  mechanics  of  dispersion  systems.  However  ,  in  the 
sense  of  the  above  proposed  experiments,  a  survey  of  the  literature  has  shown  no  basic  study  of  the 
phenomenon  of  floe  formation.  It  should  also  be  noted  that  no  quantitative  studies  have  been  found 
concerning  the  amount  of  flocculation  which  may  result  from  turbulence  in  the  fluid. 


FLUIDIZED  BEDS 


When  the  velocity  of  flow  of  the  fluid  passing  through  a  fixed  bed  is  gradually  increased,  suc¬ 
cessive  changes  take  place  in  the  physical  system.  At  a  critical  "fluidizing  velocity"  the  bed  begins 
to  "boil",  that  is,  pockets  of  continuously  agitated,  interacting  particles  arc  formed.  As  the  ve¬ 
locity  of  flow  is  increased  beyond  the  fluidizing  velocity,  the  number  and  size  of  the  agitated  pockets 
of  particles  rapidly  increase  until  all  the  particles  are  completely  supported  by  the  rising  fluid  and 
the  continuous  agitation  and  interaction  between  the  particles  extends  throughout  the  bed.  Under 
these  conditions,  the  bed  is  said  to  be  fluidized.  Although  mineral  dressing  and  pneumatic  trans¬ 
port  of  materials  have  furnished  large  areas  of  practical  application  for  fluidization  techniques  for 
many  years,  the  subject  of  fluidized  beds  must  be  regarded  as  in  its  infancy.  Experimental  and 
theoretical  developments  in  this  field  have  increased  tremendously  since  World  War  II,  when  the 
industrial  cracking  of  petroleum  by  fluidized  catalysts  was  first  accomplished.  The  first  major 


W  ADC  TR  56-344 


6-15 


symposium(8*88)  on  fluid-solid  systems  was  held  in  December,  1948.  Efforts  have  been  made  to 
standarize  the  terminology  and  symbolism  employed  by  the  research  worker^8-8^).  Most  investi¬ 
gators  of  fluidized  beds  use  a  terminology  which  is  entirely  analogous  to  that  of  fixed  bed  investi¬ 
gators.  Thus,  the  "equation  of  state"  of  a  fluidized  bed  involves  the  pressure  gradient,  the  velocity 
of  fluid  flow,  and  the  fraction  of  voids.  It  should  be  noted  that  the  fraction  of  voids,  a  constant 
parameter  in  fixed-bed  flow,  serves  here  as  a  variable  which  measures  the  degree  of  expansion  of 
the  fluidized  bed. 

Figure  6-6  shows  an  experimental  apparatus  suitable  for  measuring  the  pressure  gradient, 
fluid  velocity,  and  bed  expansion.  The  apparatus  is  composed  of  a  vertical  glass  tube  having  a 
wire  screen  at  the  lower  end  for  the  support  of  particles.  A  fluid  is  passed  upward  through  the 
screen  and  bed.  The  pressure  drop  is  measured  by  manometers  along  the  vertical  tube. 


FIGURE  6-6.  APPARATUS  FOR  FLUIDIZATION  STUDIES  (Wilhelm)<6-58) 


Figures  6-7a  and  6-7b,  reproduced  from  the  work  of  Wilhelm^ 8”88),  show  the  characteristic 
behavior  of  fluidized  beds  consisting  of  uniform,  nonagglomerating  particles.  The  curves  from 
A  to  C  represent  the  fixed-bed  stage.  A  rapid  increase  of  the  pressure  gradient  is  indicated  as  the 
fluid  velocity  increases.  The  "boiling  bed"  stage  is  represented  by  C.  The  expansion  of  the  bed 
from  D  to  E  has  been  found  to  be  practically  linear(&-21)  (6-59). 


Leva,  Grunruncr,  ct  al(8-88)  ( 6- 6 1 )  used  the  following  equation  for  a  correlation  of  their  data: 


This  equation  is  equivalent  to  the  Carman-Kozcny  equation  for  fixed  beds  when  n  o  1.  Thus  the  ex¬ 
ponent,  n,  measures  the  deviation  of  the  fluidized  bed  from  the  fixed  bed.  Leva  found  that  n  s  4.  5 
for  particle  diameters  of  50  microns.  The  value  of  n  was  found  to  decrease  as  the  particle  site 
increased,  so  that  for  particle  diameters  of  380  microns,  the  value  1.  0  was  obtained  for  n. 

The  extensive  investigations  of  Wilhelm  and  Kwauk(b~^)  were  correlated  in  terms  of  different 
dimensionless  groups.  However,  Morsc^8"^8)  has  put  the  data  of  Wilhelm  and  Kwauk  and  Leva 
into  the  same  termed  that  Carman  used  so  that  a  comparative  study  could  be  made. 
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(a) 


(b) 

FIGURE  6-7.  CHARACTERISTIC  BEHAVIOR  OF  FLUIDIZED  BEDS 
(Wilhelm)*6'58* 


Figures  6-8  and  6-9,  reproduced  from  Morse^6-15*,  indicate  some  of  the  results  of  this 
investigation. 

Figure  6-8  shows  the  curve  through  the  air-fluidization  data  of  Leva,  and  Wilhelm  and  Kwauk 
along  with  theoretical  curves  for  fixed  beds  given  by  Carman-Kozeny  and  Leva.  The  curve  for 
Re*<  10  (about  the  intersection)  represents  Leva's  data  and  for  Re*>  10  represents  the  Wilhelm  and 
Kwauk  data. 

Figure  6-9  shows  a  more  detailed  graph  of  the  Wilhelm  and  Kwauk  data  for  air  fluidization 
at  high  Reynolds  numbers.  Comparison  with  the  Carman-Kozeny  curve  shows  practically  no 
correlation. 

Ergun  and  Orning*  **  have  extended  Carman's  treatment  of  the  flow  through  a  fixed  bed  by 
including  a  turbulence  term  in  the  equation  of  state.  Satisfactory  correlation  was  secured  with  the 
data  of  Burke  and  Plummer*6-12)  and  Oman  and  Watson*6-63*.  For  spherical  particles,  the 
following  equation  was  obtained: 

—  =  [  1  +  96  1  -  C1 
L  b2  Re 

where  bj  and  b2  arc  the  intercept  and  slope  obtained  by  plotting  AP  /Lum  against  M/A. 

Valentine*6-64*  has  made  some  interesting  studies,  described  by  Wilhelm*6-58*,  which  qual¬ 
itatively  show  that  the  fluidized  bed  is  a  transition  state  between  concurrent  upward  pneumatic  trans¬ 
port  and  sedimentation. 
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FIGURE  6-8.  GRAPH  OF  FRICTION  FACTOR  AGAINST  MODIFIED 
REYNOLDS  NUMBER  FOR  FLUIDIZED  BEDS 

(Morse)^-^) 


FIGURE  6-9.  COMPARISON  OF  THE  AIR  FLUIDIZATION  DATA  OF 
WILHELM  AND  KWAUK  WITH  THE  CARMAN-KOZENY 
CURVE  (Morse)(6- i5) 


Flocculation 


Most  observers  agrec(k-15)  (^-21)  (6-58)  when  a  gas  is  used  as  a  fluidizing  medium, 
clumps  or  aggregates  of  particles  are  formed.  The  resulting  "aggregative  fluidization"  is  qual¬ 
itatively  discussed  by  Morse^-15)  an^  j8  jnciU(iCcl  in  the  postulational  treatment  of  fluidized  beds 
given  by  Toomey  and  Johnson.  (6-65)  ^  spatially  homogeneous  fluidization  has  been  termed  "par¬ 
ticulate  fluidization"  and  is  readily  achieved  by  using  a  liquid  as  the  dispersing  medium.  In 
general,  both  types  of  fluidization  are  present  to  some  degree  in  a  fluidized  bed.  The  extreme  cases 
of  aggregative  fluidization,  called  "channeling"  and  "slugging",  arc  described  by  Parent,  Yagol  and 

Steiner(6-66), 

In  addition  to  the  equations  of  state,  many  other  properties  of  fluidized  beds  have  been  studied 
in  recent  years.  A  brief  account  of  some  of  these  investigations  follows. 
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Density  of  a  Fluidized  Bed 


Matheson,  Herbst,  and  Holt(6-67)  have  studied  the  density  of  a  fluidized  bed  and  have  found 
practically  linear  relations  to  hold  between  the  bed  density  and  the  superficial  velocity.  The 
"viscosity"  of  a  fluidized  bed  has  been  studied  through  the  use  of  a  Stormer  rotating  viscosimeter. 


Mixing  in  a  Fluidized  Bed 


The  extent  of  fluid  and  particle  mixing  has  been  studied  by  Gilliland  and  Masonf^-^®).  The 
uniformity  of  temperature  and  the  mechanism  of  heat  transfer  clearly  depend  on  the  amount  of 
mixing  which  occurs  in  the  fluidized  bed. 


Heat  and  Mass  Transfer 


The  problems  of  heat  and  mass  transfer  in  a  fluidized  bed  have  been  considered  by  several 
investigators.  Colburn(^-^^)  introduced  the  h  and  k  transfer  coefficients  and  the  j  transfer  factors. 
McCune  and  Wilhelm(6-70)  and  Hobson  and  Thodosf^-71)  extended  the  concept  of  the  j  factors. 
Careful  data  on  heat-transfer  rates  have  been  obtained  by  Mickling  and  Trilling(6-72)  and  correlated 
by  Gamson(6-73).  Leva,  Weintraub,  and  Grummer(6-74)  have  considered  the  flow  of  heat  from  the 
container  walls  to  the  fluidized  bed.  Their  treatment  involves  the  concepts  of  "minimum  fluid 
voidage"  and  "fluidized  efficiency".  A  recent  investigation  by  Leva  and  Grummer(6-75)  indicates 
wide  general  agreement  among  the  fluidized-bed  investigators  on  the  following  points: 

(!)  Coefficients  of  heat  transfer  increase  as  particle  diameter  decreases. 

(2)  Heat-transfer  coefficients  are  independent  of  the  thermal  conductivity  of  the  particles. 

Some  preliminary  investigations  into  the  nature  of  eddy  diffusion  in  a  fluidized  bed  have  been 
made  by  McCarter,  Stutzmann,  and  Koch(^-76) 


Discussion 


In  the  considerations  of  the  previous  sections,  it  has  been  assumed  that  the  dispersions 
consist  of  solid  particles.  The  resulting  simplifications  are  enormous  when  compared  with  the 
complexities  involved  in  dispersion  of  liquid  droplets.  In  liquid  dispersions,  the  factors  of 
evaporation,  surface  tension  and  coalescence  cannot  be  ignored.  At  the  present  time,  it  has  not 
been  established  that  the  results  obtained  under  the  solid-particle  simplifications  can  be  applied  to 
the  fluidization  of  liquid  droplets,  even  as  a  first  approximation. 

Perhaps  the  most  significant  qualitative  result  mentioned  in  this  section  is  concerned  with  the 
existence  of  aggregative  fluidization  in  gaseous  media.  The  definite  experimental  proof  or  dis¬ 
proof  of  the  existence  of  these  "clumps"  in  dispersions  of  liquid  droplets  would  be  of  great  im¬ 
portance  to  investigations  involving  the  penetration  distance  of  sprays,  the  evaporation  rates 
within  dispersions,  and  the  burning  of  droplets  at  flame  fronts. 


PNEUMATIC  TRANSPORT 


When  the  velocity  of  fluid  flow  through  a  fluidized  bed  is  increased,  the  bed  will  expand  until 
most  of  the  particles  will  be  transported  out  of  the  system.  When  the  fluidizing  medium  is  a  gas. 
the  movement  of  the  dispersion  is  called  pneumatic  transport. 
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A  summary  of  the  literature  pertaining  to  pneumatic  transport  prior  to  1940  has  been  given 
by  Dallavalle(6-77).  Cramp's(6-78)  investigation  takes  account  of  the  following  forces: 

(1)  The  force  required  to  support  the  weight  of  the  particles  in  a  vertical  conveyor 
tube. 

(2)  The  force  required  to  accelerate  the  particles  from  their  initial  velocity  to  the 
transport  velocity. 

(3)  The  force  required  to  overcome  friction  losses  resulting  from  particle  contacts 
with  the  conveyor  walls. 

(4)  The  force  required  to  overcome  the  friction  between  the  fluid  and  the  walls  of 
the  container. 

(5)  The  force  required  to  accelerate  the  fluid  in  the  conveyor. 

Gasterstadt^®-”^)  introduced  the  dimensionless  group, 

^  _  pressure  drop  in  the  solids-gas  mixture _ 

pressure  drop  without  solids  at  same  gas  flow  rate 

and  showed  that  for  a  given  gas  velocity 


5  -  —  =  constant  , 
v 

where  v  is  the  solid  to  gas  mass  ratio.  Segler^  ®-®®),  and  Vogt  and  Whitef®-®1)  have  given  some 
confirmation  to  Gasterstadt1  s  results,  but  Farber^®-®2)  and  Zenz^®-®3)  obtained  results  which 
indicate  a  breakdown  of  Gasterstadt' s  treatment  at  extreme  conditions. 

Using  energy  relations  and  a  result  of  Lapple  and  Shepherd(®-®4),  Hariu  and  Molstad(®-®®) 
express  the  net  acceleration,  au,  on  a  single  particle  as  follows: 


3Pg 

%D 


(Au)2  J-g- 


Zffl  us^ 


The  "accelerating  distance"  of  the  particle  can  be  calculated  by  the  method  of  Jennings1®-®®).  The 
final  result  takes  the  form, 


J.  fiEV  Kf_L  t  “iii  ,  Js.\  . 

Gs  VdL  /  V  us  g  Dt  gllg  ) 

This  equation  indicates  that  large  pressure  gradients  will  exist  at  the  point  of  injection  since  uB 
at  that  point  is  small. 


Discussion 


The  influence  of  evaporation  in  the  pneumatic  transport  of  droplets  must  be  regarded  as  a 
decisive  factor.  The  total  liquid  mass  in  a  unit  volume  of  transported  d-  oplets  will  decrease  be¬ 
cause  of  evaporation.  If  a  steady  droplet  flow  rate  is  attained,  the  tota  mass  of  the  droplets  at 
any  cross  section  of  the  conduit  will  be  a  function  of  the  distance  from  the  point  of  injection.  Thus, 
in  vertical  transport  the  supporting  force  diminishes  with  height  until  the  evaporation  of  the  droplets 


W ADC  TR  56-344 


6-20 


is  complete.  Consequently,  the  maximum  droplet  concentration  and  maximum  average-droplet 
size  will  occur  near  the  point  of  injection.  Conceivably,  in  concentrated  dispersions,  the  rate 
of  evaporation  may  also  be  a  function  of  height  because  of  the  increased  vapor  content  of  the  gas 
due  to  evaporation  at  lower  levels.  If  the  gas  flow  is  constant,  some  indication  of  a  continual 
"acceleration"  of  the  droplets  may  also  be  evidenced.  This  effect  would  stem  from  the  fact  that 
the  continuous  decrease  in  the  mass  of  an  evaporating  droplet  would  entail  a  corresponding  decrease 
in  the  terminal  velocity  of  fall  of  the  droplets.  Thus,  the  relative  velocity  between  the  droplet  and 
the  gas  would  diminish  with  height.  To  an  observer,  this  phenomenon  would  appear  as  a  "speeding 
up"  or  acceleration  of  the  droplet  as  it  was  transported  up  the  column. 

The  force  required  for  the  initial  acceleration  of  small  evaporating  droplets  is  difficult  to 
evaluate,  even  qualitatively.  Definite,  quantitative  results  concerning  evaporation  rates  of  accel¬ 
erated  droplets  in  a  flowing  gas  are  not  yet  available.  Thus  the  force  of  acceleration  may  or  may 
not  be  comparable  with  that  involved  in  the  transport  of  solid  particles. 

The  friction  encountered  between  solid  particles  and  the  container  walls  has  no  analogue  in 
droplet  dispersions.  The  colliding  of  droplets  with  the  walls  of  the  column  serves  to  decrease  the 
number  of  droplets  supported  by  the  gas,  and,  consequently,  decreases  the  average  fluid-pressure 
drop  resulting  from  support  of  the  droplets. 

Since  the  trajectories  of  the  larger  droplets  may  deviate  significantly  from  the  lines  of  flow  of 
the  gas,  and  since  the  average  drop  size  is  a  maximum  near  the  point  of  injection,  the  amount  of 
liquid  deposited  on  the  walls  may  be  assumedto  be  greatest  near  the  point  of  injection. 

The  energy  losses  due  to  droplet  collisions  among  themselves  can  not  be  considered  analogous 
to  the  friction  loss  by  colliding  particles.  The  energy  relations  assumed  in  droplet  collisions  de¬ 
mand  a  satisfactory  decision  as  to  whether  colliding  droplets  coalesce  or  simply  "rebound".  This 
question  is  not  easily  answered.  It  will  be  considered  in  more  detail  in  the  next  section. 

From  these  remarks  it  is  clear  that  the  problems  of  dispersions  of  liquid  droplets  are  far 
more  intricate  than  the  corresponding  problems  of  solid  dispersions.  The  difficulties  of  utilizing 
the  results  of  solid  dispersion  dynamics  in  considerations  of  liquid  dispersions  are  due  mainly  to 
problems  of  evaporation.  A  satisfactory  investigation  of  the  evaporation  properties  of  dispersions 
of  droplets  seems  to  be  beyond  reasonable  establishment  at  the  present  time. 

It  does  not  seem  unreasonable  to  attempt  to  establish  the  existence  of  pockets  or  clumps  in 
a  dispersion  of  liquid  droplets  If  it  could  be  established  that  evaporation  does  not  dominate  this 
aspect  of  liquid  dispersions,  then  the  segregation  features  of  the  solid  dispersion  might  be 
thoroughly  investigated  and  applied  to  the  liquid  dispersion. 


COALESCENCE 


If  a  collision  of  two  droplets  results  in  amalgamation,  the  process  by  which  the  single  droplet 
is  produced  is  called  direct  coalescence  .  For  many  years,  direct  coalescence  of  cloud  droplets 
was  thought  to  be  the  major  factor  involved  in  the  growth  of  small  droplets  to  droplets  of  raindrop 
size  (500  microns).  More  recently,  the  growth  of  liquid  droplets  by  direct  coalescence  has  become 
a  subject  of  much  controversy.  Direct  coalescence  has  been  advocated  by  Ktthlcr^'®^),  Findcisen 
(6-88)^  and  Langmuir(6-89),  Other  theories  have  attempted  to  explain  the  growth  of  liquid  droplets 
by  indirect  coalescence  which  features  the  transfer  of  liquid  vapor  from  one  droplet  to  another, 
thereby  causing  the  large  droplets  to  grow  at  the  expense  of  the  smaller  ones. 

The  coalescence  controversy  derives  much  of  its  vigor  from  the  fact  that  mathematical 
assumptions  utilizing  direct  coalescence  between  droplets  have  led  to  satisfactory  results.  However, 
beginning  with  the  experiments  of  Dady(^'^O),  no  observed  case  of  a  droplet  collision  resulting  in 
coalescence  has  been  reported.  Many  collisions  between  droplets  have  been  observed,  but  in  every 
instance  the  droplets  simply  rebounded,  or  "bounced  off"  from  each  other.  Swinbank'"*^ '  and 
Gunn  and  Hitschfeld(6-92)  attempt  to  account  for  the  rebound  on  the  basis  of  a  possible  increase  in 
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surface  energy  during  the  process  of  amalgamation.  The  proposed  increase  in  surface  energy  serves 
as  a  "barrier"  to  coalescence,  and  the  barrier  can  be  overcome  only  if  the  colliding  droplets  have 
sufficient  kinetic  energy.  Since  the  relative  kinetic  energies  of  extremely  small  droplets  is  small, 
the  direct  coalescence  of  small  droplets  is  not  likely  to  occur.  Studies  of  the  noncoalescence  of 
stationary  liquid  droplets  have  been  made  by  Deriagin  and  Prokhorov(6-93).  Factors  which  tend  to 
inhibit  the  growth  of  liquid  droplets  by  indirect  coalescence  have  been  summarized  by  Perrie^“94) 

From  these  investigations,  maximum  droplet  accretion  may  be  expected  in  dispersion  systems 
characterized  by  turbulent  motion,  mixed  droplet  sizes,  mixed  phases,  and  non-uniform  temperatures. 
While  all  of  these  conditions  contribute  to  indirect  coalescence,  this  type  of  coalescence  process  is 
too  slow  to  be  of  much  practical  concern  except  under  severe  ccnditions(&-95). 

The  aerodynamic  problem  wnich  arises  in  collision  problems  involves  the  trajectories  of  two 
approaching  droplets.  The  droplets  may  collide  or  the  smaller  droplet  may  be  deflected  around  the 
larger  droplet  by  the  gas  flow.  Langmuir  and  Bladgett(^"®9)  made  an  intensive  semiempirical  study 
of  the  trajectories  of  small  droplets  in  the  vicinity  of  a  large  droplet.  From  these  studies,  Langmuir 
calculated  the  collision  efficiency,  E(r),  which  may  be  defined  as  the  ratio  of  the  mass  of  the  dis  ¬ 
persed  droplets  v/ith  which  the  falling  drop  comes  into  contact  to  the  mass  of  the  dispersed  droplets 
originally  contained  in  the  volume  swept  out  by  the  falling  drop. 

Figure  6-10,  reproduced  from  Gunn  and  Hitschfield(^-^2),  shows  Langmuir's  collision 
efficiency  as  a  function  of  the  larger,  falling-drop  radius  for  various  values  of  the  smaller  droplet 
radius. 


FIGURE  6-10.  COLLISION  EFFICIENCY  AS  A  FUNCTION  OF  THE 
FALLING  DROP  RADIUS  AND  THE  DISPERSED 
DROPLET  BASED  ON  LANGMUIR'S  ANALYSIS^6-87* 
(Gunn  and  Hitschfeld)(6-92) 


Gunn  and  HitBchfeld(6~92)  have  carried  out  an  experimental  check  of  Langmuir's  results. 
The  methods  of  Houghton  and  Radford(6-96)  and  Fuchs  and  Pctrjanoff{6-97)  were  combined  to  de¬ 
termine  the  drop-size  distributions  of  heterogeneous  dispersions  of  water  droplets  in  air  .  Fall- 
velocity  corrections  were  found  to  be  in  agreement  with  Laws(6‘98), 


Figure  6-11  shows  a  comparison  of  Langmuir's  theoretical  collision  efficiency  curve,  E(r), 
with  Gunn  and  Hitschfeld's  effective  collection  efficiency  curve,  £(r).  From  their  data  Gunn  and 
Hitschfcld  conclude  that  every  drop-droplet  collision  results  in  direct  coalescence. 
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FIGURE  6-11.  COMPARISON  OF  LANGMUIR'S  COLLISION  EFFICIENCY 
CURVE,  E{r),  WITH  EXPERIMENTAL  COLLECTION 
EFFICIENCY  CURVE,  E(r),  OBTAINED  BY  GUNN  AND 
HITSCHFELD*  6'92> 


Dasi0-' has  criticized  the  results  of  Langmuir  on  the  basis  that  Langmuir  disregarded  the 
effect  of  the  finite  sizes  of  the  smaller  droplets.  Taking  the  finite  sizes  into  account  yields  colli¬ 
sion  efficiences  greater  than  100  per  cent,  since  droplets  with  centers  outside  the  swept  stream 
may  collide  with  the  falling  drop. 


Discussion 


It  is  apparent  that  the  mechanics  of  the  direct  '•alescence  of  two  colliding  droplets  is  not 
understood.  The  exact  nature  of  the  deformation  w.  _.t  may  act  as  a  "barrier"  to  direct  coales¬ 
cence  has  yet  to  be  established.  A  "barrier"  theory,  based  on  surface  energies,  certainly  cannot 
be  established  until  the  transition  of  surfaces  is  known.  It  seems  likely  that  the  study  of  surface 
energies  may  yield  the  moat  important  clues  to  the  amalgamation  of  motionless  droplets,  but  it  is 
not  clear  that  considerations  of  surface  energy  will  account  for  the  direct  coalescence  of  colliding 
droplets.  As  Swinbank  suggests,  the  relative  kinetic  energies  may  be  the  most  important  factor. 

It  must  be  noted,  however,  that  the  kinetic-energy  proposal  of  Swinbank  does  not  account  for  the 
fact  that  small  droplets  have  been  observed  to  rest  on  the  surface  of  a  body  of  the  same  liquid  for 
several  minutes  before  coalescence  occurred.  In  this  process  the  constant  zero  kinetic  energy  can 
hardly  account  for  the  delayed  coalescence.  Thus,  it  may  not  be  possible  to  apply  results  obtained 
in  coalescence  studies  of  motionless  droplets  to  the  coalescence  of  moving  droplets. 

The  experiments  of  Gunn  and  Hitschfeld  indicate  that  the  relative  size  of  the  colliding  droplets 
are  decisive  factors  in  direct  coalescence.  The  eteep  slope  of  the  collection-efficiency  curve  shows 
that  a  relatively  small  change  in  the  average  drop  size  in  the  dispersion  produces  a  large  change  in 
the  collection  efficiency  of  the  larger,  falling  drop.  For  dispersiono  with  an  average  droplet  radius 
less  than  ten  microns,  the  collection  efficiency  is  exceedingly  low.  Dispersions  with  an  average 
droplet  radius  greater  than  fifteen  micro:.  -  give  collection  efficiencies  of  more  than  50  per  cent. 

Gunn  and  Hitschfeld  substantiate,  on  the  basis  of  their  experiments,  the  correctness  of 
Langmuir's  hypothesis  that  every  drop-droplet  collision  results  in  coalescence.  However,  the 
calculations  of  Das  show  that  the  actual  collection  efficiency  should  be  higher  than  that  predicted 
by  Langmuir.  Thus,  the  Gunn-Hitschfcld  curve,  which  is  consistently  lower  than  that  of  Langmuir, 
differs  considerably  from  the  collection  efficiencies  predicted  by  Das.  This  discrepancy  may  be 
accounted  for  by  supposing  that  some  of  the  collisions  result  in  "rebounds"  rather  than  coalescence. 

The  Das  corrections  for  the  finite  sizes  of  the  smaller  droplets  seem  essential  if  investigations 
of  collisions  between  droplets  of  the  same  relative  size  arc  to  be  made.  However,  the  difficulty  of 
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maintaining  an  appreciable  relative  velocity  between  droplets  of  the  same  size  is  an  experimental 
handicap  which  is  only  partly  overcome  by  the  use  of  a  turbulently  flowing  gas. 

Some  direct  experimental  data  concerning  the  collisions  of  moving  droplets  may  be  obtainable 
through  the  use  of  high-speed  photography.  If  such  a  study  proved  feasible,  it  would  seem  reason¬ 
able  to  suppose  that  statistical  methods  could  be  utilized  to  put  the  problem  of  "rebound"  into 
probability  terms.  The  establishment  of  a  statistical  statement  concerning  the  probable  number  of 
rebounds  for  a  given  number  of  collisions  may  prove  extremely  useful,  even  though  the  actual 
mechanics  of  the  coalescence  process  might  remain  unsolved. 


SONIC  AGGLOMERATION 


Since  combustion  processes  may  be  accompanied  by  large  sound  intensities  in  the  combustion 
chamber,  it  seems  appropriate  to  consider  the  field  of  sonic  agglomeration  of  dispersions.  The 
fact  that  high  intensity  sound  waves  may  increase  direct  coalescence  between  droplets  and  lead  to 
characteristic  floe  formations  may  be  of  significance  in  those  combustion  processes  which  involve 
dispersions. 

Brandt,  Heidemann,  and  Freund(6-100)  have  proposed  a  theory  which  accounts  for  sonic 
agglomeration  solely  on  the  basis  of  the  variations  of  phases  and  amplitudes  existing  among  the 
soundwaves.  The  more  comprehensive  investigations  of  St.  Clair(6-101)  indicate  that  the  be¬ 
havior  of  the  dispersed  droplets  is  due  to  a  combination  of  the  following  effects:  co-vibrations  of 
the  droplets  in  a  vibrating  gas,  hydrodynamic  attraction  and  repulsion  between  neighboring  droplets, 
and  radiation  pressure. 


Covibration 


Because  of  the  viscous  drag  force  exerted  by  a  gas  on  a  dispersed  droplet,  the  droplet  will 
participate,  to  some  extent,  in  the  vibrations  of  the  gas.  At  a  frequency  of  5000  c,  a  water  droplet 
having  a  diameter  less  than  1  micron  vibrates  with  essentially  the  same  amplitude  as  the  gas.  If 
the  frequency  is  increased  to  25,  000  c,  the  relative  amplitude  is  about  90  per  cent.  A  reduction  of 
the  relative  amplitude  to  50  per  cent  requires  a  frequency  of  about  90,  000  c. 


Hydrodynamic  Forces 

The  hydrodynamic  forces  of  attraction  and  repulsion  operating  between  droplets  are  significant 
only  when  the  dispersion  is  highly  concentrated,  By  the  Bernoulli  principle,  the  general  effect 
of  an  intense  sound  field  on  a  dispersion  of  droplets  is  the  creation  of  repulsive  forces  between 
droplets  in  the  direction  of  vibration  and  attractive  forces  in  the  transverse  directions.  Experiments 
conducted  by  St.  Clair(6-101)  have  shown  the  production  of  thin,  disc-shaped  floes  oriented  at  right 
angles  to  the  direction  of  vibration.  In  a  stable,  standing  wave,  such  floes  attained  diameters  of 
several  centimeters. 


Radiation  Pressures 


Using  high-intensity  sound  waves,  it  is  possible  to  suspend  metal  spheres  or  coins  in  mid-air 
by  means  of  the  radiation  pressure^'  101).  This  pressure  is  considered  to  be  the  most  important 
efiect  produced  by  the  sound  field.  King^'10^)  shows  that  a  spherical  object  in  a  standing  wave  is 
acted  upon  by  a  radiation  force  which  directs  the  object  toward  the  velocity  antinodc. 

Figure  6-12,  from  St.  Clair,  Spcndlovc,  and  Potter^*  103)f  shows  the  successive  changes 
in  concentration  of  a  dispersion  which  is  uniformly  distributed  at  t  s  0.  The  concentration  curves 
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are  given  for  t  =  0,  27,  and  43  seconds  for  a  sound  field  having  an  energy  density  of  1000  ergs  per 
cubic  centimeter  (1/3  watt  per  cm^),  and  a  frequency  of  10  kc. 


FIGURE  6-12.  CALCULATED  CHANGE  IN  CONCENTRATION  OF 
SMOKE  PARTICLES  DUE  TO  RADIATION  PRES¬ 
SURE  IN  A  STANDING  WAVE  FIELD 

(St.  Clair,  Spendlove,  and  Potter)^- 103) 


Discussion 


Studies  have  shown  that  sound  intensities  of  sufficient  energy  to  produce  sonic  agglomer¬ 
ation  actually  occur  in  combustion  chambers.  In  most  combustion  systems,  the  time  involved  in 
the  complete  combustion  process  is  extremely  short  so  that  sonic  agglomeration  is  probably  not 
significant.  However,  it  should  be  noted  that  the  forces  which  tend  to  produce  agglomeration  are 
present,  and  some  effects  arising  from  these  forces  in  the  initial,  dense  dispersion  of  droplets 
occurring  near  the  point  of  injection  may  be  carried  to  the  flame  front.  Sound-wave  disturbances 
in  these  "embryonic"  stages  of  a  dispersion  may  become  magnified  under  the  continuing  action  of 
the  sonic  forces  as  the  dispersion  progresses  towards  the  flame  front.  However,  no  studies  have 
been  found  concerning  the  production  or  transmission  of  sound-wave  disturbances  in  a  dispersion 
undergoing  progressive  dilution. 


CONCLUDING  REMARKS 


In  the  course  of  this  chapter  it  has  been  shown  that  the  body  of  available  information  con¬ 
cerning  the  dynamics  of  dispersions  is  decidedly  limited.  Considerjble  basic  research  must  be 
carried  out  before  any  acceptable  mathematical  descriptions  of  dispersion  systems  can  be  expected 
to  evolve.  Certain  specific  investigations  which  were  proposed  in  the  preceding  discussion 
sections  include  the  following: 

(a)  Baoic  studies  involving  the  simultaneous  release  of  various  geometrical  arrangements 
of  spheres  in  a  high  specific  gravity  oil  of  known  properties.  The  purpose  of  these 
studies  would  be  the  determination  of  the  relations  which  exist  between  the  initial 
and  final  configuration  assumed  by  a  small  aggregate  of  the  freely  falling  spheres. 

The  effects  of  the  mutual  influences  exerted  by  the  spheres  and  the  tendency  to  form 
floes  could  be  studied.  By  suitable  adaptations,  the  postulational  system  of  Toomey 
and  Johnson  could  serve  as  a  theoretical  basis  underlying  the  investigation. 
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(b)  Photographic  studies  of  collision  and  coalescence  among  dispersed  droplets  are  suggested 
as  a  first  step  towards  obtaining  quantitative  answers  to  the  problems  of  "collision  with 
coalescence",  "collision  with  rebound",  and  the  formation  of  floes.  Statistical  analysis 
of  such  data  would  certainly  reveal  the  relative  importance  of  these  problems  to  other 
problems  involved  in  the  injection  of  liquids  into  gases. 

For  immediate  answers  to  specific  problems  involving  dispersion  dynamics,  the  methods  of 
dimensional  analysis  seem  most  appropriate.  At  the  outset,  each  problem  should  be  carefully 
analyzed  to  determine  whether  the  system  may  be  regarded  as  a  collection  of  single  droplets  or 
as  a  dispersion  in  which  each  particle  significantly  influences  the  behavior  of  its  neighbors.  The 
best  measure  of  this  influence  is  given  by  the  fraction  of  voids.  Considerable  care  must  be  ex¬ 
ercised  in  concluding  that  the  fraction  of  voids  is  sufficiently  close  to  unity  to  warrant  the  use  of 
single-particle  dynamics  rather  than  dispersion  dynamics.  Steinour's  results  have  indicated  that 
in  his  experiments  a  void  fraction  of  0.  97  led  to  a  deviation  of  more  than  15  per  cent  from  Stokes' 
law  in  gravitational  settling. 

There  are  various  sources  of  information  regarding  developments  in  the  field  of  dispersion 
dynamics.  The  most  important  general  sources  include  the  publications  of  the  petroleum  industries  , 
coal  industries,  chemical  industries,  and  meteorological  societies.  Perhaps  the  most  complete 
recent  summary  of  dispersion  dynamics  has  appeared  in  a  German  publication^- 104) 

It  has  been  shown  that  each  of  the  problems  that  must  be  solved  to  obtain  a  satisfactory 
treatment  of  liquid  dispersions  constitutes  an  entire  field  of  investigation  in  itself.  Each  will  re¬ 
quire  extensive  research  programs,  involving  the  painstaking  collection  of  data,  before  sufficient 
reliable  information  will  be  available  for  a  systematic  theoretical  study  of  the  dynamics  of  dis¬ 
persions. 
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CHAPTER  7.  THE  THERMODYNAMICS  AND  KINETICS 
OF  EVAPORATION 


ABSTRACT 


A  fundamental  discuasion  ia  given  of  the  principal  factors 
that  enter  into  both  the  thermodynamics  and  kineticB  of  evapo¬ 
ration.  It  is  shown  that  both  of  these  aspects  of  the  evaporation 
process  are  interrelated  through  transition  energies.  Kinetics, 
however,  determine  the  rate  of  material  transport  during  the 
phase  change  by  specifying  the  energy  necessary  for  the  activa¬ 
tion  of  phase  transitions  having  thermodynamic  feasibility. 
Finally,  it  is  demonstrated  that  the  experimentally  determined 
evaporation  rates  of  a  wide  variety  of  liquids  are  in  good  agree¬ 
ment  with  the  theoretical  rates  predicted  by  quantum  statistics. 


» 
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CHAPTER  7 


THE  THERMODYNAMICS  AND 
KINETICS  OF  EVAPORATION 


by 


F.  Benington 


One  of  the  important  actions  preceding  the  combustion  of  a  liquid  fuel  is  the  evaporation  of 
the  fuel.  Since  the  degree  of  fuel  vaporization  determines,  in  part,  the  efficiency  of  combustion, 
a  knowledge  both  of  the  process  of  evaporation,  and  of  the  extent  to  which  it  takes  place  at  various 
points  in  the  combustion  chamber  is  important. 

The  main  purpose  of  this  Chapter  is  to  discuss,  from  a  somewhat  fundamental  standpoint, 
the  principal  factors  that  enter  into  both  the  kinetics  and  the  thermodynamics  of  evaporation.  As 
will  be  shown,  both  of  these  aspects  of  evaporation  are,  to  a  limited  extent,  interrelated  through 
transition  energies.  Thermodynamics,  however,  is  primarily  concerned  with  process-energy 
changes,  matter  occupying  a  position  of  subsidiary  importance.  Kinetics,  by  way  of  contrast, 
principally  involves  the  rate  of  material  transport  in  a  chemical  reaction  or  in  a  phase  change  and 
is  concerned  only  with  the  energy  necessary  for  the  activation  of  a  process  having  thermodynamic 
feasibility. 

Both  the  vapor  pressure  and  the  surface  tension  of  liquid  drops  are  discussed  from  the  stand¬ 
point  of  the  chemical  potential  of  Gibbsian  thermodynamics.  This  is  the  usual  method  of  treating 
problems  of  phase  transition,  to  which  evaporation  properly  belongs.  A  transition  is  then  made  to 
Frenkel's  theory  of  heterophase  fluctuations,  which  concerns  the  statistical  population  of  nuclei  of 
a  new  phase  growing  out  of  an  older  phase.  This  theory  is  generally  applicable  to  pretransition 
phenomena  in  either  supercooled  or  superheated  states  without  regard  to  the  nature  of  the  particu¬ 
lar  phase  change,  whether  it  be  condensation  or  evaporation. 

An  extension  of  the  Frenkel  theory  is  then  made  to  permit  its  use  to  develop  the  classical 
kinetics  of  phase  transformation  of  Volmer,  of  Becker,  and  of  Zcldovich.  In  this  Chapter,  the 
theory  of  the  condensation  process,  as  developed  by  these  workers,  will  be  presented,  in  order  to 
preserve  the  original  clarity  of  their  presentation.  However,  the  final  rate  expression  for  the 
condensation  rate  of  a  supercooled  vapor  can  readily  be  applied  to  the  opposite  process  of  the 
"boil  up",  or  evaporation  of  a  liquid  drop,  which  is  of  interest  here;  this  is  simply  accomplished 
by  interchanging  the  chemical  potentials  of  each  phase. 

Because  this  Chapter  follows,  in  most  places,  a  chronological  development  of  evaporation 
theories,  it  is  natural  that  the  application  of  Eyring's  absolute  rate  theory  should  be  the  last  point 
of  discussion.  It  will  be  shown  that  evaporation  satisfactorily  follows  the  absolute  rate  theory  for 
many  substances. 


THERMODYNAMIC  THEORY  OF  THE  EQUILIBRIUM  BETWEEN 
SUPERSATURATED  VAPOR  AND  A  DROP  OF  LIQUID 


Surface  phenomena  play  an  important  part  in  processes  that  are  connected  with  phase 
changes.  These  changes  include  the  transition  of  liquid  to  gas  (evaporation)  and  gas  to  liquid 
(condensation).  The  theory  of  phase  change,  from  the  thermodynamic  standpoint,  does  not  furnish 
information  as  to  the  rate  of  phase  transformation,  but  gives  only  the  conditions  under  which  two 
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phases  may  coexist  in  equilibrium  for  any  length  of  time.  It  is  evident  that  the  growth  of  a  new 
preliquid  phase  (B),  after  its  initiation  in  a  system,  can  continue  at  a  finite  velocity  at  the  expense 
of  an  initial  vapor  phase  (A),  only  if  a  nonequiiibrium  condition  exists.  The  deviation  from  equi¬ 
librium  need  not  be  large  when  the  new  phase  is  sufficiently  developed.  Much  larger  deviations 
exist,  however,  during  the  initiation  of  a  new  phase  in  the  form  of  "embryonic  nuclei".  This  de¬ 
parture  from  equilibrium  may  be  described  as  "metastable",  which  means  that  it  can  exist  for  a 
finite  length  of  time.  A  common  example  of  a  metastable  state  is  the  superheated  liquid,  which 
does  not  boil  although  its  temperature  is  above  that  of  the  thermodynamic  boiling  point,  which 
corresponds  to  an  equilibrium  between  the  vapor  pressure  and  the  external  pressure. 


Surface  Energy,  Vapor  Pressure,  and  Drop  Size 


If  we  neglect,  for  the  present,  the  manner  in  which  a  nucleus  of  phase  (B)  originates  and  con¬ 
sider  the  factors  that  influence  the  growth  of  this  phase,  we  must  take  into  account  the  fact  that  the 
small  physical  dimensions  of  the  nucleus  obviously  imply  a  large  ratio  of  its  surface  to  its  volume 
in  comparison  with  a  macroscopic  body.  Accordingly,  the  surface  energy  of  the  nucleus  and  the 
free  energy  of  formation  of  this  surface  must  constitute  an  important  contribution  to  the  change  in 
the  total  energy  or  free  energy  of  a  system  in  which  nucleation  is  taking  place.  If  we  consider  the 
surface  energy  of  the  nucleus  of  the  (B)  phase  with  respect  to  a  metastable  (A)  phase,  in  which  the 
nuclei  are  suspended  as  colloidal  particles,  then  the  idea  of  thermodynamic  equilibrium  between 
(A)  and  (B)  may  be  extended  according  to  the  treatment  of  Frenkel(?“  1).  According  to  this  theory, 
the  nuclei  of  (B),  of  a  given  shape  and  size,  should  remain  in  equilibrium  with  the  medium  (A),  in 
spite  of  the  fact  that  (A)  is  not  in  equilibrium  with  a  fully  developed  (B)  phase 

In  the  following  thermodynamic  argument,  a  drop  and  its  surrounding  gas  may  be  regarded 
as  being  a  closed,  isobaric,  isothermal  system.  At  equilibrium,  the  free  energy  of  the  system  is 
equal  to  the  work  function  of  the  system.  Since  the  work  function  must  vanish  under  these  condi¬ 
tions,  then, 


pB  dVB  +  PA  dVA  -  adA  =  °  , 

where  Pj  is  the  pressure  of  a  particular  phase;  dVj  is  the  change  in  volume  of  a  particular  phase; 
dA  is  the  change  in  surface  area  of  the  drop  which  corresponds  to  an  infinitesimal  increase  in  the 
drop  radius;  and  0  is  the  surface  tension  of  the  liquid  phase  measured  at  a  plane  surface. 

Since  a  closed  system  must  be  at  constant  volume,  it  follows  that  dVA  =  -dVg  and  that, 

(pB  -  PA)  dVB  -  odA  =  0  . 

By  replacing  both  dVg  and  dA  by  the  corresponding  drop-radius  dependent  functions, 

(pB  -  pA)  47rr2  dr  =  8tJ7:rdr  , 


gives 


<PB 


This  equation  states  that  the  internal  pressure  of  a  spherical  drop  must  exceed  the  external 
pressure  by  2o/r,  as  a  condition  for  mechanical  equilibrium  of  the  drop. 

In  a  system  of  this  sort,  we  may  express,  conveniently,  the  total  free  energy  of  the  system 
as  $>,  the  total  thermodynamic  potential.  Then, 

*  «  NA  $a  +  nb  *b  +  4TTr2c  .  (7-0 
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where  the  Nj  and  are  respectively  the  mol  numbers  and  chemical  potential  of  a  particular  phase. 
At  equilibrium,  6<J>  =  0,  and  also  N'A  +  Ng  =  const.  Therefore,  by  performing  the  variations  on 
Equation  (7-1), 


6$  =  (-  <5Ng)4>A  +  (<5NB)<t>B  +  47r(6r2)a  =  0 


(7-2) 


Let  Vg  equal  the  molecular  volume  of  phase  (B);  the  number  of  moles,  NB,  in  this  volume  is 
Nfi  =  4tit3/3Vb,  and 


/dM  w 

\ dr  r  vb 


(7-3) 


After  performing  the  indicated  differentiations  in  Equation  (7-2)  and  substituting  from  Equa¬ 
tion  (7-3),  there  results: 


*B-®AtTVB=0  •  <7-4' 

where,  in  the  limiting  case,  as  r  —  oo,  =  <t>^. 

Since  (<?<I>i/dP)T  =  V,  then  d$A  =  Vg  dP  and  d<J>g  =  dP.  By  differentiation  of  Equation  (7-4) 
and  by  substituting  the  differentials  of  the  chemical  potentials  into  the  result,  we  have: 

(VB  -  VA)dP+ 2aVB  d(i/r)  =  0  .  (7-5) 

By  assuming  that  VA  »  VB  and  that  the  ideal  gas  law  is  obeyed,  Equation  (7-5)  becomes: 

kT 

—  dP  =  2aVBd(l  ' 


or 

kT  ^  =  2oVb  y  1  d(l/r)  ,  (7-6) 

P  oo 

00 

where  k  is  the  gas  constant  per  molecule,  that  is  k  =  R/N,  where  R  is  the  gas  constant  and  N  is 
Avogadro's  number;  upon  integration,  Equation  (7-6)  gives 

20Vb 

l"p/p»“l?T  ■  <7-71 

Shereshefsky^-2)  attempted  to  verify  Equation  (7-7)  by  measuring  the  vapor  pressure  of 
several  liquids  and  their  corresponding  radii  of  curvature,  in  small  capillaries.  He  showed  that 
the  lowering  of  the  vapor  pressure  in  the  capillaries  is  much  greater  than  would  be  predicted  by 
♦his  equation.  He  concluded  that  this  departure  -an  be  attributed  to  a  change  in  surface  tension 
with  drop  size.  Unfortunately,  no  account  was  given  of  the  magnitude  of  the  experimental  error 
and  consequently,  comparisons  cannot  be  made  of  this  work  with  other  investigations. 

From  purely  theoretical  considerations,  Tolman^-^  has  Bhown  that  considerable  change  in 
surface  tension  with  droplet  size  may  be  expected;  the  effect  is  quite  significant  for  very  small 
droplets.  From  the  classical  thermodynamics  of  GibbB,  the  surface  tension  0  is  related  to  <f»,  the 
chemical  potential  of  the  gas  phase  by: 


do  =  -  T  d<f  ,  (7-8) 

where  T  is  the  superficial  density  of  the  interphase  boundary.  The  change  in  chemical  potential 
with  the  internal  pressure  of  the  liquid  phase  or  the  vapor  phase  is: 
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(7-9) 


dP 

y" 


where  y'  is  the  liquid  density  and  y"  the  gas  density.  By  combining  Equations  (7-8)  and  (7-9), 
and,  then,  by  combining  this  result  with  the  differentiated  form  of  P'  -  P"  =  2a/r,  there  results: 


1 

a 


h  Ur/iy'  -  y")} 

l _ 

i  +  §  «r/(7'  -  y")] 


(7-10) 


which  expresses  he  rate  of  change  of  surface  tension  with  drop  radius. 


Tolman  then  shows  that  T/( y'  -  y'')  is  related  to  6,  the  thickness  of  the  interphase  boundary 
layer,  according  to  the  equation: 


y 


=  <5 


(7-11) 


By  substituting  Equation  (7-11)  in  Equation  (7-10),  we  have: 


Lr2J  L  r  3r2J 
W 


261  r  6  6Hdr 
Tj  [1+¥  +  ^ 


(7-12) 


where  is  as  defined  earlier.  Although  the  right-hand  side  of  Equation  (7-12)  can  be  integrated 
to  a  result  containing  only  elementary  functions,  it  is  much  more  convenient  to  carry  out  a  numeri¬ 
cal  integration  in  the  case  where  this  integral  is  to  be  applied.  However,  if  we  are  interested  in 
the  case  where  the  phase  boundary  layer  is  very  thin  compared  with  the  radius  of  the  drop,  6  «r, 
we  can  then  neglect  the  terms  6/r  and  6 2/r2.  After  making  this  approximation,  Equation  (7-12) 
may  be  integrated  to 


l 


a/a^  n  (l  +  26/r)"1  .  (7-13) 

Tolman  points  out  that  the  most  apparent  weakness  in  his  theory  is  in  the  assumption  that  6 
is  invariant  with  r.  This  assumption  doeB  not  seem  completely  justified,  in  that  6  is  probably  re¬ 
lated  to  the  intermolecular  forces  in  the  surface  layer,  and  these  forces  would  be  dependent  in 
some  manner  upon  r. 

Table  7-1  shows  the  manner  in  which  o/o^  varies  with  6/r  for  both  the  approximate  and  exact, 
numerically  integrated  solutions  of  Equation  (7-12). 


TABLE  7-1.  THE  EFFECT  OF  BOUNDARY-LAYER  THICKNESS 
ON  SURFACE  TENSION  FOR  SMALL  DROPS 


6/r 

o/a a,  (Approx, ) 

o/Oa,  (Exact) 

0 

1 

1 

0.  01 

0.98 

0.98 

0.  02 

0.96 

0.96 

0.  05 

0.91 

0.91 

0.  1 

0.83 

0.83 

0.  7 

0.  42 

0.  36 

1.  00 

0.  33 

0.28 
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A  comparison  of  the  result^  in  the  middle  and  right-hand  columns  shows  that  the  deviations 
between  the  approximate  and  the  exact  results  become  appreciable  as  the  ratio  6/r  becomes  large; 
or,  in  other  words,  as  r  becomes  small,  which  is  the  important  case.  Thus  for  small  r'e,  the 
exact  solution  should  be  used. 

In  contrast  to  Shereshefsky's  results,  which  show  considerable  departure  from  Equation 
(7-7),  Thom5(7-4)  was  able  to  verify  Equation  (7-7)  for  isovaleric  acid.  He  employed  an  Optical 
interference  manometer  having  a  sensitivity  of  2  x  10" H  atmospheres  to  measure  the  differential 
liquid  vapor  pressure  between  a  plane  surface  and  a  minute  capillary.  Adam^"®),  in  analyzing 
ThomS's  data,  claims  that  these  measurements  were  within  an  accuracy  of  10  per  cent  which  is 
probably  the  experimental  error  of  these  very  delicate  measurements. 

Rodebush^-^)  has  also  examined  the  behavior  of  Equation  (7-7)  from  the  standpoint  of 
thermodynamics.  He  concludes  that  this  equation  cannot  hold  below  a  drop  size  of  10"?  cm 
(133  water  molecules),  because  it  is  impossible  to  speak  of  saturation  pressure  when  the  equilib¬ 
rium  pressure  is  dependent  upon  the  concentration  of  molecular  clusters  present.  As  long  as  the 
saturation  pressure  is  fixed  with  respect  to  a  single  drop,  vapor-liquid  equilibrium  exists.  When 
the  aggregates  become  so  small  that  their  concentration  becomes  significant  in  determining 
equilibrium,  we  are  dealing  with  homogeneous  and  not  heterogeneous  equilibrium. 

Rodebush  substantiates  this  viewpoint  by  the  following  treatment  of  the  entropy  of  the  droplet- 
vapor  system: 

The  equilibrium  between  the  vapor  and  molecular  clusters  may  be  expressed  in  terms  of 
Sc,  the  cluster  entropy  by: 

Sr  =  ST  +7  (S')  ..  +  S  , 

c  L  n  'coll  vap  ’ 

where  is  the  entropy/mole  of  the  liquid;  (S‘)cojj  is  the  sum  of  translational  and  rotational 
entropies  which  contribute  to  the  total  entropy  of  an  aggregate  of  n  molecules  in  the  gas  phase;  and 
Svap  is  the  entropy  of  vaporization. 

The  surface  entropy  can  be  written  as  AH/T,  where  AH  is  the  heat  of  vaporization  of  the 
liquid.  From  a  comparison  of  Equation  (7-7)  with  the  Clausius-Clapeyron  vapor-pressure  equa¬ 
tion,  it  is  easily  shown  that: 


AH  2oVB 

■  ~rs-?r 


Therefore,  the  entropy  of  a  cluster  may  be  written  as: 


20V 


Sc  =  SL  (S,)coll  rT 


B 


> 


where  the  last  term  shows  the  effect  of  surface  tension  in  reducing  the  entropy  of  the  liquid  phase. 

Figure  7-1  shows  tho  entropy  curves  for  the  liquid  and  the  vapor  Sy  as  a  function  of  radius. 
The  liquid  entropy  curve  shows  a  minimum  at  a  radiuB  close  to  10"?  cm.  This  minimum  cor¬ 
responds  to  the  transition  from  cluster  to  drop. 

The  contribution  of  surface  tonsion  to  the  maximum  decrease  of  entropy  is  about  two  entropy 
units.  This  portion  of  the  entropy  is  small  in  comparison  with  the  colligativc  entropy  of  the  clus¬ 
ter.  Since  the  aggregates  which  represent  the  liquid  phase  are  in  suspension,  we  may  treat  them 
as  large  molecules  in  a  homogeneous  vapor  phase;  this  viewpoint  implies  that  these  macromole- 
culcs  possess  translational,  rotational,  and  volume-concentration  entropies.  It  can  then  be  stated 
that  the  share  of  this  entropy,  per  molecule,  is  l/n  of  the  total  entropy,  where  n  is  the  number  of 
molecules  per  aggregate.  When  the  number  of  molecules  making  up  the  aggregate  is  less  than  100, 
this  contribution  from  colligativc  entropy  will  more  than  offset  the  entropy  decrease  due  to  surface 
tension,  and  a  minimum  entropy  must  occur  near  a  radius  of  10"?  cm. 
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FIGURE  7-1.  THE  RANGE  IN  ENTROPY  OF  A  WATER  DROP 
AS  A  FUNCTION  OF  ITS  RADIUSt7"6) 


Heterophase  Fluctuations  in  Phase  Change 


In  the  discussions  above,  reference  was  made  to  the  concept  of  a  transformation  in  phase  (A) 
being  preceded  by  the  formation  of  "embryos"  of  a  new  phase  (B).  These  embryos  may  consist  of 
minute  droplets  or  gas  bubbles,  or  crystallites;  the  number  of  small  embryos  fluctuates  in  time, 
because  some  grow  into  substantial  agglomerates  of  the  new  phase,  while  still  others  dissociate 
into  molecules  of  the  predominating  phase  (A). 

Frenkel^7”7)  has  developed,  through  theoretical  considerations,  a  statistical  equation  which 
permits  the  calculation  of  the  number  of  embryos  of  a  given  size.  His  theory  is  quite  general  and 
is  applicable  to  any  phase  transition.  The  two  basic  assumptions  which  are  necessary  for  the  devel¬ 
opment  of  this  theory  are  that:  (1)  in  the  range  of  thermodynamic  stability  of  phase  (A),  the  latter 
is  not  homogeneous,  but  contains  embryos  of  phase  (B);  and  (Z)  the  embryos  of  phase  (B)  are  in¬ 
creasingly  numerous  as  the  rate  of  transition  increases.  The  distribution  function  for  Ng,  the 
number  of  embryos  consisting  of  £  molecules  is: 

W>B  '  V*  +  ^g2/3}  /kT  '  (7_14) 

where  F  is  the  total  number  of  'molecules1  in  the  generalized  sense,  that  is  the  nuclei  of  different 
sizes  which  are  being  treated  as  molecules  of  different  kinds,  N^  is  the  number  of  phase  (A)  mole¬ 
cules;  (Jij  is  the  chemical  potential  of  a  particular  phase;  and  n  is  a  constant  proportional  to  surface 
energy. 

Equation  (7-14)  may  be  written  in  the  form: 


Ng  =  F$*  c-Jigi/3/kT  (  (7-15) 

where 

5  =  Y-°-(*b  ”  *A,/kT  '  (7~16> 
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This  is  convenient  because  it  is  now  possible  to  show  how  the  distribution  function  varies  with 
temperature  and  pressure. 


Suppose  that  the  temperature  T  of  the  system  in  question  is  close  to  the  equilibrium  tempera¬ 
ture  T0.  This,  of  course,  corresponds  to  an  equilibrium  pressure  PQ  between  phases  (A)  and  (B). 
At  equilibrium,  <l>A(Pol  Td)  =  <3>g  (POJ  T0),  and  the  difference  in  chemical  potential  between  the 
'phases  may  be  written  in  the  following  approximate  form;.. 

-*A  = 

Because 


=  si  . 

T=T0 

the  standard  molecular  entropy  of  phase  i,  we  may  write 


*B  -  *  A  =  (SB  -  SA)(T  -  T0)  .  (7-17) 

The  entropy  of  the  phase  transition  is  related  to  X,  the  heat  of  transition  by 

(Sb  -  SA)  =  -X/T0  . 

Therefore,  the  temperature  dependence  of  the  difference  in  chemical  potential  is; 

T  -  T 

*B  ’  1»A  8  -T-2  ■  (7“18) 

*o 

From  this  relation,  it  may  be  seen  that  in  the  pretransition  state  of  (A),  (J>g  ><1>A,  that  is,  T<T0  if 
X<0,  or  T>T0  is  X<0.  Corresponding  to  the  supercooled  or  superheated  state  of  (A),  we  have  the 
condition  that  This  is  possible  if  T>T0  for  X>0,  or  T<T0  for  X<0. 

By  substituting  from  Equation  (7-18)  into  Equation  (7-16),  there  results: 

5  .  (na/f)  e«T  -  To'/kTo  5  eX<T  -  T°>/kTo  , 

where 


N* 


F  . 


An  examination  of  the  behavior  of  £,  the  chemical-potential  dependent  portion  of  the  distribu¬ 
tion,  with  pressure,  yields  a  somewhat  more  interesting  result.  If  we  assume  a  fixed  T  while  the 
pressure  varies  from  its  corresponding  equilibrium  value,  we  may  then  write: 


%  <p.  To>  -  *A  (p.  To> 


(P  -  P0> 


(7-19) 


Since 
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the  molecular  volume  of  a  phase  in  an  equilibrium  state  of  the  phate,  Equation  (7-19)  may  be  re¬ 
written  as; 


$B  -  0A  =  (Vb  -  V^MP  -  P0) 


(7-20) 


Substitution  of  this  form  of  the  chemical  potential  in  Equation  (7-16)  gives: 

NA  (Vb  -  VA)(P  -  P0)/kT0 

%  ~  — e  •  (7-21) 

If  it  is  supposed  that  P  is  smaller  than  the  equilibrium  (saturation)  pressure  PQ,  then,  upon 
substituting  the  approximate  expressions 


kT, 


(Vb-  Vi)  =  "Vi¬ 


and  F  =  Na  into  Equation  (7-21),  there  results: 


f  =  e“*P°  "  P^Po  .  (7-22) 

In  the  instance  of  a  supersaturated  vapor,  a  relation  between  P  and  gc,  the  critical  value  of 
£  for  a  minimum  N,  can  be  found  by  equating  dNg/dg,  in  Equation  (7-15),  to  zero  and  substituting 
the  above  form  of  This  result  may  be  written 


p-po 

Po 


It  is  of  interest  to  note  that  this  equation  is  merely  an  approximate  form  of  Equation  (7-7), 
with  F0  standing  for  P*,,  and  with  log  ( P/P *,)  replaced  by  (P/P*,)-!.  It  may  also  be  seen  that 
1/3 

^/3gc  '  corresponds  to  ZaV^/rc  in  Equation  (7-7),  where  rc  is  the  critical  radius  of  the  drop. 

The  latter  relation  must  follow  from  the  definition  of  surface  energy,  47rr^0  =  p g^' in  conjunction 
with  47T^  s  g^B* 

Equation  (7-7)  may  be  obtained  in  exact  form  if  -  <t>A,  in  the  pressure  dependent  case,  is 
replaced  by: 


P 

^  "  /  (VB  -  VA)  dP  =  -kT  In  P/PQ  . 

Po 

An  experimental  verification  of  the  theory  of  heterophase  fluctuations  has  not,  as  yet,  been 
carried  out.  The  principal  difficulty  that  would  be  encountered  in  such  an  investigation  is  the 
measuring  of  a  low  concentration  of  liquid  embryos  in  the  presence  of  normal  unaBBOciated  gas 
molecule s.  Frenkel^-^)  has  suggested  that  the  steady-state  concentration  of  liquid-phase  em¬ 
bryos  might  be  measured  by  the  Raman  scattering  produced  by  the  condensed  phaBe.  EandBburg(^-®) 
has  already  shown,  through  Raman  scattering  measurements  carried  out  on  vapors  at  high  pres¬ 
sures  and  near  the  critical  temperature,  that  embryos  can  be  detected.  However,  his  work  lends 
only  qualitative  support  to  the  theory  of  hcterophaBe  fluctuations.  Frenkel  also  suggests  that  a 
measurement  of  the  extinction  of  ultrasonic  waves  might  be  a  satisfactory  means  for  detecting 
embryonic  gas  bubbles  in  a  liquid  phase;  his  suggestion  is  based  on  the  fact  that  a  gas  phase 
possesses  a  relatively  higher  compressibility  than  does  the  liquid  phase.  Such  measurements 
would  obviously  require  extremely  sensitive  and  stable  sonic-measuring  devices. 
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THE  KINETICS  OF  PHASE  TRANSITION 


The  application  of  statistical  thermodynamics  to  a  system  in  a  metastable  pretransition  state 
can  only  yield  results  that  are  valid  over  a  short  time  interval.  This  limitation  is  imposed  be¬ 
cause  a  thermodynamic  treatment  of  the  system  assumes  equilibrium...  A  second  limitation  of  this 
particular  treatment  is  imposed  by  the  fact  that  the  system  is  assumed  to  consist  of  ideal  rigid 
spherical  molecules.  In  a  more  realistic  treatment,  the  interaction  forces  between  real  mole¬ 
cules  in  both  the  liquid  and  the  gas  states  would  be  considered. 


Treatment  by  Classical  Statistics 


In  the  kinetic  treatment  of  phase  transition,  we  will  extend  the  previously  derived  thermo¬ 
dynamic  results  to  predict  the  rate  at  which  a  phase  change  will  take  place.  Although  thermo¬ 
dynamics  alone  cannot  predict  this  rate,  this  approach  does  form  a  part  of  the  foundation  upon 
which  the  rate-process  equations  are  constructed. 

Although  many  qualitative  speculations  have  been  made  concerning  the  mechanism  of  evapo¬ 
ration  and  condensation,  Volmer  and  Weber(^”9)  appear  to  be  the  first  workers  to  have  proposed  a 
theoretical  treatment  of  these  processes  in  a  supersaturated  vapor.  In  this  treatment,  Equations 
(7-15)  and  (7-16),  which  express  the  number  of  the  phase  (B)  embryos  in  the  quasi-homogeneous 
system  (A)  +  (B),  are  used  with  the  provision  that  all  embryos  which  greatly  exceed  the  critical 
number  gc  are  to  be  eliminated  from  consideration.  The  critical  number  gc  is  defined  by  the 
maximum  of; 


A®  a  ($B  -  d>A)  g  +  Aig2^3  , 


which  is 


ec”(3  tA-\J 


Statistically,  the  number  of  phase  (B)  nuclei  is  given-by: 


N!c  ■  F(l)  •'W*W/kT  - 

or  approximately  by: 

Nff  ■  N  e 
8c 

In  the  process  of  growth,  the  drops  pass  through  a  critical  site,  which,  when  exceeded,  re¬ 
sults  in  rapid  macroscopic  condensation.  The  velocity  of  this  process  is  proportional  to  the  num¬ 
ber  of  drops  of  critical  site  which  exist  in  the  system  at  any  instant.  This  critical  number  is 
given  by  Equation  (7-23). 


Mgc 


2/3 


3  kT 


(7-23) 


From  the  standpoint  of  gas  dynamics,  the  velocity  of  condensation  of  the  vapor  is  the  product 
of  Ngc  by  the  number  of  single  vapor  molecules  which  strike  the  total  surface  of  the  droplets  in  the 
system.  This  collision  number,  per  unit  area,  is: 


(5  ■  A 


1/2 


P  (27TmkT)"1/2 


(7-24) 


where  A  is  the  total  number  of  molecules  in  the  gas  phase,  (A),  and  m  is  the  mass  of  one  molecule 
of  the  gas.  The  condensation  velocity,  as  defined,  for  the  total  area  of  spheres  of  critical  radius 
is,  therefore: 
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(7-25) 


Q  =  4m^P  N  e"47rarc/kT  (27rmkTf  , 
where  the  radius  of  the  drop  and  g  are  related  by  means  of  *  4?rr^a. 

Kaishev  and  Stranski'  have  derived  a  somewhat  more  refined  relation  than  that  given  by 
Volmer  and  Weber.  The  expressions  derived  may  be  applied  to:  (1)  the  formation  of  liquid  nuclei 
in  a  saturated  vapor,  (2)  the  growth  of  simple  cubic-lattice  crystals  from  supersaturated  vapor, 
and  (3)  the  formation  of  gas  nuclei  in  a  superheated  liquid.  Each  of  these  results  is,  however, 
based  on  Equation  (7-25)  and  its  characteristic  exponential  term. 

Farkas(7“H)  also  extended  Volmer  and  Weber's  theory  to  give  a  simple  expression  for  com¬ 
puting  the  rate  of  liquid  nucleus  formation  in  a  supersaturated  vapor.  According  to  this  work,  the 
rate' of  nucleation  is  constant  as  long  as  the  initial  conditions  remain  fixed;  the  rate  of  formation 
is  in  close  agreement  with  that  predicted  by  Equation  (7-25). 

Following  the  early  work  on  the  kinetic  aspects  of  phase  transition,  Becker  and  D8rihg^“*^ 
formulated  a  better  approximate  theory  based  upon  the  earlier  treatment  of  Frenkel(7"  13),  The 
Becker  and  Doring  work  appears  to  be  the  most  satisfactory  approach  to  the  problem  in  spite  of 
the  fact  that  it  is  somewhat  unrealistic (7-14).  They  rejected  the  purely  thermodynamic  approach 
of  the  early  workers  and  attacked  the  problem  from  a  kinetic  standpoint,  taking  into  account  the 
influence  of  evaporation  on  condensation  rates.  It  is  of  interest  to  note  that  their  rate  equation 
may  be  applied  either  to  evaporation  or  to  condensation.  In  the  derivation  which  is  to  follow,  a 
condensation  process  will  be  used  as  before. 

If  cig  is  the  number  of  molecules  which  are  evaporated  per  unit  area,  per  unit  time,  from  the 
surface  Sg  of  a  drop  composed  of  £  molecules  (g>2),  then  Sgdgdt  is  the  probability  that  the  drop 
will  lose  one  molecule  by  evaporation  in  time  dt.  Similarly,  Sg/3dt  is  the  probability  of  the  conden¬ 
sation  of  a  single  molecule  on  the  same  drop.  If  the  system  consisting  of  phases  (A)  +  (B)  is  in  a 
stable  state,  then  by  the  principle  of  detailed  balance: 

NgSg“g  =  N(g-1)  S(g-1)^  •  (7"26) 

It  can  be  shown  by  a  somewhat  lengthy  proof  that, 


Ng  „NA  . 
Ng-i  *  F  6 


(<t>B  -  ^a)  +  2/3Mg 


-1/3 


/kT 


(7-27) 


where  symbols  have  the  same  meaning  as  used  previously.  By  substituting  from  Equation  (7-27) 
into  Equation  (7-26),  we  have: 

ag,J_0[<»A-«B>W/3>T  (M„ 

•V 

If  the  case  where  g»2  is  considered,  then  the  ratio  Sg  _  |/Sg  »  1.  Also  F/N ^  will  be  closo 
to  unity  if  the  total  number  of  drops  is  small.  Using  these  approximations  in  conjunction  with  the 
relation: 


Equation  (7-28)  becomes: 


2oV 


B 


3«f1/3 


2oVb 


(7-29) 
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It  is  interesting  to  note  how  cig  behaves  for  drops  of  the  critical  size.  By  substituting  from 
Equation  [7-29)  and  then  introducing  the  pressure-dependent  form  of  the  chemical  potential, 


=  -  kT  log 


J 


into  this  result,  we  have: 


a  =0  .  (7-30) 

&c 

This  result  expresses  the  fact  that  at  critical  drop  size,  the  condensation  rate  is  just  equal  to  the 
evaporation  rate. 

The  validity  of  the  expression  for  a g  is  independent  of  the  existence  of  equilibrium  in  the 
distribution  of  (B)  embryos  with  respect  to  their  size,  as  long  as  the  velocities  and  coordinates 
of  the  molecules  both  in  the  liquid  and  in  the  gas  phase  preserve  a  Maxwellian  distribution.  The 
relaxation  time  required  for  the  establishment  of  this  equilibrium  is  always  extremely  short  in 
comparison  with  the  time  required  for  the  establishment  of  an  equilibrium  distribution  of  embryos 
with  respect  to  their  . size. 

We  may  now  derive  the  nonequilibrium  (kinetic)  equations  of  evaporation  or  condensation  in  a 
system  consisting  of  phases  (A)  and  (B),  using  the  previously  derived  equations  for  both  a.g  and  (3. 

It  is  now  necessary  to  replace  Ngand  N(g_i)  by  the  symbols  fg  and  f(g_i),  which  denote  these  num¬ 
bers  in  a  nonequilibrium  distribution.  Since  Equation  (7-26)  would  not  be  valid  if  fi  were  substituted 
for  Njj  we  must  use  a  new  relation  between  the  evaporation  and  condensation  rates.  If  Ig  is  taken 
to  be  the  difference  between  the  number  of  drops  which,  by  condensation,  pass  from  class  (g-1)  to 
class  g,  and  those  which  pass  by  evaporation  from  class  g  to  class  (g-1),  we  may  write: 

V'lHlVuP-Wf  •  (7-31) 

By  substituting  otg  from  .Equation  (7-26)  into  Equation  (7-31),  Ig,  in  terms  of  the  collision  rate  is: 

The  kinetic  expression  for  the  time  rate  of  change  of  drops  passing  from  one  class  to  another  is: 


=  *g  "  l(g+U 


(7-33) 


If  we  consider  the  drop  surface  aB  a  function  of  £,  that  is,  S(g),  then  for  moderately  large 
values  of  g, 


S(g-l)  0  b  S(g)  (3  =  D(g)  .  (7-34) 

The  D(g)  term  is  a  measure  of  the  diffusion  of  the  drop  through  space  as  a  function  of  the  number 
of  molecules  which  it  contains.  This  diffusion  rate  is  related  to  the  mobility  of  the  drop,  q, 
through  Einstein's  relation  q  =  D/kT,  where  the  diffusion  coefficient  is: 

D  =  |  4tt(32)  V2  g2J  1/3  0  . 

By  taking  into  account  the  approximation  used  in  Equation  (7-34)  and  by  treating  g  as  a  continuous 
variable,  Equation  (7-32)  may  be  written  aB; 
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(7-35) 


■tel  •  "N(g)  *«>  *  fs  [$$] 

where  the  partial  derivative  replaces  the  finite  difference.  Substitution  of  S(g)  in  Equation  (7-35) 
by  the  diffusion  term  in  Equation  (7-34)  gives 


Kg)  =  -D(g)  N(g) 


jL 

dg 


Kg) 


N(g) 


(7-36) 


After  expansion  of  the  derivative  in  this  equation  and  rearranging  terms, 

Since  we  have  shown  generally  that  N(g)  =  Equation  (7-37)  can  be  written  as: 


(7-37) 


.  _<Jf  D  , 

1  =_D  dg  ‘  kT 


d  A$(g) 
dg 


(7-38) 


This  equation  is  analogous,  in  form,  to  the  equation  for  the  diffusion-dependent  flow  of  parti¬ 
cles  distributed  over  the  g-axis  with  a  density  f(g).  The  thermodynamic  potential  A$(g)  may  be 
likened  to  an  external  driving  force  which  brings  about  the  diffusion  transport  in  the  system. 

A  final  kinetic  equation  for  f(g),  the  nonequilibrium  distribution  function,  may  be  had  by  re¬ 
writing  Equation  (7-33)  as: 


d_i_  -  .  a 

dt  “  (g-1)  ■  g "  -  dg  ’ 


and  by,  in  turn,  substituting  this  result  in  the  differentiated  form  of  Equation  (7-38).  This  gives, 


dl_  __  dj_  _1_  J_  j  .  dM>_  \ 
dt  =  g  Ddg  +  kT  dg  dg  j 


(7-39) 


Equation  (7-39)  does  not  correspond  to  the  simple  analogue  given  for  Equation  (7-38);  the  essential 
difference  is  that  D  is  now  taken  as  dependent  upon  £.  However,  this  dependence  is  weaker  than 
that  of  f(g),  especially  when  a  narrow  range  of  f  is  taken  which  is  close  to  the  point  where  g  =  gc. 


Becker  and  Doring  obtained  a  satisfactory  solution  to  this  equation  by  resorting  to  the  sort 
of  approximations  used  in  solving  similar  equations  which  arise  in  connection  with  electrical  net¬ 
works,  In  thiB  method,  the  summations  which  appear  in  the  general  solution  of  Equation  (7-39) 
are  replaced  by  integrals.  This  method  of  solution  is  complex  and  involves  numerous  assump¬ 
tions.  (7-15) 

Seven  years  after  the  Becker  and  Doring  work,  Zcldovich^" ^  succeeded  in  solving 
Equation  (7-39)  by  a  simple  mathematical  technique.  The  accuracy  of  his  solution  is  equal  to  that 
of  the  original  workers.  He  considers  first  the  steady-state  distribution  where  {  f /  t)n  0.  This 
is  equivalent  to  writing  Equation  (7-39)  in  partially  integrated  form.  Since  1(g)  must  be  constant 
under  this  assumption,  Equation  (7-36)  must  satisfy  this  condition.  Equation  (7-36)  maybe  in¬ 
tegrated  to: 


Kg)  =  I  N(g)  f 
g 


N(g)  D(g) 


(7-40) 


where  G  is  an  arbitrary,  finite,  upper  limit.  It  is  now  assumed  that  all  £  to  be  consider  d  lie 
close  to  the  critical  value  gc;  this  is  equivalent  to  selecting  a  range  of  the  independent  veriable 
corresponding  to  the  minimum  value  of  N(g)  =  Ce'^^kT 
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By  substituting  for  N(g)  in  Equation  (7-40)  the  distribution  is: 


f(g)  =  I  e 


•=A<J>/kT 


G  eA^/kTdg 
(  D(g) 


(7-41) 


Now, 


e^^/kT  can  j)e  shown  to  possess  a  sharp  maximum  at  the  critical  value  of  g.  It  is 


convenient 


to  expand  Ai>  in  a  Taylor  series  about  (g-gc).  This  yields: 


where 


A<f>  =  A  * 


max 


(7-42) 


(7-42)' 


The  higher  terms  of  the  expansion  are  neglected  since  g  is  selected  close  to  gc.  Upon  substituting 
this  expansion  in  Equation  (7-41)  and  also  using  D(gc)  for  D(g),  the  distribution  becomes: 


f(g) 


D(gc) 


—  — 
exp  Ad>(gc)  -  A<t(g) 


/kT 


G“gc  e-^2/2kTdC 
-(gc-g) 


where  the  dummy  variable  of  integration  is  (•  =  g-gc. 


Equation  (7-43)  may  be  reduced  to  an  easily  integrated  form  if: 


and 


(7-43) 


where  these  intervals  are  illustrated  in  Figure  7-2.  These  inequalities  simply  place  permissible 
limitations  upon  the  range  of  £  with  respect  to  gc.  Under  the  conditions  of  those  inequalities,  the 
limits  of  integration  become  ±  oo. 


gives 


Introducing  N(g)/C  for  e"^^g)/^T  >n  £qUatjon  {7_43)(  and  using  the  new  limits  of  integration 


+00 

M.  ,  1  cA»(gr)/kT  f  -7^/2kT 

N(g)  •  CD(gc)  J.  ^  • 


(7-44) 
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FIGURE  7-2.  RELATION  OF  f  AND  N  to  g 


The  above  integral  is  symmetric  in  its  integrand  and  may  be  taken  as  twice  the  integral  over  the 
limits  of  0  to  oo.  This  is  the  familiar  Euler  integral  that  appears,  in  many  statistical  problems;  its 
value  is 


2?rkT 

7 


Equation  (7-44)  may  then  take  the  form 

*(g)  I  A«(gc)/kT  ( 2trkT \  1/2 
N(g)  "  CD(gc)  [  7  / 


(7-45) 


Figure  7-2  graphs  the  behavior  of  both  N  and  f  as  functions  of  g.  It  may  be  seen  that  for 
g«gc,  the  nonequilibrium  distribution  f(g)  must  be  nearly  equal  to  N(g).  It  then  follows  that  this 
equivalence  must  hold  also  in  the  range  g  *  1  to  g  =  gc-  VkT/y.  In  other  words,  when  the  number 
of  molecules  constituting  the  embryo  is  considerably  less  than  the  critical  number  for  rapid 
macroscopic  growth  of  a  phase,  the  nonequilibrium  and  equilibrium  distributions  are  nearly  equal. 


Figure  7-2  shows  also  that  the  equilibrium  distribution  N(g)  becomes  a  minimum  at  gc,  then 
increases  for  g>gr.  The  corresponding  nonequilibrium  distribution  f(g)  takes  a  value  of  N(g)/2  at 
gc,  then  vanishes  for  values  of  g  =  G. 


For  the  range  g«gc,  Equation  (7-45)  may  be  set  equal  to  unity.  This,  with  the  substitution 
of  N(gc)  for  the  product  of  constant  C  and  the  exponential  term,  as  was  done  in  connection  with 
Equation  (7-33),  gives 


I  *  D(gc)  Ce"A<^8c)/kT 


,2nkT 


1/2 


N(gc)  D(gc)  Ut^t 


1/2 


(7-46) 


The  coefficient  C  is  thus  identified  with  N,  the  total  number  of  molecules  in  the  vapor  phase. 

Finally,  Equation  (7-46)  can  be  transformed  into  an  expression  for  Q/N,  the  ratio  between 
the  number  of  collisions  which  result  in  condensation  and  the  number  of  vapor-phase  molecules 
which  are  present  in  the  system.  Equation  (7-46)  is  first  reduced  to  an  equation  in  rc,  the  critical 
radius.  This  Is  accomplished  in  two  steps.  First,  by  combining  D(gc)  a  S(gc)0,  S(gc)  =  4tit‘:  and 
0  ■  P(27TmkT)”  1/2,  the  diffusion  coefficient  becomes 

D(gc)  "  PUrnnkT)-172  •  (7-47) 

Then,  by  combining  Equation  (7-47)  with  Equation  (7-36)  and  substituting  4/3 nor2  for  o^gc),  we 
have 
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1/2 


(7-48) 


Q  .  zL.  X 

N  -  2t!t  kT  m 


gc  e'4mV3kT  • 


The  elimination  of  7  from  Equation  (7-48)  is  carried  out  by  differentiating 

A4>  =  -  ($A  -  cJ>B)  g  +  ngZ^ 

with  respect  to  g,  replacing  fi,  in  the  derivative,  from 

,2/3 


gc 


■(i  A)' 


and,  again,  differentiating  with  respect  to  g  to  give  an  expression  of  the  form  of  Equation  (7-42)' 


from  which. 


7  =  1/3  ($A  -  <J>g)/ gc  , 


which,  in  turn,  is  substituted  into  Equation  (7-48)  to  give  the  resulting  expression 


,-47rar2/3kT  _P  ./ 1  ~  *B>gc\ 

kT  [1  m  ^ 


(7-49) 


This  result  is  practically  the  same  as  that  resulting  from  the  more  elaborate  treatment  of  Becker 
and  Doring.  It  differs  somewhat  from  Volmer  and  Weber  'b  expression  which  is  given  by  Equa¬ 
tion  (7-25). 


The  Becker-Doring-Zeldovich  theory  shows  limited  agreement  with  the  experimental  data  of 
Volmer  and  Flood^-^)  which  was  taken  on  the  adiabatic  expansion  of  air  containing  water  vapor. 
These  workers  found  a  value  of  5.  03  for  PfPK  (cf.  Equation  7-7)  at  261*  K  for  the  condensation 
process;  if  loge  1  =  1  (corresponding  to  2.  7  nuclei  formed/cm^/sec)  the  theoretical  value  for 
P/Poo  =  5.  14  for  this  temperature;  however,  very  small  changes  in  P/Poo  cause  correspondingly 
large  changes  in  I. 

Sander  and  Damkohler^- studied  the  critical  supersaturation  pressure  of  air-water  vapor 
as  a  function  of  temperature  and  found  that  for  loge  1  =  1,  P/Poo  can  be  expressed  as 


l°ge  P/Poo  =  (780/T)  -  1.  521  . 

This  result  is  in  reasonably  good  agreement  with  the  Becker  and  Doring  theory  since  the  latter 
requires  that  if  I_ is  constant,  log  P/Poo  is  proportional  to  T“3/2  providing  that  the  pre-exponential 
term  is  nearly  independent  of  T.  Sander  and  Damkohler  have  also  proposed  a  theoretical  ex¬ 
pression  for  I  in  terms  of  a  number  of  molecules  which  are  required  for  a  critical  nucleus.  Their 
condensation  data,  however,  did  not  fit  this  theoretical  expression  unless  the  surface  energy  of 
water  was  taken  as  being  less  than  the  value  obtained  by  linear  extrapolation  from  higher  tem¬ 
peratures.  There  is,  of  course,  a  possibility  that  such  a  nonlinear  dependence  might  exist  for  the 
case  of  supercooling;  it  may  thus  be  possible  to  explain  these  results  on  the  basis  of  the  size  of  the 
critical  nucleus  becoming  very  small  for  large  values  wf  P/P ^  Hence,  the  variation  of  the  inter¬ 
facial  free  energy  with  the  radius  of  the  drop  might  be  considered  in  light  of  the  arguments  pre¬ 
sented  by  LaMer  and  Pound(7”19), 

By  a  slight  modification  in  the  preceding  theory,  we  may  easily  demonstrate  that  by  inter¬ 
changing  (A)  and  (B),  Equation  (7-49)  may  be  applied  to  the  reverse  process  of  the  boiling  up  of  a 
liquid  drop,  in  which  a  metastable  state  exists  because  of  a  negative  pressure  or  overheating. 
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Treatment  by  Quantum  Statistics 


Prior  to  1948,  no  attempt  was  made  to  treat  the  evaporation  of  droplets  from  the  viewpoint 
of  the  Eyring  theory  of  absolute  reaction  rates.  Penner(7-20)  first  demonstrated  that  this  theory 
might  be  applied  to  the  evaporation  process  to  give  some  useful  results.  In  the  most  recent  devel¬ 
opment  of  Penner's  work,  it  is  necessary  to  make  certain  assumptions  regarding  the  nature  of  the 
"activated  complex"  associated  with  the  process,  which  will  presently  be  discussed. 

In  the  first  treatment  of  evaporation,  Penner  develops  an  expression  for  calculating  the 
maximum  possible  rate  of  isothermal  vaporization  of  a  liquid  drop.  It  is  first  assumed  that 
evaporation  is  a  first  order  process,  that  is,  that  the  rate  of  evaporation  is  proportional  to  the 
number  of  molecules  exposed  at  the  surface  of  the  drop.  Two  equally  important  additional 
assumptions  are  that  a  Maxwell-Boltzmann  distribution  of  molecular  velocities  exists  in  the  liquid 
and  that  the  molecules  that  escape  from  the  drop  surface  have  an  energy  that  is  in  excess  of  the 
energy  of  vaporization  AEvap.  The  final  rate  equation  is 


e 


1/2 


u  e 


■AHvap/kT 


(7-50) 


where  y  is  the  specific  heat  ratio;  u  is  the  velocity  of  sound  in  the  liquid;  and  e,  the  base  of  natural 
logarithm  enters  as  a  coefficient.  The  variables  and  u  in  this  equation  are  introduced  from  the 
equation  for  the  mean  free  path  of  the  liquid-phase  molecules,  Reference  (7-21). 


When  the  rates  of  evaporation,  calculated  from  Equation  (7-50),  are  compared  with  the  cor¬ 
responding  rates  calculated  from 


dr\  Ps  /  M  \  1/2 

d t)SJl  [TnWr) 


(7-51) 


where  p8  is  the  saturation  pressure  of  the  liquid;  p l  is  the  density  of  the  liquid;  and  M  is  the 
molecular  weight;  the  results  agree  well  with  the  measured  rates  found  for  most  nonpolar  liquids. 
Equation  (7-51)  is  based  upon  the  classical  kinetic  theory  of  gases,  and  was  first  proposed  by 
Knud8en(7-22), 


Table  7-2  shows  the  rates  of  evaporation  for  several  liquids  as  predicted  by  both  Equations 
(7-50)  and  (7-51)  at  various  temperatures.  The  column  headed  Z  is  the  ratio  of  the  rate  from 
Equation  (7-51)  to  the  rate  from  Equation  (7-50).  The  agreement  between  equations  is  relatively 
poor  for  polar  liquids,  such  as  for  the  alcohol  shown  and  for  water;  this  can  probably  be  attributed 
to  the  lack  of  a  correcting  term  in  Equation  (7-50)  for  the  degree  of  association  of  these  compounds. 
Calculations  indicate  that  the  value  of  Z  for  water  decreases  rapidly  with  increasing  temperature, 
but  that  7^  does  not  reach  unity  even  at  the  boiling  point. 

An  examination  of  the  figures  given  for  hydrocarbons  shows  that  for  short  chain  lengths  (low 
molecular  weights),  the  agreement  is  relatively  good,  while  with  longer  chains,  considerable  dif¬ 
ference  exists  between  values.  Penner  attributes  these  differences  to  the  fact  that  in  deriving  his 
equation,  a  free-spherc  model  of  the  molecule  is  used;  the  geometry  of  higher  hydrocarbon  mole¬ 
cules  docs  not  permit  a  good  spherical  approximation  to  be  made.  Compact  cyclic  molecules,  such 
as  benzene  and  cyclohexane,  show  an  agreement  which  is  cIobc  to  that  of  the  lower  paraffins. 

The  last  material  tabulated  is  mercury,  which  exhibits  a  large  departure.  This  is  to  be  ex¬ 
pected  because  liquid  metals  do  not  behave  as  perfect  liquids  in  the  sense  used  by  Pttzer(7-23). 
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TABLE  7-2.  MAXIMUM  POSSIBLE  RATE  OF  DECREASE  OF  DROPLET 
RADIUS  WITH  TIME  FOR  VARIOUS  LIQUIDS 


Compound 

Temp, 

C 

-dr/dt  (7-51), 
cm/  sec 

-dr/dt  (7-50), 
cm/sec 

z, 

ratio 

h2o 

25 

0.  342 

0.  0493 

7.  0 

CH3OH 

25 

3.  01 

0.465 

6.4 

C5H12 

25 

23.  8 

29.4 

0.  81 

C6H14 

25 

7.  37 

4.  53 

1.  6 

C7H16 

25 

2.  29 

0.  660 

3.  5 

C8H18 

25 

0.  750 

0. 0991 

7.  6 

c6H6 

20 

2.  56 

1.  68 

1.  5 

Cyclo-C6H12 

18.4 

2.  92 

1.  87 

1.6 

cci4 

20 

2.41 

1.  94 

1.2 

Hg 

20 

4.  3  x  10-6 

16.  1  x  10"6 

0.  27 

In  a  second  paper,  Penner  develops  an  equation  for  evaporation  rate  in  terms  of  absolute 
rate  theory.  Briefly,  his  assumptions  and  derivations  are  aB  follows:  The  evaporating  liquid 
molecules  are  assumed  to  behave  as  particles  moving  in  a  potential  box.  In  this  model,  it  is 
assumed  that  the  internal  contributions  to  the  partition  function  are  the  same  in  both  the  liquid  and 
in  the  vapor.  The  partition  function  is,  then, 


F  =  (27rmkT}3/2  Vf/h3  ,  (7-52) 

where  Vf  is  the  free  volume  of  the  molecules  in  the  liquid,  and  h  is  Planck's  constant.  The  free 
volume  iB  defined  as  the  total  volume  integral  of  that  portion  of  the  potential  energy  of  the  mole¬ 
cule  in  the  liquid  which  is  due  to  thermal  displacements  of  the  center  of  mass  of  the  molecule 
from  its  equilibrium  position.  Similarly,  the  partition  function  of  the  activated  complex,  that  is, 
of  the  association  of  a  molecule  with  its  critical  energy  is 

F*  =  (27rmkT)  Vf2('3/h2  . 

The  rate  of  evaporation,  in  molecules  per  second,  is  then 

K .  («)  (£) 

where  AEa,  t  is  the  activation  energy  per  molecule.  By  substituting  the  partition  functions  in 
Equation  (7-54),  we  have 

K-Vr"'1  (&)  ^  I.-"')  ■ 


(7-53) 


(7-54) 
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which  is  identical  with  the  evaporation  equation  given  by  Frenkel,  Reference  (7-24).  Calculated 
evaporation  rates,  based  on  Equation  (7-55),  are  much  smaller  than  rates  calculated  from  the 
Knudsen  equation,  Reference  (7-22). 

If  we  allow  for  the  coordination  of  one  degree  of  freedom  with  the  reaction  coordinate,  we 
can  replace  F*  by  the  partition  function 

F*  =  (27imkT)  V2/3/ h2  ,  (7-55) 

for  a  freely  moving  gas  molecule  where  V  is  the  volume  of  one  molecule. 

After  making  this  change,  the  rate  equation  becomes 


K  = 


1/2  -AEact/kT 

27im  J 


(7-57) 


By  assuming,  as  before,  that  the  activation  energy  for  the  reaction  is  AHyap,  that  is,  the  heat  of 
vaporization,  and  introducing  Kincaid  and  Eyring'8(7“25)  term  for  free  volume,  Equation  (7-57) 
may  be  written  as 


(  ir\  /u3 m\  ,-1/2  -AH/kT 

■(«]  =  (kW)  ,2’r»> 

where  the  variables  have  the  same  meaning  as  in  Equation  (7-50). 


(7-58) 


Table  7-3  shows  the  results  of  comparative  evaporation  rates  calculated  by  Equations  (7-58) 
and  (7-51).  The  ratio,  Z,  is  determined  in  a  manner  analogous  to  that  in  Table  7-2. 


The  results,  as  calculated  by  means  of  these  two  equations,  are  in  generally  good  agreement 
for  sphere-like,  ncnassociated  molecules.  This  is  to  be  expected,  because  in  the  treatment  of 
free  volume,  a  spherical  molecular  model  is  assumed. 

Penner(?-26)  jiaB  aiso  8hown  that  the  Knudsen  Equation,  (7-51),  and  Equation  (7-57)  may  be 
reduced  to  nearly  identical  forms,  provided  that  the  right-hand  number  of  the  Knudsen  equation  is 
multiplied  by  an  accommodation  coefficient  of  the  form  eK,  where  e  is  the  base  of  the  natural 
logarithms  and  k.  is  the  transmission  coefficient  for  activated  molecules  passing  over  the  potential 
barrier  associated  with  evaporation.  It  would  seem  likely  that  the  discrepancies  between  calcu¬ 
lations  made,  using  the  Knudsen  and  the  absolute-rate  equation,  are  due  to  incomplete  specifica¬ 
tions  of  the  physical  states  associated  with  the  partition  functions. 

In  the  derivation  of  the  total  partition  function  used  in  Equation  (7-54),  it  was  assumed  that 
the  internal  contributions  both  of  the  activated  and  of  the  normal  partition  functions  are  essentially 
equal.  This  equivalence  would  not,  of  course,  hold  for  a  liquid-vapor  system  composed  of  polar 
molecules,  because  a  constraint  is  imposed  upon  the  rotational  degree  of  freedom  of  a  polar  mole¬ 
cule  in  the  liquid  phase.  This  constraint  arises  in  connection  with  the  dipole  interaction  between 
molecules.  Thus,  it  is  necessary  to  take  into  account  a  hindered  rotation  effect  in  dealing  with 
polar  molecules. 

Kincaid  and  Eyring^-23)  have  introduced  the  "free  angle  ratio",  <t>,  as  a  means  of  correcting 
for  the  hindered  rotational  effect.  This  term  is  defined  as  the  ratio  between  the  liquid  rotational 
partition  function  and  the  corresponding  partition  function  for  the  gas  phase.  The  "free  angle"  is 
usually  defined  as  the  integral  over  the  angular  displacement  of  the  molecule  around  its  center  of 
maos. 
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TABLE  7-3.  COMPARISON  OF  THE  PREDICTED  EVAPORATION  RATES 
FOR  SEVERAL  LIQUIDS  BY  THE  KNUDSEN  AND 
ABSOLUTE®RATE  EQUATIONS 


Compound 

Temp, 

C 

-dr/dt  (7-58) 
cm/sec 

-dr/dt  (7-51) 
cm/  sec 

Z 

ratio 

h2o 

20 

0.  0134 

0.  254 

0.  053 

ch3oh 

25 

0.  205 

3.  01 

0.  068 

C5H12 

25 

27.2 

23.  8 

1.  1 

C6H14 

25 

5.67 

7.  37 

0.  77 

C7H16 

25 

0.926 

2.  29 

0.40 

C8H18 

25 

0.  159 

0.  750 

0.  21 

°6H6 

30 

4.42 

4.  03 

1.  1 

Cyclo-C^Hlz 

18.4 

2.94 

2.92 

1.  0 

cci4 

20 

3.04 

2.41 

1.  3 

Hg 

20 

5.7  x  10”4 

4.  3  x  10~5 

13 

Kincaid  and  Eyring  have  emphasized  the  fact  that  for  liquids  with  hindered  rotation,  the 
free-volume  free-angle  ratio  expression, 

J_  -  AHvap/kT 
Vf<t>  "  kT  ’ 

should  be  introduced  into  Qj,  the  internal  partition  function,  so  that 


Qi  =  <1>  ^rot|ga8j  Select) 


In  this  expression,  the  various  Q  factors  refer  to  the  internal-partition  functions  for  rotation, 
vibration,  and  electronic  degrees  of  freedom. 

Penner'^"^)(7“27)  has  shown  that  by  the  application  of  this  corrected  form  of  the  partition 
function  in  the  derivation  of  a  second  rate  equation,  there  results 


cvap 


e-AH^p/kT 


and  by  combining  this  expression  with  the  relation  of  Kincaid  and  Eyring,  there  is  obtained  a  rate 
equation  containing  x ,  ihe  barrier  transmission  coefficient.  This  may  be  written  as 

fcevap  B  *V2/3$  ps  (2nrnkT)'1/a  ,  (7-59} 

where  the  symbols  are  the  same  as  before. 
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If  G  is  taken  as  the  evaporative  weight  loss  per  unit  surface  per  unit  time,  then, 


G  =  1/S 


=  ke  Vn 


1/3 


(7-60) 


where  S  is  the  suface  area;  V  is  the  volume;  p^  i®  the  liquid  density;  and  n  is  the  number  of 
molecules  per  urit  volume.  Substitution  of  (7-59)  into  Equation  (7-60)  gives 


G  =  k4>  (27rmkT)“1/2  PgV2/3  p^n1/3 

Since  p^  V  =  m  <nd  n*/3  yl/3  _  Equation  (7-61)  can  be  reduced  to 

m  1/2 
G  =  ps  27rkT 


(7-61) 


(7-62) 


Thus,  it  has  been  shown  that  by  taking  into  account  the  effect  of  the  free-angle  ratio  on  the  parti¬ 
tion  function,  the  statistical  rate  equation  may  be  reduced  to  the  Knudsen  equation,  Equation  (7-51), 
having  a  coefficient  of  K. 

Since  ic  may  be  taken  as  nearly  unity,  a  comparison  of  Equation  (7-62)  with  Equation  (7-51) 
show9  that  the  evaporation  coefficient  of  a  polar  liquid  should  be  equal  to  0,  the  free-angle  ratio. 
This  result  is  confirmed  to  a  surprising  extent  by  the  experimental  data  of  Wylle(7”28). 

Table  7-4  compares  Wylie's  experimental  evaporation  coefficients  and  the  free-angle  ratio 
for  a  series  of  polar  and  nonpolar  liquids. 


TABLE  7-4.  COMPARISON  OF  EVAPORATION  COEFFICIENTS  WITH 
FREE-ANGLE  RATIO  FOR  SEVERAL  LIQUIDS(7“28) 


Liquid 

Temp, 

K 

e 

0 

cci4 

273 

1 

1 

C6H6 

279 

0.90 

0.85 

CHC13 

275 

0.  16 

0.54 

c2h5oh 

273 

0.  020 

0.018 

ch2oh 

273 

0.  045 

0.  048 

h20 

283  to  303 

0.  036  to  0.  040 

0.  04 

Wylie  calculated  the  evaporation  coefficients,  e,  from  a  comparison  of  experimental  rate  data 
with  the  theoretical  rate  predicted  by  Equation  (7-51).  He  used  Alty'sf7”2?}  data  for  water  and 
Baranev's^7"3^)  data  for  all  the  other  compounds  listed  in  Table  7-4. 

From  the  foregoing  discussions,  it  may  be  seen  that  a  consistent  theory  relating  vapor 
pressure  to  drop  sisc  can  be  obtained  from  elementary  thermodynamic  reasoning  or  as  a  by¬ 
product  from  the  theory  of  heterophase  fluctuations.  Neither  approach  takes  into  account  the 
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possible  variation  of  surface  tension  with  drop  size,  which  is  proposed  by  Tolman.  This  latter 
influence  may,  in  part,  account  for  the  controversial  experimental  evidence  which  exists  concern¬ 
ing  the  complete  validity  of  Equation  (7-1).  In  light  of  Rodebush's  reasoning  on  minimum  drop 
size,  it  would  seem  that  both  Equations  (7-7)  and  (7-12)  should  be  simultaneously  examined,  by 
experiment,  for  a  range  of  drop  sizes.  The  upper  size  limit  for  this  examination  should  be  close 
to  the  region  where  the  Tolman  correction  becomes  small.  The  lower  limit  would,  of  course, 
be  limited  by  the  experimental  technique  because  drops  having  radii  close  to  10"?  are  not  directly 
observable. 

It  will  be  shown  in  Chapter  8  that  the  surface  tension  correction  is  small  in  comparison  with 
other  factors  which  influence  the  evaporation  of  small  drops.  The  most  prominent  of  these  factors 
is  the  boundary  layer  of  pure  vapor  which  surrounds  the  drop. 

No  quantitative  data  exist  supporting  the  theory  of  heterophase  fluctuations,  because  of  ex¬ 
perimental  difficulties  encountered  in  measuring  the  low  concentration  of  embryos.  It  is  felt  that 
an  effort  should  be  made  to  compare  this  theory  with  experimental  data  for  the  particular  case  of 
the  cavitation  of  liquid  drops  under  superheated  conditions;  no  published  theories  of  gross  droplet 
evaporation  account  for  the  influence  of  this  metastable  state.  This  may  well  be  an  important 
consideration  in  the  burning  of  a  fuel  mist  because,  according  to  heterophase  theory,  drops  can 
move  into  regions  of  temperature  considerably  above  the  thermodynamic  boiling  point  without 
instantaneously  evaporating.  This  would  be  particularly  true  for  a  system  in  which  no  nucleating 
foreign  particles  are  present.  It  would  also  follow  that  the  lifetime  of  a  moving  drop,  as  pre¬ 
dicted  by  equilibrium  theory,  would  be  markedly  different  from  the  lifetime  at  a  temperature  cor¬ 
responding  to  the  superheated  condition. 

It  is  gratifying  to  note  that  the  evaporation  process  can  be  satisfactorily  accounted  for  by  the 
absolute-rate  process  theory  of  Eyring,  Penner  seems  to  have  accounted  for  all  the  factors  in 
this  theory  excepting  the  barrier  transmission  coefficient  K. ,  which  he  relates  empirically  both  to 
the  frco-angle  ratio  and  to  the  evaporation-accommodation  coefficient.  It  would  seem  that  the 
absolute-rate  theory  of  evaporation  has  been  developed  to  the  most  advanced  point  possible  for  a 
physical  process  in  the  absence  of  a  more  particular  theoretical  knowledge  of  the  barrier  coeffi¬ 
cient. 


MULTICOMPONENT  EVAPORATION 


The  absolute  rate  theory  for  the  evaporation  of  a  single  pure  component  may,  in  principle, 
be  extended  to  predicting  evaporation  rates  in  multicomponent  systems.  Schrage(?-31)  has  de¬ 
rived  generalized  expressions  for  both  evaporation  and  condensation  in  multicomponent  systems 
which  are  based  upon  the  fact  that  thermodynamic  equilibrium  between  two  multicomponent  phases 
requires  that  their  temperatures  and  the  fugacities  of  each  component  be  the  same.  Thus,  if  the 
properties  of  the  liquid  surface  are  given,  n  independent  equations  containing  (n  -  1)  independent 
composition  parameters  can  be  obtained  by  equating  the  fugacities  of  the  components.  This  clearly 
specifies  that  a  particular  gas  phase  must  exist  in  equilibrium  with  the  specified  liquid  surface. 

The  usefulness  of  Schrage's  equations  is  seriously  impaired  by  the  fact  that  the  general 
form  of  the  required  fugacity  equations  is  unknown  and  therefore  little  is  to  be  gained  by  presenting 
a  mathematical  derivation  of  these  results. 

1  An  examination  of  the  meager  literature  on  the  kinetics  of  multicomponent  evaporation  Bhows 
that  no  entirely  reliable  experimental  data  has  been  obtained  for  such  systems.  Although  the  works 
of  JvIiyamoto(7-32)(7-33)  and  of  Uhara(?-34)  present  some  multicomponent  evaporation  rate  data, 
this  information  is  not  generally  useful  because  some  chemical  reactions  occurred  during  the 
evaporation  proceso. 

Schragc  points  out  that  many  extraneous  complications  arise  in  connection  with  multicom¬ 
ponent  studies  of  this  sort  because  the  gas  does  not  generally  reduce  to  the  uniform  state  as  it 
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moves  away  from  the  phase  boundary.  Instead,  transport  occurs  through  a  more  complicated 
diffusion-dependent  mechanism.  Even  for  the  analysis  of  an  evaporating  binary  system,  it  would 
be  necessary  to  consider  the  nature  of  the  diffusion  mechanism  which  takeB  place  in  both  the 
boundary  region  and  in  the  region  where  the  interface  has  a  negligible  effect  on  the  behavior  of 
"  the  gas  phase. 
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CHAPTER  8.  SINGLE- DROPLET  EVAPORATION 


ABSTRACT 


There  is  first  presented  the  Maxwell  theory  of  droplet 
evaporation,  which  is  based  upon  molecular  diffusion  and 
conduction  of  heat  under  conditions  of  thermodynamic  equi¬ 
librium.  The  Maxwell  theory  is  then  modified  by  introducing 
the  Fuchs'  concept  of  a  stagnant  boundary  layer  surrounding 
the  evaporating  dropletj  the  reality  of  the  boundary- layer 
effect  is  effectively  demonstrated  by  a  comparison  of  the 
theory  with  expounded  data.  The  Fuchs'  theory  is  then  ex¬ 
tended  to  include  the  evaporation  of  drops  in  a  finite  enclo¬ 
sure  for  the  case  of  both  absorbing  and  reflecting  wallB, 

Finally,  it  is  shown  that  while  diffusion  transport  of  small 
molecules  from  the  boundary  layer  can  be  completely  described 
by  theory,  the  opposing  thermal-transport  process  is  less 
completely  understood. 


CHAPTER  8 

SINGLE-DROPLET  EVAPORATION 


by 


i 


F.  Benington 


The  previous  chapter  has  treated  the  evaporation  of  liquid  drops  from  the  standpoint  of  both 
the  thermodynamics  and  the  kinetics  of  the  microscopic  processes  which  occur  in  both  the  liquid 
and  gas  phases.  It  is  now  convenient  to  turn  to  the  subject  of  the  grosB  macroscopic  rate  of 
evaporation  of  a  single  droplet,  since  the  underlying  basic  theory  of  the  microscopic  processes 
has  already  been  established. 

In  this  chapter  there  is  first  presented  the  Maxwell  theory  of  droplet  evaporation,  which  is 
based  upon  a  balance  in  thermal  and  mass  transport  between  the  drop  and  its  surrounding  gaseous 
medium.  In  the  development  of  this  elementary  theory,  it  is  assumed  that  molecular  diffusion  and 
conduction  of  heat  are  alone  responsible  for  evaporation.  It  is  further  assumed  that  a  state  of 
thermodynamic  equilibrium  exists  in  the  system  during  the  entire  process. 

By  introducing  the  Fuchs  concept  of  a  boundary  layer  surrounding  the  drop,  a  more  realistic 
picture  of  the  droplet  evaporation  process  is  formed.  The  reality  of  the  boundary- layer  effect  is 
Bhown  by  a  comparison  of  the  theory  with  experimental  data.  It  is  also  shown,  from  the  theoreti¬ 
cal  standpoint,  that  a  modified  form  of  Fuchs  theory  is  broadly  applicable  to  the  evaporation  of  a 
wide  range  of  drop  sizeB,  whereas  the  earlier  Langmuir  theory  is  valid  only  under  rather  narrow 
ranges  of  drop  size  and  of  total  pressures.  The  Fuchs  theory  is  then  extended  to  include  the 
evaporation  of  drops  in  a  finite  enclosure  for  the  case  of  both  absorbing  and  reflecting  walls. 

A  short  discussion  of  the  nonstationary  evaporation  process  is  presented.  Although  this 
problem  is  one  of  great  mathematical  complexity,  certain  useful  results  are  derived  for  the 
assumption  of  a  quasi-Btationary  state.  However,  this  treatment  fails  in  the  instance  where  a 
large  diminution  of  drop  volume  occurs  in  the  period  of  transient  evaporation. 

Finally,  the  process  of  drop  evaporation  is  examined  in  the  light  of  present-day  knowledge  of 
transport  phenomena.  It  is  shown  that  while  diffusion  transport  for  small  molecules  can  be  reason¬ 
ably  well  explained  by  theory,  the  opposing  process  of  thermal  transport  is  less  completely  under¬ 
stood. 


1 


MAXWELL'S  EQUATION  FOR  THE  EVAPORATION  OF 
A  SINGLE  DKUP 


The  Maxwellian  treatment  assumes  that  the  rate-governing  step  in  evaporation  is  a  simple 
diffusion  process  taking  place  in  an  infinite  space.  In  addition  to  this  basic  assumption,  the  follow¬ 
ing  additional  assumptions  are  made: 

1.  The  drop  has  no  motion  relative  to  its  surroundings. 

2.  The  evaporative  process  is  isobaric  and  isothermal. 

3.  The  liquid  vapor  pressure  is  small  in  comparison  with  the  ambient  pressure. 

4.  No  convection  currents  arc  present  in  the  system. 
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5.  The  vapor  pressure  at  the  drop  surface  corresponds  to  the  saturation  pressure  at 
the  drop  temperature. 

6.  Evaporation  takes  place  as  a  steady-state  equilibrium  process. 

From  Fick's  law  of  diffusion,  the  mass  of  gas,  i^  in  moles,  which  will  diffuse  across  a  unit 
area  in  unit  time  is  proportional  to  the  concentration  gradient  of  the  gas  normal  to  this  area.  That 
is, 


(8-1) 


where  C  is  the  concentration  in  moles  per  unit  volume,  dC/dn  is  the  normal  concentration  gradient, 
and  D  is  a  diffusion  coefficient.  Now  the  time  dependent  rate  of  diffusion  of  a  gas  in  spherical 
coordinates  is 


££ i  B  DV^C  =  D 

dZC  +  _2 

dC  ±  1 

±i 

( .  a  dC  ' 

)  ,  1  d2C~\ 

dt  L 

<9r2  r 

-  2  .  _ 
dr  r  sin  0 

—  i 

d6 

i  alii  U  - 

^  36  ' 

TZainZB  d<bz  ~ 

(8-2) 


where  r  is  the  polar  radius  and  6  and  $  are  the  Eulerian  angles.  For  the  case  of  the  spherical 
drop,  the  concentration  of  vapor  is  uniform  at  any  spherical  surface  concentric  with  the  drop. 
Consequently,  dC/dO  and  3  C/3  </>  vanish,  and  Equation  (8-2)  becomes 


£C  ["  d^C  2  3C 
dt  ~  dTZ  r  dr 


(8-3) 


where  the  concentration  varies  only  radially.  Since  we  have  assumed  a  steady- state  diffusion 
process,  the  left-hand  side  of  Equation  (8-3)  may  be  set  equal  to  zero.  A  solution  to  this  one¬ 
dimensional  case  is 


C  =  A  +  B/r  ,  (8-4) 

where  A  and  B  are  arbitrary  constants.  The  boundary  values  C  =  C8  at  r  =  a,  and  C  =  Ca  at  r  =  oo 
permit  the  evaluation  of  these  constants,  and  Equation  (8-4)  becomes 

C-  Ca  =J(C8  -  ca)  ,  (8-5) 

where  C8  is  the  vapor  concentration  at  the  drop  surface,  Ca  is  the  ambient  vapor  concentration  in 
the  surrounding  atmosphere,  and  a  is  the  radiuB  of  the  drop. 

If  fi  is  the  total  mass  per  unit  time,  in  moles,  of  gas  diffusing  outward  through  a  spherical 
surface  of  radius  r,  then 

From  Equation  (8-5),  the  concentration  gradient  is 

C  a(C0  "  Ca) 

-  B  -  — — — — — 

r  r2 

Substitution  of  Equation  (8-7)  into  Equation  (8-6)  results  in 

0  =  47iDa(C8  -  Ca) 


(8-6) 


(8-7) 


(8-8) 
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If  we  now  assume  that  the  surface  and  ambient  temperatures  are  nearly  equal,  that  is, 
Ts  =  Ta,  and  that  the  vapor  obeys  the  ideal  gas  law  P  =  CRT, 


fl  = 


47rDa 

RTS 


(8-9) 


Since  the  time  rate  of  volume  change  may  be  written  as  dv/dt  =  -OM/p^,  Equation  (8-9)  may 
be  written  as 


_  dv  _PM  _  47rDMa(Pa  -  Pa) 

*  dt  "  Pl  Pl  RTs 


where  p^  is  the  liquid  density,  and  M  is  the  molecular  wi  ight  of  the  evaporating  substance. 

According  to  Equation  (8-10),  tfie  rate  of  evaporation  is  dependent  upon  PB,  the  saturation 
pressure  of  the  drop.  The  saturation  pressure  is,  in  turn,  dependent  upon  the  surface  temperature 
of  the  drop.  As  the  drop  receives  heat  from  its  surroundings,  the  vaporization  of  the  liquid  tends 
to  cause  cooling  to  a  temperature  below  the  ambient  temperature.  In  the  equilibrium  process,  the 
inflow  of  heat  balances  the  latent  heat  of  vaporization  of  the  liquid. 

If  we  consider  the  conduction  of  heat  only,  we  have 

~  =  k?2T  ,  (8-11) 

where  k  =  K/pgCp.  This  equation  is  similar  to  the  diffusion  Equation  (8-3),  except  ,v,e  diffusion 
coefficient  is  replaced  by  k,  the  thermal  diffusivity  of  the  medium,  where  K  is  the  .nal  conduc¬ 
tivity,  p  the  density,  and  Cp  the  heat  capacity,  all  for  the  gas  phase.  Equation  (8-11)  has  a 
steady-state  solution  similar  to  Equation  (8-5),  which  is 

Ta  -  T  =  £(Ta  -  T8)  ,  (8-12) 

r 

where  Ta  and  TQ  are  the  ambient  and  ourface  temperatures,  respectively. 

*t 

The  flow  of  heat,  Q,  through  a  spherical  shell  concentric  with  the  evaporating  drop  is 

Q  =  47tr2K  -7—  (8-13) 


By  differentiating  Equation  (8-12)  and  using  the  resulting  derivative  in  Equation  (8-13),  we  have 

Q  =  4TrKa  (Ta  -  Tb)  .  (8-14) 

Under  equilibrium  conditions,  the  heat  transfer  to  the  drop  must  balance  the  latent  heat  of 
vaporization,  A  H,  or 


Q  =  H(A  H) 


(8-15) 


Equating  Equations  (8-14)  and  (8-15)  gives 


n(AH)  =  47rKa(Ta  -  T„)  , 

which,  upon  eliminating  fi  from  Equation  (8-8),  gives 

DAH 


T,  » 


<ca  -  Ca) 


K 


(8-16) 


If  the  surface  concentration  is  taken  as  being  much  greater  than  the  ambient  concentration, 


then 


<Ta 


Ts) 


D(AH)CS 

K 


By  applying  the  gas  law,  Pg  *  CgRTg,  Equation  (8-17)  may  be  written  as 


(Ta  -  Ts>  = 


D(AH)PS 

KRTS 


(8-17) 


(8-18) 


Correction  for  Temperature-  and  Pressure-Dependent  Parameters 


The  next  point  for  consideration  is  the  manner  in  which  D,  P8,  and  K  vary  with  temperature. 
The  saturation  pressure,  Ps,  is  dependent  upon  temperature  in  accordance  with  the  Clausius- 
Clayperon  relation, 


dps  _  (AH)PS 
dT  RTS2 


J  nP8  =  - 


AH 

RTS 


(8-19) 


(8-20) 


Changes  in  P8  do  not  produce  correspondingly  large  variations  in  K,  the  thermal  conduc- 
ti%'ity,  except  at  very  low  pressures(8-2). 


Also,  the  thermal  conductivity,  K,  does  not  vary  widely  with  temperature.  Accordingly,  if 
a  temperature,  Tm,  is  taken  as  a  mean  value  of  Ts  and  Ta,  then  the  variational  effect  may  be  ex¬ 
pressed  as 


k273 


.  rn  i  3/2 
273  +  A  f  :m  \ 

Tm  +  A  \  2 7 3  / 


(8-21) 


where  Kq>  is  the  thermal  conductivity  of  the  vapor  at  Tm,  K273  is  the  thermal  conductivity  of  the 
vapor  at  27^  K,  and  A  is  Sutherland's  constant  (empirical)  for  the  particular  vapor. 

Equation  (8-21)  has  been  used  as  a  basis  of  computing  the  temperature  variation  of  K  as 
given  by  the  International  Critical  Tables(®_3);  tabular  variations  and  the  temperature  ranges  over 
which  Equation  (8-21)  is  applicable  are  given  for  a  number  of  pure  hydrocarbons. 

The  diffusion  coefficient  for  a  gas  varies  with  both  temperature  and  pressure  in  accordance 

with 

D'D°0m- 7  ’ 


where  the  subscript  0  refers  to  standard  conditions  of  P0  and  T0,  where  D0  is  known.  If  we  as¬ 
sume  that  P0/P  ■  1,  then  Equation  (8-22)  becomes  D  ■  D0(T/T0)m.  The  exponent  rn  is  a  parame¬ 
ter  which  varies  from  1.  5  to  2,  0  for  most  substances,  and  depends  upon  the  molecular  structure. 

At  this  point,  it  should  be  stated  that  both  Equations  (8-21)  and  (8-22)  arc  srmiempirical, 
and  that  their  use  depends  upon  a  knowledge  of  the  empirical  constants  for  the  substances  in  ques¬ 
tion  Both  derivations  are  predicated  on  an  idealized  molecular  gas  model  consisting  of  perfectly 
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elastic  spheres.  At  a  later  point  a  more  detailed  discussion  of  molecular  diffusion  in  relation  to 
multicomponent  mixtures  will  be  given. 

Fuchs(8-4)  first  introduced  the  temperature-dependent  form  of  the  diffusion  coefficient  into 
Maxwell's  evaporation  equation  in  connection  with  studies  of  the  diffusion  of  water  vapor  from  drop¬ 
lets.  This  was  done  as  follows: 


In  the  diffusion  Equation  (8-6),  the  diffusion  coefficient,  D,  may  be  taken  as  a  function  of  the 
radial  coordinate.  This  follows  from  the  fact  that  the  temperature  varies  radially  and  the  diffusion 
coefficient  is  dependent  upon  the  temperature.  The  equation  may  then  be  written  as 


ft  =  -  47Tr2D(r)  — 
dr 


Differentiation  of  Equation  (8-12)  gives 

dr  dT 

—  a  - 

r2  a(Ta  -  Ta) 

which,  on  substitution  into  Equation  (8-23),  yields 


ft 


-  4tt- 


dC 

dT 


a(Ta  -  Ta)D(T) 


(8-23) 


(8-24) 


By  introducing  the  temperature-dependent  form  of  the  diffusion  coefficient  from  Equation  (8-22) 
into  Equation  (8-24),  and  by  integrating  over  appropriate  limits,  Equation  (8-24)  is  transformed  to 

Ca 


-  I 


4?rdC 


ft 


(8-25) 


i 

I 


dT 


Ts  a(Ta  -  T3)Dg(T/Ts)m 


or 


47raDB(m-l)(CB-Ca)Tam-1(Ta-T8) 
T8<Tam_I  -  ) 


(8-26) 


If  we  choose  m  ■  2,  which  is  the  proper  value  for  water  vapor,  Equation  (8-26)  reduces  to  the 
simple  expression 


ft  =  47T(C8  -  Ca)aDB(Ta/TB) 


(8-27) 


Now,  since  the  temperature  and  the  diffusion  coefficient  are  related  by  the  pressure-independent 
approximation  to  Equation  (8-22),  Equation  (8-27)  may  be  written  as 

0  =  47Ta(C8  -  Ca)(DaDB)l/2  ,  (8-28) 


where  the  geometric-mean  diffusion  coefficient  taken  at  surface  and  ambient  conditions  is  used  to 
replace  Dg.  Finally,  the  rate  of  volume  change  of  the  drop  is 


dv  OM  47TMa(PB  -  PaMDaDg)1/2 

"  pT  "  plRT, 


(8-29) 
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Several  independent  worker  s(8-5,  8-6,  8-7)  have  checked  the  formal  validity  of  Maxwell's 
rate  Equation  (8-10),  Houghton's!8"5)  work  is  of  particular  interest,  since  by  a  special  treatment 
of  his  data,  the  evaporation  rate  of  a  water  drop  is  found  to  follow  Equation  (8-27). 


Houghton(8-5)  writes  the  Maxwell  equation  in  the  form 


dv  _  47rDr(ps  -  pa) 
dt  "  ‘  pL 


(8-30) 


where  p8  and  pa  are  the  surface  and  ambient  vapor  densities.  It  is  of  interest  to  note  that  Houghton 
devised  this  equation  by  an  analogy  between  droplet  vaporization  and  the  electrostatic  potential  of  a 
sphere.  This  equation  may  be  transformed  into  an  equation  giving  the  radial  evaporation  rate, 
which  is 


(8-31) 


By  integration  over  appropriate  limits 

r  t 

J  dr2  x  -  2(D/pL)  (pa  -  pa)  J  dt  , 
ro  ° 

or 

r2  =  -  z(r>/Pl^j  ( pfl  -  pa)  t  +  r^  ,  (8-32) 

where  r0  is  the  initial  radius  of  the  drop. 

Houghton's! 8-5)  experimental  technique  was  briefly  as  follows:  Droplets  of  water  were  sus¬ 
pended  from  fibres  of  various  diameters  (Wollaston  wire,  copper  wire,  and  quartz)  in  order  to 
produce  droplets  of  varying  diameter.  The  fiber  holding  the  drop  was  suspended  in  a  chamber 
maintained  at  a  constant  temperature,  and  the  change  of  diameter  was  noted  as  a  function  of  time 
by  means  of  a  micrometer  microscope.  By  varying  the  temperature  and  the  relative  humidity  of 
the  chamber,  D(ps  -  pa)  could  be  varied.  A  plot  of  the  experimental  values  of  the  square  of  the 
radius  against  time  gave  a  linear  relation  for  fixed  conditions  of  humidity  and  temperature.  In  a 
second  treatment  of  his  data,  Houghton  plotted  rdr/dt  against  (ps  -  pa)  for  a  series  of  different 
humidities.  This  should,  ol  course,  give  a  linear  relation  under  the  assumption  that  D  remains 
constant,  v/ithin  the  series  of  experiments.  However,  the  curve  was  nonlinear  when  the  pB  cor¬ 
responding  to  the  ambient  temperature  was  used.  When  (pg  —  pa)  was  corrected  for  the  lowering  of 
the  water-drop  temperature  due  to  the  latent-heat  effect,  the  above  linear  relation  was  found  to 
hold.  It  is  easily  seen  that  the  slope  of  these  lines  should  be  -ZD/p^.  Houghton  subsequently  cal¬ 
culated  D,  the  diffusion  coefficient  of  water  vapor  into  air.  The  values  for  D  were  found  to  be 
smaller  than  the  corresponding  values  that  have  been  found  by  other  experimental  methods. 

Fuchs!®"**)  recalculated  some  of  Houghton's  data  using  a  geometric-mean  value  of  D,  that  is, 

( Da DB ^ ,  and  found  that  the  diffusion  coefficient  obtained  from  this  treatment  agreed  with  accepted 
values  to  within  two  to  three  per  cent.  This  is  a  direct  experimental  verification  of  Equation  (8-29). 


The  Corrections  for  Both  Finite  Vapor  Pressure  and 
Limited  Space  of  Evaporation 


Preceding  the  derivation  of  the  Maxwell  equation,  the  assumption  was  made  that  the  vapor 
pressure  of  the  liquid  constituting  the  drop  was  small  in  comparison  with  the  total  pressure.  At 
that  time,  it  was  also  assumed  that  the  evaporation  process  took  place  in  an  infinite  space  sur¬ 
rounding  the  droplet. 
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Fuchs^®"*),  in  his  theoretical  treatment  of  evaporation,  has  discussed  the  influence  of  these 
assumptions  upon  the  form  of  Maxwell's  equation.  He  assumes  that  the  vapor  pressure  of  the 
evaporating  liquid  is  not  small  compared  with  the  total  pressure.  Since,  under  equilibrium  condi¬ 
tions,  the  pressure  is  everywhere  the  same,  there  is  a  decrease  in  concentration  of  the  vapor 
which  is  equal  and  opposite  to  the  increase  in  concentration  of  the  air.  This  produces  a  convection 
current  which  is  equal  and  opposite  to  the  diffusion  flux  of  the  vapor.  If  U  is  the  convection  current 
velocity,  C'  is  the  air  concentration  and  D'  is  the  diffusion  coefficient  of  air  into  vapor,  then 

c*u  *  ,  (8-33) 

which  determines  the  velocity  of  the  current.  Regardless  of  which  component  we  assume  to  be 
diffusing,  D  s  D' ,  where  D  is  the  diffusion  coefficient  which  was  defined  in  an  earlier  section.  It 
then  follows  that 


dC1  dC 

dr  “  dr 

The  convection  current  velocity  is,  therefore, 


(8-34) 


(8-35) 


The  total  outward  flux  of  vapor,  fl,  is  then  dependent  upon  both  the  concentration  gradient  and 
the  convection  of  the  air-vapor  mixture.  This  may  be  written  as 


n 


->  dC 

-  47fr2  (D^r  -  CU) 


(8-36) 


By  substituting  the  convection  velocity  from  Equation  (8-35)  and  by  introducing  the  total  molar 
concentration  E  *  C  +  C',  Equation  (8-36)  becomes 


n  * 


47Tr2DE  /dC\ 
E-C  \ dr  / 


(8-37) 


If  we  now  neglect  the  ambient  concentration  Ca,  which  is  small  compared  with  the  surface  concen¬ 
tration,  C8,  Equation  (8-37)  may  be  integrated  to  give 

fl  ■  -  (47raDE)  In  (  1  - 


(8-38) 


Expanding  the  In  term  in  Equation  (8-38)  in  a  aeries  and  neglecting  higher  order  terms  gives  the 
approximate  form 


«v 

0  « 


TTaDCg 


(8-39) 


If  nQ  is  taken  to  represent  a  standard  evaporation  rate  which  neglects  corrections  for  finite  cham¬ 
ber  dimensions  or  finite  vapor  pressure,  then  0  0  maybe  calculated  from  the  previously  derived 
equation,  n  ■  47TDa(CB  -  Ca),  by  assuming  that  Ca  ■  0.  That  is,  no  »  47laDCB.  By  introducing  this 
form  into  Equation  (8-39),  we  have,  finally 

n  •  n°  0  +  ii)  >  (8-40) 
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which  shows  the  necessary  correction  which  must  be  applied  for  finite  vapor  pressures.  For  water 
vapor  evaporating  at  20  C  and  at  atmospheric  pressure,  the  effect  of  neglecting  the  finite  vapor 
pressure  introduces  only  a  1.  2  per  cent  error  in  the  rate  of  evaporation.  At  higher  temperatures 
this  correction  becomes  more  significant. 

In  the  previous  derivations  of  the  evaporation-rate  equation,  it  was  assumed  that  an  un¬ 
bounded  atmosphere  surrounds  the  drop. 

For  a  drop  evaporating  in  a  (.pherical  vessel  having  absorbing  walls,  we  obtain 

C  a  A  +  —  , 

as  before.  In  such  a  vessel,  the  ambient  radial  boundary  is  taken  to  be  r  =  rj,  with  C  =  Cr.  Also, 
C  =  Cs  at  r  =  a.  By  evaluating  A  and  B  with  these  boundary  conditions,  the  concentration  equation 
is 


The  number  of  moles  evaporating  per  unit  tirie  is  then 

47T(Cs  —  Cr.)aD  f20 

«  =  - 1 -  «  -  .  (8-42) 

1  -  —  1  -  — 
rl  rl 

Equation  (8-42)  shows  that  when  the  drop  diameter  is  close  to  the  diameter  of  the  vessel,  an 
appreciable  correction  must  be  applied.  However,  if  a  <<r,  the  vessel  has  practically  no  influ¬ 
ence  upon  the  rate  of  evaporation. 


The  Nonstationary  Evaporation  Process 


The  problem  of  calculating  the  rate  of  evaporation  of  a  drop  under  norstationary  conditions 
is  one  of  considerable  mathematical  complexity.  Fuchs^"^)  has  shown  that,  in  practice,  most  of 
the  conditions  of  the  process  can  be  treated  as  being  quasi-stationary.  This  means  that  the  proc¬ 
ess,  at  any  instant,  has  the  same  velocity  as  that  of  the  stationary  state  with  the  boundary  condi¬ 
tions  corresponding  to  that  particular  instant.  Fuchs  appears  to  be  the  only  worker  who  has  in¬ 
vestigated  this  phase  of  the  evaporating  problem.  His  treatment  will  now  be  presented. 

If  a  drop  of  radius  a  is  introduced  into  a  region  of  infinite  extent  for  which,  at  time  zero,  the 
vapor  concentration  is  also  zero,  then  the  equation 


■HCr)  ,  D  r?2(Cr) 
rU  <)r r 


(8-43) 


must  be  solved  using  the  boundary  conditions:  C  =  0  at  t  ■  0  .‘or  r>a,  and  C  •  Cg  at  t<0  for  r  x  0. 
The  solution  is 


2<v  r 


oo 


-x*  , 
c  dx  * 


r  -  a 

2  v/DT 


~ r~  erfe  ( 


(8-44) 


Writing  fi  the  evaporation  rate,  in  terms  of  the  concentration  gradient  gives 

n  *  -  4na^D 

V’r  r  «  a 


(8-45) 
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From  differentiation  of  Equation  (8-44)  with  respect  to  r,  and  substitution  of  the  result  in  Equa¬ 
tion  (8-45),  there  results 


0  *  47raDC0 

1  +  -a 

'  no 

[l  +  a  1 

VirDt  _ 

VnT>r  J 

(8-46) 


We  now  wish  to  show  to  what  extent  the  evaporation  process  can  be  regarded  as  stationary  in 
accordance  with  Equation  (8-46).  If  tj  is  the  time  necessary  for  the  correction  term  a/' ifnDt  to 
reach  a  definite  value  A  and  t^  is  taken  as  the  time  necessary  for  the  complete  evaporation  of  a 
diop,  then  these  times  may  be  written  respectively  as 

tj  *  (8-47) 

A  nD 

and 


*2 


a2Pj 

2MDC3 


(8-48) 


The  ratio  of  these  quantities  is 


tj  2CaM 

-  X  - 

t2  A2ttDPj 


(8-49) 


Suppose  that  A  =  0.  01,  M  =  18,  and  C8  =  3.  8  x  10”^  mole  per  cm^.  The  ratio  is  then  tj/ 1^  =  0.  04. 
This  means  that  if  a  water  drop  is  caused  to  evaporate  in  dry  air  at  21.7  C,  the  nonstationary  velo¬ 
city  of  evaporation  exceeds  the  steady-state  rate  by  only  one  per  cent  after  1/20  of  the  total  evapo¬ 
ration  time  has  elapsed. 


It  is  easily  seen  that  for  compounds  of  low  velocity  and  high  molecular  weight,  the  approxi¬ 
mation  to  the  stationary  state  is  more  quickly  realized. 


In  considering  the  evaporation  of  multicomponent  drops,  such  as  might  be  encountered  in  the 
evaporation  of  a  petroleum  distillate,  the  concentration  of  the  saturated  vapor  will  be  a  function  of 
time,  Ca(t).  Fuchs  shows  that  a  solution  for  this  condition,  corresponding  to  Equation  (8-46),  is 

a  C8(0)  +  2tJ0  C  t(l  -  x2)  ax¬ 


il 


4to2D  =  4TrDaC8(t) 

V,  d  r  r  =a 


1  + 


n/  I>nt 


c(t) 


(8-50) 


where  C  =  dC/dt,  In  the  original  work,  the  necessary  and  sufficient  conditions  for  Equation  (8-50) 
to  be  a  good  approximation  to  the  stationary  state  are  discussed.  The  equation  is  given  in  a  func¬ 
tional  form  which  corresponds  to  the  special  form  which  C8(t)  assumes  for  the  particular  system 
in  question. 

The  function  C s (t )  is  closely  related  to  the  liquid-vapor  composition  relation  for  the  multi¬ 
component  system  being  considered.  If  the  components  In  the  liquid  phase  are  of  nearly  the  same 
internal  pressure,  then  the  system  will  follow  Raoult's  law  and  hence  the  vapor  composition  may 
be  calculated  from  knowledge  of  the  liquid  composition. 

Thus  far  in  this  discussion,  we  have  treated  the  evaporative  proccBB  as  taking  place  in  an 
infinite  medium.  At  this  point,  we  shall  treat  the  question  of  how  a  drop  evaporates  in  a  vessel 
having  nonabsorbing  walls.  The  importance  of  this  question  can  be  realized  by  considering  the 
evaporation  of  a  fuel-air  dispersion.  In  applications  where  a  fuel  mist  is  formed  in  a  combustion 
chamber,  evaporation  of  this  kind  takes  place  in  the  interval  prior  to  combustion.  The  evapora¬ 
tion  of  a  drop  can  be  considered  to  take  place  as  though  it  were  in  a  vessel  having  nonabsorbent 
walls  of  the  same  material  constituting  the  drop.  The  volume  of  the  vessel  is  not  that  of  the  com¬ 
bustion  chamber  but  is  considered  equal  to  the  average  free  volume  enclosing  each  drop. 
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Although  no  completely  rigorous  solution  of  this  problem  has  been  obtained,  Fuchs  has 
worked  out  a  simple  approximate  solution  based  on  the  assumptions  that  the  dispersion  contains 
only  a  3mall  weight  concentration  of  droplets,  and  that  the  drop  is  situated  in  a  spherical  vessel  of 
radius  R.  The  evaporation  rate  is  given  by 

I  =  47raDCse"3Dat/R3  =  fl0e"3Dat/R3  .  (8-51) 

For  small  values  of  a/R,  Equation  (8-51)  gives  a  good  approximation  of  the  stationary  state.  How¬ 
ever,  this  equation  is  only  applicable  in  the  case  where  the  decrease  in  volume  of  drop  is  very 
small. 


THE  VAPOR-CONCENTRATION  DISCONTINUITY  AT  A  DROP  SURFACE 


Up  to  this  point  in  the  discussion,  little  has  been  said  regarding  the  values  of  the  vapor  con¬ 
centration  at  the  surface  of  an  evaporating  drop.  Stefan(®"®)  and  Winkelmann^"*^  first  recognized 
the  difficulty  of  assigning  a  value  to  this  concentration.  Fuchs^®-^),  however,  was  first  to  see 
clearly  that  the  diffusion  process  does  not  start  directly  at  the  surface  of  the  drop,  but  rather  from 
the  surface  of  an  enveloping  sphere  of  pure  vapor;  the  thickness  of  this  envelope,  A,  is  of  the  order 
of  the  mean  free  path  of  the  "air  molecule".  This  being  true,  it  follows  that  few  air  molecules  will 
be  present  in  the  spherical  shell  of  thickness  A.  This  jump,  or  step-wise  increase  in  the  concen¬ 
tration  of  vapor,  has  a  vanishingly  small  value  for  a  plane  surface  at  atmospheric  pressure.  How¬ 
ever,  if  the  evaporation  of  small  drops  is  being  considered,  the  jump  in  concentration  assumes  an 
important  significance,  particularly  for  the  case  where  the  diameter  of  the  drop  is  of  nearly  the 
same  magnitude  as  the  mean  free  path  of  the  vapor  molecules. 


The  Case  of  Evaporation  in  an  Infinite  Atmosphere 


Fuchs  treatB  the  problem  of  the  concentration  jump  from  the  standpoint  of  a  drop  evaporating 
in  a  finite  enclosure.  It  is  first  assumed  that  the  concentration  of  vapor  is  Cj  at  a  distance  (a  +  A) 
from  the  drop  center;  this  concentration  is  less  than  the  equilibrium  value  CB,  as  may  be  seen 
presently.  The  radial  increment  A  iB,  of  course,  an  equivalent  distance,  since  there  must  be  a 
concentration  gradient  within  the  spherical  shell  of  radii  a  and  (a  +  A). 

The  rate  at  which  molecules  evaporate  into  a  vacuum  is  47ra2yaC0,  where  a  is  the  evaporation 
coefficient,  v  iB  the  collision  frequency,  and  a  is  the  radius  of  the  drop.  Now  the  rate  at  which 
molecules  arrive  at  the  spherical  surface  (a  +  A)  iB  47ra2va(Co  ~  Cl).  Under  steady-state  condi¬ 
tions,  thiB  rate  of  arrival  may  be  equated  to  the  rate  at  which  molecules  leave  by  diffusion,  or 

47ra^va(Co  -  Cj)  ■  4tr(a  +  A)  DCj  .  (8-52) 

Since  the  time  rate  of  change  of  the  mass  of  the  drop  is 

-  .  4?r(a  +  A)DCtm2  ,  (8-53) 


where  is  the  mass  of  the  diffusing  molecules,  we  may  eliminate  C|  from  Equations  (8-52)  and 
(8-53)  and  arrange  the  terms  of  the  resulting  equation  in  the  form 


dm  47TDaC()m2 


dt 


D 


oav  a  +  A 


(8-54) 
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Fuchs,  in  his  paper,  left  A  in  an  indefinite  form.  However,  Bradley  and  co-worker 10) 
interpreted  the  physical  meaning  of  this  factor  in  the  following  way:  Let  the  collision  area  for  im¬ 
pact  of  evaporating  and  air  molecules  be  A  (this  will  be  a  mean  value  for  the  constituents  of  air). 
Let  the  velocity  of  the  molecules  leaving  the  drop  be  u.  Then  the  number  of  collisions  between  air 


and  vapor  molecules  is  u 


per  second. 


The  reciprocal  of  this  quantity  is  the  time  between 


collisions,  so  that  the  distance  between  collisions  is 


(8-55) 


In  other  words,  A  is  taken  to  be  the  distance  through  which  a  molecule  travels  from  the  drop  before 
colliding  with  an  air  molecule. 


Several  workers  in  the  field  of  droplet  evaporation  have  noted  that  the  linear  law  for  the  dimi¬ 
nution  of  droplet  surface  with  time  does  not  hold  for  droplets  of  small  radius.  Speakman  and 
Sever (8-11)  found  that  measurable  negative  deviations  began  to  occur  at  a  -  lp,  while  deviations 
clos c  to  40  per  cent  occurred  at  a  =  0.  1/i.  They  explained  this  phenomenon  as  being  due  to  the 
lowering  of  the  vapor  pressure  by  dissolved  nonvolatile  impurities.  Unfortunately,  this  interpreta¬ 
tion  cannot  be  checked  because  the  curve  relations  given  by  these  workers  do  not  permit  a  quantita¬ 
tive  comparison  with  Equation  (8-54).  Woodland  and  Mack(®“^)  observed  an  opposite  behavior  in 
the  evaporation  of  small  drops.  They  report  an  increase  in  the  rate  da^/dt  upon  diminishing  the 
size  of  the  drop.  No  completely  satisfactory  explanation  can  be  given  for  this  observation. 
Whytlaw-Gray  and  Patter son(8-ll)  have  also  noted  that  the  rate  of  evaporation  diminishes  as  the 
droplet  becomes  very  small,  and  have  commented  upon  the  fact  that  the  effect  of  Brownian  motion 
increases  the  experimental  error  in  the  measurement  of  very  small  drop  size. 

Although  Langmuir (8”  13)  recognized  the  possibility  of  the  concentration-jump  effect,  he  did 
not  account  for  it  in  his  work,  since  many  of  his  observations  on  evaporating  drops  were  carried 
out  in  the  size  range  and  at  pressures  where  the  equation  -dm/dt  =  47raDCQm2  applies  satisfactorily. 
In  the  Langmuir  expression,  the  loss  per  unit  area  per  unit  time  is  DCom/a,  which  becomes  in¬ 
finite  as  the  radius  approaches  zero.  It  is  evident  that  Langmuir's  equation  is  not  valid  either  for 
the  evaporation  of  very  small  drops  at  atmospheric  pressure  or  for  the  evaporation  of  large  drops 
at  very  low  pressures.  It  is  valid,  however,  for  the  evaporation  in  normal  air  of  drops  having 
radii  greater  than  10-^  cm. 


Equation  (8-54),  unlike  Langmuir's,  gives  the  correct  vacuum  evaporative  rate  for  drops  of 
1-mm  radius,  since  A»a  and  a/  (a  +  A)  vanishes,  leaving  -dm/dt  =  47ra^vaCom2>  Under  conditions 
where  a  -  1  mm  and  P  =  1  atm,  a/(a  +  A)  in  Equation  (8-54)  becomes  nearly  unity  and  the  term 

D/ava  becomes  negligible  compared  with  unity  if  D  =  0, 1,  a  =  1,  and  T  a  20  C.  In  thiB  way,  Equa¬ 

tion  (8-54)  can  be  reduced  to  Langmuir's  equation. 

The  term  D/aav  cannot  be  close  to  unity  if  either  a  or  a  is  of  small  magnitude.  Bradley  and 
co-workers  have  alpo  noted  the  behavior  of  Equation  (8-54)  for  very  small  values  of  a.  They  show 
that  if  both  P  and  D  are  constant,  the  rate  of  evaporation,  per  unit  area,  becomes 

dm  DCqit»2 

dt  D  aZ  u  c 

av  a  +  A 


This  result  preducts  that,  on  a  unit-area  basis,  the  rate  of  evaporation  of  very  small  drops,  at 
atmospheric  pressure,  will  be  nearly  equal  to  the  vacuum  rate  of  evaporation. 

As  has  been  pointed  out  previously,  Langmuir's  equation  predicts  an  infinite  rate  of  evapora¬ 
tion,  per  unit  area,  fo*-  a  —  0,  On  the  other  hand,  the  Fuchs  equation,  on  the  same  basis,  predicts 
evaporation  rates  less  than  the  Langmuir  rate.  In  the  case  where  a  is  very  small,  D/(ava)  would 
be  large  in  comparison  with  a^/(a  +  a)  and  a  great  departure  from  Langmuir's  result  would  be  found 
for  P  *  1  atm  and  a  ■  1  mm.  This  is  unlikely,  for  experience  has  shewn  that  a  is  nearly  unity  for 
most  pure  liquids. 
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Equation 
due  to 


Decreasing  radius  (a)  at  constant  pressure 


-  ^22 — L_  (per  unit  area) 
dt  4na2 


Langmuir  47raDc0m2  — 0  as  a— 0 


Dc0m2 


—  oo  as  a— 0 


87rDm2C0 


•constant  as  a— 0 


47raDc0m2 
ava  a+A 


*0  as  a— 0 


Dc0m2 


D  |  a2 
va  a+A 


-vcoam2  as  a— 0 


(vacuum  rate) 


87rDm2c0 


— + 

ava  a+A 


•0  as  a— 0 


Decreasing  pressure  (P)  at  constant  radius 


Langmuir 


47raYc0m2 


—oo  as  P-0 


dm  1 
dt  47ra2 


Yc0m2 


—oo  as  P-0 


-  ‘  d« 


87rYc0m2  _  „ 

- — - -oo  as  P—0 


47Tac0m2 


_L  +  _Pi_ 

ava  Y(a+A) 


- -47ra2vc0am2  as  - 2 -  — avc0m2 

a P— 0  _1_  Pa2 

+A)  va  Y(a+A) 

(vacuum  rate)  (vacuum  rate) 


c0mz  .  87TYm2C0 

— — - >avc0m2  as  P-0  - —  , 


1  87ravac0m2 

HI7X  p 

Pava  a+A 

(vacuum  rate) 


as  P—0 


,  2  _  ,  <"(a  +  A)  r0 

4vad  va(C0  -  Cj)  =  - - -r 

(r0  -  a  -  A) 


(8-57) 


Table  8-1  summarizes  the  results  of  both  the  Langmuir  and  Fuchs  work  on  the  basis  of  the 
surface  and  mass  rates  of  change  of  an  evaporating  drop  in  vacuo  and  at  atmospheric  pressure. 
Since  the  diffusion  coefficient  varies  inversely  with  pressure,  D  =  Y/P  is  used  in  the  table  in  order 
to  show  the  effect  of  pressure  on  evaporation  rate. 


TABLE  8-1.  COMPARISON  OF  LANGMUIR  AND  FUCHS  THEORIES  OF  EVAPORATION 


The  Case  of  Evaporation  Into  a  Finite  Vessel 
With  Absorbing  Walls 


Bradley  and  co-workers(8- 10)  found  that  it  was  necessary  to  modify  Fuchs'  expression  to  put 
it  in  a  form  such  that  it  might  be  applied  to  the  evaporation  of  a  drop  under  experimental  conditions. 
Since  the  expression,  as  given  by  Equation  (8-54),  is  derived  for  the  evaporation  of  a  drop  in  an 
infinite  atmosphere,  its  form  is  unsuitable  for  experimental  verification;  the  following  modification 
assumes  that  the  drop  evaporates  into  a  finite  vessel  having  absorbent  walls. 

In  terms  of  the  Fuchs'  correction  A,  the  rate  of  change  of  the  mass  of  the  drop  is  given  by 


(tTa  "  rj  =47TDClm2 


(8-56) 


where  rD  is  the  radius  of  the  vessel.  At  r0,  the  concentration  of  vapor  is  cero.  Now,  at  (a  +  A), 
Pj  =  CjkT.  Also,  the  vapor  pressure  Pj  is  taken  as  being  much  smaller  than  the  total  pressure. 
By  equating  the  loss  of  mass  by  diffusion  to  the  rate  of  arrival  of  molecules  at  (a  +  A),  there 
results 
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Equation  (8-57)  is  solved  for  Ci,  the  concentration  of  vapor  at  (a  +A  ),  and  this,  in  turn,  is  sub¬ 
stituted  into  Equation  (8-56).  After  properly  arranging  terms,  the  resulting  equation  is 


dm 

d T 


47TaYC()mj 


Y  /  (Pava)  +  a 


AP 


aAP  +  kT 


or,  in  terms  of  a,  the  radius  of  drop, 


-a 


YC0m2 


pP 


-JL+af-AP. 

Pava  \^aAP  +  kT 


By  integration,  Equation  (8-58)  reduces  to 


a  +  H 


■^•(a  +  A)^  -2A(a  +  A)  +  A^  ln(a  +  A)1  -H-^—  = 
Z  J  3r0 

where  H  =  ,  L  =  —  — — -  ,  and  /3  =  a  constant. 


-Lt  +  j3 


(8-58) 


(8-59) 


In  Bradley's  experimental  work,  conditions  were  selected  such  that  the  changes  in  the  radii 
of  the  evaporating  drops  were  small.  Under  these  conditions  the  investigators  justifiably  treated 
the  equation  as  if  the  denominator  were  constant  and  carried  out  the  integration  after  changing  from 
a  radius  to  a  surface  area  variable.  This  result  is 


(s-8o) 


87rYm2Cot 


pP 


Y 

Pava 


+  a 


'  AP 
r.AP  +  kT 


(8-60) 


If  the  above  derivation  were  carried  out  starting  with  Langmuir's  equation,  the  rate  of  change  of 
the  surface  area  of  the  drop,  ds/dt,  would  be  found  proportional  to  1/P;  this  would  mean  that  the 
rate  would  become  infinite  as  the  pressure  was  decreased.  Equation  (8-60),  however,  shows  that, 
as  P  decreases,  ds/dt  approaches  asymptotically  the  vacuum  rate. 


Bradley  carried  out  an  extremely  precise  determination  of  the  rate  of  evaporation  of  both 
dibutyl  phthalate  and  butyl  stearate  under  conditions  where  Equation  (8-60)  should  be  applicable. 

The  evaporation  veseel  consisted  of  a  glass  bulb  inside  of  which  was  placed  a  copper-wire  basket. 
The  annular  space  between  the  wall  and  the  basket  was  filled  with  charcoal  in  order  to  maintain  a 
vanishingly  small  concentration  of  vapor  at  the  wall.  This  bulb  was  then  attached  to  a  chamber 
containing  a  quartz  microbalance,  the  deflections  of  which  could  be  read  by  means  of  a  micrometer 
microscope.  From  the  arm  of  the  balance  was  suspended  a  quartz  filament  carrying  the  drop  of 
liquid  to  be  evaporated.  The  entire  chamber  could  be  evacuated  to  any  desired  pressure  by  means 
of  a  pumping  system.  The  entire  evaporation  and  weighing  system  was  thermostatted  at  20  C. 
Elaborate  precautions  were  taken  to  assure  the  absence  of  moisture  and  dust  from  the  oyBtem. 


The  decrease  in  the  mass  of  droplet  at  fixed  pressure,  was  noted  by  measuring  the  balance 
deflection  by  means  of  the  micrometer  microscope;  weight  changes  of  2.  9  x  10”®  g.  could  be 
observed  in  this  manner. 


In  order  to  examine  graphically  the  data  obtained,  it  was  found  necessary  to  write  Equation 
(8-60)  in  the  form: 


%  _  1  +  1 _ a_ 

q  =  PW  _kT_  r0 

aAP 


(8-61) 


where  q  =  ds/dt  at  a  particular  P,  (-S^Tr^Cgt/p  P)  =  q0,  and  W  e  a  va/Y. 
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A  knowledge  of  the  molecular  dimensions  permits  the  calculation  of  A,  so  that  the  term 
(1  +  kT/aAP)"1  is  determined.  If  qQ/q  -(1  +  kT/aAP)"1  is  then  plotted  against  1/P,  i  straight  line 
should  result,  providing  the  Fuchs  theory  is  correct;  W  may  then  be  calculated  from  the  slope  of 
this  curve. 

Figure  8-1  shows  the  plot  of  Bradley's  data  for  the  evaporation  of  dibutyl  phthalate  drops 
having  radii  of  0.  5  mm.  The  variation  in  drop  radii  between  runs  was  about  five  per  cent.  Graph 
A  shows  values  of  da/dt  plotted  against  1/F.  This  relation  shows  that  Langmuir's  equation  holds 
for  relatively  large  values  of  P,  but  as  P  decreases,  a  marked  bending  of  the  curve  away  from  the 
initial  line  occurs.  In  Graph  B  is  shown  the  effect  of  replotting  the  data  in  accordance  with 
Equation  (8-61).  It  may  be  noted  that  the  experimental  points  agree  very  favorably  with  the  Fuchs 
theory  throughout  the  range  of  observations. 


c 


FIGURE  8-1.  RATES  OF  EVAPORATION  OF  DIBUTYL  PHTHALATE 
DROPS  AS  A  FUNCTION  OF  PRESSURE 


Bradley  has  also  attempted  to  check  the  radially  dependent  Equation  (8-59)  for  a  scries  of 
experiments  in  which  the  radius  of  the  drop  varied  considerably.  The  experimental  rate  was  found 
to  differ  from  the  theoretical  rate  by  a  factor  of  two.  These  workers  attribute  this  departure  to 
the  fact  that  the  fibre  causes  a  distortion  of  the  drop  shape.  Thus,  intcrfacial  tension  between  the 
drop  and  the  fibre  causes  heavier  drops  to  be  more  pear  shaped  than  smaller  drops.  No  attempt 
has  been  made  to  verify  this  explanation  experimentally. 
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Further  work  by  Birks  and  Bradley(8-  gave  better  agreement  with  the  Fuchs  equation. 

As  a  means  of  establishing  more  carefully  the  relation  between  the  droplet  radius  and  the  mean- 
free  path  of  the  evaporating  molecules,  these  workers  carried  out  evaporating  rate  measurements 
on  large  droplets  (r  =  10“2  cm)  at  very  low  pressures.  The  recent  studies  of  Moncheck  and 
Reiss(8-15)  ghow  that  the  evaporation  rates  of  di  n-amyl  sebacate  and  of  dibutyl  phthalate  droplets 
under  carefully  controlled  conditions  follow  the  general  form  of  the  Fuchs'  equation  for  r  ~  5  x 
10"5  cm. 

The  Fuchs  analysis  is,  nevertheless,  unsatisfactory  in  many  respects  because  of  the  ill- 
defined  kinetic  model  which  is  described  in  the  original  paper;  since  A  is  not  clearl^defined,  it  has 
not  been  possible  to  ascertain  the  validity  of  this  treatment. 

By  using  a  stochastic  approach  to  the  evaporation  problem,  Frisch  and  Collins(8- 16,  8-17) 
derived  an  equation  which  is  similar  in  general  form  to  Fuchs'  result  but  contains  several  undeter¬ 
mined  parameters.  However,  the  utility  of  their  treatment  is  severely  impaired  by  the  necessity 
of  having  to  make  a  number  of  perhaps  unjustifiable  assumptions  in  order  to  evaluate  the 
parameters. 

Moncheck(8-  15)  has  shown  that  a  more  satisfactory  solution  to  the  evaporation  problem  re¬ 
sults  from  the  application  of  non- Maxwellian  distribution  functions  which  are  appropriate  for  the 
treatment  of  gases  in  extremely  nonuniform  states. 

The  evaporation  model  is  taken  as  a  binary  gas  mixture  containing  components  1  and  2  which 
surround  a  liquid  droplet  of  component  1.  The  concentration  of  each  species  can  be  expressed  as 
C^r,  t)  and  C2(r,  t)  when  the  center  of  the  drop  is  chosen  at  r  =  0;  r  denotes  a  unit  vector  taken 
normal  to  the  surface  of  the  drop.  The  main  assumptions  are  that  no  temperature  or  pressure 
gradients  exist  in  the  gas  phase  and  that  intermolecular  forces  can  be  ignored  except  during  mo¬ 
lecular  collisions.  In  addition,  it  is  assumed  that  no  mass  motion  occurs  within  the  system. 

Thus,  under  these  conditions,  the  Enskog(8-25)  nonequilibrium  distribution  function  suffices 
for  expressing 

fj(?,  Vj)  =  f°  jl  -  DjfVjJVj  ■  V  Cjj  ,  (8-62) 

the  velocity  spectrum  of  species  1.  The  equilibrium  distribution  is  denoted  by  f°  (Vj)  and  the 
vectorial  velocity  by  Vj,  The  scalar  form  of  f°  (Vj)  can  be  written  as 

fo  (Vj)  =  Cj  (mI/27rkT)3/2  exp(-m1V12/2kT)  .  (8-63) 


If  Equation  (8-62)  is  integrated  over  the  total  velocity  space  and  only  the  first  order  pertur¬ 
bation  terms  retained,  then  the  diffusion  coefficient,  Dj,  can  be  defined  in  terms  of  an  average 
velocity  component  ay  such  that 


-D1VC1  =  Cl^av  =  -jl/3  jV  (Vj)  Dj  (Vj)  Vj2  dVjjvCj  .  (8-64) 

Since  the  concentrations  Cj  and  C£  are  only  functionally  dependent  upon  r,  then  the  net  flux, 
can  be  expressed  as 


*  =  <*a2  Cj(a)  (Vln)av  °  47ia2  (^C x /^r )r=a  ,  (8-65) 

where  the  subscript  n  denotes  the  average  velocity  component  in  a  direction  normal  to  the  drop 
surface.  The  net  flux  is  evidently  the  difference  between  the  condensation  flux,  <f>c,  and  the  evapo¬ 
ration  flux,  £y.  The  former  can  be  taken  as 


*c  =  <™2  |  a(vi)f  (V,)Vln  dV, 


(8-66) 


I 


where  the  positive  sign  {+)  indicates  that  the  integration  is  to  be  made  in  the  positive  direction  of 
Vjn,  The  condensation  coefficient,  a(Vj),  is  evidently  a  function  of  the  vectorial  value  of  the 
velocity  Vj.  Since  a.  may  be  taken  conveniently  as  an  average  coefficient,  a Q,  and  a  first  order 
perturbation  average,  ai,  the  condensation  flux  is 


0c  =  4to2  joo  ^fo  •  VindV\ 
L  + 

ai(«C!/dr)a  f  fOD^'VjJV^dV; 


(8-67) 


or  since 


f  F(V)dV  =  1/3  Jv2  F(V)dV 


0C  =  47Ta2  |Ci(a)oo  v  +  ai  D/2  (dCi/dr)aj 
The  Maxwellian  rate  at  which  molecules  strike  the  drop  surface  is  v  =  (kT/27rmj)®' 


(8-68) 


By  assuming  that  0C  is  independent  of  0V  so  that  an  equilibrium  0=0  and  Cj  =  C°|,  then 
the  evaporation  flux  is 


0y  =  4?ra2  a 0  v  C|°  .  (8-69) 

By  combining  Equations  (8-69)  and  (8-65)  with  (8-62),  then  the  radial  concentration  gradient  is 

(^Cj/arJa  =  a0v  [Cjta)  -  CjOJ/Dd  -  ai/2)  .  (8-70) 

This  result  is  an  unusually  useful  boundary  condition  since  it  is  valid  at  the  actual  interphase 
boundary. 

Frisch  and  Collins  have  pointed  out  that  for  the  case  of  a  droplet  of  changing  size,  the  above 
boundary  condition  in  conjunction  with  a  steady  state  solution  of  the  Fuchs  law  equation  is  a  good 
approximation.  Thus,  by  selecting  appropriate  forms  for  Ci(a)  and  (<5Ci/dr)a,  the  rate  of  change 
of  the  droplet  radius  is 


da/dt  =  -mi  a  v  Ci°/p(l  -  a/2) 


^1  +  a- 


va  \ 
(1  -  a/2)D ) 


(8-71) 


if  ao  =  O-i  =  a.  The  experimental  data  of  Lennard- Jones  and  Devonshirc(®“  support  thiB  simpli¬ 
fication  regarding  the  accommodation  coefficients.  The  above  equation  can  be  converted  to  a  form 
which  is  equivalent  to  the  case  of  droplet  evaporation  under  equilibrium  conditions  but  with  a  cor¬ 
rection  for  a  distribution  of  mean-free  paths.  Thus  ^(s)ds  is  the  probability  of  a  molecule  moving 
over  a  path  s  in  a  time  corresponding  to  At  =  l/v‘,  then  the  net  flux  is 

roo 

^  sin_^a/r  ^  2tt r2  sin  9  V  (r,  t)  0(B)dsd0dr  ,  (8-72) 

'o  »-o 

where  0  =  r  cose(a2  -  r2  sin2  6)1/2.  To  evaluate  this  integral,  the  following  reasonable  assump¬ 
tions  are  made:  (1)  steady-state  conditions,  (2)  the  velocity  distribution  following  each  jump  is 
Maxwellian,  (3)  that  V(r,t)  =  Cj(a)a/r  -  C^,  and  (4)  that  is  an  isotropic  function.  The  result¬ 
ing  rate  equation  is 

da/dt  =  -  mi  Oq  v1  ^s^  C  j°/4p(  1  -  Oq)/2  ((1  +  av’ /  ^)(1  c*-0/2)]Dx  (8-73 ) 

where  x  is  obtained  from  the  auxiliary  equation 
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00 

X  =  C  ^(s)  /  J 
>0  [_ 


l2/2  In  (s2  +  a2)*/2/a  +  as/6  (s2  +  a?)l/2 


+  a^/3  (a.  —  (s^  +  a2)l/2/a'\"l 


(8-74) 


By  further  approximations,  x  =  a  / 2  if  a»  and  D  =(v'/6)  ^s2^  and  accordingly 

00 

^S11^  =  ^  sn  ^(s)  ds 


Thus  the  approximate  form  of  Moncheck's  rate  equation  is 


da/dt  -  -  aQ  v'  ^s)  nq  Ci°/4p(l  -  a°)/2  (1  +  a0  v'  (b^  a / 


4p(l  -  Oo/2)  D 


(8-75) 


Equation  (8-75)  is  identical  with  Equation  (8-71)  when  v'  (8^  =  ^Vj^av,  because  v  =  1/4  (Vi)av5 
this  is,  of  course,  equivalent  to  setting  v'  ^  equal  to  the  mean-thermal  velocity  of  the  molecules, 

The  simpler  rate  Equation  (8-71)  differs  from  the  Fuchs  equation  by  a  factor  (1  -  al 2)“*  and 
therefore  the  form  of  the  latter  equation  is  correct  as  long  as  it  is  necessary  to  take  into  account 
only  the  first  order  perturbation  term  in  the  Enskog  distribution.  Since  the  successive  perturba¬ 
tion  functions  f(°),  f(l),  f(2)  -  are  proportional  to  successive  powers  of  c  in  the  order  C,  C°,  C“^ 
it  is  necessary  to  introduce  additional  terms  as  the  pressure  in  the  system  is  decreased.  The 
limit  of  validity  of  Equation  (8-75)  is  approached  when  0(f ( ^ ))  =  $( f(®))  and  where  D/a  =  Zv.  Also, 
Equation  (8-75)  does  not  converge  to  the  vacuum  rate  of  evaporation  at  the  limit  p  =  0, 

Greenstadt(®-20)  has  recently  given  an  elegant  theoretical  treatment  of  a  one -dimensional 
evaporation  problem  where  the  energy  distribution  of  the  evaporating  molecules  is  used  in  a  calcu¬ 
lation  of  the  corresponding  distribution  for  molecules  returning  to  the  liquid  surface.  The  problem 
is  first  stated  in  terms  on  a  nonlinear  Holtzmann  equation(®”2^)  for  gas  transport  and  then  line¬ 
arized  in  dimensionless  form.  The  linearized  equation  is  brought  into  the  form  of  an  integral 
equation  of  the  Fredholm  type  and  is  then  examined  in  terms  of  a  Schwinger  variational  function  for 
the  velocity  distribution  of  the  molecules  returning  to  the  surface.  The  final  integral  equation 
expresses  the  probability  distribution  of  molecules  at  the  liquid-gas  interface  during  a  slow-evapo- 
ration  process  which  may  be  either  steady  or  time  dependent.  The  results  of  this  mathematical 
analysis  are  compared  with  elementary-evaporation  theory(®“^0  for  slow  evaporation  and  are  found 
to  differ  only  by  correction  terms. 


DIFFUSION  OF  DROP  EVAPORATION 

As  has  been  mentioned  earlier,  tne  evaporation  of  a  drop  which  is  at  rest  relative  to  the 
surrounding  gac  is  dependent  upon  the  diffusive  transport  of  molecules  from  its  surface  layer  to 
the  atmosphere  enveloping  the  drop.  The  diffusion  of  a  molecular  species  1  into  3pecies  2  may  be 
expressed  as: 


kT  [" 2kT(m j  +  m2)  1/2 


Tim.  m- 


(8-76) 


according  to  the  kinetic  theory  of  gases,  where  Sj2  is  the  collision  radius,  aj2  3  factor  depen¬ 
dent  upon  molecular  velocities,  and  other  symbols  are  as  previously  defined. 
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Simple  Diffusion  Theory  and  Hydrocarbon  Molecules 


The  application  of  Equation  (8-76)  to  the  calculation  of  the  diffusion  coefficients  of  monatomic 
and  diatomic  gases  presents  no  particular  difficulty.  However,  in  applications  to  the  diffusion  of 
polyatomic  molecules,  considerable  difficulty  is  encountered  because  of  the  complications  which 
arise  in  connection  with  evaluating  Sjg*  The  collision  radius  is  closely  related  to  the  geometry 
and  to  the  mechanical  behavior  of  the  molecule  which  is  under  consideration.  It,  therefore,  seems 
apropos  to  limit  the  present  discussion  of  diffusion  to  hydrocarbon  vapors,  since  these  molecules 
possess  an  homologous  behavior  with  respect  to  their  geometry  and  molecular  dynamics.  Further¬ 
more,  these  compounds  are  of  considerable  practical  interest  because  of  their  widespread  use  as 
liquid  fuels. 

Burk  and  co-workers(®"22)  have  calculated  the  collision  radii  of  a  number  of  straight- chain 
paraffins  from  the  collision-area  data  of  Melavin  and  Mack(8-23)t  The  later  workers  calculated 
collision  areas  from  temperature- viscosity  measurements  of  the  hydrocarbon  vapors,  using 
Chapman's  equation 

-  0.  0868  (1  +  £a)PoV 

nr)[l+C/T] 


where  A  is  the  collision  area  of  a  molecule,  assuming  that  it  behaves  as  an  elastic  sphere,  pQ  is 
the  vapor  density  at  standard  conditions,  V  is  the  average  molecular  velocity  at  temperature  T,  n 
is  the  number  of  molecules/cc,  C  is  the  Sutherland  constant,  and  T)  is  the  viscosity  of  the  gas;  the 
correction  term  (1  +  differs  from  unity  only  by  one  per  cent. 

Table  8-2  gives  the  results  of  Burk's  computations.  The  column  headed  "a"  is  calculated  by 
subtracting  the  ethane-chain  length  from  each  of  the  higher  hydrocarbons  and  dividing  the  residue 
by  N-2,  where  N  is  the  number  of  carbon  atoms  in  the  hydrocarbon.  A  smoothed  value  of  "a"  haB 
been  taken  as  0.  23,  by  assuming  that  this  factor  is  constant  for  the  paraffin  hydrocarbon  series. 

On  this  basis,  the  collision  radius  { 1  /2)S^  j  may  be  written 

(l/2)Sn  =  0.23  (N-2)  +  1.84  .  (8-77) 

Melavin  and  Mack  have  remarked  that  although  the  Chapman  equation  predicts  that  the  colli¬ 
sion  area  (and  consequently  the  collision  radius)  will  be  independent  of  the  temperature,  this  may 
be  false  to  the  extent  that  hydrocarbon  molecules  are  not  well  approximated  by  the  Sutherland 
model.  Actually,  the  Sutherland  equation  is  strictly  applicable  only  to  monatomic  gaBes. 

Bradley  and  Shellard(®-34)  measured  the  rateB  of  evaporation  of  three  hydrocarbons,  n- 
hexadecane,  n-heptadecane,  and  n-octadecane,  into  air  using  the  microbalancc  technique  which  was 
described  earlier.  These  experiments  were  carried  out  at  a  number  of  temperatures,  and  the  dif¬ 
fusion  coefficient  as  a  function  of  temperature  was  determined  for  each  hydrocarbon. 


TABLE  8-2,  EXPERIMENTAL  COLLISION  RADII  FOR  HYDROCARBONS 


Hydrocarbon 

Collision  Area, 

• 

Radius,  A 

••a" 

Ethane 

10.  63 

1.  84 

0.  23 

Propane 

13.  53 

2.  07 

0.  21 

Butane 

16.  11 

2.  26 

0.  21 

Heptane 

26.  7 

2.  96 

0.  25 

Octane 

34.  9 

3.  33 

0.  26 

Nonane 

42.  5 

3.  68 

-- 

Table  8-3  shows  the  self- collision  radii  for  these  hydrocarbons  as  calculated  by  Bradley, 
using  Jeans'(8-25)  vaiue8  for  aj2-  These  calculations  were  made  from  Equation  (8-76)  and  from 
Bradley's  diffusion  data.  The  tabular  values  are  written  as  (l/2)Sn,  since  Jeans'  radius  for  the 
"air  molecule"  (1.  87  A)  is  subtracted  from  the  calculated  value. 


TABLE  8-3.  RADII  OF  HYDROCARBON  MOLECULES  CALCULATED 
FROM  COLLISION  EQUATION 


Temperature, 

C 

(l/2)Sn,  A 

n-Ci6H34, 

a  12  =  0.  304 

n-Ci2H36, 
a12  =  0.  306 

n-Ci8H38, 
a12  =  0.  308 

14.  97 

4.  53 

4.  40 

4.  56 

16.  97 

4.  52 

-- 

-- 

20.  01 

4.  51 

4.  37 

4.  55 

24.  98 

4.49 

4.  34 

4.  53 

29.  98 

4.  46 

4.  31 

4.  50 

34.  88 

4.  22 

4.  29 

4.47 

39.  94 

4.27 

4.  44 

Bradley  and  Shellard  compare  their  values  of  (l/2)S^j  with  those  calculated  from  Equation 
(8-77).  This  equation  gives  for  n-Cjf,H34,  5.  03  A  and  for  n-CisH38,  5.  52  A.  These  values  do  not 
compare  favorably  with  those  given  in  this  table.  These  investigators  state  that  it  is  unrealistic  to 
treat  a  flexible  molecule,  such  as  a  hydrocarbon,  as  though  it  were  an  elastic  sphere.  A  further 
point  of  criticism  of  Equation  (8-77)  lies  in  the  assumption  that  the  radius  of  a  hydrocarbon  mole¬ 
cule  increases  uniformly  by  0.  23  A  per  additional  CH2  group,  an  assumption  contrary  to  the 
generally  accepted  theory  of  higher  hydrocarbon  geometry, 

Bradley  and  Shellard  made  comparisons  of  their  experimental  radii  for  the  three  hydro¬ 
carbons  with  radii  calculated  from  the  Eyring  Equation(8-26)  f0r  the  mean  square  of  the  distance 
between  the  centers  of  the  end  carbon  atoms.  The  calculated  results  did  not  agree  with  the  ex¬ 
perimental  values.  Application  of  both  the  free- rotation  correction  of  Taylor(®_27)  and  the  Van  der 
Waal  radius  correction  for  each  methylene  group  in  the  chain  also  failed  to  account  for  this  dis¬ 
crepancy  between  theory  and  experiment.  In  all  these  theoretical  treatments,  no  account  is  taken 
of  the  intramolecular  forces,  which  favor  strongly  the  molecule's  assuming  a  compact  form  by 
coiling  of  the  chain. 

Bradley  and  Shellard^®-^)  found,  by  constructing  helical-coil  molecular  models,  with  the 
ends  of  the  hydrocarbons  set  at  a  statistical  distance  apart  to  allow  for  free  rotation,  that  it  was 
possible  to  account  for  the  average  experimental  molecular  diameters  of  the  three  long-chain 
hydrocarbons  studied.  The  models  assumed  a  nearly  spherical  form,  which  serves  to  demonstrate 
that  the  effect  of  statistical  coiling  will  be  more  pronounced  with  increasing  hydrocarbon-chain 
length.  Hydrocarbons  up  to  n-nonane  would  have  scarcely  more  than  one  helical  turn. 

The  discussion  of  the  diffusion  of  hydrocarbon  molecules  shows  that  a  proper  choice  of  colli¬ 
sion  radius  for  any  complex  polyatomic  molecule  presents  numerous  difficulties.  Thus,  the  diffu¬ 
sion  coefficients  which  arc  based  upon  theoretical  collision  radii  arc  always  open  to  question  on 
the  ground  that  all  theories  lead  to  widely  differing  radii.  It  would  seem  obvious  that  the  most 
satisfactory  diffusion  coefficients  for  use  in  evaporation  studies  of  complex  molecules  would  be 
those  obtained  from  transport  experiments  carried  out  under  conditions  similar  to  those  of 
evaporation. 
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The  Calculation  of  Diffusion  Coefficients  From  Critical  Data 


One  of  the  most  notable  recent  contributions  to  the  theory  and  calculation  of  diffusion  coeffi¬ 
cients  has  been  made  by  Hirschfelder  and  co-workers(®“2®>  £-29,  8-30)^  at  the  University  of 
Wisconsin.  Their  work  is  based  upon  the  fact  that  the  transport  properties  of  gases  depend  upon 
the  forces  between  the  molecules  which  are  to  be  considered.  The  force  between  molecules  may 
be  written  as  the  potential- energy  function 


E{r )  =  4e 


->0/r)6  +  (r0/r)12 


(8-78) 


in  which  r  is  the  molecular  separation,  e  is  the  m£jcimum  energy  of  attraction  (force  constant), 
and  rc  is  the  collision  diameter  for  low-energy  head-on  collisions.  The  force  constant  can  be 
calculated  by  means  of  the  relations 


rQ  =  (8.  33  x  107)(VC)1^3  ,  (8-79) 

e  0.  75  kTc  ,  (8-80) 

or 

e  =  1.  39  Tb  ,  (8-81) 


where  Tc  and  Tj,  are,  respectively,  the  critical  temperature  and  the  normal  boiling  point  and  Vc 
the  critical  volume  of  the  molecular  species  in  question.  All  of  the  above  equations  are  a  direct 
consequence  of  the  Lennard-  Jones  and  Devonshire  theory  of  gases  and  liquids!®-®2*  8-33). 


From  Equation  (8-78)  may  be  derived  an  expression  for  \  >  the  angle  of  deflection  of  two 
colliding  molecules.  This,  in  turn,  is  related  to  the  "reduced"  collision  cross  section  S'  ’(K)  by 


S0)(K)  =  ^ 


1+1 


}f 


1  -Cos^y 


Pd/3 


(8-82) 


where  K  is  the  relative  kinetic  energy  of  the  molecules  at  large  separation  and  along  a  line  of 
centers,  /3  is  the  distance  of  closest  approach,  and  1  is  a  constant  which  is  equal  to  2  for  most 
gas-diffusion  problems.  For  the  case  of  the  rigid  sphere  model  of  the  last  section,  s!*)(K)  =  1. 
Hirschfelder’s  approach  to  the  diffusion  problem  is  much  more  realistic  than  that  of  the  earlier 
discussion,  since  it  is  not  based  upon  ideally  elastic  collisions. 

Hirschfelder  has  transformed  Equation  (8-82)  to  the  collision  integral!®-2®) 


Wd)(n;x) 

where  x  =  e/kT. 


1/8 


00 

xn  +  2  £  e_xK  Kn+1sO  (K)dK 


(8-83) 


ThiB  integral  has  been  tabulated  numerically!®-22)  as  wH)(n;x)  for  x  =  0.  3  to  400,  1  ranging 
from  1  to  4,  and  u  ranging  from  1  to  6.  In  order  to  use  this  collision  integral,  it  is  necessary  to 
know  only  the  values  of  e/k  and  r0,  which  in  many  instances,  can  be  computed  from  critical  data. 


Hir8chfelder'*(8~29)  final  equation  for  binary  diffusion  to  the  first  approximation  is 


0.  00092916  T 


3/2 


D 


12 


Mj  +  M2/MjM2 


1/2 


P(ri2>Zw(,)  (l;kT/  c  12) 


(8-84) 


■where  Dj2  is  the  binary  diffusion  coefficient,  cm^/*  cc,  Mi  is  the  molecular  weight  of  the  ith 
component,  P  is  the  pressure  in  atmospheres,  r\%  is  the  collision  diameter  in  A,  and  ej2  is  the 
maximum  energy  of  attraction  between  the  unlike  molecules. 
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In  most  cases,  Equation  (8-84)  gives  results  which  compare  excellently  with  experimental 
data  and  which  represent  a  great  improvement  over  the  Sutherland  assumption;  this  is  particularly 
so  for  nonpolar  gas  mixtures.  Because  the  collision  integrals  are  set  up  in  terms  of  interaction 
energies  and  collision  diameters,  Equation  (8-84)  should  be  applicable  to  the  diffusion  of  gases  at 
both  very  high  and  very  low  temperatures.  Under  the  latter  condition,  quantum  mechanical  energy 
corrections  would  be  necessary  because  the  theory  is  based  upon  classical  gas  dynamics. 

This  treatment  does  not  permit  the  calculation  of  the  diffusion  coefficients  in  the  instance 
where  both  compounds  are  polar  molecules.  However,  Equation  (8-84)  may  be  applied  to  binary 
mixtures  of  polar  and  nonpolar  gases  because  the  energy  of  interaction  is  the  same  as  that  of  a 
nonpolar  gas  mixture. 

Curtiss(8-30)  extended  this  theory  in  such  a  manner  that  it  may  be  applied  to  calculating 
the  diffusion  coefficient  of  cne  molecular  species  into  any  number  of  other  species.  Although  the 
basic  mathematical  analysis  underlying  the  treatment  is  complex,  the  resulting  equations  are  sim¬ 
ple  and  may  be  readily  applied.  It  is,  however,  necessary  to  know  all  the  possible  binary  inter- 
molecular  diffusion  coefficients  for  the  system,  as  well  as  the  concentration  of  each  component. 
The  final  useful  equation  is  in  determinant  form. 

The  calculation  of  accurate  diffusion  coefficients  for  multicomponent  systems  would,  of 
course,  be  directly  useful  in  the  study  of  the  evaporation  and  combustion  of  drops  of  liquid  hydro¬ 
carbon  fuels  because  many  molecular  species  are  usually  present  in  such  a  system. 


HEAT  TRANSFER  AND  DROP  EVAPORATION 


It  was  pointed  out  at  the  beginning  of  this  chapter  that  the  rate  of  evaporation  of  a  drop  is 
dependent  both  upon  the  absorption  of  thermal  energy  and  upon  the  outward  diffusion  of  the  mole¬ 
cules  constituting  the  drop.  In  deriving  the  Maxwell  equation  for  evaporation,  it  was  assumed  that 
the  reception  of  heat  by  the  drop  took  place  through  conduction  alone.  The  effects  of  thermal  radia¬ 
tion  and  of  free  convection  were  neglected.  In  this  section  there  will  be  discussed  the  mechanism 
of  heat  transfer  by  all  these  processes  and  also  the  probable  extent  to  which  each  mechanism  af¬ 
fects  drop  evaporation. 

The  reversible  absorption  of  heat  in  any  constant- volume  system  is  given  by 

§=(if)v  =  cvdT  ,  (8-85, 

where  q  is  the  heat  absorbed,  E  is  the  energy  change  corresponding  to  a  change  in  temperature, 
and  cv  is  the  heat  capacity  at  constant  volume.  For  a  drop  of  radius  a,  the  total  heat  absorption 
becomes 

(4ir*2){Z)a'  cvdT  ,  (8-86) 

where  Z  is  the  number  of  collisions /unit  area/unit  time,  and  a1  is  the  thermal-accomodation  coeffi¬ 
cient  of  the  surface.  Neglecting,  for  the  moment,  the  absorption  of  radiation,  Equation  (8-86)  ex¬ 
presses  the  absorption  of  heat  by  conduction  alone.  The  pressure-dependent  collision  number,  Z, 
is  p/(27rmikTg)l/2(  USing  the  nomenclature  of  Chapter  7,  and  dT  may  be  taken  as  (Tg  -  Td),  the 
difference  in  temperature  between  the  gas  and  the  drop.  Now  if  the  gas  is  assumed  to  be  polya¬ 
tomic,  cv  must  be  the  sum  of  contributions  of  the  translational,  rotational,  and  vibrational  heat 
capacities.  The  translational  and  rotational  contributions  are,  respectively,  1  /2k  and  3/2k  per 
molecule.  Since  the  vibrational  contribution  depends  upon  the  vibrational  energy  levels  of  the 
—  particular  molecule,  it  will  be  neglected  in  the  approximate  form  cv  e  2k. 

By  substituting  these  expressions  for  dT,  cv>  and  Z  in  Equation  (8-86),  there  rcoults,  upon 
rearrangement, 
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dq 

dT 


4tb.2 


a'  p 


1/2 


The  rate  of  heat  loss  for  a  drop  of  mass  m  is 


(8-87) 


(8-88) 


where  M  is  the  molecular  weight.  This  equation  states  that  the  rate  of  heat  loss  is  equal  to  the 
rate  of  mass  transport  of  thermal  energy  away  from  the  drop  plus  the  amount  of  heat,  AH,  v/hich 
is  necessary  for  vaporizing  the  liquid  at  the  mass-transport  rate.  If  the  process  is  assumed  to  be 
at  steady  state  the  first  term  on  the  right  can  be  dropped,  and  Equations  (8-87)  and  (8-88)  may  be 
combined  to  give 


AH  /dm\ 
~M  (^dT ) 


=  4 Travel'  p 


1/2 


(8-89) 


In  the  steady  state,  the  absorption  of  heat  by  the  drop  is  balanced  by  an  equal  and  opposite  loss  of 
heat  resulting  from  evaporative  cooling.  The  extent  of  self-cooling  is,  under  this  condition,  equal 
to  (Tg  -  Td)  =  6T,  or 


6T  =  - 


AH 


4a2pMd 


i'  \  2  7T  k  /  \  dt  / 


(8-90) 


If  it  is  assumed  that  the  drop  behaves  as  a  black  body  and  absorbs  Er  calories  of  thermal 
radiation  per  unit  time,  than  the  rise  in  temperature  due  to  radiation  is 


<5Tr 


E_ 


me. 


(8-91) 


Equation  (8-90)  becomes,  on  adding  Equation  (8-91), 

E„  AH  /m^N  I^2  /dm 


6  T  = 


_ 

l'  \  2  7T 


mcv  4a2pMa'  \  2  7T  k  /  \dt  / 


(8-92) 


since  Er  always  produces  a  temperature  rise  in  the  drop. 


Conduction  of  Heat 


It  may  be  deduced  from  the  kinetic  theory  of  gases  that  the  total  rate  of  transport,  T  ,  of  a 
disturbance  G  per  gas  molecule  is 


r 


1 /3nXv 


/dG\ 

\dx  / 


(8-93) 


where  X  is  the  mean  free  path  of  the  molecule,  n  is  the  number  of  molecules  in  the  volume  con¬ 
sidered,  and  v  is  the  average  molecular  velocity.  For  an  ideal  gas,  the  energy  is  directly  propor¬ 
tional  to  the  absolute  temperature,  T.  The  proportionality  factor  iB  cv,  the  heat  capacity  at  con¬ 
stant  volume.  If  G  is  the  mean  energy  per  molecule,  then  G  =  micvT.  Assuming  that  the 
temperature  varies  along  the  x-coordinatc, 


dG  d  (cvT) 

—  =  mj  - 

dx  dx 


(8-94) 


Combining  Equations  (8-93)  and  (8-94)  results  in 
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r  =  1/3  n  mi  X  v  cv 


<?T 

<5x 


(8-95) 


By  definition,  the  thermal  conductivity  is  the  quantity  of  heat  transported  per  unit  area  per  unit 
time,  through  a  unit  temperature  gradient.  If  (dT/dx)  =  1,  then  r  becomes  the  thermal  conduc¬ 
tivity  K,  or, 


K  =  1  /  3nmAv  cv  =  • — ?  ■ 
37TC-2 


(8-96) 


where  r  is  the  molecular  diameter.  It  may  be  easily  shown  that  Equation  (8-89)  can  be  reduced  to 
a  simple  form  containing  K.  Thus,  the  outward  transport  of  mass  (diffusion)  is  counterbalanced 
by  the  inward  transport  of  heat  (thermal  conductivity). 


In  the  previous  section,  it  was  shown  that  the  simple  kinetic- molecular  picture  for  diffusion 
is  inadequate  for  explaining  the  mass  transport  of  polyatomic  molecules  in  a  multicomponent  sys¬ 
tem.  Similarly,  the  conduction  of  heat  in  the  evaporation  of  a  multicomponent  drop  cannot  be  sat¬ 
isfactorily  accounted  for  by  this  elementary  theory.  Unfortunately,  a  completely  satisfactory 
theory  for  thermal  conduction  in  polyatomic  gases  has  not  yet  been  developed.  Hirschfelder'®"^) 
has  proposed  that  the  thermal  conductivity  of  a  gas  may  be  written  as 


(8-97) 


Here,  r)  is  the  gas  viscosity  and  H  and  v  are  functions  of  kT/e ;  the  ratio  H/v  is  approximately 
equal  to  one.  The  bracketed  factor  comes  directly  from  the  Eucken  assumption  which  states  that 
during  a  collision,  thermal  equilibrium  is  instantaneously  established  between  the  translational 
energy  and  the  energies  associated  with  the  internal  degrees  of  freedom  of  the  molecule.  Chapman 
and  Cowling(8“33)  have  discussed  the  Eucken  assumption  and  have  concluded  that  it  is  not  com¬ 
pletely  justifiable  because  it  assumes  that  the  transport  of  translational  energy  is  not  affected  by 
the  existence  of  internal  energy  in  the  system.  This  could  only  be  true  if  exchange  between  trans¬ 
lational  energy  and  internal  energy  occurred  so  rarely  that  it  might  be  neglected,  which  is  of 
course  unlikely.  A  second  point  of  criticism  is  that  in  accordance  with  this  mechanism,  the  trans¬ 
port  of  internal  energy  would  take  place  by  molecular  diffusion  from  one  part  of  the  gas  Bystem  to 
another,  each  molecule  transporting  with  it  the  mean  internal  energy  of  the  region  from  which  it 
originated.  In  other  words,  the  mean  free  path  of  the  transport  would  not  be  that  associated  with 
viscosity,  but  rather  that  appropriate  for  self-diffusion. 


Hirschfelder  compared  thermal  conductivities  calculated  from  Equation  (8-97)  with  the  con¬ 
ductivity  measurements  of  Johnston  and  co-workers(®"®4)for  He,  CH4,  NO,  CO2,  and  0£.  It  was 
found  that  agreement  was  satisfactory  only  for  helium,  the  other  gases  showing  marked  departures 
from  the  theoretical  values.  It  is  not  surprising  that  helium  falls  into  good  agreement,  because  it 
possesses  no  internal  degrees  of  freedom.  The  comparison  indicates  that  the  Eucken  assumption 
is  not  valid  for  polyatomic  molecules.  A  satisfactory  theory  which  will  take  into  account  the 
mechanism  of  energy  transfer  from  translation  into  rotation  and  vibration  is  still  to  be  found. 
Hirschfelder  states  that  until  an  adequate  theory  is  proposed,  there  is  little  use  in  trying  to  apply 
the  complicated  Chapman- Enskog  relations  to  the  problem  of  calculating  the  heat  conductivity  of 
multicomponent  gaB  mixtures. 


It  would  appear  that  the  direct  accurate  experimental  measurement  of  thermal  conductivity 
is  difficult  in  comparison  with  the  measurement  of  the  other  gas-transport  properties.  For  this 
reason,  it  is  nearly  impossible  to  construct  even  an  empirical  formulation  expressing  the  thermal 
conductivity  of  polyatomic  gas  molecules. 

It  is  possible,  however,  to  apply  Equation  (8-97)  to  gases  at  very  high  temperatures  because 
the  molecules  then  behave  in  a  more  nearly  classical  manner.  Equation  (8-97)  may  then  be  used 
in  combustion  calculations,  providing  that  data  are  available  from  which  both  the  viscosity  and  the 
heat  capacity  of  the  gas  mixture  may  be  calculated. 
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Absorption  of  Radiant  Energy 


In  the  earlier  general  discussion  of  heat  transfer,  it  was  indicated  that  a  portion  of  the 
energy  transmitted  to  an  evaporating  drop  is  received  through  the  absorption  of  radiant  energy. 

As  will  be  shown  later,  the  estimated  amount  of  thermal  energy  received  by  this  mechanism  Is 
small  compared  with  that  received  by  conductive  heat  transfer.  It  is,  of  course,  possible  for  cer¬ 
tain  wavelength  radiations  to  produce  exothermic  chemical  reactions  in  the  liquid  phase  as  a  re¬ 
sult  of  photochemical  activation.  However,  a  discussion  of  this  case  more  properly  belongs  to  the 
subject  of  chemical  kinetics  and  falls  out  of  the  scope  of  this  treatment  of  heat  transfer. 

Penner(®"35)  has  treated  the  problem  of  radiant  heat  reception  by  drops  under  the  assump¬ 
tion  that  both  the  drop  and  the  surrounding  gases  behave  as  black  bodies.  The  drop  is  considered 
to  act  as  a  receiver  of  radiant  energy  in  a  volume  which  is  filled  continuously  with  emitters  of 
radiant  energy.  The  radiation  incident  upon  one  sq  cm  of  receiver  surface  per  second  is 


I1  dX  =  f  I  0  (  1  -  exp 

X  JX  X  v 


kXP1 


(8-98) 


where  is  the  energy  in  cal/sec  which  is  emitted  by  one  sq  cm  of  a  black  body  at  the  tempera¬ 
ture  of  the  radiating  gases  in  the  wavelength  interval  X  to  X  +  dX,  I^D  is  the  corresponding  energy 
absorbed  by  the  receiver  in  the  same  units,  k  is  the  average  mass-absorption  coefficient  in  the 
wavelength  range,  and  1  is  the  radiation  path  over  which  the  emitters  can  be  "seen"  by  the 
receiver. 


Avery(8-36)  has  used  Equation  (8-98)  in  connection  with  the  estimation  of  radiant  energy 
transfer  in  solid- propellant  rockets.  In  both  his  work  and  in  Penner's,  it  is  assumed  that  in  a 
closed  vessel  uniformly  filled  with  emitters  throughout  the  path  length  1 ,  the  radiant  energy 

\  I  *  dX  incident  on  a  small  volume  element  of  the  receiver  is  equal  to  the  sum  of  \  I*  dX  and  of 

JX  X  Jx  X 

the  radiant  energy  reflected  from  the  wall  and  transmitted  through  1,  The  reflected  energy  is 
neglected  in  Penner's  treatment  because  the  reflection  coefficient  of  an  oxidized- steel  combustion 
chamber  is  close  to  0.  2.  By  neglecting  this  effect,  there  will  be  introduced  an  error  of  about  10 
per  cent  in  the  estimation  of  radiant  energy  transfer. 


The  maximum  temperature  rise  in  a  spherical  drop  can  be  estimated  in  the  following  manner: 
It  is  first  assumed  that  all  of  the  incident  radiation,  from  an  emitter  at  temperature  T,  It,  is  inci¬ 
dent  on  a  small  volume  element  dV  at  the  same  time  and  in  a  direction  normal  to  the  surface  of  dV. 
For  a  sphere  of  radius  a,  the  absorbed  radiation  Er  is 


(8-99) 


where  K\  is  the  absorption  coefficient  of  the  receiver.  If  is  chosen  as  being  K,  the  average  co¬ 
efficient  for  a  wide  wavelength  band,  then  Equation  (8-99)  may  be  integrated  to  give 


Er 


e-2Ka 


) 


47ta2lj 


(8-100) 


Equation  (8-91)  gives  the  increment  of  increase  in  drop  temperature  due  to  the  absorption  of 
radiant  energy.  This  may  now  be  written  in  terms  of  Equation  (8-100),  as 


A  T  = 


3(1  -  c-2K*)It 

~*~p 


(8-101) 


It  a  is  small,  then  e~2Ka  = 


2  Ka  and  Equation  (8-101)  becomes 
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AT  = 


6KIt 
a  c 
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(8-102) 


When  the  wavelength  dependance  of  K  is  to  be  considered,  Equation  (8-102)  should  be  replaced  by 

AT  =  — £ —  f  K  JT  dX  .  (8-103) 

pacp  JX  X  TX 


Penner!s  numerical  value  for  AT  has  been  worked  out  only  for  the  case  of  a  droplet  in  mo¬ 
tion.  A  detailed  discussion  of  this  case  will  be  given  in  Chapter  9,  where  the  more  important 
problems  of  heat  transfer  and  drop  motion  will  be  discussed. 


CONCLUDING  REMARKS 


It  would  appear  from  the  foregoing  discussion  that  the  general  theory  of  single  droplet  evapo¬ 
ration  in  a  quiescent  gas  has  been  developed  to  the  point  where  there  is  good  agreement  with  ex¬ 
perimental  data.  On  the  other  hand,  it  haB  been  shown  that  the  evaporation  process  is  strongly 
dependent  upon  the  transport  quantities  of  heat  transfer  and  molecular  diffusion.  These  quantities 
are,  in  turn,  related  to  the  molecular  structures  of  both  the  liquid-phase  and  the  gas-phase 
molecules. 

Although  the  theory  of  molecular  diffusion  has  been  developed  to  the  extent  that  it  may  be  ap¬ 
plied  to  the  calculation  of  diffusion  coefficients  for  multicomponent  systems,  it  is  limited  to  those 
systems  which  contain  no  more  than  one  polar  component.  In  order  to  accurately  predict  diffusion 
coefficients  in  systems  containing  several  polar  gases,  it  would  first  be  necessary  to  develop 
suitable  potential- energy  forms  for  the  interaction  of  pairs  of  polar  molecules.  Secondly,  collision 
integrals  would  have  to  be  evaluated  from  these  potential- energy  relations  before  the  desired  diffu¬ 
sion  coefficients  could  be  computed. 

Further  theoretical  work  on  the  collision  geometry  of  large  molecules  appears  to  be  needed 
in  viev  of  the  fact  that  Bradley  was  unable  to  calculate,  through  purely  theoretical  considerations, 
the  collision  diameters  of  long- chain  hydrocarbons.  It  is,  at  present,  difficult  to  ascertain  the 
best  approach  to  this  problem  because  of  its  inherent  complexity.  Adequate  mathematical  tools 
seem  to  be  lacking  for  the  problems  connected  with  the  geometrical  behavior  of  long-chain  mole¬ 
cules  in  the  gas  phase.  It  may  be  possible  that  from  an  examination  of  the  theoretical  techniques 
used  in  treating  the  diffusion  of  linear  polymers  in  solution,  a  better  understanding  could  be  ob¬ 
tained  of  gas-phase  diffusion  of  large  hydrocarbon  molecules. 

Wnile  diffusive  transport  is  relatively  well  understood,  the  mechanism  of  thermal  conduc¬ 
tivity  in  polyatomic  gases  is  still  in  a  somewhat  puzzling  state.  Although  it  may  be  possible  to 
develop  a  theory  which  obviates  the  necessity  of  using  the  Eucken  assumption,  no  good  experimen¬ 
tal  data  are  available  for  the  thermal  conductivities  of  polyatomic  gases.  This  lack  of  data  is 
undoubtedly  connected  with  the  fact  that  the  measurement  of  this  quantity  over  a  temperature  range, 
by  available  techniques,  is  exceedingly  difficult.  An  improved  experimental  method  for  measuring 
heat  conduction  in  gases  iB  sorely  needed. 


Various  speculations  have  been  made  concerning  the  effective  magnitude  of  thermal  radiation 
in  moving-droplet  evaporation.  No  experimental  work  appears  to  have  been  carried  out  for  nither 
static  or  moving  drops.  It  would  appear  that  further  work  is  needed  tc  determine  the  influence  of 
radiation  on  the  evaporation  of  liquid-fuel  mists. 


Vf ADC  TR  56-344 


6-25 


REFERENCES 


8-1.  Maxwell,  J.  C. ,  Diffusion,  Sci.  Papers,  £,  639,  1890. 

8-2.  Kennard,  E.  H. ,  Kinetic  Theory  of  Gases,  McGraw-Hill  Book  Company,  1st  edition, 

New  York,  1938,  p  182. 

8-3.  International  Critical  Tables,  McGraw-Hill  Book  Company,  1st  edition,  New  York,  1929, 
Vol.  5,  p  214. 

8-4.  Fuchs,  N. ,  Concerning  the  Evaporation  of  Small  Drops  in  a  Gas  Atmosphere,  NACA 
Technical  Memorandum  No.  1160,  1947. 

8-5.  Houghton,  H.  G. ,  A  Study  of  the  Evaporation  of  Small  Drops,  Physics,  4,  419,  1933. 

8-6.  Toplay,  B. ,  and  Whytlaw-Gray,  R. ,  Experiments  on  the  Evaporation  Rates  of  Small 
Drops,  Phil.  Mag. ,  4,  873,  1927. 

8-7.  Namekawa,  T. ,  and  Takahashi,  T. ,  Note  on  the  rate  of  Evaporation  of  Small  Water  Drops, 
Memoirs,  Coll.  Sci. ,  Kyoto  Imp.  Univ.  ,  2 £,  139,  1937. 

8-8.  Stefan,  G. ,  Wien  Bcr, ,  65,  323,  1872;  68,  385,  1873;  83,  343,  1881. 

8-9.  Winkelmann,  A. ,  A  Series  of  Articles  Published  in  Wien  Ann. ,  1884-1889. 

8-10.  Bradley,  R.  S.  ,  Evans,  N.  G.  ,  and  Whytlaw-Gray,  R.  ,  The  Rate  of  Evaporation  of  Small 
Droplets,  Proc.  Roy.  Soc. ,  A186,  368,  1946. 

8-11.  Patterson,  H.  S.  ,  and  Whytlaw-Gray,  R.  ,  Smoke,  Arnold,  Ltd.,  London,  1932,  p  181, 

8-12.  Woodland,  D.  ,  and  Mack,  E. ,  The  Effect  of  Surface  on  Surface  Energy  Thickness  of 
Saturated  Vapor  Films,  Jour.  Am.  Chem.  Soc,  ,  55,  3149,  1933. 

8-13.  Langmuir,  I.,  The  Dissociation  of  Hydrogen  into  Atoms,  Jour.  Am.  Chem.  Soc.,  37, 

426,  1915. 

8-14.  Birks,  J.  ,  and  Bradley,  R.  S. ,  The  Rate  of  Evaporating  Drops  II,  Proc.  Roy.  Soc., 
London,  A198,  226,  1949. 

8-15.  Moncheck,  L.  ,  and  ReisB,  H.  ,  Studies  of  Evaporation  of  Small  Drops,  J.  Chem.  Phys. , 

22,  831,  1954. 

8-16.  Frisch,  H.  L.  ,  and  Collins,  F.  C. ,  Diffusional  Processes  in  the  Growth  of  Aerosol 
Particles,  J.  Chem.  Phys.  ,  20,  1797,  1952. 

8-17.  Frisch,  H.  L.  ,  On  Diffusion  Controlled  Phase  Growth,  2.  Elcktrochem. ,  56,  324,  1952. 

8-18.  Leonard- Jones,  J.  E.  ,  and  Devonshire,  A.  F. ,  The  Interaction  of  Atoms  and  Molecules 

with  Solid  Surfaces,  Proc.  Roy,  Soc,  ,  London,  A156,  6,  1936. 

8-19.  Frisch,  H.  L.  ,  and  Collins,  F.  G.  J.  ,  Chem,  Phys.  (in  press). 1 

8-20.  Grcenstadt,  J.  ,  Variational  Formulas  in  Evaporation  Theory,  Phys.  Rev.,  93,  1140, 

1954. 

8-21.  Dicterici,  G.  ,  Kinetic  Theory  of  Liquids,  Ann.  Physik  N.  F,  ,  6£,  826,  1898. 

8-22,  Burk,  R.  R.  ,  Laskowski,  L.  ,  and  Lankelme,  H.  P,  ,  Kinetics  of  the  Thermal  Decompo¬ 

sition  of  Straight  Chain  Paraffine,  Jour.  Am.  Chem,  Soc.  ,  6_3_,  3248,  1941. 


WADC  TR  56-344 


8-26 


8-23.  Melavin,  R.  M. ,  and  Mack,  E. ,  The  Collision  Areas  and  Shapes  of  Carbon  Chain  Mole¬ 
cules  in  the  Gaseous  State,  Normal  Heptane,  Normal  Octane,  Normal  Nonane,  Jour.  Am. 
Chem.  Soc. ,  54,  888,  1932. 

8-24.  Bradley,  R.  S. ,  and  Shellard,  A,  D.  ,  The  Rate  of  Evaporation  of  Drops  —  Vapor  Pres¬ 
sures  and  Rates  of  Evaporation  of  Straight  Chhin  Paraffin  Hydrocarbons,  Proc.  Roy. 

Soc. ,  239,  1949. 

8-25.  Jeans,  J.  ,  An  Introduction  to  the  Kinetic  Theory  ox  Gases,  Cambridge  University  Press, 
1940. 

8-26.  Eyring,  H. ,  The  Resultant  Electric  Moment  of  Complex  Molecules,  Phys.  Rev. ,  38, 

746,  1932.  . 

8-27.  Taylor,  W.  J. ,  Average  Length  and  Radius  of  Normal  Paraffin  Hydrocarbon  Molecules, 
Jour.  Chem.  Phys. ,  ^6,  257,  1948. 

8-28.  Hirschfelder,  J.  O.  ,  Byrd,  R.  B. ,  and  Spotz,  E.  L. ,  The  Transport  Properties  of  Gases 
and  Gas  Mixtures,  Chem.  Phys. ,  44,  205,  1944. 

8-29.  Hirschfelder,  J.  O. ,  Byrd,  R.  B. ,  and  Spotz,  E.  L. ,  The  Transport  Properties  of 
Non- Polar  Gases,  Jour.  Chem.  Phys. ,  U>j  968,  1948. 

8-30,  Curtiss,  C.  F.  ,  and  Hirschfelder,  J.  O, ,  Transport  Properties  of  Multicomponent  Gas 
Mixtures,  Jour.  Chem.  Phys. ,  YT_ ,  550,  1949. 

8-31.  Lennard- Jones,  J.  E. ,  and  Devonshire,  A.  F.  ,  Critical  Phenomena  in  Gases  I;  Proc. 

Roy.  Soc.  ,  A163,  53,  1937.  Critical  Phenomena  in  Gases  II  -  Vapor  Pressure  and 
Boiling  Point,  Roy.  Soc,  ,  A165,  1,  1938. 

8-32.  Corner,  J.  ,  Zero  Point  Energy  and  Lattice  Dimensions,  Trans.  Faraday  Soc.  ,  35,  711, 
1939. 

8-33.  Chapman,  S.  ,  and  Cowling,  T.  G. ,  The  Mathematical  Theory  of  Non-Uniform  Gases, 
Cambridge  Univ,  Press,  Teddington,  1939. 

8-34.  Johnston,  H.  L. ,  and  Grilly,  E.  R. ,  Accommodation  Coefficients  for  Heat  Conduction 
Between  Gac  and  Bright  Platinum  for  Nine  Gases,  Jour.  Chem,  Phys. ,  ^14,  233,  1946. 

8-35.  Penner,  S.  S. ,  and  Weinbaum,  S. ,  Some  Considerations  of  the  Effect  of  Radiation  on  the 
Performance  of  Liquid  Fuel  Rockets,  Jour.  Opt.  Soc.  of  Am. ,  38,  599,  1948, 

8-36.  Avery,  W.  H.  ,  Studies  of  Radiation  Phenomena  in  Rockets,  OSRD  Report  No.  3880,  1944. 


W ADC  TR  56-344 


8-27 


CHAPTER  9.  EVAPORATION  OF  A  "MOVING" 
DROPLET 


ABSTRACT 


The  evaporation  of  a  rigid  liquid  sphere  under  conditions 
of  ambient-gas  motion  is  described  in  terms  of  a  set  of 
simultaneous  differential  equations  which  relate  heat  and 
mass  transfer  to  the  hydrodynamic  variables  of  gas  flow  in 
the  region  of  the  liquid  surface.  The  principal  differences 
between  heat  and  mass  transfer  are  shown  to  be  related  to 
the  mechanism  of  propagation  of  a  thermal  or  concentrative 
disturbance  through  a  gradient  in  the  transport  path. 

The  similarity  in  mechanism,  in  conjunction  with  reasonable 
simplifying  hydrodynamical  assumptions,  permits  some  ap¬ 
proximate  solutions  to  the  fundamental  equations  to  be  made 
after  each  equation  is  reduced  to  a  dimensionless  form. 

The  resulting  solution  is,  nevertheless,  limited  in  their 
usefulness  because  of  the  buildup  assumptions  which  were 
necessary  in  their  formulation. 
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CHAPTER  9 


EVAPORATION  OF  A  "MOVING"  DROPLET 
by 

F.  Benington 


THEORETICAL  RESULTS 


In  the  previous  chapter,  equations  were  derived  which  adequately  described  the  evaporation 
of  a  single  droplet  in  a  quiescent  gaseous  medium.  Under  the  conditions  imposed,  molecular  dif¬ 
fusion  and  heat  transfer  played  the  all-important  role  in  determining  the  evaporation  rate  of  the 
liquid.  Thus,  linear  transport  equations  having  radial  symmetry  sufficed  to  describe  the  evapora¬ 
tion  process  under  equilibrium  conditions.  In  contrast  to  this  simple  case,  the  evaporation  of  a 
liquid  surface  under  conditions  of  ambient  gas  motion  is  described  in  terms  of  a  set  of  differential 
equations  which  relate  both  heat  and  mass  transport  to  the  hydrodynamic  variables  which  must  be 
considered  in  the  description  of  this  dynamic  process.  The  condition  of  gas-stream  motion  thus 
introduces  a  number  of  mathematical  complexities  into  the  problem  of  determining  the  rate  of 
evaporation  of  a  droplet. 

An  examination  of  the  differential  equations  for  heat  and  mass  transfer  shows  that  there  is  a 
great  similarity  between  these  two  processes.  The  principal  difference  between  these  transport 
quantities  is  connected  with  the  mechanism  of  propagation  of  a  thermal  or  concentration  disturbance 
through  a  gradient  in  the  transport  path.  This  similarity  in  mechanism,  in  conjunction  with  sim¬ 
plifying  hydrodynamical  assumptions,  permits  some  approximate  solutions  to  the  fundamental 
equations  to  be  made  after  each  equation  has  been  reduced  to  a  dimensionless  form.  Such  solutions 
are,  nevertheless,  limited  in  their  usefulness  because  of  the  assumptions  which  are  necessary  in 
their  formulation. 

Certain  results  from  the  convection  of  heat  from  solid  objects  immersed  in  a  moving  stream 
of  fluid  have  long  been  thought  to  be  applicable  to  the  transfer  of  mass  under  analogous  conditions. 

In  1905,  Boussinesq(9-l)  solved  the  heat-flow  equations  for  arbitrary  solids  of  revolution  and  con¬ 
cluded  that  the  convective  heat  transfer  was  proportional  to  U*/2,  where  U  is  the  mean  stream 
velocity.  He  assumed  that  the  thermal  conductivity  of  the  medium  was  small  and  that  the  only 
important  temperature  gradient  was  that  normal  to  the  surface  of  the  solid.  Similarly,  Kingl9-2) 
arrived  at  the  same  result  for  the  heat  loss  from  an  infinite  cylinder  immersed  in  a  moving  gas 
stream.  Several  other  investigators  have  also  verified  the  conclusion  that  heat  convection  is 
proportional  to  the  square  root  of  the  stream  velocity. 

Jeffreys^--*)  derived  an  expression  for  the  rate  of  evaporation  of  a  liquid  from  a  plane 
surface,  using  an  analogy  between  his  mass-transfer  equaHon  and  Boussinesq's  corresponding 
equation  for  heat  transfer.  He  concluded  that  the  mas s -transfer  rate  was  proportional  to  U 1/2. 
Namckawa  and  Takahasi(9-4)  have  also  verified  the  general  validity  of  this  proportionality  from 
the  measurement  of  the  evaporation  rate  of  single  water  droplets. 

Although  there  have  been  numerous  experimental  researches  upon  the  problem  of  liquid 
surface  evaporation  in  moving  air  streams,  there  is  only  meager  reference  to  the  fundamental  air 
dynamics  of  this  problem.  For  the  most  part,  nearly  all  workers  have  employed  the  method  of 
dimensionless  parameters  to  obtain  evaporation  equations  which  are  useful  in  practice.  Powell^-11) 
has  analyzed  the  evaporation  results  of  many  of  these  workers  and  has  shown  their  results  to  be  in 
fair  agreement  for  evaporation  from  plane  surfaces. 

The  first  mathematical  approach  to  the  problem  of  evaporation  from  a  plane  surlacc  was 
made  by  Millard-?)  in  1937.  His  fundamental  attack  was  made  possible  by  the  theoretical  treat¬ 
ment  of  eddy  transfer  developed  by  Svcrdrup(9-7)1  jn  conjunction  with  the  Von  Karman{9-8)  expres¬ 
sion  for  skin  friction.  The  equation  for  Die  evaporation  of  a  sphere  in  a  moving  gas  stream 
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remained  unsolved  until  1938  when  Frossling(9-9)  developed  his  semiempirical  result  which  forms 
the  basis  of  nearly  all  present  day  analyses  of  single-drop  and  spray-evaporation  equations. 

There  is,  at  present,  no  completely  rigorous  solution  to  the  equations  for  convective  m  ss 
and  heat  transfer  from  spheres.  Hcv'ever,  it  would  seem  that  any  expression  for  predicting  the 
convective  evaporation  rate  in  this  case  should  fulfill  the  following  two  conditions:  (1)  that  at 
U  =  0,  the  evaporation  rate  would  follow  the  Maxwellian  diffusion  rate  equation,  and  (2)  that  for 
stream  velocities  greater  than  0,  the  evaporation  rate  should  be  a  function  of  the  square  root  of 
the  stream  velocity  since  it  is  reasonable  to  assume  a  linear  velocity  gradient  across  the  boundary 
layer. 


Evaporation  From  a  Plane  Surface 


Before  turning  to  the  formulation  of  the  evaporation  problem  for  the  moving  sphere,  an 
account  will  be  given  of  the  evaporation  of  a  liquid  from  a  plane  surface.  This  case  is  of  interest 
since  it  represents  one  of  the  few  analytical  solutions  involving  dynamic  evaporation  that  may  be 
found  in  the  literature.  Moreover,  evaporation  from  a  plane  is  also  of  interest  since  it  represents 
the  limiting  case  for  a  sphere  of  infinite  radius  under  the  conditions  of  air  flow  parallel  to  the 
surface. 

Jeffreys  (9-3^ 

in  treating  evaporation  from  a  plane,  has  given  substantially  the  following 
discussion:  Let  p  be  the  density  of  the  ambient  gas  mixture  at  any  point  above  the  liquid  surface, 
and  letV  be  the  fraction  of  this  density  due  to  the  evaporating  substance.  The  air  stream  direction 
is  taken  as  being  directed  along  the  x-coordinate,  parallel  to  the  liquid  surface;  the  velocity  has  a 
component  u  in  the  x-direction  at  some  point  above  the  surface.  The  air -flow  velocity  components 
in  the  y-  and  z-directions  are  v  and  w,  where  y  is  perpendicular  to  x  and  lies  in  the  plane  of  the 
liquid  surface;  z  is  taken  as  being  normal  to  the  liquid  surface.  For  an  air  flow  of  moderate 
velocity,  the  flow  profile  in  the  z-direction  is  assumed  to  increase  rapidly  from  zero  at  z  =  0  to 
perhaps  u/2  at  a  point  which  is  a  millimeter  or  so  above  the  surface.  If  the  vapor  has  a  lower 
density  than  air,  the  density,  V,  will  decrease  rapidly  through  this  layer  from  some  value  V  =  V0 
to  a  decidedly  smaller  value  outside  of  the  boundary  layer.  It  is  assumed  that  diffusion  occurs 
through  the  mechanism  of  "eddy  diffusion"  and  that  the  transport  coefficient  is  given  by  A.  By 
analogy  to  heat  conduction  or  molecular  diffusion,  the  time-dependent  transport  equation  may  be 
written  as 


dV 

dt 


(9-0 


Also,  the  velocity  components  are  related  through 


dV 

TT 


u 


d  V  +___d.v 

dx  dy 


r  0  Y 

+  w  — 
dz 


(9-2) 


If  the  density  gradient  changes  only  in  the  z-dircction,  and  A  is  constant,  then,  under  steady 
state  conditions,  Equations  (9-1)  and  (9-2)  reduce  to 


dv  _  A  jh 

dX  dz^ 


(9-3) 
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(9-3) 


or  with  A^u  *  h 


2 


21  h2  ifx 

*x  "  5z2 


The  integrated  form  of  Equation  (9-3)  is 


V 


2 


z/2h  Vx” 

I  ' 


(9-4) 


where  £  is  a  variable  of  integration.  If  the  air  stream  approaching  the  upstream  edge  of  the 
surface  is  free  of  vapor  molecules,  then  V  =  0  at  x  <  0  and,  evidently,  for  the  interface  where 
z  =  0 


21  =  Vo 

dz  hVlfx 


Therefore,  the  rate  of  evaporation  per  unit  area  of  surface  is 


A  P 


(9-5) 


For  a  strip  having  a  width  dy  and  extending  over  x  *  0  to  Xj,  the  right  hand  Bide  of  Equation 
(9-5)  becomes 


pV0  dy 


dx  =  2  pV0 


1/2 


dy 


or  for  the  entire  rectangular  area,  the  total  evaporation  is 


(9-6) 


if  croBs-wind  diffusion  is  neglected. 

Jcfferys  has  concluded  that  Equation  (9-6)  may  be  applied  to  the  evaporation  at  a  smooth 
surface  whoae  maximum  dimension  ranges  from  about  20  cm  to  5000  meters,  under  the 
condition  of  "eddy  diffusion".  This  solution  appears  to  express  only  the  convective  part  of  the 
evaporation,  since  the  rate  of  evaporation  vanishes  at  zero  stream  velocity.  A  complete 
solution  should  give  a  finite  rate  of  evaporation  in  terms  of  molecular  diffusion  for  u  ■  0. 

W.  G  L  Sutton^*  extended  Jcfferys1  work  by  considering  the  behavior  of  the  eddy- 
diffusion  coefficient  in  Equation  (9-1)  under  the  conditions  of  turbulent  motion  of  the  air  stream. 
In  his  development  of  this  problem,  u  and  A  arc  taken  as  potential  functions  of  z,  the  coordinate 
normal  to  the  evaporating  surface.  In  nonturbulcnt  flow  systems,  A  is  the  ordinary  molecular 
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diffusivity,  whereas,  under  turbulent  air-stream  motion,  this  quantity  must  be  treated  as  a 
variable.  The  molecular  diffusivity  is  relatively  unimportant  in  comparison  with  the  mass  trans 
port  which  occurs  as  a  result  of  the  turbulent  eddies  which  are  large  compared  with  the  mean 
free  path  of  the  vapor  molecules. 

In  the  steady-state,  two-dimensional  case,  the  operator  d/dz  in  Equation  (9-1)  acts  on 
A  (z)  as  well  as  upon  3V/<9z,  or 


u 


£V 

<9x 


P 


dV  - 
‘dz 


(9-7) 


where  u  is  a  mean  stream  velocity  in  the  x-direction  and  the  other  variables  are  as  defined 
previously.  By  assuming  that  the  density  of  the  air  is  virtually  independent  of  z,  the  density, 
V,  in  Equation  (9-7),  may  be  replaced  by  C,  the  mass  of  vapor  per  unit  volume  of  air,  so  that 


-  dC  1  d  r  A/  . 

u  —  = - —  A(z) 

dx  p  d  Z 


dC 

dz 


(9-8) 


Sutton  deduced  the  form  of  A(z)  using  Taylor's(9-l  1)  theory  of  diff  ision  by  continuous  gas 
movement.  The  dependence  of  A(z)  upon  u  and  z  is 


A  (a)  = 


(1/2  irk2)1"*  (2-nf~n  n 1~n 


(l-n)(2n-2)2-2n 


pu 


(9-9) 


which  is  based  upon 


u 

al 


n(2-n) 


as  an  expression  for  the  variation  of  the  air-flow  component  u  along  the  z-coordinate;  uj  is  a 
known  mean  velocity  at  a  height  z\  above  the  evaporating  surface.  The  Von  Karman  constant  is  k 
and  has  been  assigned  a  value  of  0.4  by  Nikuradse(9-i2);  v  is  the  kinematic  viscosity  of  the  gas, 
and  n  is  a  number  characteristic  of  the  degree  of  turbulence. 

O.  G.  Sutton(9“i3)  0i3tained  a  solution  for  Equation  (9-8)  under  the  assumption  that  the 
vapor  is  of  constant  density  at  the  surface.  This  result  gives  the  functional  form  of  E(TT,  xQ), 
the  evaporation  rate  from  a  unit  width  of  an  infinite  strip  of  length  x0  from  the  upstream  edge 
of  the  surface.  The  evaporation  rate  may  be  written  in  terms  of  the  definite  integral 

p°°  (2-n)/2+n  2/(2+n) 

E(0,  x0)  ■  ^  u(CX8Xq)  dz  .Ku  x0  ,  (9-10) 


where  K  Ib  defined  below. 

If  lateral  diffusion  is  neglected,  then  for  a  rectangular  area  of  downstream  length  x0  and 
of  width  y0,  Equation  (9-10)  becomes 


e(*o.  y0)  »W2_n,/(2+n)  xo2/(3*n)yc  •  (°-n) 

Similarly,  for  a  circular  area  of  radius  r 

E(r)  •  K*  uj  (2‘n)/(2*n)  r«*n)/(2*n)  (9.12) 


WADC  TR  56-J44 


9-4 


The  quantities  K  and  K' ,  taken  as  independent  of  uj,  Xq  and  r,  are  defined  by 


K«C0 


(2-n) /(2+n) 

2-n  ) 


•  27T  _ 

sin  - —  r 
2+n 


2/(2+n)  z^-n2/(4-n2) 


and 


K  x 


22+n  K7T1/2  r 


r 


_8+3n_" 
2  (2+n) 


The  quantity  Cq  in  Equation  (9-13)  is  obtained  from 


y  (9/13) 


c  =c0 


r 


_n  (2+n) /(2-n) 
Uj  z 


l2!^  aZl  n/(2"n)  x 


n 

’  2+n 


(9-14) 


which  is  a  formal  solution  to  Equation  (9-8).  The  following  auxiliary  quantities  appearing  in 
Equation  (9-14)  are  defined  as: 


|~  (l/27rk2)l-n  (2-n)l~n  n*~n 
(l-n)(2n-2)2-2n 


n  (n2  -n)  /  (2  -n) 


V  Zj 


(9-15) 


CQ  =  lim  C(x,  z)  for  0  <x  <xQ  , 
z—  o 

00  9 

f  (P)  a  j1  x*3-1  e_xdx;  T  ( 0,  P)  =  ^  x^“^  e_xdx 


The  rate  of  evaporation  from  a  liquid  surface  may  now  be  calculated  from  Equations  (9-11) 
or  (9-12)  with  auxiliary  equations  (9-13)  and  (9-15)  in  combination  with  numerical  values  of  n, 

TI,  Zj,  CQ  and  V.  The  concentration  variable,  C0,  is  identical  with  the  saturated  vapor  density  at 
z  a  0,  By  assuming  the  perfect-gas  law  to  be  valid,  CQ  may  be  evaluated  from 


C0  =  PgM/RT  (9-16) 

where  P6  is  the  saturation  vapor  pressure,  M  is  the  molecular  weight  of  the  liquid,  and  T  is  the 
absolute  temperature. 

Pasquill^  ^  carried  out  a  series  of  experiments  in  which  the  evaporation  of  bromobenzene 
was  measured  at  a  number  of  different  stream  velocities.  Calculations  of  the  theoretical  evapora¬ 
tion  rate  in  accordance  with  Sutton' s  theory  were  made  using  the  values  T  x  290  K,  M  x  157, 
k=  0.4,  v  =  0.  147  cgs  units  and  z.  a  1  cm.  The  value  for  n,  in  this  calculation,  was  taken  as  being 
0.238. 


Table  ^-1  shows  a  comparison  of  Pasquill' s  measured  rates  with  the  rates  predicted  by  the 
Sutton  theory. 


tfinr  td  ti  ’  ■  * 


TABLE  9-1 .  COMPARISON  OF  CALCULATED  AND  OBSERVED  EVAPORATION  RATES 

(Bromobenzene) 


uj  (meters/sec) 

1 

2 

4 

5 

6 

7 

8 

9 

(a) 

Etheory  (g/min/mm  Hg) 

0.28 

0.48 

0.  84 

1.00 

1.  16 

1.31 

1.45 

1. 59 

^Expt1 1  (g/min/mm  Hg) 

0,25 

0.43 

0.  76 

0.76 

1.06 

1.20 

1.34 

1.48 

(a)  From  Equations  (9-1 1),  (9-13),  and  (9-15). 


It  may  be  seen  from  Table  9-1  that  the  values  of  compare  well  with  the  observed 

evaporation  rates.  However,  Pasquill  further  compared  Sutton' s  theoretical  rate  equations  for 
the  evaporation  of  a  number  of  pure  liquids  which  had  been  measured  by  Wade^”^);  the  evapora¬ 
tion  of  water  was  used  as  a  basis  of  comparison. 

Table  9-2  shows  Pasquill1  s  calculated  results  in  terms  of  ET/(Pg-Pa),  the  value  of  which 
is  taken  as  being  unity  for  water.  By  multiplying  this  quantity  by  1/M,  a  constant  should  result 
if  the  above  theory  adequately  describes  the  evaporation  of  these  liquids.  The  variation  in 
ET/M(P3-Pa)  shown  in  this  table  indicates  that  considerable  discrepancy  exists  between  theory 
and  experiment.  Pasquill  deduced  that  the  molecular-diffusion  coefficient  is  more  likely  to  play 
an  important  role  in  turbulent  transport  than  is  the  viscosity.  The  effect  of  substituting  D,  for  v 
in  A(z),  is  shown  in  the  last  column  of  Table  9-2.  It  may  be  seen  that  this  substitution  results  in 
a  more  satisfactory  agreement  between  experimental  and  theroetical  evaporation  rates. 

TABLE  9-2.  RATES  OF  EVAPORATION  OF  VARIOUS  LIQUIDS  RELATIVE  TO  WATER 


Liquid 

ET/(Pg-Pa) 

M.  W. 

ET/[M(Pa-Pa)] 

D 

ET/[M(Pg-Pa)D2n/(2+n)] 

Water  u 

1.00 

18 

1. 00 

0.275 

1. 00 

Acetone 

2. 52 

58 

0.  78 

0.  094 

0.  99 

Benzene 

3.  54 

78 

0.  82 

0.  099 

1. 02 

Ethyl  acetate 

3.  10 

88 

0.  63 

0.  093 

0.  80 

Toluene 

3.44 

92 

0.  67 

0.  092 

0.  86 

Aniline 

3. 82 

93 

0.  74 

0.069 

0.98 

Trichlorethylene 

4.  18 

131 

0.  57 

0.  079 

0.  75 

Methyl  sulfate 

5.09 

152 

0.  60 

0.054 

0.  84 

Carbon  tetra¬ 
chloride 

5.  00 

154 

0.  58 

0.  071 

0.  79 

Bronoh**n7.ene 

6.72 

157 

0.  77 

0.  068 

1. 02 
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Evaporation  From  a  Spherical  Drop 
in  a  Moving  Gas  Stream 


The  problem  of  predicting  the  evaporation  rate  of  a  moving  spherical  droplet  received  little 
or  no  attention  before  Frdssling'  s(9“9)  WOrk  in  1938.  Since  that  time,  there  have  been  a  number 
of  investigations,  both  theoretical  and  experimental,  concerning  the  evaporation  of  moving  drop¬ 
lets  under  a  variety  of  experimental  conditions.  Nearly  all  of  this  subsequent  work,  in  part,  i3 
based  upon  Frossling' s  original  analyses,  and  consequently  his  treatment  of  the  problem  will  be 
presented  in  some  detail. 

It  will  be  assumed  that  the  evaporating  drop  retains  a  spherical  shape  throughout  the  evapo¬ 
ration  process.  The  problem  is  treated  only  for  the  stationary  state  because  the  transient  problem 
is  extremely  difficult  to  solve.  Fortunately,  both  the  velocity  and  the  evaporation  rate  of  the  drop 
can  be  assumed  to  be  independent  of  the  time  under  this  assumption. 


Although  diffusion  is  important  under  these  conditions  of  evaporation,  there  is  also  imposed 
the  important  mechanism  of  the  transport  of  vaporized  molecules  into  the  moving  gas  stream  by 
the.  "shedding"  of  the  saturated  vapor  boundary  layer  which  surrounds  the  moving  drop.  This 
latter  kind  of  transport  takes  place  through  the  mechanism  of  viscous  flow.  The  problem  is  first 
set  up  in  terms  of  the  Navier -Stokes  equation,  the  continuity  equation,  and  appropriate  boundary 
conditions  for  the  flow  of  gas  in  the  region  of  the  drop  surface. 

First,  the  velocity  field  is  defined  by  the  equation 


under  the  condition  that 


(9-17) 


*3u 

dx 


+ 


t9w 

dz 


=  0  . 


The  variables  in  these  equations  are  the  same  as  those  used  in  the  previous  section;  P  iB  the  total 
pressure  and,  /i,  the  absolute  viscosity.  Equations  (9-17)  arc  valid  only  under  the  conditions  of 
incompressible  flow  and  in  the  absence  of  gravitational  field. 


The  corresponding  concentration  field  of  vaporized  molecules  which  surround  the  drop  may 
conveniently  be  defined  in  terms  of  the  molecular -diffusion  equation  under  flow  conditions. 
Jefferysv"-3/  has  given  this  equation  as 


“(f)  tv(f)  *"(f)  =  d-,2c  ■  <’-i8> 

The  concentration  of  vapor  molecules  in  the  gas  phase,  as  before,  is  C  and  the  diffusion  coefficient 
is  D. 


Assuming  that  the  gas  flow  is  unidirectional  and  of  velocity  U,  the  boundary  conditions  for 
Equations  (9-17)  and  (9-18)  may  be  set  down  as:  u  ■  U;  V  ■  w  =  0;  C  =  0  for  large  values  of  x, 
and^,  Also,  C  =  Cm  at  the  surface  of  a  drop  of  diameter  d;  this  surface  is  defined  by  the  equation 
x2  +  yZ  +  _  ^1/4 


t 


| 


| 

I 
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Since  the  evaporation  rate  is  a  function  of  the  concentration  gradient  along  a  unit  vector  n 
taken  normal  to  a  surface  element  of  the  drop,  dF,  the  total  rate  of  mass  flux,  dm/dt  is,  generally, 


(9-19) 


Frbssling  reduced  Equations  (9-18)  and  (9-19)  to  a  nondimensional  form  by  means  of  the 
following  transformations  of  variables: 


1 

' 

x*xi  d 

u  =  uj  U 

P  =  Pl  pU2 

'V 

£ 

II 

v  =  vj  U 

C  =  Cl  cm 

>  i 

'  ,  and 

z  =  zj  d 

w  =  wj  U 

F  =  Fi  d2 

h  =  hj  d 

.(9-20) 


The  new  subscript  variables  in  Equation  (9-20)  are  now  dimensionless  in  form.  In  addition  to 
these  variables,  it  is  also  necessary  to  define  the  Reynolds  number  as  Re  =  pvd/p  and  the  Schmidt 
number,  Sc,  is  defined  by 


Sc  =  pD/p  . 


(9-21) 


The  substitution  of  the  quantities  defined  by  Equations  (9-20)  and  (9-21)  into  Equation  (9-19) 
leads  to 


(9-22) 


Since  the  magnitude  of  the  velocity  components  uj,  Vj,  and  wj,  as  well  as  the  pressure  P, 
are  now  functions  of  Re,  xj,  y i ,  and  zj,  the  dimensionless  diffusion  equation  must  be  of  the  form 
Cj  =  0  (Re,  Sc,  Xj,  yp  zj),  If  Cm  is  expressed  by  the  ideal-gas  law,  then  Cm  a  MP/RT  and 
Equation  (9-22)  can  now  be  integrated  with  respect  to  the  surface  variables  to  give 


s‘>  ■  <9-23> 

Thus,  for  any  pure  liquid,  f_  will  depend  only  upon  the  Reynolds  number.  A  solution  to  Equation 
(9-23),  from  which  the  form  of  f(Re,  Sc)  can  be  obtained,  is  only  possible  for  the  extreme  cases 
where  Re  >>  1  or  Re  <<  1.  For  the  latter  condition,  f(Re,  Sc)  =  1,  and  the  evaporation  rate  will  be 
of  the  same  form  as  the  Fuchs  Equation  (8-29)  for  droplet  evaporation  into  a  stagnant  atmosphere, 
which  was  presented  in  Chapter  8. 

By  applying  the  Prandtl(9-1 6)  boundary-layer  theory  to  the  case  of  evaporation  under  the  con¬ 
dition  where  the  Reynolds  number  is  much  greater  than  unity,  a  nontrivial  solution  to  Equation  (9- 
23)  is  possible.  The  result  of  this  treatment  is  useful  for  computational  purposes. 

According  to  the  boundary-layer  theory,  gas  viscosity  effects  arc  present  only  in  the  thin 
layer  surrounding  the  drop.  The  thickness  of  this  layer  decreases  with  increasing  values  of  Re; 
also,  the  gas  velocity  in  the  boundary  layer  rapidly  increases  from  zero,  at  the  gas-liquid  interface, 
to  a  value  which  approaches  the  stream  velocity  outside  of  the  boundary  layer.  A  condition  of 
potential  flow  is  assumed  to  exist  in  the  region  exterior  to  the  boundary  layer. 

Shedding  of  the  boundary  layer  takes  place  at  a  point  downstream  from  the  leading  surface  of 
the  drop,  the  position  of  shedding  is  known  as  the  separation  point.  When  once  the  pressure  distri¬ 
bution  outside  of  the  drop  is  specified,  it  is  then  theoretically  possible  to  compute  the  velocity  dis¬ 
tribution  «n  the  boundary  layer  and  also  the  position  of  the  separation  point.  The  two  alternative 
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methods  which  may  be  used  to  make  this  calculation  are  either  through  the  use  of  experimentally 
measured  pressure-distribution  data  or  by  computing  a  potential  flow  pattern  for  a  given  form  of 
the  vortex  wake  by  the  Oseen-Zeilon  asymptotic  theory(9“l  7) 


The  geometry  of  the  boundary  layer  is  most  important  in  determining  both  heat  and  mass 
transfer.  The  strong  dependence  of  the  latter  rate  upon  the  nature  of  the  boundary  layer  is  clearly 
seen  from  the  fact  that  this  layer  exists  as  a  stagnant  film  immediately  above  the  gas -liquid  inter¬ 
face,  The  immobility  of  this  film  gives  rise  to  a  steep  concentration  gradient  of  the  evaporating 
molecules  from  the  increasing  shear  force  of  the  gas  stream  with  increasing  values  of  the  Reynolds 
number. 


In  examining  the  behavior  of  f(Re,  Sc),  Frossling  essentially  has  followed  the  method  of 
Boltze(9“18)  for  treating  the  velocity  boundary  layer  about  a  rotating  sphere  immersed  in  a  moving 
stream  of  fluid.  Through  neglecting  higher  order  terms  in  Equation  (9-17)  and  by  further  assuming 
steady  state  conditions, 


and 


*(r'u)  +  *(r'v)  =  o 

k  <3x  .  dy 


> 


(9-24) 


Figure  9-1  shows  the  geometrical  relations  between  the  variables  which  appear  in  Equa¬ 
tion  (9-24).  The  length  of  a  vector  normal  to  the  drop  surface  is  given  by  y.  The  corresponding 
length  of  a  meridian  curve  taken  from  the  stagnation  point  to  the  base  of  y  is  equal  to  x.  The . 
velocity  components  u  and  v  are  taken  as  being,  respectively,  parallel  and  perpendicular  to  the  wall 
enclosing  the  airstream.  The  radial  distance  from  the  axis  of  rotation  of  the  drop  is  r'  . 


FIGURE  9-1.  GEOMETRIC  REPRESENTATION  OF  DROFLET 
EVAPORATION  VARIABLES 

The  concentration-velocity  relations,  given  by  Equation  (9-18)  may  be  written  in  compact 
form  as 


U-Vc  =  D-V2c  .  (9-25) 

For  the  thre*  -dimensional  case  possessing  radial  symmetry,  Equation  (9-25)  may  be  expanded  in 
spherical  co  trdinates  to 


’D[^(r2£)*  TdsresK •«»<>£)]  <9-26> 


if  the  pole  •  axis  passes  through  the  center  of  the  drop  and  is  oriented  in  such  a  manner  that  it  is 
directed  .gainst  the  direction  of  gas  flow.  The  general  radius  vector  is  £,  and  0  is  the  angle 
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between  the  direction  of  flow  and£.  If  £  is  now  taken  as  the  thickness  of  the  boundary  layer  for 
sphere  of  radius  r0,  then  Equation  (9-26)  becomes 


=  D 


(  d^c  2  3c,  d^c  ,  1  3c  x  \ 

— -  + - —  +  — ?  •}■ - —  cot —  ) 

\dy2  *o  °Y  dx  r 0  dx  r0/ 


(9-27) 


where  r  =  d/2  +  y  and  x  =  (d/2)6,  and  assuming  that  y  <<  rQ,  which  corresponds  to  a  thin  boundary 
layer  (Re  >>  i).  For  points  which  are  not  too  close  to  the  stagnation  point,  that  is,  for  the  condi¬ 
tion  cot  (2x/d)  <<  1  ez  or  2x/d  >>eZ,  where  e  =  y/d,  the  dimensionless  boundary  layer  thickness, 
Equation  (9-27)  is  reduced  to: 


(  5cN\  .  (  n 

u  TT  j  +  v  T~  j  ■  D 

\  dx/  \  dy / 


dZc 

dy2 


(9-28) 


The  continuity  Equation  (9-24)  can  also  be  written  in  simplified  form,  if  the  term 
v/(d/2  +  y)  =  2v/d  is  neglected.  That  is 

du.dv.2u  .  2x  A 

7-  +  T"fCrcot_r  =  0  • 

dx  dy  d  d 

The  simplified  boundary  layer  problem  has  not  been  reduced  to  solving  Equations  (9-24)  (first 
equation),  (9-28)  and  (9-29)  subject  to  the  conditions  that 


(9-29) 


and 


u  =  v  =  0 


at  y  =  0  , 


c  =  c 


m 


u  =  Uj 
c  =  0 


for  y  — 


> 

x  3  x' d 

u  =  Uu' 

c  =  c^c 1 
m 

d 

v  -  U  V' 

,  and  Uj  =  UUj' 

7  Rel/2  7 

""  Re  1/2 

j 

- 

and,  in  turn,  by  substituting  in  Equations  (9-24),  (9-28),  and  (9-29),  these  equations  become, 

u.  iHl  +  v.  ini  B  u;  ^i+  j&i 

dx'  dy1  1  dx'  dy,Z 


du'  dv1 
dx'  dy' 


+  2u'  cot  2x'  =  0 


and 


—  +  v*  =  -L  ( ihL) 
dx'  dy'  Sc  \Sy<z/ 


(9-30) 


where  Uj  is  the  velocity  of  potential  flow  along  the  boundary  layer.  The  boundary  conditions  for 
these  equations  may  now  be  written  as: 
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"i  ;t 


u'  =  v'  =0 


c'  =  1 


at  y  =  0 


u'  =  Ui 


c'  =  0 


for  y'  -»  oo 


If  the  gas  velocity  is  Gf  sufficiently  large  magnitude  that  the  quadratic  resistance  law  for  flow 
is  obeyed,  then  the  terms  u'l  and  Uf  (<?U i/dx’ )  will  be  almost  independent  of  Re  since  both  of  the 
terms  are  independent  of  x' .  Frossling  cites  the  experimental  and  theoretical  work  of  Luthander 
and  Ryberg(9-1 9)  as  proof  of  this  point.  Similarly,  it  follows  that  for  large  Re,  u'  and  v'  are 
functions  of  x'  and  y'  alone.  The  same  is  also  true  for  the  separation  points, 

(<9u'  /<5y')yt  =0  =  0, 

which  lie  along  a  circle  at  0  =  0a  2;  80 °  on  the  sphere. 

An  examination  of  the  diffusion  expression  in  Equation  (9-28)  shows  that  c'  =  f(x' ,  y' ,  Sc)  or, 
in  terms  of  the  previously  defined  dimensionless  quantities,  c,  x,  it  follows  that  a  new  concen¬ 
tration  function  may  be  written  as 


c/cm  = 


x  y  Re*  /2  , 


d’  d 


(9-31) 


The  evaporation  rate  through  the  boundary  layer  on  the  upstream  side  of  the  circle  of  separation  is 
then 


it  --“ft 


7td2 

sin  0  d0  . 

u 


The  bracket  quantity  in  this  expression  may  now  be  evaluated  through 


<3  .  (  x 
_  dy  \  d’ 


Re1/2 

d 


1 1  (?  Sc) 


However,  x/d  =  0/2  so  that 


=  -Dcm  Rc1 


0a 

d  ^  2  ^  1  s*n  ® 


But  tlie  integral  is  a  function  of  the  Schmidt  number  only,  and 

^=-2ttd|£  d  (Sc)]  (Rc) 


(9-32) 


Most  of  the  evaporation  at  large  values  of  Rc  occurs  ahead  of  the  separation  line,  so  that  Equa¬ 
tion  (9-32)  should  express  approximately  the  total  evaporation  over  the  entire  sphere. 

Since  Equation  (9-32)  should  be  of  the  form 

^  =  -2  TTD^|d 
dt  RT 


for  Rc  s  0,  then,  evidently, 
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fp  =  -  2ttD  1  +  (i-  (Sc)')  (Re)1  '2‘  (9_33 

should  be  the  final  form. 

Frossling  evaluated  f  (Sc)  from  experimental  data  and  found, that  0.276  Sc1/3  expressed  fhis 
function  satisfactorily.  A  further  discussion  of  this  result  will  be  presented  in  connection  with 
experimental  work  on  single -droplet  evaporation. 

Ranz(9"20),  in  discussing  Frossling1  s  analysis,  points  out  that  Equation  (9-33)  takes  into 
account  only  mass  transfer  in  the  evaporation  of  a  drop.  Thus,  this  equation  is  only  applicable  to 
the  evaporation  of  substances  of  low  volatility.  It  was  soon  evident,  in  the  evaporation  of  volatile 
materials,  that  heat-transfer  rates  would  play  an  important  part  in  the  over-all  mechanism, 
through  the  latent  heat  of  evaporation  of  the  liquid.  Ranz  has  shown  that,  by  its  analogy  to  mass 
transfer,  the  heat  transfer  coefficient  for  the  case  of  a  moving  drop  is  of  the  form 


sin  6  d0  =  Nu’  [Re,  (Re,  Pr)] 


(9-34) 


which  is  of  the  same  general  form  as  the  last  integral  given  in  the  Frossling  development.  In  this 
dimensionless  expression,  the  groups  Nu,  Nu1 ,  and  Pr  are 

Nu  =  dhc/k,  the  Nusselt  group  for  heat  transfer, 

Nu1  =  kQ  Mmd  Pf/D vp,  the  mass -transfer  analogue  of  Nu,  and 

Pr  *  Cp  |i/k,  the  Prandtl  number, 

where  hc  ^s  the  average  heat-transfer  coefficient  by  convection  and  conduction  per  unit  area  of 
interface  per  unit  temperature  difference  across  the  transfer  path;  k  is  the  thermal  conductivity, 
kQ  is  the  coefficient  of  mass-transfer  analogous  to  hc,  Mm  is  the  average  molecular  weight  of  the 
gas  mixture  in  the  transfer  path,  Pf  is  the  average  partial  pressure  of  the  nondiffusing  component 
usually  a  log  mean  value,  and  Dy  is  the  diffusivity  of  the  vapor  in  the  transfer  path.  Other  variables 
are  as  previously  defined. 

Similarily,  the  mass-transfer  rate  can  be  put  in  the  form 

t)]'  (9-35) 


where  7r  is  the  function  denoting  the  total  pressure  in  this  system. 

Under  conditions  when  the  diameter  of  the  drop  is  extremely  small,  the  Reynolds  number 
approached  zero  and  the  mass-  and  heat-transfer  rates  in  dimensionless  form  are  related  by 

Nu  =  Nu'  =  2.  (9-36) 

By  examining  these  dimensionless  groups  in  terms  of  their  fundamental  variables,  it  can  be  shown 
that  the  rate  of  decrease  of  surface  area  for  an  evaporating  droplet  ic  constant;  this  fact  has  been 
confirmed  by  Frossling1  ~  Fuchs(9-21),  Langrmii r(9-22)i  and  by  Williams(9-23)> 

From  the  connection  between  Equations  (9-33)  and  (9-35),  the  mass-transfer  correlation  for 
forced  convection  in  an  airstream  is 

Nu’  =  2.0  +  kj  Sc1/3  Rc1/2,  (9-37) 
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and  by  analogy  with  Equation  (9-34),  the  corresponding  heat-transfer  correlation  is 

Nu1  =  2.0  +  k2  Pr1/3  Re1/2  .  (9-38) 

Equations  (9-37)  and  (9-38)  both  conform  to  the  condition  implied  by  Equation  (9-36)  for  the  evapora¬ 
tion  of  a  drop  in  a  stagnant-gas  atmosphere. 

Under  the  actual  condition  of  zero  relative  velocity  between  the  drop  and  its  surroundings,  the 
conditions  of  simple  heat  conduction  and  molc.ular  diffusion  expressed  by  Equation  (9-38)  are  not 
really  valid,  since  a  density  gradient  exists  across  the  transport  path.  Ranz  has  accounted  for  this 
effect,  and  has  shown  that,  under  this  condition,  Equations  (9-37)  and  (9-38)  reduce,  respectively, 
to 


Nu1  =  2.0  +  kj  Sc1/3  Gr1/4 


and 


Nu  =  2.  0  +  k2  Pr1/3  Gr1/4 

which  are  in  accordance  with  the  standard  empirical  correlations  of  McAdams(9-24)  The  Qrashof 
group,  Gr,  is  equal  to  d3p2g|9A  T//i2,  where  AT  is  the  temperature  drop  across  the  film,  and  (3  is 
the  thermal  coefficient  of  expansion  of  the  gas  phase. 

Kronig  and  Bruijsteinw-25)  examined  theoretically  the  heat  and  mass  transfer  from  spheres 
in  a  moving  fluid  medium  for  the  condition  that  Re<<  1.  This  case  is  important,  since  the  results 
should  be  applicable  to  the  evaporation  of  very  small  droplets  of  high  stream  velocities.  Also,  this 
work  partially  fills  in  a  gap  in  the  Frossling  theory  since  this  latter  work  is  valid  only  for  the  con¬ 
dition  Re  =  0  or  Re>>  1.  Their  approach  to  the  transfer  problem  is  somewhat  unique  in  that  a 
perturbation  method,  furnished  a  solution. 


In  the  Kronig  treatment,  a  sphere  of  radius  rQ  is  considered  as  having  a  large  thermal  con¬ 
ductivity  in  comparison  with  the  fluid  stream.  The  temperature  of  the  sphere  is  maintained  at  a 
unit  value  while  the  ambient  stream  temperature  is  set  equal  to  zero.  The  Peclet  number,  Pe,  is 
equal  to  (Re)  (Pr);  since  it  is  assumed  that  Re  <<  1,  Pe  will  be  of  small  magnitude  because  Pr  is 
generally  close  to  unity  for  gases.  If  the  radial  coordinate  r_  is  taken  as  a  multiple  of  unit  r0  and, 
if  the  velocities  are  also  multiples  of  the  unit  average  homogeneous  stream  velocity  UQ,  then  the 
thermal  transport  by  both  conduction  and  convection  is 

V2  T  -  £  U-  grad  T  =  0  (9-39) 

and  e  =  1/2  Pe.  Equation  (9-39)  is  analogous  to  Equation  (9-3)  for  the  diffusion  of  evaporating 
molecules,  where  c  is  replaced  by  1  /h^  . 


The  radial  and  angular  components,  uf  and  uq,  are  chosen  such  that  the  polar  axis  of  the  drop 
coincides  with  the  direction  of  flow  of  the  medium  well  away  from  the  drop.  Since  Re  is  small,  the 
Stokes(9~2^)  components  may  be  used  here.  That  is 


«‘( 1  -37-175)  •i"8 


(9-40) 


with  cos  G  =  v.  The  boundary  conditions,  T  =  1  for  r  =  1,  and  T  =  0  for  r  =  «,  should  be  satisfied 
by  all  solutions  to  Equation  (9-39). 


The  temperature  distribution  about  a  point  source  of  heat  located  at  the  coordinate  origin  is 


WADC  TR  56-344 


9-13 


] 


T  =1  e"£/2  r  (1_v) 

r 


(9-41) 


for  the  steady  state.  Since  the  temperature  field  about  a  finite  sphere  should  at  least  resemble 
Equation  (9-41)  and,  because  _T.  vanishes  for  r  =  oo,  Kronig  expressed  T  as 


T  =  6  e“£/2  r  (!“▼)  > 


(9-42) 


•where  9  is  a  new  dependent  variable,  A  new  differential  equation  in  6  is  obtained  by  substituting 
Equations  (9-42)  and  (9-40)  into  (9-39).  That  is, 


V2+ef--£--i+.n+e2Q  0=0 


(9-43) 


v_i+("-L+^L)  (l-v2)^- 
V  2r  2r3  /  dr  \4r2  4r4/  ^ 


The  boundary  condition  corresponding  to  Equation  (9-43)  in  the  new  variable  9  is 


_  e  e/2  (1 -v^  for  r  =  1  . 


(9-44) 


If  the  parameter  e  is  small,  as  has  been  supposed,  a  perturbation  method  offers  a  possible 
route  to  the  solution  of  Equation  (9-43)  by  the  following  procedure.  Suppose  9  to  be  expressible  by 


0  =  0O  +  e0j  +  e2  02  . . .  +  en0n 


(9-45) 


Introducing  Equation  (9-45)  into  Equation  (9-43)  and  equating  similar  powers  of  e  gives 


V20o  =  0 


V20  j  =  -  (  -  — --  +  J 
1  \  dr  r 


(9-46) 


V202  =  - 


i7  +  J)  0o-Q0o 


In  order  to  satisfy  Equation  (9-43)  for  all  values  of  e,  the  boundary  conditions  from  Equa¬ 
tion  (9-44)  must  also  be  in  the  form  of  Equation  (9-45)  or 

0o  =  I  ] 


6  j  =  1  /2  (1  -  v) 

02  c  1/8  (1  -  v)Z 


for  r  =  1 


(9-47) 


With  the  scroth  approximation,  0O  set  equal  to  1/r,  the  temperature  field  for  a  sphere  in  a 
stationary  medium,  the  following  successive  coefficients  arc  found  for  Equation  (9-45)  to  the  second 
approximation: 
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e0  =  Ur 

6  i  =  l/2r  +  (-3 /4r  +  3/8r2  -  l/8r3)  v 


02  =  1/2  log  r  - 


49 


31 


179 


i£EJ  +  . 


960  r  128  r2  2688  r3  32  r3  2240  r5 

+  (-3/8  -  3/l6r +  3/8r2  -  1/I6r3)  v 

+  (1/16  +  9/32r  -  57/128r2  +  235/896r3  +  -3--S-I 

32  r3 

-  3/64r^  +  5/448r3)  v2 


fn  /l  o\ 


The  solution  given  by  Equations  (9-48)  and  (9-45)  indicates  that  the  temperature  field  vanishes 
everwhere  excepting  in  the  direction  v  =  1  where  _T  in  the  second  approximation,  becomes  nega¬ 
tively  infinite  because  of  the  presence  of  the  (-1/2  log  r)  term  in  83.  However,  D<  T<^1  must  hold 
everywhere  in  the  medium,  so  that  the  perturbation  solution  fails  only  for  large  r_  close  to  the  line 
where  v  =  1. 


The  heat  transfer  in  the  immediate  neighborhood  of  the  sphere  must  take  place  principally  by 
conduction  since  the  velocity  of  the  gas  vanishes  at  the  surface  of  the  drop.  Consequently,  the  heat 
transfer  is  proportional  to  the  average  radial  temperature  gradient.  By  combining  Equations  (9-44), 
(9-45),  and  (9-48)  and  by  taking  the  radial  derivative  of  the  temperature,  there  results 


(9-49) 


This  equation  is  also  proportional  to  the  Nusselt  group,  Mu,  which  must  satisfy  the  condition 
Nu  =  2.0  for  Re  =  0  which  was  discussed  in  connection  with  Equation  (9-36).  Upon  taking  twice  the 
value  of  the  right-hand  side  of  Equation  (9-49)  and  introducing  Pe  for  1/2  e,  there  results 

Nu  =  2  +  1/2  Pe  +  -j—  Pe2  +  .  ...  .  (9-50) 

Similarly,  the  mass-transfer  equation  corresponding  to  Equation  (9-39)  is 

V2  C  +  £  U‘  grad  C  =  0  , 

and  the  corresponding  mass-transfer  solution  for  analogous  boundary  conditions  is 


^  1  +  1/2  i,  + 


581  .2 
960  ^ 


(9-51) 


As  in  heat  transfer,  the  Nusselt  number,  Nu1 ,  defined  in  connection  with  Equation  (9-34),  must  also 
follow  the  condition  Nu:  -  2.0  and  Re  =  0.  This  group  can  be  introduced  into  Equation  (9-15)  after 
replacing  £  by  Pcm,  or 


Nu'  =2+  l/2Pem  +  -^Pc^.  .  .+  .  (9-52) 

The  Pcciet  number  for  mass  transfer,  Pem,  contains  D,  the  molecular  diffusion  coefficient  in  place 
of  the  thermal  conductivity  which  occurs  in  Pe. 

Kronig  has  commented  on  the  fact  that  Fuchs(9-21)  claimed  that  gas  motion  would  have  no 
effect  upon  an  evaporation-rate  expression  which  is  linear  in  e.  This  erroneous  conclusion  was 
based  upon  taking  a  concentration  field  as  being  proportional  to  1/r  and  attempting  to  solve  the 
mass-transfer  equation  to  a  low  degree  of  approximation. 

?-l  5 
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A  comparison  of  the  Frossling^-^)  and  the  Ranz  and  Marshall(9-20)  correlations  with  the 
correlation  of  Kronig  and  Bruijstenf9-25)  suggests  that  extrapolation  of  the  experimental  data  to 
zero  velocity  (Nu  against  Re^/2)  may  not  be  correct.  Kramers(9-27)  correlated  accurate  measure¬ 
ments  on  the  heat  transfer  from  spheres  to  a  moving  fluid  at  Re  >10  and  found  that  although  the 
linear  relation  satisfied  the  experimental  data,  extrapolation  to  Re  =  0  gave  a  limiting  Nu  >2.0. 

Figure  9-2  shows  qualitatively  the  relative  behavior  of  Kramer  j1  and  Kronig1  s  data  for  low 
values  of  Re  or  Pe.  It  may  be  seen  that  the  Kronig  correlation  behaves  correctly  at  Pe  =  0  and  is 
concave  upward  during  a  rapid  rise  at  low  values  of  Pe.  It  is  obvious  that  an  inflection  point  must 
exist  in  higher  approximations  of  this  correlation  if  it  is  to  agree  with  the  Kramers  data  at  higher 
values  of  Pe  or  Re. 


FIGURE  9-2.  COMPARATIVE  BEHAVIOR  OF  THE  KRONIG  AND 
KRAMERS  CORRELATIONS 


Williams (9 -2 3)  has  made  studies  of  the  evaporation  of  liquid  drops  of  various  materials  over 
a  range  of  Re  from  nearly  zero  to  over  400.  He  concludes  that  the  mass-transfer  rate,  in  terms 
of  Nu',  is  best  expressed  by  three  different  correlations,  depending  upon  the  range  of  Re.  That  is 


Nu1  =  2  for  Re  <  4 

Nu'  =  1. 50  Sc1/3  Re0-  35  for  4  <  Re  <  400 
Nu'  =  0.43  Sc1/3  Re0-  56  for  Re  >  400 


(9-53) 


Since  these  results  have  been  deduced  from  empirical  considerations  and  are  a  discontinuous  func¬ 
tion  of  Re,  little  can  be  said  regarding  their  theoretical  significance. 


Evaporation  of  Drops  in  a  High-Temperature  Gas  Stream 


The  rate  of  evaporation  of  a  drop  may  be  explicitly  expressed  as  a  function  of  Nu'  and  is 


27Tr  MPDV  f  Pf  ^ 


Nu'  , 


(9-54) 


where  PLm  is  the  log  mean  pressure  of  the  diffusing  component  and  other  variables  arc  the  same  as 
before.  Thus,  Equation  (9-54)  may  be  used  to  calculate  evaporation  rates  of  drops  under  conditions 
of  the  different  values  of  Re  which  correspond  to  a  particularly  appropriate  form  of  Nu'  . 

Both  Ranz  and  Marshall(9-20)  an(j  Jhgebo  (9-28)  have  commented  that  Equation  (9-54)  docs  not 
validly  express  the  evaporation  rate  for  droplets  of  volatile  materials  which  are  introduced  into  a 
high-temperature  gas  stream.  This  may  be  deduced  from  the  fact  that  in  Equation  (9-54),  no 
account  is  taken  of  cither  the  sensible  heat  transported  by  the  vapor  molecules  or  of  the  thermal 
diffusion  through  large  thermal  gradients.  It  is  evident  that  p^m  has  a  large  effect  upon  the 
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evaporation  rate,  inasmuch  as  small  changes  in  the  surface  temperature  produce  correspondingly 
large  changes  in  this  parameter.  Therefore,  a  knowledge  of  the  surface  temperature  of  the  drop  is 
required  for  calculations  of  evaporation  at  high  gas  temperature.  Under  the  latter  condition,  the 
measurement  of  surface  temperature  is  extremely  difficult,  particularly  for  small  drops. 


Evaporation-rate  equations  may,  however,  be  derived  from  either  partial -pres sure  differ  - 
en  es,  as  in  the  instance  of  Equation  (9-54),  or  from  the  corresponding  temperature  differentials, 
AT,  which  act  as  the  driving  forces  in  a  thermal  balance  equation.  Ingebo(9'28)  has  obviated  the 
necessity  of  measuring  the  surface  temperature  by  deriving  an  evaporation  equation  based  on 
thermal  driving  forces,  in  which  AT  is  approximated  as  being  the  difference  between  the  gas  stream 
temperature  and  the  boiling  point  of  the  liquid.  Wagner(9“29)  considered  this  approximation  to  be 
conservative  and  has  applied  it  to  his  own  work  on  droplet  evaporation. 


The  heat  balance  for  a  drop  surrounded  by  a  vapor  film  can  be  written  as 


hc  A(Tg  -  Ts) 


dm 

dt 


-  Cp  (T,  -  Ts) 


(9-55) 


where  A  is  the  drop  area,  X  is  the  latent  heat  of  vaporization  of  the  liquid,  and  other  variables  are 
as  defined  previously;  subscripts  jj,  _s,  and  J.  refer,  respectively,  to  the  gas  phase,  surface,  and 
liquid  phase  conditions.  Ingebo  has  assumed  that  X^  »  Cp  (T^  -  Tg),  so  that 


dm 


h  A  (Tfi  -  T.)  = 


(9-56) 


The  approximation  that  X^  >>  Cp  (Tj  -  Ts)  is  cleatly  inconsistent  with  the  assumption  that 
(Tj>  -  Ts)  be  large  since  X ^  cannot  be  very  much  larger  than  Cp  (T  -  Tg)  for  high  ambient  gas 
temperatures.  In  Equation  (9-56),  h,  the  film  coefficient,  is  taken  as  a  function  of  the  heat 
transferred  by  both  the  gas  and  diffusing  vapor  as  a  result  of  bimolecular  collisions.  From  kinetic 
arguments  it  can  be  shown  that  h  is  a  function  of  kg,  the  thermal  conductivity  of  the  gas,  and  also 
of  the  ratio  k  /k^  where  ky  is  the  thermal  conductivity  of  the  vapor.  Since  h  must  also  be  a  function 
of  the  momentum  and  the  heat-transfer  group, 


hd 

kg 


7 


Ren  Sc* 


(9-57) 


where  y  is  a  proportionality  constant  and  the  quantities  m,  n,  and  £  are  undetermined  exponents. 
Ingebo  ran  a  series  of  experiments  in  which  kg  Sc/kv  was  held  constant  by  varying  the  mass  flow  of 
air  about  a  drop  of  methanol  maintained  at  constant  air  stream  temperature.  In  this  way,  the 
exponent  n  was  found  to  be  0.6  Me  Adams (9-3u)  cites  the  data  of  Williams  which  verify  this  result 
for  20  <  Re  <  150,  000. 


An  examination  of  Sc  and  kg/ky  shows  that  both  quantities  may  vary  with  the  gas  temperature 
and  also  with  the  properties  of  the  vapor.  In  light  of  this  fact,  Ingebo  concluded  that  an  experi¬ 
mental  determination  of  m  and  £  would  not  be  practical.  A  new  correlation  group  (Re- Sc),  rep¬ 
resenting  the  ratio  of  turbulent  momentum  transfer  to  molecular  mass  transfer  was  then  introduced 
into  Equation  (9-57);  experimental  data  showed  that  the  best  values  of  the  exponents  m  and  cj  were, 
respectively,  0.  5  and  0.  6,  or  that 


7^  =  7  (Rc-Sc) 
*8 


0.  6 


0.  5 


(9-58) 


The  proportionality  constant,  y,  was  evaluated  by  experiment  and  the  resulting  expression  for 
h  was  substituted  into  the  heat-balance  Equation  (9-56)  with  the  result 


dm 

dt 


kB  AT 


7Td 


2.0  +  0.  303  (Rc-Sc) 


0.  5 


(9-59) 
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Ingebo1  s  equation  was  found  to  correlate  with  the  evaporation  rates  of  nine  different  liquids 
having  latent  heats  of  vaporization  which  ranged  from  50  to  500  g-cal/gm  for  a  temperature  range 
of  30-500  C;  Re  values  varied  from  1600  to  5700, 

Pigford^-^)  has  pointed  out  that  Ingebo' s  correlation  is  somewhat  different  from  other 
experimentally  determined  equations  in  having  both  a  more  pronounced  dependence  of  Reynolds 
and  Prandtl  numbers  as  well  as  a  factor  containing  the  ratio  kg/ky.  It  is  also  noteworthy  that  this 
expression  does  not  take  into  account  the  effect  of  mass  transfer  away  from  the  evaporating 
surface  upon  the  conduction  of  heat  toward  the  surface. 

It  is  of  interest  to  compare  the  behavior  of  the  evaporation  rate  as  a  function  of  the  tempera¬ 
ture  as  calculated  by  Equation  (9-59)  and  by  the  Frossling  Equation  (9-33).  In  the  range  of  large 
Re,  the  two  rates  appear  to  be  convergent  with  decreasing  temperature.  In  the  limiting  case 
where  Re  is  zero,  the  Frossling  correlation  leads  to  Nu  =  2.0  while,  for  Equation  (9-59), 

Nu  =  2  (kg/kv)0-  5.  Since  the  latter  result  is  applicable  only  to  the  situation  where  the  diameter 
of  the  droplet  is  greater  than  the  mean  free  path  of  the  evaporating  molecules,  it  is  somewhat 
analogous  to  the  form  of  the  evaporation  rate  given  by  Fuchs  for  the  existence  of  a  vapor  con¬ 
centration  discontinuity  in  the  region  of  the  drop  (compare  to  Chapter  8,  pages  8-10). 

A  more  realistic  treatment  of  the  evaporation  of  droplets  at  elevated  temperatures  has  been 
presented  by  Godsave(9“32)>  jjjs  approach  js  dependent  upon  solving  the  heat  conduction  for  a 
droplet  of  radius,  rj,  surrounded  by  a  concentric  spherical  flame  front  of  radius,  r2;  the  surface 
temperatures  are  Tj  and  T2,  respectively.  Thus,  the  one  dimensional  conduction  equation  is 


(9-60) 


where  heat  supplied  by  the  local  heat  source  (cal  sec-1  cm'^)  of  strength  F,  and  k  =  K/CpPgj  K  i3 
the  mean  thermal  conductivity  of  the  vapor  bounded  by  the  temperature  limits  Tj  and  T2. 

Equation  (9-60)  possesses  the  general  form  of  an  equation  which  has  already  been  discussed  by 
Tanford  and  Pease(°“33)  jn  their  analysis  of  the  temperature  distribution  behind  a  plane  flame 
front  taken  normally  to  a  stream  of  premixed  gas. 


Since  both  the  mass  and  the  thermal  distributions  ;■>  e  spherically  symmetric  about  the 
origin,  then  Equation  (9-60)  may  be  written  in  terms  of  a  radius,  r,  such  that 


k 


(9-61) 


Since  T  =  Ti  at  r  =  rj  and  T  =  T2  at  r  =  r g ,  Equation  (9-61)  can  be  conveniently  integrated 
to  give  T  in  terms  of  a  lumped  parameter 


B  Cp\  ,4*K 


By  differentiating  Equation  (9-61)  and  putting  AT  =  T^  -  Tj  with  r  =  rj,  the  thermal  gradient  at 
the  surface  during  evaporation  is 


(  dT'i 

1-  EAT  1 

,e-E/r\ 

\dr/ 

-E/r2  -E  /  r  1 

V  r  2  ) 

(9-62) 


The  Nusselt  number  for  a  drop  of  rj  as  a  function  of  the  parameter  E  is 


Nu  = 


2  r  |  k 


-1 


2e  r 

r! 

0 

(9-63) 
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In  the  limiting  case  of  total  evaporation  where 


dm  \ 
dt  j 


0,  E  also  vanishes  and  therefore 


(9-64) 

which  is  the  Nusselt  number  for  a  sphere  of  radius  surrounded  by  a  concentric  sphere  of 
radius  r?.  As  the  radius  of  the  outer  sphere  r g  tends  to  infinity,  then  Nu0  —  2  which  is  the 
limiting  value  for  Nu  in  the  case  of  a  sphere  immersed  in  a  stagnant,  infinite  medium. 

I 

Godsave'  s  final  rate  equation  for  evaporation  and  combustion  is  then 


Nu0  = 


2  r. 


r,  -  r, 


1  + 


CpAT  1 

(AH  -  a) 


0.4343 


4ttK 


(9-65) 


where  a  =  Ra /y^~J  •  radiation  constant  Ra  =  aaafdT^  with  aa  and  denoting  the  absorptiv- 
ities  of  the  droplet  and  flame  front. 

By  using  a  pseudo-stationary  and  steady  state  assumption,  Ranz  (9-34) 

has  also  arrived  at 

an  expression  for  the  evaporation  rates  of  droplets  at  high -ambient  gas  temperatures.  Although 
Ranz  equation  is  essentially  the  same  as  Godsave' s  it  is  somewhat  better  form  for  computation 
purposes.  Thus,  if 


dm 

dt 


47fr  j  kav 

(Cp) 


N 


av 


is  the  rate  of  evaporation,  N  can  be  calculated  implicitly  from 


N  _  kl  (Cp)av  (T2  ~  Tl)  T _ N  rl  g(TZ  ~  Tl)g  ' 

kavXi  [  exp  (N-N/rz)-l  K[  (t2  -  Tj) 


(9-66) 


(9-67) 


The  constants  used  in  Ranz  expressions  are: 

Xj  =  latent  heat  of  vaporization  taken  at  the  temperature  Tj  (cal/gm) 
kav  =  average  thermal  conductivity  for  air  at  (T^  -  Tj)/2  (cal/aec  cm  °K) 

Kj  =  volume  average  conductivity  of  vapor  and  air  at  estimated  surface  conditions 
(cal/ sec  cm  *K) 

(Cp)av  =  keat  capacity  of  vapor  for  evaporating  substance  at  ( T 2  -  Tj)/2  (cal/gm  ’K) 

Tanasawa  and  Kobayashi^ "^)  have,  in  a  manner  similar  to  Ingcbo,  used  the  thermal- 
balance  approach  in  the  derivation  of  a  droplet  evaporation  equation  which  applies  to  extremely 
small  drops  after  injection  into  the  hot  gas.  In  this  treatment,  these  investigators  have  assumed 
conditions  such  that  the  Reynolds  number  is  vanishingly  small;  the  problem  is  then  reduced  to 
solving  the  simultaneous  equation  of  heat  and  mass  transfer  while  ignoring  the  free-  and  forced- 
convection  effects.  The  solutions  to  Tanasawa' s  equations  express  the  transient,  transport 
processes,  and,  in  computations,  some  convergence  problems  arise  in  connection  with  their  use. 

Tanasawa  first  considers  that  the  over-all  period  from  injection  to  complete  evaporation  may 
be  broken  down  into  the  following  two  intervals. 
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(1)  A  preheating  period,  in  which  the  drop,  of  initial  radius  rQ  and  of  uniform 
temperature  T0,  is  injected  into  the  hot  gas  at  a  temperature  Tg.  The 
duration  of  this  interval  is  defined  as  the  time,  tp  which  is  required  for  the 
surface  of  the  drop  to  reach  a  temperature  Tg. 

(2)  An  evaporation  period  during  which  the  radius  of  the  drop  diminishes  due  to 
mass  loss  until  complete  evaporation  has  taken  place.  This  period  is  of 
duration  t£,  and  the  surface  temperature  of  the  drop,  TB,,  remains  constant 
throughout  this  interval. 

In  the  first  interval,  the  radially  dependent  temperature  of  the  drop  is  given  by  the  solution 
to  the  heat-conduction  equation  for  a  sphere(9-36)  of  uniform  initial  temperature,  T0,  after 
immersion  in  a  fluid  maintained  at  a  higher  uniform  temperature,  Tg.  That  is, 


rT  =  2 


(To  -  Tg)^ 


S=1 


8S2  +  (l-rQa)2 

1/2 

(£)  -  (1‘r°a>’ 

(9-68) 


The  values  of  pg  are  given  by  the  successive  roots  of  the  equation 

P  =  (l  -  rQa)  tan  . 

The  thermal  diffusivity  of  the  liquid  phase  is  k,  and  a  is  related  to  the  coefficient  of  heat  transfer, 
h,  by  a  =  h/k(>  where  k^>  is  the  thermal  conductivity  of  the  liquid. 

By  assuming  rQ  small,  the  Nuaselt  heat-transfer,  group,  Nu  =  (2  rQa)/k,  is  approximately 
2. 0,  and  thus, 

r°a  =Tkf  ?ka/k4  ’  (9’69) 

The  expression  for  the  duration  of  the  preheating  period,  t j ,  is  arrived  at  by  substituting 
Equation  (9-69)  into  Equation  (9-68)  under  the  conditions  that  r  =  r0>  t  =  tj,  and  T  =  Ts.  The 
resulting  expression  is 


(Tg  -  Ts)  \  _ 1 _  PgZktj 

(Te'T°r  h e.2(£)-( r| 


(9-70) 


Unfortunately,  Equation  (9-70)  converges  slowly  for  nmall  values  of  the  ratio  ka/ky.  This 
ratio  usually  lies  between  0.  1  and  1 . 0  for  most  systems  in  which  ka  values  are  taken  as  those  of 
air.  In  this  range,  the  approximation 


(Tg  "  Tb)  -  e^'  (1  -  erf  %)  +  (kf/kj  (l  -  2^2)  e^2  (1  -  erf  *)  -  1  +  ^ 


(Tg  -  T0)  ^  '*  "  -*  "a/  L  '*  ■  '  -  - - -  -  “  rU? 

which  is  given  by  Goldstcin(9-^),  gives  quite  satisfactory  results;  the  parameter  ^  i 

(?)  ■ 


(9-71) 


Table  9-3  shows  numerical  values  of  (Tg  -  T8)/(Tg  -  T0)  for  values  of  both  (Ktj/r2)  and 
ka/ky  as  calculated  from  Equation  (9-71).  If  F j  is  a  value  of  (ictj/r^)  corresponding  to  a  given 
temperature  and  thermal-conductivity  ratio,  then 
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defines  the  first  period. 


/r2\ 

ll  =  F1 
1  1  \  K  / 


(9-72) 


TABLE  9-3.  NUMERICAL  VALUES  OF  TEMPERATURE  RATIO  AS  A 
FUNCTION  OF  (k^/^o)  AND  (ka/k jj) 

(Tanasawa  and  Kobayashi)(9-35) 


\ka/k^ 

0.  1 

0.2 

0.  3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

KVnO'' 

0.00010 

0.9989 

0.9977 

0.9966 

0, 9955 

0.9943 

0.9932 

0.9921 

0.9910 

0.9898 

0.9887 

0.00025 

0.9982 

0.9964 

0.9946 

0.9928 

0.9910 

0.9892 

0.9875 

0.9857 

0.9839 

0.9822 

0.00050 

0.9973 

0. 9949 

0.9923 

0. 9898 

0.  9873 

0.9848 

0.9822 

0.9797 

0.9773 

0. 9748 

0.0010 

0. 9962 

0. 9927 

0.9891 

0. 9855 

0.9819 

0.9784 

0.9748 

0.9713 

0.9678 

0. 9644 

0. 0025 

0.9941 

0.9883 

0. 9826 

0.  9769 

0.9712 

0. 9656 

0.9600 

0.  9545 

0.9491 

0.9437 

0.0050 

0. 9914 

0. 9833 

0.9750 

0.9668 

0.  9588 

0. 9509 

0.9431 

0.9354 

0.9277 

0.9202 

0.  010 

0. 9876 

0.9758 

0.9689 

0. 9524 

0.9410 

0.9298 

0.9189 

0. 9081 

0.8975 

0.8872 

0.  025 

0. 9795 

0.9600 

0.  9408 

0.9222 

0.9042 

0.8867 

0.9697 

0.8532 

0.8372 

0.8216 

0.050 

0.  9694 

0.9404 

0.9124 

0.  8857 

0.8596 

0.8358 

0.8123 

0. 7899 

0.9683 

0.7477 

0.  10 

0. 9528 

0.  9090 

0.8679 

0.8294 

0.7933 

0.7598 

0.7276 

0.  6977 

0. 6696 

0. 6432 

0.25 

0. 9106 

0.8315 

0.7612 

0.  6985 

0.  6426 

0.5925 

0.5475 

0.5071 

0.4707 

0.4378 

0.50 

0.8455 

0.7198 

0.6152 

0.5293 

0.4574 

0.3971 

0.3464 

0.3035 

0.2671 

0.2360 

1.0 

0. 7303 

0.5395 

0.4029 

0.3041 

0.2319 

0. 1785 

0. 1388 

0. 1089 

0.0861 

0.0687 

2.  5 

0.4698 

0.2272 

0.1130 

0.0577 

0.0302 

0.0162 

0.0089 

0.0050 

0.0029 

0.0017 

5.0 

0.2252 

0.0538 

0.0136 

0.0036 

0.0010 

0.0003 

0.0001 

0.0000 

0.0000 

0.0000 

10 

0.0518 

0.0030 

0.0002 

0.0000 

0.0000 

0.0000 

0.0000 

25 

0.0000 

0.0000 

0.0000 

Tanasawa  treats  the  evaporation  period  (2),  described  above,  as  a  stepwise  process  in  time. 
As  evaporation  takes  place,  both  the  diameter  of  the  drop  and  surface  temperature  decrease  as  a 
result  of  heat  dissipation.  The  total  evaporation  period  can  thus  be  taken  as  the  sum  of  the  con¬ 
ductive  and  evaporative  time  increments,  Atc  and  At^,  respectively,  such  that  each  interval  is 
independent  of  the  otier. 

Figure  9-3  shows  the  manner  in  which  the  drop  diameter  was  changed  under  this  assumption. 


FIGURE  9-3.  INCREMENTAL  REPRESENTATION  OF  CONDUCTION  AND 
EVAPORATION  IN  SECOND  PERIOD 

(Tanasawa  and  Kobayashi)(9-35) 
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It  may  be  seen,  in  the  limiting  case  where  Ate  and  Atc  approach  zero,  that  a  smooth  radius¬ 
time  function  results,  For  this  limiting  case,  the  evaporation  increment  is 


dte  - - --  - -  rdr  , 

6  ka  (Tg  -  Tb) 


(9-73) 


whereas  the  conductive  increment  is 


dt  =  -  —  F2  rdr 


(9-74) 


dt2  =  dte  +  dtc 


-  •  ■  — +  F2  rdr  . 
K  Cp  (Tg  -  Ts)  ka  I 


(9-75) 


The  term  F2  in  Equation  (9-75)  is  an  expression  for  the  transient  heat  flow  in  the  interval 
t2,  which  is  subject  to  similar  convergence  conditions  as  in  Equation  (9-70).  For  small  values 
of  the  thermal  conductivity  ratio,  the  analogous  Goldstein  approximation  is 


<Tg  -  Ts>/(Tg  "  To) 


(9-76) 


where 


G=j(^‘0^+  1  [(2n-ni)^-^2n+l  (lj) 


ti\ -1/2  /  4  .  \  »  ”  (\  .  (2n+2)2  J 


2n  +  1 


(9-77) 


Table  9-4  gives  values  of  G  calculated  from  Equation  (9-77)  for  practical  ranges  of  the 
thermal  properties  of  air  and  various  liquid  components,  Double  linear  interpolation  is  a 
satisfactory  means  of  calculating  intermediate  values  of  the  tabular  arguments  for  use  in 
approximate  work;  more  accurate  results  may  be  obtained  by  calculating  G  from  Equation^-^) , 

The  evaporation  velocity  of  a  drop  can  now  be  calculated  from 


dr  _ *Cp  (Tg  -  T9) _  /  ] 

dtj  =  “  (k,/ka)  X  +  F2  (Tg  -  Ts)  Cp  Vr 


(9-78) 


Equation  (9-78)  is,  of  course,  in  agreement  with  the  well  known  experimental  observation  that  the 
time  rate  of  change  of  r2  is  constant  during  evaporation. 

Finally,  the  total  evaporation  time,  t,  is 


t  =  tj  ♦  t2  =~  Fj  ♦  FZ 


['-(*)*] 


(9-79) 
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and  the  droplet  lifetime  after  injection  is 


r2 

*o  =  Y  <F1  +  FZ)  ■ 


(9-80) 


TABLE  9-4.  VALUES  OF  G  AS  A  FUNCTION  OF  (ka/k^)  AND  (k tj/'n^) 
(Tanasawa  and  Kobayashi)^-^^) 


*  o.i 

/c^/no^ 

0.2 

0.  3 

0.4 

0.5 

0.  6 

0.  7 

0.8 

0.9 

1.0 

0. 00010 

0.  0174 

0.0174 

0.0175 

0.0175 

0.0175 

0.0175 

0.0175 

0. 0175 

0.0175 

0.0175 

0. 00025 

0.0273 

0.0273 

0.0273 

0.0274 

0.0274 

0.0274 

0.0275 

0.0275 

0.0275 

0.0275 

0.00050 

0. 0382 

0.0382 

0.0383 

0.0383 

0.0384 

0.0385 

0. 0385 

0.0386 

0.0386 

0.0387 

0.0010 

0. 0532 

0.0533 

0.0534 

0.0535 

0.0536 

0.0537 

0.0538 

0.0539 

0.0540 

0.0542 

0.0025 

0.0817 

0. 0819 

0.0822 

0.0825 

0.0827 

0.0830 

0.0832 

0. 0835 

0.0838 

0. 0840 

0.0050 

0. 1107 

0.  1 113 

0.1118 

0.1123 

0. 1128 

0.1133 

0. 1138 

0. 1143 

0. 1148 

0.1153 

0.010 

0. 1487 

0.  1497 

0.  1506 

0, 1515 

0. 1525 

0. 1534 

0. 1544 

0. 1553 

0. 1563 

0. 1573 

0.025 

0.2113 

0.2134 

0.2155 

0.2176 

0.2197 

0.2218 

0.2239 

0.2260 

0.2281 

0.2303 

0.  050 

0.2641 

0.2675 

0.2710 

0.2746 

0.2781 

0.2817 

0.2853 

0.2889 

0.2926 

0.2963 

0.  10 

0. 3109 

0.  3159 

0.  3215 

0.3268 

0. 3323 

0.  3378 

0. 3434 

0.  3490 

0. 3548 

0.3605 

0.25 

0. 3385 

0.  3452 

0.3521 

0.3590 

0.3661 

0. 3732 

0.3804 

0.  3878 

0.3952 

0.4027 

>0.50 

0. 3400 

0.3469 

0.3538 

0.3609 

0.  3680 

0.3753 

0.  3827 

0.  3901 

0. 3976 

0.4053 

Figure  9-4  plots  the  radius  of  drops  of  various  pure  liquids  as  a  function  of  time  in  accord¬ 
ance  with  Equation  (9-79).  All  drops  have  an  initial  radius  of  50 p  and  a  value  of  TQ  =  20  C.  The 
injection  takes  place  into  an  air  stream  at  Tg  =  1000  C  and  it  is  assumed  that  the  surface  temper¬ 
ature,  Ts,  is  equal  to  the  normal  boiling  point  of  the  liquid  at  one  atmosphere  pressure. 


FIGURE  9-4.  DROPLET  RADIUS  AS  A  FUNCTION  OF  TIME  FOR  FIVE  LIQUIDS 
(Tanasawa  and  Kobayashi)^"^ 

The  mathematical  approach  used  by  Tanasawa  permits  a  calculation  of  the  comparative 
rates  of  evaporation  of  isothermal  drops  and  conducting  drops.  The  isothermal  case  is  given  by 
Equation  (9-73)  and  the  conductive  case  by  Equation  (9-79). 
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Figure  9-5  shows  the  comparative  rates  of  evaporation  for  water,  methanol  and  n-octane 
under  the  same  initial  conditions  which  were  used  in  constructing  the  curves  shown  in  Figure  9-4. 


FIGURE  9-5.  COMPARISON  OF  EVAPORATION  DATES  OF  SEVERAL  LIQUIDS 
UNDER  ISOTHERMAL  AND  CONDUCTIVE  BEHAVIOR 

(Tanasawa  and  Kobayashi) (9-34) 

From  Figure  9-5  it  may  be  seen  that  conduction  is  not  a  particularly  important  contribution 
for  small  drops  of  methanol  or  water  since  the  comparative  required  times  for  evaporation  differ 
only  by  about  10  per  cent.  In  contrast,  n-octane  shows  a  corresponding  difference  of  about 
100  per  cent.  It  may  then  be  concluded  that  the  ratio  (\/k( )  is  the  dominant  factor  in  determining 
whether  conduction  is  important  under  these  evaporation  conditions;  when  this  ratio  is  large,  the 
conductive  contribution  to  the  evaporation  rate  is  small,  whereas,  for  small  values  of  this  ratio, 
conduction  is  important. 

In  the  limiting  case  where  Re  =  0,  both  the  Ingebo  and  Tanasawa  equations  show  a  strong 
dependence  upon  the  thermal  conductivity  of  the  evaporating  medium.  The  precise  difference  in 
the  form  of  the  two  equations  can  probably  be  attributed  to  the  fact  that  Ingebo' s  derivation  is 
semi-impirical  whereas  Tanasawa' s  approach  is  theoretical.  The  parabolic  form  of  the  drop 
radiua-time  function  needs  no  particular  comment,  since  it  has  been  verified  in  numerous 
experimental  investigations. 


The  Lifetime  of  Small  Droplets  at  High  Temperatures 


Both  Wagner(9-29)  and  Kumm(9-38)  have  followed  the  method  of  Tanasawa  in  assuming  that 
the  lifetime  of  a  droplet  can  be  divided  into  a  preheating  and  evaporation  period;  as  in  the  earlier 
work,  both  investigators  assume  no  mass  loss  in  the  preheating  period. 

Wagner  has  approached  the  problem  of  calculating  the  lifetime  of  the  droplet  at  high  temper¬ 
atures  by  means  of  the  heat  balance  Equation  (9-55).  Like  Ingebo,  Wagner  made  the  inconsistent 
assumption  that  C„  (Tf  -  TB)  <<  X,  and  thus  ignored  the  heat  capacity  term.  In  addition  to  this 
assumption,  the  Nusselt  number  for  heat  transfer  is  taken  as  being 

Nu  =  2  +  0,04  Re 

in  accordance  with  McAdams.  Since  Re  is  vanishingly  small  for  small  droplets,  the  coefficient  of 
heat  transfer  can  be  written  as 
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ko  ko 

h  =  Ji  Nu  =  —  . 

2r  r 

By  substituting  these  values  in  Equation  (9-55)  and  by  taking  r  =  0  for  t  =  t©’  Wagner' s  life¬ 
time  equation  is  given  by 


Pj  ro 


to=2k  (T  -  T  ) 


(9-81) 


This  is,  of  course,  identical  with  the  equation  which  could  be  derived  from  Ingebo1  s  work. 
Kumm(9“38)  has  criticized  the  Wagner-Ingebo  approximation, 

^  '>'>  Cp  (^g  -  Tg)  , 

since  it  implies  that  the  heat  required  to  raise  the  liquid  vapor  to  the  ambient  temperature  is 
negligible.  He  has,  therefore,  included  the  heat-capacity  term  in  his  derivation  but  essentially 
follows  the  method  given  by  Wagner.  The  resulting  lifetime  is 


*o  = 


Pj  CP  ro 


2  ka  In 


1  + 


(  cp  <Tg  -  1 

v  x/  /J 


(9-82) 


Equation  (9-^82)  is  consistant  with  the  lifetime  equations  which  are  given  by  Godsave^-^2) 
and  by  Colburn  and  Drew^-39)  where  tQ  is  shown  to  be  dependent  upon  the  evaporation  rate  of  the 
droplet. 

Table  9-5  compares  the  calculated  lifetimes  of  n-hexane  drops,  after  injection  into  air  at 
1000  F,  in  accordance  with  the  various  equations  already  discussed  in  this  section.  The  initial 
size  of  drop  is  taken  as  50  microns  and  the  initial  drop  temperature  is  20  C. 

TABLE  9-5.  COMPARISON  OF  PREDICTED  DROPLET  LIFE  FOR  n-HEXANE 

(initial  Diameter,  50  jj.) 


Investigator 

Equation  Number 

to  (sec) 

Comments 

Kumm 

(9-82) 

2.38  x 

ro 

1 

O 

Isothermal  drop 

Wagner 

(9-81) 

1.  98  x 

m 

f 

o 

Isothermal  drop 

Tanasawa 

(9-80) 

1.42  x 

co 

1 

O 

Transient  heat 

conduction  in 
drop 

Both  the  Kumm  and  Wagner  equations,  which  assume  an  isothermal  drop,  predict  a  longer 
lifetime  than  docs  the  Tanasawa  equation.  It  would  thus  appear  that  the  transient  heat  conduction 
may  be  important  in  any  precise  prediction  of  droplet  lifetime.  The  sizeable  difference  between 
the  isothermal  treatments  also  suggests  that  the  approximation  \(  >>  Cp  (T^  -  Tg)  may  not  be 
completely  justified  for  the  evaporation  for  all  substances  at  high  temperatures. 

Regarding  the  derivation  of  his  equation,  Kumm  states  that  his  results  will  give  the  maximum 
lifetime  of  a  droplet;  it  is  of  interest  to  note  that  this  value  of  ^  for  n-hcxanc  is  the  highest  shown 
in  Table  9-5. 


9-2c> 
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Hartwig'^ _<iU'  has  made  a  similar  theoretical  study  of  the  rate  of  evaporation  of  liquid  drops 
injected  into  hot  gases;  his  work  is  an  extension  of  Penner'  a (9 -41)  investigation  of  the  evaporation 
of  isothermal  drops.  Hartwig  accounted  for  thermal  gradients  within  the  drop  in  the  case  of  two 
thermal  models.  In  the  first  model,  the  drop  was  considered  as  an  isothermal  core  surrounded 
by  an  isothermal  shell.  The  second  approximation  utilized  the  actual  temperature  profiles  in 
drops  as  established  by  the  usual  heat  balance  between  thermal  conduction  with  the  drop,  convec¬ 
tive  heat  transfer  to  the  drop,  and  the  cooling  produced  by  the  latent  heat  of  vaporization  at  the 
gas -liquid  interface. 

The  results  of  the  shell -model  approximation  were  found  to  be  in  quite  satisfactory  agree¬ 
ment  with  available  experimental  data  on  the  evaporation  of  isothermal  drops  of  aniline  at  high 
temperature.  Numerical  solutions  for  the  evaporation  rate  indicated  that  the  mass  transport  is 
virtually  independent  of  the  chosen  thickness  of  the  isothermal  shell.  In  the  conduction  model,  the 
surface  temperature  was  found  to  be  consistently  lower  than  the  value  found  for  the  isothermal- 
shell  model.  Thus,  the  conduction  model  gave  somewhat  different  results  from  the  isothermal- 
shell  model.  Since  Hartwig’ s  work  leads  to  nonintegrable  equations  in  the  case  of  both  models, 
it  was  necessary  to  resort  to  numerical  methods  for  obtaining  solutions.  These  will  not  be  given 
here  since  they  are  applicable  only  to  the  evaporation  of  a  single  substance  under  a  fixed  set  of 
conditions;  instead,  the  reader  is  referred  to  the  excellent  original  work,  from  which  the 
numerical  methods  are  available  for  application  to  other  particular  evaporation  problems. 

El  Wakil,  Uyehara,  and  Meyers^-^)  have  recently  made  theoretical  calculations  to  deter¬ 
mine  whether  the  case  where  single  fuel  droplets  are  evaporating  under  conditions  which  are  met 
in  jet  engines.  On  the  basis  of  experimental  data  and  a  careful  analysis  of  a  few  necessary 
assumptions,  these  workers  have  drawn  the  following  conclusions; 

(1)  At  high  air  temperatures,  the  nonsteady  state  evaporation  is  usually  of  major 
importance.  Large  droplets  can  be  expected  to  reach  the  combustion  zone 
before  steady  state  conditions  are  attained. 

(2)  During  the  nonsteady  state  evaporative  process,  the  bulk  of  the  heat  arriving 

at  the  gas -liquid  interface  goes  into  sensible  heat  rather  than  into  latent  heat  of 
vaporization.  This  is  particularly  true  for  low -volatility  fuels. 

(3)  The  rate  of  mass  transfer  usually  increases  with  time  during  the  "warm-up" 
period. 

(4)  The  mass  transfer  rate  usually  decreases  with  time  at  high  air  densities  in 
spite  of  the  fact  that  the  droplet  is  constantly  receiving  heat. 


Evaporation  of  Droplets  Under  Special  Cases  of  Motion 


In  this  section  there  will  be  treated  two  special  cases  of  droplet  evaporation  under  dynamic 
conditions.  In  the  first  case,  single-droplet  evaporation  is  examined  during  the  period  immedi¬ 
ately  after  injection  at  a  high  initial  velocity  into  a  relatively  slow-moving  gas.  The  aerodynamic 
Irag  forces  rapidly  decelerate  the  drop  and  give  rise  to  the  second  condition,  where  the  evaporat- 
ng  drop  moves  in  accordance  with  the  free-fall  equations.  This  treatment  of  evaporation  arises 
.n  connection  with  the  spray  drying  of  solutions  of  a  nonvolatile  solute  contained  in  a  volatile 
tolvent,  the  latter  usually  being  water. 


F rce  Fall 


It  is  first  convenient  to  reduce  Equation  (9-33),  which  expresses  the  evaporation  rate  of  a 
moving  droplet,  to  a  dimensionless  form  containing  the  droplet  relative  velocity,  Vjj.  Following 
Sjcnitzcr  (9-43),  this  equation  may  be  written  in  terms  of  the  pressure  gradient,  £p,  taken  radially 
from  the  drop  surface  as 
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(9-83) 


•^21  (kmol/sec)  =  27yDv  d  ^2.  |  1  4-  0.  276'  Re0,  ^  Sc°‘  ^3 
dt  1  v  RT  L  J 

For  low  values  of  p,  the  factor  (Ap/RT)  can  be  written  in  terms  of  AH,  the  absolute- 
humidity  difference  between  the  drop  surface  and  the  ambient  gas,  or 

A£  ^  AH  —  (9-84) 

RT  M 

where  M  is  the  molecular  weight  of  the  evaporating  liquid.  If  L  is  the  weight  of  the  drop  at  any 
time  and  L0  is  the  initial  weight,  then  L/Lq  =  x  will  be  the  weight  fraction  of  the  original  drop  re¬ 
maining  after  t^  seconds;  also,  L0  =  (7r/6)  d^p^.  The  evaporation  rate, 


dx  12  Dv  AH  /  PC  \ 
dt  d2  V  PL/ 


1  +  0.276  Re0-5  Sc0-33 


is  obtained  by  making  the  substitutions  in  Equation  (9-83).  The  relative  velocity  of  the  drop  may 
be  expressed  in  terms  of  a  characteristic  length,  A ,  such  that  A/t  =  v^,  or 


dx  12  Dy  AH  /  Pc\ 
d*  Vd  d2  '  9  1 * 


1  +  0.276  Re°- 5  Sc°-  33 


(9-85) 


Equation  (9-85)  may  be  used  to  compute  the  fractional  evaporation  per  unit  length  of  free-fall  path 
after  establishing  the  form  of  vd  under  this  condition. 

The  resistance  to  the  motion  of  a  falling  drop  is 


F  ^’(f) 2  Kvd  -  (,-86) 

where  Cd  is  the  drag  coefficient  for  the  spherical  drop.  A  second  condition  for  the  force  on  a 
moving  sphere  under  free  fall  is  that 

F  =  g  (|)  d3  (pL  -  pQ)  .  (9-87) 

The  resistive  force,  _F,  is  constant  if  the  droplet  has  reached  a  constant  settling  rate,  since  there 
is  no  acceleration  of  the  particle.  Under  this  condition,  Equations  (9-86)  and  (9-67)  may  be  com¬ 
bined  to  give 


2  4g  d(pL  -  Pg) 


vd  = 


3PG  cd 


or,  in  terms  of  the  Reynolds  number. 


c  r.cz  - 4g  d3  Pg(pl  '  Pg) 
d  3p2 


(9-88) 


Figure  9-6  shows  a  plot  of  Re  against  c^Rc3  for  experimentally  measured  drag  coefficients. 
Thus,  by  computing  cdReZ  from  the  right-hand  side  of  Equation  (9-88)  and  by  reading  the  corre¬ 
sponding  value  of  Re  from  Figure  9-b,  the  steady,  free-fall  velocity  can  be  calculated  from 
Re  =  vj  pj^d/p.  This  value  is  then  applied  to  Equation  (9-85)  for  calculating  the  fractional  evapora¬ 
tion  per  unit  length  of  fall. 
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FIGURE  9-6.  EXPERIMENTAL  VALUE  OF  THE  DRAG  COEFFICIENT 
AS  A  FUNCTION  OF  THE  REYNOLDS  NUMBER 

(Sjenitzer)^-^3 


Both  Marshall  and  Seltzer(9~44)  and  Duffie  and  Marshall(9-45)  have  given  equations  for 
calculating  the  lifetime  of  a  liquid  drop  moving  under  free  fall  at  terminal  velocity  in  accordance 
with  Stokes  law.  Their  lifetime  equation  is 


o 


(9-89) 


where  dQ  is  the  initial  drop  diameter  and  h  is  the  film  coefficient  which  was  defined  in  connection 
with  Equation  (9-56).  It  is  now  desired  to  know  how  h  varies  with  the  drop  diameter  d.  This  may 
be  obtained  from  the  dimensionless  correlation. 


Nu  =  2 


1  +  0.276  (Pr)1/3  (Re)1/2 


hd 

kv 


(9-90) 


By  solving  Equation  (9-90)  for  h  and  substituting  the  result  in  Equation  (9-89) 

d„ 


t  =-^- 
0  4A  Tk,, 


I 


1  +  0.276  (Pr) 


d  •  d(d) _ 

1/  3  /  dvdPG\  1/21 


y—j 


(9-91) 


If,  as  before,  the  drop  is  assumed  to  be  moving  at  terminal  velocity  in  accordance  with  Stokes 
law.  then 


Vd  = 


g  (p L  -  PG) 


ISp 


The  lifetime  Equation  (9-91)  assumes  the  form 


(9-92) 


PLXdl 

to  '  SATt^, 


5/2 


_  _2_  r  °  B  d  d(d)  ~| 

‘  3  1  +  Bd 3/2  J 


(9-93) 


with 


WAnr.  TR  «=> 6- 344 


9-28 


f 


j 


J* 

■  t 

f 


I 

( 


„  1/3  ,  ,  1/2 

B= 0.276  (5a)  r£<^Jic)£G- 

\  K  '  L  13ju2 


Equation  (9-93)  may  now  be  integrated  in  a  series  form  to  give 


PLXdo 

8A  Tkv 


'  •  1  3TT4  Bi 


(9-94) 


3  /2 

Under  the  condition  that  d0  '  <  1/B  for  convergence,  the  original  work  of  Marshall  and  Seltzer 

shows  graphs  for  tQ  as  a  function  of  dQ  with  AT  as  a  parameter.  However,  these  results  are  for 
the  evaporation  of  water  and  will  not  be  given  here. 

In  the  case  of  zero  relative  velocity,  Equation  (9-94)  is  identical  with  the  lifetime  equation 
of  I.  gebo(9“28)  and  of  Wagner (9-29).  The  Stokes  law  behavior  is  usually  accepted  as  being  valid 
for  Re  <  2.0. 

Tsuji^-^)  has  also  derived  an  expression  for  calculating  the  evaporation  rates  of  freely 
falling  drops.  He  also  assumes  that  the  Frossling  rate  equation  satisfactorily  describes  the 
evaporation  process  in  the  absence  of  large  thermal  gradients.  Tsuji  does  not  give  a  derivation 
of  his  equation  nor  does  he  present  the  assumptions  under  which  it  is  supposed  to  be  valid.  The 
equation  given  for  the  free-fall  velocity  of  the  drop  shows  this  quantity  as  a  function  of  the  con¬ 
densation  or  evaporation  accomodation  coefficient  taken  at  the  drop  surface;  this  coefficient  is 
described  in  the  work  of  Alty  and  Mackay(^“47)  It  is  difficult  to  compare  Tsuji1  s  results  with 
those  of  other  workers  without  having  more  complete  information  regarding  the  basis  of  his 
analysis. 

A  further  discussion  of  droplet  evaporation  under  free-fall  conditions  will  be  given  in  con¬ 
nection  with  the  analysis  of  experimental  investigations  on  droplet  evaporation. 


Rapid  Droplet  Deceleration 


Before  droplets  reach  a  steady  velocity  in  a  gas  stream,  they  often  have  a  high  initial 
velocity  as  a  result  of  the  conditions  of  injection  or  atomization.  In  the  retardation  of  motion,  the 
kinetic  energy  of  the  drop  is,  in  part,  dissipated  in  overcoming  air  resistance.  The  influence  of 
the  gravitational  field  may  be  neglected  in  this  case  because  the  flight  time  under  consideration  is 
very  small  and,  furthermore,  the  free-fall  path  in  this  interval  is  negligible. 

Sjenitzer(9-43)  has  derived  equations  in  dimensionless  form  for  expressing  both  the  distance 
and  "braking  time"  for  a  high-speed  drop.  His  results  are  sufficiently  generalized  to  be  of  use  in 
calculating  actual  evaporation  rates.  Wagner(9_29)  has  carried  out  a  similar  analysis  using  an 
analogous  approach.  Since  his  results  are  applicable  only  to  the  evaporation  of  n-octanc  drops, 
Sjenitzer1  s  treatment  will  be  discussed. 

Suppose  that  an  injected  droplet  loses  kinetic  energy  through  drag  forces  in  the  air  stream; 
then,  according  to  Newton' s  second  law, 

dvd  / 7T  \  2  .2 

‘  m  =  Cd  (  b  )  ^Gvdd 


1/3  d3  ={  cdPG  vd  d2 


(9-95) 
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because  ns  =  (71/6)  d3  p^.  The  dimensionless  form  of  the  velocity  and. time  can  be  written  as 


d  vd 

Re  = - Pq  and  8 


If  £Ll)  — 
3\Pg/  m 


which,  upon  introduction  into  Equation  (9-95),  givss 

d  8  =  -  .  (9.96) 

cd  Rez 

If  the  time  interval,  At,  is  defined  such  that  it  represents  the  time  during  which  velocity  de¬ 
creases  from  (vd)  j  to  (vd)2  for  a  corresponding  change  of  Rej  to  Re2>  then 


3  \PG 

Thus,  from  values  of  the  integral 


'1 


Rej  d 


Re7 

=  1  - 

J  c 


d  (Re) 


Re^ 


Re 


1 


it  is  possible  to  calculate  the  time  interval  for  the  ,rbraking"  of  the  droplet. 

.2 


The  distance  corresponding  to  At  is  obviously  Af  =  ^  vd  dt 


or 


1 


(9-97) 


(9-98) 


Re  d  0 


Re2 

1  d  (fk)  f  -i&«l 

3  \  PgJ  J  cd  Re 

Rej 


(9-99) 


Similarly,  the  "braking  distance"  can  be  evaluated  from  Equation  (9-99)  and  numerical  values  of 
the  integral 


"  =  1  Re'de  =  .f  <9-100> 

Figures  9-7  and  9-8,  respectively,  show  the  reduced  time,  8,  unu  the  reduced  distance,  0, 
as  a  function  of  the  Reynolds  number.  These  graphs  have  been  constructed  for  use  in  calculating 
both  At  and  A Jt  in  accordance  with  Equations  (9-97)  and  (9-99)  for  a  moving  drop  of  any  liquid. 


In  calculating  the  evaporation  of  a  droplet  during  the  "braking  period",  it  is  convenient  to 
consider  only  the  second  term  in  Equation  (9-83),  since  this  portion  corresponds  to  the  quantity  of 
evaporation,  E,  which  is  associated  with  the  motion  of  the  drop.  This  may  be  written  as 


E  =  2nd 


Dv 
v  RT 


276  Sc 


1/3 


(9-101) 
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FIGURE  9-7.  GRAPHICAL  VALUES  OF  THE  REDUCED  TIME  AS  A  FUNCTION 
OF  THE  REYNOLDS  NUMBER  (Sjenitzer)9-43 


! ; 


I 


a  »  J  Re  d0 

FIGURE  9-8.  GRAPHICAL  VALUES  OF  THE  REDUCED  DISTANCE 
AS  A  FUNCTION  OF  THE  REYNOLDS  NUMBER 

(Sjcnitzer)^-^^ 


By  introducing  the  reduced  time  into  Equation  (9-101)  from  Equation  (9-90),  there  rcuulta 

I 

RC£ 

E  =  0.276y  d3  (^j)  (St)  SC'/3  J 


The  fractional  evaporation,  x,  can  be  found  by  dividing  E  by  ( rr/6)  (p^/M)d^  and  by  introducing 
Ap  from  Equation  (9-84).  Then, 


WADC  TR  56-344 


9-31 


(9-103) 


Re  2 

x  =  4.42  AH  Sc-0- 67  C  -  tf.(Re) 

^  c  ,  Re^ • ^ 
Re2  d 


expresses  the  fractional  evaporation  during  braking. 

Figure  9-9  gives  Sjenitzer' s  graph  for  computing  the  integral  shown  in  Equation  (9-103); 
these  values,  in  conjunction  with  calculated  values  for  AH  and  Sc,  permit  the  calculation  of  the 
fractional  evaporation  in  accordance  with  Equation  (9  =  103). 


d  Re 


FIGURE  9-9. 


GRAPHICAL  SOLUTION  TO 
(Sjenitzer)^-^ 


d  Re 

cd  Re1-5 


Figure  9-9  shows  that  the  evaporation  during  rapid  dcce’eraHon  is  independent  of  the  initial 
velocity  and  is  only  dependent  upon  the  final  Reynolds  number.  Thus,  there  is  little  to  be  gained 
in  choosing  too  high  initial  velocity  from  the  standpoint  of  increasing  evaporatioh  during  this 
period.  However,  increasing  the  initial  velocity  does  increase  the  "braking  distance"  of  the 
droplet.  In  the  case  of  very  small  droplets,  the  braking  evaporation  is  insignificant  compared 
with  evaporation  due  to  free  fall. 


The  Contribution  of  Radiant  Heat  Transfer  to  Droplet  Evaporation 

i 

Thus  far,  in  the  present  treatment  of  moving  droplet  evaporation,  heat  transfer  has  been 
considered  as  taking  place  only  by  conduction  and  convection;  radiant  heat  transfer  has  been 
neglected.  However,  when  a  liquid  droplet  is  injected  into  a  combustion  chamber  or  piston-type 
engine,  it  is  subjected  to  a  condition  under  which  radiant  heat  transfer  to  the  evaporating  droplet 
may  take  place  from  a  hot  wall,  hot  gas,  or  a  flame.  Pcnner(9-48)  has  given  a  mathematical 
treatment  of  this  problem  which  permits  an  approximate  calculation  of  the  radiant  heal  transfer  to 
the  drop. 
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Figure  9-10  snows  a  quadrant  of  a  cylindrical  combustion  chamber  appropriately  labelled 
with  the  variables  used  in  the  analysis  of  this  problem. 


/— L-b  —/ - b - / 


FIGURE  9-10.  QUADRANT  OF  A  CYLINDRICAL  COMBUSTION  CHAMBER  WITH 
A  VOLUME  ELEMENT  dV  MOVING  ALONG  ITS  AXIS 

(Penner  and  Weinbauer)^-^® 


Consider  a  moving  gaseous  volume  element,  dV,  moving  at  a  fixed  velocity,  V,  along  the 
axis  of  the  combustion  chamber.  In  order  to  calculate  the  temperature  rise  in  this  element,  it  is 
necessary  to  calculate  lj,  the  radiant  energy  incident  on  dV  during  its  residence  time  in  the 
chamber.  The  volume  element  is  taken  as  being  a  distance  (L  -  b)  from  the  upstream  end  of  the 
cylinder.  In  accordance  with  Figure  9-10,  the  distances  /j,  Ji,  and  ^3  are  taken  such  that 


1/2 


a2  +  b2 


a'2  +  (L  -  b)2 


1/2 


■t  3  = 


2  2 
a  +  y 


1/2 


The  radiant  energy  incident  upon  dV  when  it  has  reached  a  distance  b  from  the  exit  end  of 
the  combustion  chamber  is 

1\  (b)  =  1\  [ 1  -  exP  [  -  k\P*]  =  (1°/A)  ft1  -  exP  ("  kXpf)]  dA  (9-104) 

JA 

where  the  bar  denotes  an  average  value,  dA  is  an  element  of  the  chamber-wall  area,  1°  is  the 
energy  emitted  by  1  cm2  of  the  wall,  assuming  it  to  behave  as  a  black-body  radiator,  p  is  the  gas 
density,  and  %  is  the  length  of  the  radiation  path.  The  quantity  is  the  average  mass-absorption 
coefficient  of  the  gas  at  wavelength  X. 

From  the  definitions  of  tire  various  /j  and  from  Equation  (9-104),  it  can  be  shown  that 
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Ix  (b)  =  4  l£  /(27ra2  +  27raL)  j*  ^  d  6  |  ^  ^  1  -  exp  -  k xp  (a2  +  b2)1/2  J  ada  + 

a  b 

J  f  1  -  exp  -  k\p[a'2  +  (L  -  b)2]1/2  ^a'da'  +  J  ^1  -  exp  -kxp  (a2  +  y2)1/2  )  ady  + 


1  -  exp  -  kxp  (a2  +  y2)1^2  ^  ady  j-  , 


(9-105) 


Also,  the  radiant  flux  received  over  all  wavelengths  at  a  fixed  position  along  the  flow  axis  is 


i'  (b)  =  j*  1^  (b)  dX  . 


Since  the  volume  element  dV  is  moving  at  a  constant  rate,  v,  evidently 


b  s  L  at  t  =  o 


b  =  o  at  t  =  L/v 


b  =  L  -  vt  at  all  t 


(9-106) 


are  boundary  conditions,  Thus,  0  >  b  >  L.  The  total  radiant  energy  incident  upon  the  receiver, 
Lp  is  then 


fWV 

IT  =  J  I'  (b)  dt  . 


(9-107) 


By  combining  Equations  (9-105),  (9-106),  and  (9-107)  and  noting  the  conditions  of  axial 
symmetry,  there  results,  upon  integration  with  respect  to  6, 

Ij  =  [2/a(a  +  L)]  \  I°dX  ^  dt  -j^  ^  1  -  exp  -  kxp  [a2  +  (L  -  vt)2] 1  ^2  ^  ada  + 

A.  O 


,L  -  vt 


^  1  -  exp  -  kxp  (a2  +  y2)1/2 


(9-108) 


under  the  black-body-radiator  assumption,  A  further  necessary  condition  is  that 

lim  I-p  =  (L/v)  ^  dX  . 

X  or  kx  —  oo 

If  it  is  assumed  that  the  injected  drop  moves  along  the  axis  of  the  cylinder  and  that  the  life¬ 
time  path  is  (L  -  b)  in  length,  then  the  lifetime  is 

t  =  (L  -  b)/v  , 

and  L/v,  the  upper  limit  in  Equation  (9-108),  can  be  replaced  by  (L  -  b)/v. 
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The  increment  of  temperature  rise  due  to  radiation,  ATr,  which  is  derived  approximately 
from  Equation  (9-108),  is 


A Tr  =  (3/C  pr)  J  IT  (1  -  e"2KXr)  dX  (9-109) 

X 

for  a  drop  of  radius  r.  The  quantity  K\  is  an  average  absorption  coefficient  for  the  evaporating 
liquid,  taken  over  a  wavelength  interval  X  to  (X  +  dX).  In  this  approximation  it  is  assumed  that  all 
radiation  is  incident  in  a  direction  normal  to  the  drop  surface. 


Droplet  Deformation  and  Evaporation 


Practically  no  consideration  has  been  given  to  the  possible  influences  of  hydrodynamical 
surface  roughening  and  of  secondary  atomization  upon  the  rate  of  evaporation  of  single  moving 
droplets.  The  lack  of  analysis  of  these  possible  influences  is  probably  dictated  by  the  mathemat¬ 
ical  complexities  associated  with  a  theoretical  approach  and  to  the  difficulties  which  would  be 
encountered  in  experimental  measurements.  Norris(9-49)  has  followed  the  pattern  of  investiga¬ 
tion  of  Sverdrup  and  Miller(9~50)  jn  attempting  to  analyze  the  influence  of  surface  roughening  of  a 
plane  liquid  surface  upon  the  rate  of  evaporation  of  the  liquid.  Although  his  analysis,  as  it  stands, 
cannot  be  applied  to  evaporation  from  a  spherical  surface,  it  appears  to  indicate  that  hydrody- 
namically  rough  surfaces  undergo  up  to  four  times  as  much  evaporation  as  do  smooth  surfaces 
under  similar  conditions.  In  this  analysis,  it  is  assumed  that  the  surface  areas  under  considera¬ 
tion  are  large. 

It  would  seem  that  a  possible  approach  to  the  influence  of  surface  roughening  on  evaporation 
would  be  through  Hinze' s (9—5 1)  treatment  of  the  forced  deformation  of  viscous -liquid  spheres. 
Hughs  and  Gilliland(9-51)  have  discussed  the  influence  of  elasto-viscous  deformation  on  the  drag 
coefficient  of  a  moving  droplet.  In  Hinze' s  work,  the  effect  of  viscosity  is  considered  in  the 
solution  to  the  linearized  hydrodynamical  equations,  with  boundary  conditions  given  for  the 
external  pressure  distribution  under  conditions  of  rotational  symmetry  and  a  vanishing  tangential 
stress. 


Secondary  atomization  may  also  occur  through  the  mechanism  which  has  been  proposed  both 
by  Triebnigg^"^^)  and  by  Heyler^-^).  The  former  investigator  states  that  the  critical  size  of  a 
moving  drop  is  determined  by  the  balance  between  hydrostatic-pressure  forces  over  the  drop 
surfaces  and  the  surface-tension  pressure  at  the  gas-liquid  interface.  This  may  be  written  as 

cdjpgUZ=^  ,  (9-UO) 


where  o  is  the  surface  tension  of  the  liquid. 


If  it  is  assumed  that  the  tangential  forces  at  the  surface  of  the  drop  can  be  neglected,  then 
the  deformation  of  the  drop  is  determined  by  the  air-velocity  pressure,  p g  U^,  and  the  surface- 
tension  pressure,  o  /r.  A  combination  of  these  pressures  in  dimensionless  form  is  known  as  the 
Weber  number, 


We 


(9-111) 


Secondary  atomization  occurs  when  the  value  of  We  exceeds  a  certain  critical  value  W c(cr).  How¬ 
ever,  this  critical  value  depends  upon  time  and,  consequently,  the  viscosity  of  the  liquid  plays  an 
important  part  in  determining  the  secondary  atomization.  Hinzc(9-51)  has  discussed  this  point  and 
an  outline  of  his  analysis  is  given  in  Chapter  5. 


Experimental  work  on  droplet  break-up  indicates  that  under  free-fall  conditions, 


WADC  TR  56-344 


9-35 


S<  We(cr)  <  15 

while,  under  the  condition  where  the  drop  is  injected  axially  into  a  moving  gas  stream, 

2.5  <  We^crj  <  8.5  . 

From  Equation  (9-83),  the  mass  rate  of  evaporation  can  be  written  in  terms  of  'he  droplet 
surface  area,  s,  as 


dm 

dt 


=  -  2  D* 


1  +  0.276  Re1/2  Sc1/31  . 


Since  Re  and  We  are  related  by 


evidently, 


0  ^ 

We  ^  Re  , 


=  _  2  Dv  Vtts  |  1  +  0.276  ,Z  We1/2  Sc1/3|  .  (9-112) 

Thus,  the  droplet  evaporation  process  should  proceed  in  accordance  with  Equation  (9-112)  as  long 
as  We  <  We(cr).  When  We^crj  is  reached,  secondary  atomization  takes  place  and  the  total  evapo¬ 
ration  rate  increases  because  an  increase  in  s  occurs  also, 


n,l 


i. 

i 

i 

Li 

H 

i1 

f  i 

j, 

« i 


j. 

i 


i. 


Evaporation  From  Multicomponent  Drops 


In  practical  applications,  most  liquid  fuels  consist  of  several  molecular  species  having  dif¬ 
ferent  volatilities,  diffusion  coefficients,  and  thermal  conductivities.  The  evaporation  of  multi- 
component  drops  of  such  fuels  is  therefore  dependent  upon  concentration  gradients  in  both  the 
liquid  and  gas  phases.  A  theoretical  approach  to  the  multicomponent-droplet-evaporation  problem 
for  the  condition  where  the  Reynolds  number  is  greater  than  zero  is  therefore  complicated  by  the 
necessity  of  solving  simultaneously  the  liydrodynamical  equations  and  the  multicomponent-diffusion 
equations  for  both  phases.  No  complete  treatment  of  this  problem  for  the  general  case  of  i_  com¬ 
ponents  exists,  and  the  present  discussion  is,  of  necessity,  limited  to  a  few  fairly  well  known 
aspects  of  multicomponent  evaporation, 

Examination  of  Equation  (9-83)  shows  that  both  Dv  and  Ap  will  vary  with  time,  since  the 
composition  of  the  mixture  constituting  the  drop  will  change  as  the  more  volatile  compounds 
evaporate.  The  first  discussion  given  here  will  be  limited  to  the  evaporation  of  an  ideal  binary 
mixture  of  hydrocarbons;  extensive  phase -behavior  data  on  more  complex  systems  of  hydrocarbons 
is  given  in  the  excellent  review  by  Hadden^-33), 

By  assuming  that  the  partial  pressure  of  the  hydrocarbon  mixture  is  negligible  in  the  ambient 
air,  the  factor  Ap  may  then  be  taken  as  the  total  pressure  of  the  two  components  at  the  surface  of 
the  drop.  For  an  ideal  solution,  an  equilibrium  constant  kj  may  be  written  so  that  pkj  =  p°,  where 
2  is  the  total  hydrocarbon  pressure  and  p°  is  the  vapor  pressure  of  a  single  component. 
Ncderbragt(9-56)  has  derived  an  equation  for  calculating  k  in  binary  hydrocarbon  mixtures  where 
£,  V,  T  data  arc  available  for  the  particular  system.  Thus,  the  Gibbs  free  energy,  G,  for  a 
gas  mixture  composed  of  Nj  moles  of  a  component  with  i  carbon  atoms  may  be  written  as 


Vdp+  RT  SNj  lni 


or  the  partial  molal  free  energy  is 


1 


(9-113) 
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^  =  yvdp+(SNi)^[JvdptRT1„3. 


(9-114) 


i 

From  the  phase  rnle,  J  Vdp  is  determined,  for  a  binary  mixture,  by  pressure,  temperature,  and 
a  third  parameter  which  may  be  chosen  as  the  average  number  of  carbon  atoms,  i.  Then, 


jl  fVdp=jLj.rVdp , 

<?Nj  J  F  /»Nj  r)i  J  F 


(9-115) 


where 


_  EN^i 

i  = - 


rfi  1  -  l 
■  ENi 

The  partial  molal  free  energy  is  now  given  by 

f  Vdp  +  (i  -  I)  —  T  Vdp  +  RT  In  . 

J  ,li  J  SNj 

Since  dG/dNj  is  identical  in  both  phases,  the  equilibrium  constant  is  now 


Inf—')  -ln(—')  =  In  K  =  -  [  dp  +  (i  -  I)  4-  dpi]  + 

UnJ  uid  IJrtp  J RT  eaa 


rjLdp+(i.i)jL'f  j-  dP 

J  RT  F  '  '  di  J  RT  F 


liquid  , 


(9-116) 


which  applies  only  under  conditions  of  equilibrium  evaporation. 

While  the  form  of  Ap  is  simple  for  this  case,  the  corresponding  form  of  Dv,  the  diffusion 
coefficient,  is  more  complicated.  The  subjpct  of  calculating  multicomponent-diffusion  coefficients 
has  been  extensively  treated  by  Hirschfelder  and  co-workcrs(9"^)>  (9-58),  (9-59);  a  discussior  of 
these  calculations  is  given  in  Chapter  8  in  connection  with  the  expression  for  transport  quantities. 

The  evaporation  of  a  single  component  from  a  moving,  two-component-liquid  drop  has  been 
treated  by  Kronig  and  Brink(9-60),  The  circulation  currents,  which  arc  caused  by  the  viscous 
forces  at  the  liqaid-vapor  boundary,  give  rise  to  an  evaporation  ate  which  is  different  from  the 
case  of  the  evaporation  of  a  stationary  droplet.  Under  simplifying  assumptions  which  permit  the 
solution  to  the  hydrodynamical  equations  of  flow,  these  workers  were  able  to  solve  the  evaporation 
problem  by  an  eigenvalue  method. 

Kronig  assumes  that  the  quadratic  terms  in  the  velocity  equations  be  ignored  in  accordance 
with  the  treatment  given  by  Hadamard(9-61),  Let  a  drop  of  radius  a,  density  p^  and  viscosity  p / 
be  permitted  to  fall  through  a  gaseous  medium  of  density  Pg  and  of  viscosity  /jg.  The  Stokes 
stream  function  for  the  liquid  is  then 


(P,  -  PR)Z  ^  ;>* 

/L  A-  \  r 0  -  r  )  Sln  0  > 

(3  i  + 


'<  6  (3^  ♦  2rjg) 

and  the  corresponding  stream  function  in  the  surrounding  gas  phase  is 


(0-117) 
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g(P/-Pg)2a2  .  2  „  ’ll  1  -  r3  2t1/  +  2rj  -| 

tin  =  —rvi -  ^ — r~  sin  6 - “ - &  r  (1  -  r)  , 

¥  6  (3r +  2r)g)  l  r 


(9-118) 


where  r,  0,  and  an  additional  angular  coordinate,  $,  constitute  a  system  of  polar  coordinates  with 
the  origin  at  the  center  of  the  drop. 


The  radial-  and  angular -velocity  components,  vr  and  vp,  associated  with  the  stream  func¬ 
tions  are 


1  ihjj 


r  sin  6  f)6 


1  tJj 

■  v^77iTe  r 


(9-119) 


The  equation  which  represents  a  family  of  stream  lines  inside  the  drop  in  a  plane  containing 
the  polar  axis  is 


%  =  4  r2  (1  -  r2)  sin2  0 


(9-120) 


since  £  differs  from  ipQ  by  a  constant  factor  only.  The  set  of  trajectories  orthogonal  to  the 
streamlines  defined  by  £  are  given  by 


r^  cos'*  8 
2r2  -  1 


(9-121) 


A  plot  of  both  the  C  and  ?,  curves  is  given  in  Figure  5-5  in  Chapter  5. 

If  ?,  and  C,  are  taken  as  a  set  of  orthogonal  curvilinear  coordinates,  a  line  element  in  the 
liquid  region,  ds,  may  be  conveniently  defined  as 

ds2  =  ds?,2  +  ds£2  +  ds02 


with  components 


ds?,  = 


8r  sin  0A  ^2 


dsC,  = 


(2r2  -  l)2  dC 


4r^  cos^  0A  *^2 


(9-122) 


ds^  =  ar  sin  0  d0  J 

The  auxiliary  parameter,  A,  is  (l  -  r2)  coo2  0  +  (2r2  -  l)2  sin2  0. 

By  following  a  particular  liquid  particle  over  a  given  streamline  in  the  drop  in  a  closed  cycle 
and,  in  turn,  comparing  the  time  for  this  circulation  with  the  time  required  for  the  concentration 
cf  the  evaporating  component  in  the  drop  to  fall  to  1 /c  of  its  original  value,  it  is  possible  to  obtain 
die  ratio  of  the  circular  m  rate  to  the  diffusion  rate  over  a  path  normal  to  the  streamline.  Thus, 
the  concentration,  £,  is  independent  of  (,  and  also  of  <f,  for  reasons  of  symmetry.  Since 
c  =  c(i,  t),  the  excess  of  the  volatile  component  diffusing  into  a  region  bounded  by  4  and  q  +  d£  per 
unit  time  is  equal  to  the  increase  per  unit  time  of  the  amount  of  the  volatile  component  in  this 
region.  The  equation  of  transport  is 
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(9-123) 


I  I 

H  5<t> 


a 

<9s^ 


f?C 

ds £ 


dsC  ds^j  ds£  =  H  J  J  cds£  ds£  ds^  . 

s£  S0 


From  symmetry  considerations,  it  is  sufficient  to  integrate  Equation  (9-123)  with  respect  to 
(half  of  the  streamline)  and0.  After  introducing  line  elements  defined  by  Equation  (9-122)  into 
Equation  (9-123)  and  carrying  out  the  indicated  integration,  the  differential  equation  for 
c  =  c  (£,,  t)  is 


r) 


P&) 


dc 

'K 


2“  it  \  0  C 

"  T'6  D  <9 1 


with 


and 


P  (2r2  -  I)2  sin2  0 


pS)  -  j 

qft)  =  f 

J  4r3 


r  cos2  0 

2  -l)2 


(9-124) 


> 


4r2  cos2  0A 


di ; 


(9-125) 


The  integrals  given  by  Equation  (9-125)  are  conveniently  evaluated  in  terms  of  known  func¬ 
tions  in  the  following  way:  the  factors  cos2  0  and  sin2  0  are  first  eliminated  through  Equa¬ 
tions  (9-120)  and  (9-121)  so  that  both  integrands  contain  only  r,  £,  In  the  resulting  expression, 
£  is  replaced  by  £  as  a  variable  of  integration,  since 


c 


r2  (1  -  r2)  -  1/4$  J  2/(l  -  r2)2  (2r2  -  1) 


results  from  eliminating  8  from  Equations  (9-120)  and  (9-121).  The  integrated  forms  of 
Equations  (9-125)  which  result  are 


pKl-ffm1'2-1'2 


yi-61/2V/2  - 

\i 


(4  -  35)  E,'  ‘/2  -  35  )K 


1  -  61/3x1/2-, 

1  -S'/V 


and 


>  (9-126) 


q(5)=3(lt5‘'2vi/2Kr^i)i/2 


theses 


The  functions  K  and  E  arc  complete  elliptic  integrals  of  the  arguments  shown  in  paren 
and  are  defined  and  tabulated  by  Jahnke  and  Emde'^-^2).  A  short  table  of  p(4)  and  q(£)  for 
numerical  arguments  in  the  range  0  <  i,  <  1  is  given  in  Kronig1  o  paper. 

The  assumption  is  now  made  that  the  time  of  circulation,  tc,  is  small  in  comparison  to  the 
corresponding  diffusion  time,  t^.  The  circulation  time  is  evidently 


P  do; 

from  previous  considerations.  The  total  velocity  is  obtained  from 


(9-127) 


v2  =  v2  ♦  v^ 


(9-128) 


WADC  TR  56-344 


9-39 


J/j 


By  substituting  Equation  (9-119)  into  Equation  (9-128)  and,  in  turn,  by  substituting  this  result  into 
Equation  (9-127),  there  results  an  integral  in  ip  which  may  be  evaluated  after  replacing  ip  by  the 
form  given  in  Equation  (9-117).  The  circulation  time  is  then 


_  6(3tfy  +  Zr)s) 

c "  S|P/  “Pg|a 


qd) 


(9-129) 


The  modulus  of  the  density  difference  is  used  in  Equation  (9-129)  in  order  that  tc  will  always  be  a 
positive  quantity. 


The  concentration  of  the  volatile  component  present  in  the  drop  is  given  by  the  series 
solution  to  the  diffusion  equation;  that  is, 


oe 


c(r,  t)  = 


2co  y  (-l)n+  1 
7Tr  h  n 

n  =  1 


(-■=S e)- 


exp 


in  n7rr  , 


(9-130) 


with  c  =  cQ  for  t  =  o  and  r  =  1.  The  mass  of  the  droplet  as  a  function  of  time  may  be  written  as 

1 


M(t)  =  J 


47ra3  r2  cdi 


(9-131) 


with  the  initial  mass  as 


M(o)  =  cQ 


47ra_ 


(9-132) 


Substituting  Equation  (9-131)  into  Equation  (9-130)  and  taking  the  ratio  M(t)/M(o)  gives 


M(t)  _  _6_  y  J_ 
M(o)  ‘  7t2 

n  =  1 


from  which  it  may  be  seen  that  the  exponent  takes  the  value  0.  550  when  M(t)/M(o)  =  e"^.  The 
diffusion  time  is  then 


td  =  0.  056  — -  . 


(9-133) 


The  ratio  of  the  circulation  and  diffusion  time  is  now 


*c/*d 


6(3n->  *  °f  ,  ,(5) 

0.056  g  p.  -  pg  a3 


(9-134) 


Kronig  has  presented  the  following  conclusions  regarding  his  theory: 

(1)  Since  the  time  of  diffusion  i6  dependent  both  upon  Dv  and  Dj,  the  assumption  that 
tc  < <  td  cannot  be  rcali’.ed  when  D.  *8  infinitely  large.  This  follows  from  the 
fact  that,  under  this  condition,  c  must  vanish  at  the  drop. 

(2)  The  circulation  time  decreases  as  1/a  while  the  diffusion  time  increases  as  a2 
for  increasingly  large  drop  sizes.  It  is  then  evident  that  a  large  drop  size 
favors  the  basic  assumption  regarding  the  I'clative  magnitudes  of  t^  and  t^. 
However,  an  upper  size  limit  for  the  drop  must  exist  in  order  that  the  quadratic 
terms  may  be  justifiably  neglected  in  the  hydrodynnmical  equations. 
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(3)  The  function  q(4)  in  Equation  (9-132)  can  be  shown  to  diverge  logarithmically 
for  the  streamline  4  =  0,  which  corresponds  to  the  liquid-vapor  boundary  at 
the  drop  surface.  Therefore,  there  will  always  exist  a  layer  in  which  the 
inequality  t^  > >  tc  will  not  be  valid.  A3  the  drop  size  is  increased,  this 
layer  assumes  less  relative  importance.  From  Eaiiation  (9-134),  ^/t^  <1,  or 

°.0093  g|P  -P,|«3 

1  '  (3tj  +  Z7]g)  D Jf 

If  it  is  assumed  that  the  drop  is  large  enough  to  follow  validly  the  above  assumptions,  then 
Equation  (9-124)  may  be  solved  for  the  rate  of  evaporation.  The  boundary  values  necessary  for 
the  solutions  are: 

(1)  4=0,  when  c  =  0,  if  the  drop  moves  through  a  gas  in  which  the  concentration 
of  the  diffusing  substance  is  initially  zero. 

(2)  4  =  1  for  all  finite  c. 

(3)  Inside  the  drop,  c  =  cQ  at  t  =  o. 

Assuming  that  Equation  (9-124)  has  a  solution  of  the  form 

0(4,  t)=s  (4)T(t)  , 


then,  by  separating  variables 


p£)  ^  ]  +  m  qfi)  s  =  0 


(9-135) 


dT+/ii^£T=0 

dt  H  a2 


(9-136) 


Equation  (9-136)  is  immediately  solvable  and 


^  /  16  Dj  t\ 

T  =  (-ft.— ^-) 


(9-137) 


A  solution  to  Equation  (9-135)  is  of  the  Sturm-Liouville  type  and  requires  a  treatment  by  the 
method  of  normalized  eigenvalues.  The  eigenvalues  corresponding  to  the  solution  are  designated 
by  iin  and  the  corresponding  eigenfunctions  by  Sn  (4).  The  generalized  solution  to 
Equation  (9-135)  is 


t)=c0  |  A„S(n)e«p(-^nliS£i)  . 


(9-138) 


The  coefficients  An,  upon  introducing  the  boundary  values,  are  defined  by 


An  =  £  q(4)  En  (4)  d4  . 


(9-139) 


The  total  mass  of  the  vaporizing  component  as  a  function  of  time  is 


M(t)  =  ^  ^  y  cds^  dsr  ds 
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which  reduces  to 


M(t)  =  II3  J  qfc)cd$ 


(9-140) 


from  symmetry  considerations  and  the  boundary  conditions  prescribed  above. 
Introducing  Equation  (9-138)  into  Equation  (9-140)  gives 

16  D/  t 


, ,  co  r  7  /  16  Dy  t  \ 

M(t)=— —  £  4exp^-Mn.  J  J 


n  =  1 


or 


M(t)  _  3 
M(o)  8 


exp 


/  16  D/  t\ 

(-'•*) 


(9-141) 


by  introducing  M(o)  from  Equation  (9-132). 

The  eigenvalues  fin  and  their  corresponding  eigenfunctions  Sn  (q)  are  obtained  by  the 
method  of  Ritz(9“63).  jf  the  solution  to  this  problem  is  confined  to  n  =  2,  then 

ft  j  =  1.678,  p2  =  9.83  , 

and  the  normalized  eigenfunctions  are 

S(j)  =  0.828  t,  +  0.401  %Z 


and 


S(2)  =  4.23  i  -  5.62 

Introducing  these  values  into  Equation  (9-136)  with  c  =  e"*  and  t  =  tj  gives 

M  =  0.022  ^  (9-142) 

for  the  time  in  which  the  concentration  of  the  volatile  component  falls  to  e"^  of  its  original  value. 

Equation  (9-142)  represents  the  case  where  evaporation  takes  place  by  both  convection  and 
diffusion,  while  Equation  (9-133)  corresponds  to  the  evaporation  for  a  stationary  drop.  It  is 
interesting  to  note  that  the  convective  rate  is  about  2.5  times  us  fast  as  the  stationary  rate. 

t 

Kronig,  Van  Der  Veen,  and  Ijzerman(9-64)  further  examined  the  diffusion-circulation  theory 
for  the  conditions  where  the  droplet  moves  slowly  in  a  gravitational  field.  Thus,  tc  >>  t^,  and 
the  concentration  will  differ  only  slightly  from  that  of  the  stationary  droplet.  The  diffusion  and 
hydrodynamic al  equations  discussed  earlier  were  solved  by  the  perturbation  methodi^-^).  The 
perturbations  were  considered  as  being  produced  by  small  variations  in  the  dimensionless 
parameter 


.jfpr^stL 

'  6(3q/+2qg)D/ 

The  final  result  for  the  second  approximation,  is 


(9-143) 
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(9-144) 


t  j  , 

—  =  1  -  0.00121  0"  + _  , 

ld 


which  is  valid  only  when  a  is  of  the  order  of  0.  05  mm  or  less;  this  is  implied  by  the  necessary 
condition  that  jS^  <<  1  which  arises  in  connection  with  the  perturbation  calculations.  The  quantity 
t^/t^  is  the  ratio  between  the  diffusion  times  for  the  moving  and  stationary  cases. 

A  few  experimental  studies  have  been  made  concerning  the  effect  of  internal  circulation  on 
mass  transfer  from  two-component  droplets  to  a  surrounding  liquid  medium.  Garner(9~66)  and 
Garner  and  Skeiiandt""^)  studied  the  diffusion  of  water  into  droplets  of  several  immiscible  or¬ 
ganic  liquids  containing  anhydrous  cobalt  chloride;  as  the  water  diffused  into  the  organic  phase,  the 
color  gradually  changed  from  an  initial  deep  blue  to  pink.  By  making  colored  motion  pictures  of 
the  falling  droplets,  it  was  possible  to  ascertain  by  the  color  changes,  the  internal  flow  pattern  of 
the  droplet.  Under  conditions  of  inward  diffusion,  internal  circulation  was  observable  at  Reynolds 
numbers  as  low  as  64  to  71.  Circulation  began  at  higher  Reynolds  numbers  as  the  viscosity  of  the 
liquid  phase  of  the  droplet  was  increased. 

Spells(9"68)  j,as  shown  that  the  pattern  of  internal  flow  in  droplets  is  in  good  agreement  with 
the  hydrodynamical  predictions  of  Hadamard(9“6l)  and  of  Rybczynski(9-69)  as  long  as  the  droplet 
remains  spherical. 


EXPERIMENTAL  RESULTS 


The  measurement  of  droplet  evaporation  in  a  moving  gas  stream  has  been  the  subject  of  a 
number  of  experimental  investigations.  In  nearly  all  instances  these  measurements  were  carried 
out  on  droplets  which  were  suspended  from  filaments  in  the  gas  stream  rather  than  by  methods 
which  would  permit  the  observation  of  the  drop  under  free-fall  conditions.  This  technique  of 
measurements  appears  to  be  due  to  FrosslingW-9)  and  has  been  used  by  most  other  workers.  The 
drop  is  picked  up  on  the  filament  suspension  and  placed  in  the  air  stream  which  is  maintained  at  a 
fixed  temperature  and  linear  velocity.  The  time  rate  of  change  of  the  drop  diameter  is  obtained 
from  successive  photographs  of  the  drop,  and  the  evaporation  rate  is  calculated  from  these  rate 
data  in  conjunction  with  the  heat  and  mass -transfer  coefficients  which  are  discussed  in  the  prev¬ 
ious  section. 


Sources  of  Error  in  Experimental  Measurements  of  Drop  Evaporation 


Frossling  has  carefully  described  the  principal  sources  of  error  which  arise  in  connection 
with  the  measurement  of  droplet  evaporation  by  the  above  method.  Since  these  errors  apply 
generally  to  such  evaporation  studies,  they  will  be  fully  described  in  this  section. 


Deviations  From  Spherical  Shape 

From  the  theoretical  investigations  of  Rayleigh  and  of  Lenard^- it  may  be  concluded  that 
moving  drops  arc  subject  to  surface  vibrations  of  various  orders  (n).  If  tj,  is  the  vibration  time  of 
a  drop  having  a  mass  m  and  surface  tension  o,  then,  for  small  amplitudes, 

t"=(n{n-lHn+*)-^  '  (9"145) 

From  Equation  (9-145)  it  may  be  shown  that  the  drop  is  spherical  when  n  =  1  and  ellipsoidal  for 
n  =  2;  more  complicated  shapes  arise  for  n>  2.  Frossling(9-?l)  has  shown  that  when  the  droplet 
radii  exceed  0.03  cm,  the  vibrations  are  so  slow  and  their  amplitude  so  small  that  no  appreciable 


distortion  occurs  which  would  effect  the  evaporation  rate.  For  radii  close  to  0.1  cm,  appreciable 
deviations  from  spherical  shape  can  be  expected  because  the  amplitudes  of  the  surface  waves  are 
larger  than  in  the  case  of  smaller  drops. 

Generally,  spheres  of  viscous  liquids  having  radii  less  than  0.  75  mm  should  follow  approx¬ 
imately  the  same  laws  which  apply  to  the  evaporation  of  rigid  spheres  under  free-fall  conditions 
of  motion. 


The  Compressibility  of  the  Surrounding  Gas 

In  the  derivation  of  the  flow  Equation  (9-17),  Frossling  assumed  that  the  gas  atmosphere 
surrounding  the  drop  was  incompressible.  In  his  experimental  measurements  of  droplet  evapora¬ 
tion,  the  stream  velocities  were  less  than  12  meters  per  second;  this  velocity  corresponds  to  an 
upper  limit  of  the  dynamic  pressure  of  0.  7  mm  Hg.  According  Krell(9-72)j  the  radially- 
dependent  pressure  variations  are  of  the  order  of  magnitude  of  the  dynamic  pressure  and,  in  the 
range  of  low  velocities,  the  compressibility  of  the  gas  stream  may  be  neglected  at  the  leading 
point  of  a  small  droplet. 


Effect  of  Turbulence 


Frossling  carried  out  a  series  of  experiments  on  the  evaporation  of  drops  of  nitrobenzene  at 
several  low  intensities  of  stream  turbulence  and  at  a  constant  stream  velocity  of  1  meter  per 
second.  It  was  considered  that  the  effect  of  turbulence  at  this  velocity  was  negligible  for  drops 
having  an  up  jer  size  limit  of  0.  6  mm.  The  average  deviation  of  the  experimental  results 
attributed  to  turbulence  was  not  greater  than  1.6  per  cent. 

A  discussion  of  evaporation  of  droplets  at  higher  levels  of  turbulence  is  given  in  Chapter  10. 


Transient  Conditions 

The  transient  condition  of  evaporation  for  a  static  droplet  has  been  analyzed  by  Fuchs(9_2l); 
this  problem  was  fully  discussed  in  Chapter  8.  Frossling  has  justifiably  concluded  from  Fuch1  s 
analysis  that  the  deviations  attributable  to  transient  conditions  should  be  smaller  than  the  cor¬ 
responding  deviations  for  the  static  case.  This  conclusion  is  based  upon  the  fact  that  the  concen¬ 
tration  gradient  is  always  large  in  the  dynamic  case  of  evaporation. 


Vapor  Pressure  at  the  Drop  Surface 


In  nearly  all  evaporation  experiments,  the  existence  of  a  saturated  vapor  layer  at  the  surface 
of  the  drop  is  taken  as  a  limiting  condition.  Frossling(9-9)  analyzes  the  correctness  of  this 
assumption  as  follows. 


The  mass  of  vapor  molecules  striking  each  unit  area  of  the  drop  surface  is - 

<5A<3t 

From  kinetic  considerations,  this  derivative  may  be  written  as 


per  second. 


d 

dAdt 


where  a  is  the  accommodation  coefficient  of  the  surface  for  evaporating  molecules  (sec  Chapter  7 
for  a  discussion  of  the  significance  of  this  factor).  The  saturation  pressure  at  the  surface  is  p3, 
and  pQ  is  the  partial  pressure  of  the  vapor  in  the  ambient  gas  stream.  The  surface  area  of  the 
droplet  is  taken  as  A. 
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The  accommodation  coefficient,  a,  in  air  may  possibly  differ  from  the  vacuum  value  because 
of  the  presence  of  the  adsorbed  air  on  the  drop  surface  which  may  act  as  a  "barrier11  to  the 
transport  of  molecules  by  the  normal  diffusion  process.  However,  few  values  of  a  have  been 
measured  under  these  conditions  so  that  it  becomes  difficult  to  assess  completely  the  significance 
of  this  factor. 

The  Nusselt  group  for  mass  transfer,  Nu' ,  may  be  written  as 


Nu'  = 


d^-m  \  d 


<5  A  at/  Dv  Cm 


or,  in  terms  of  the  concentration  variables  corresponding  to  the  pressures, 


a  f  M 


1  _  2  \27tRT 


(Ps  “  Po)  = 


Dv  (cQ  -  c')  Nu' 


The  relative  correction  necessary  for  incomplete  saturation  at  surface  is  (pg  -  p0)/(pQ  -  p' ), 

,  , ,/  ,i  /  2  -  a\  /2ttM  \  1,2  °v  Nu' 

(P.  -  P„)/(P„  -  P' j  {-g?)  ~ 


Since  Nu1  varies  across  the  surface  of  the  drop,  the  average  value,  Nu’ ,  is  conveniently 
taken  as  being 


Nil'  =  I  |  J  Nu'  dA  -  y  ^  Nu'  2  dA  j 


Thus,  the  relative  correction  (u)  to  be  applied  to  the  evaporation  rate  of  a  moving  drop  is 


«  =7 


Nu"2  dA 


Nu'  dA 


From  a  plot  of  Nu'  £  gainst  cos  6,  where  8  is  the  angular  coordinate  of  the  drop,  Frossling  con¬ 
cludes  that  the  maximum  correction  is  4/3  Nu'  . 

Using  Alty  and  Mackay'  s(9-41)  value  of  a  =  0.036  for  water,  Frossling  showed  that  his  form 
for  the  correction  factor,  w ,  is  at  least  approximately  correct. 

Effect  of  Drop  Gurvahire  on  Vapor  Pressure 

In  Chapter  7,  there  was  discussed  the  influence  of  drop  curvature  upon  the  vapor  pressure  of 
very  small  liquid  drops  following  the  Thompson  vapor-pressure  equation.  Since  Schrcber(9-73) 
criticizid  the  Thompson  law  from  the  standpoint  of  its  being  thermodynamically  incorrect, 
f>0S8li».g  calculated  the  vapor-pressure  correction  by  a  modified  equation  and  concluded  that  drop 
curvatu  -e  had  a  negligible  effect  for  drops  of  an  observable  size. 


Deviati  ins  From  the  Ideal-Gas  Law 


in  the  Frossling  equation,  cm  is  calculated  from  the  ideal-gas  law  in  spite  of  the  fact  that  the 
vapor  is  nearly  saturated.  However,  a  comparison  of  the  computed  values  for  cm  for  water  vapor 
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v.i;  */, 


with  the  experimentally  determined  values  from  Landoldt-Bornstein(9-74)  demonstrated  that  the 
maximum  error  is  about  0.  5  per  cent  at  T  <_  40  C.  In  the  evaporation  of  higher  boiling  com¬ 
pounds,  the  relative  error  should  be  even  less  than  this  amount. 


Self-Cooling  of  the  Drop 

In  Frossling' s  evaporation  experiments,  the  evaporation  rates  were  corrected  to  those  cor¬ 
responding  to  the  measured  air  stream  temperature.  Thus,  by  balancing  the  cooling  of  the  drop 
due  to  the  latent  heat  of  vaporization  against  the  heating  of  the  drop  by  convection,  conduction,  and 
radiation,  by  conduction  of  heat  through  the  suspension,  and  by  frictional  effects,  it  was  possible 
to  calculate  the  maximum  temperature  reduction  in  the  droplet,  Tmax,  relative  to  the  surrounding 
gas  under  both  static  and  dynamic  conditions  of  evaporation. 

Table  9-6  shows  the  calculated  values  of  Tmax  compared  with  the  measured  values  which 
were  obtained  by  allowing  liquid  droplets  of  aniline  and  nitrobenzene  and  solid  spheres  of 
naphthalene  to  evaporate  on  a  thermocouple  junction.  Measurements  were  taken  both  in  still 
and  moving  air. 

The  calculated  and  measured  temperature  reductions  agree  quite  well.  The  self-cooling  is 
greater  for  aniline  droplets  for  which  the  latent  heat  of  vaporization  is  the  largest  of  the  three 
compounds  studied.  The  effect  of  this  reduction  in  drop  temperature  causes  about  a  2  per  cent 
decrease  in  the  rate  of  change  of  the  droplet  diameter  with  time,  during  evaporation.  In  the  cases 
of  nitrobenzene  and  naphthalene,  the  self-cooling  error  is  negligible  relative  to  the  magnitudes  of 
other  experimental  errors. 


TABLE  9-6.  MEASURED  AND  CALCULATED  SELF-COOLING  EFFECTS  IN  DROPLETS 
UNDER  STATIC  AND  DYNAMIC  CONDITIONS  OF  EVAPORATION. 
Fr6ssling(9-9) 


Compound 

Static  Evaporation 

Evaporation  at  Large  Re 

^max,  C 

■^measured,  C 

^max,  C 

T 

^measured,  C 

Aniline 

0.42 

0.  32 

0.  16 

0.49 

Nitrobenzene 

0.  12 

0.  12 

0.  19 

0.  21 

Naphthalene 

0.  048 

-- 

0,074 

-- 

Correlations  of  Experimental  Measurements 


Frossling' s  measurements  were  carried  out  on  evaporating  drops  of  nitrobenzene,  aniline, 
water,  and  naphthalene  in  an  airstream  maintained  at  an  ambient  temperature  of  20  C.  The 
measurements  of  the  rate  of  change  of  the  square  of  the  drop  diameter  as  a  function  of  time  were 
carried  out  in  accordance  with  the  method  described  at  the  beginning  of  this  section.  The  correc¬ 
tions  which  were  discussed  above  were  applied  to  these  observations. 

Figures  9-11  and  9-12  show  the  correlations  of  the  time  rate  of  change  of  d^  with  Re  for 
aniline  and  nitrobenzene,  respectively.  The  experimental  data  behaves  in  accordance  with 
Equation  (9-33)  with  the  factor  y  (Sc)  taken  as  being  a  constant  which  is  characteristic  of  the 
evaporating  substance.  Equally  satisfactory  correlations  were  also  obtained  for  water  and  for 
naphthalene. 
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r.me  Rote  of  Chonge  of  d*  (cm* /sec  x  10*) 


FIGURE  9-11.  CORRELATION  OF  CORRECTED  EVAPORATION 
RATE  OF  ANILINE  AGAINST  Re1/2 

(Froa  sling)  9-9 


Oiam,  mm 

O  0.  I  -  0. 2 
+  0.2  -  0.4 
x  0.4-  0.6 
O  0. 6  -  0. 8 

O  0.8  -  1.0 
□  1.0  -  1.2 
A  1.2-  1.4 


FIGURE  9-12.  CORRELATION  OF  CORRECTED  EVAPORATION  RATE 

FOR  NITROBENZENE  AGAINST  Re* '  2  * 

(F  rossling)9“9 
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Table  9-7  shows  values  f  (Sc)  taken  in  the  form  k'  (Sc)^/3  from  the  slopes  of  the 
evaporation-data  graphs  for  all  compounds  studied.  The  value  k'  =  0.276  has  since  been 
verified  by  other  investigators  for  the  evaporation  of  a  wide  variety  of  substances 


TABLE  9-7.  NUMERICAL  DATA  USED  IN  THE  DETERMINATION  OF 
THE  EVAPORATION  CONSTANT  k'  =  0.276 

(All  units  CGS.,  values  at  20  C  and  760  mm  Hg) 


Substance 

k'  (Sc) 1/3 

Dv 

W 

(air) 

1/3 

<s'>1/3=7^ 

g  v 

k' 

Nitrobenzene 

0.  378 

0. 0560 

0.  150 

1.390 

0.272 

Naphthalene 

0.  387 

0.0593 

0.  150 

1.363 

0.284 

Aniline 

0.358 

0.0702 

0.  150 

1.288 

0.  278 

Water 

0.228 

0.2530 

0.  150 

0.842 

0.272 

Mean 

=  0.276 

Ranz(9“75)  has  aigo  made  measurements  of  the  evaporation  rates  of  suspended  drops  of 
benzene,  water,  and  aniline.  His  method  of  measurement  differed  from  Frossling1  s  in  that  a 
constant  drop  diameter  was  maintained  at  a  feed  rate  which  v/as  just  sufficient  to  keep  the  value 
of  Dp  constant.  Air,  at  a  measured  rate  of  flow,  was  passed  through  a  heating  chamber  filled 
with  copper  turnings  which  acted  as  a  temperature  stabilizer  for  the  gas  stream.  The  uniformly- 
heated  gas  stream  was  then  passed  through  a  calming  section  of  pipe  and  then  through  a  divergent 
nozzle  of  the  type  described  by  Mache  and  Hebra(9-64);  the  nozzle  opening  was  covered  with  a 
140-mesh  screen  in  order  to  produce  a  uniform  velocity  profile  which  was  everywhere  equal  to  the 
average  volumetric  velocity.  Velocity  profiles  were  examined  by  hot-wire  anemometry. 

Droplets  were  suspended  in  an  airstream  from  a  glass  capillary  filament  which  had  been 
pretreated  with  a  silicone  polymer  to  insure  uniform  contact  conditions  and  to  prevent  "creeping". 
Uniform  and  reproducible  droplets  were  produced  by  forcing  a  measured  volume  of  the  liquid 
from  a  precision  microburette  which  was  directly  attached  to  the  capillary  suspension.  Drops  in 
the  size  range  of  600-1000  microns  could  be  produced  with  this  device. 


Since  droplet  self-cooling  effects  had  to  be  accounted  for  in  the  correlation  of  the  experi¬ 
mental  data,  temperature  measurements  of  the  airstream  and  also  in  the  bulk  of  the  droplet  were 
made  by  using  manganinconstantan  thermocouples.  During  high-temperatur e-evaporation  experi¬ 
ments,  drop  diameters  were  measured  by  cinematography.  At  lower  temperatures,  the  change  in 
the  diameter  of  the  drop  was  measured  directly  from  a  projected  magnification  of  tire  drop  image 
on  a  microscope  camera  screen. 


Ranz^-20)  computed  the  transport  quantities  necessary  for  testing  the  agreement  of  his 
experimental  data  with  Equations  (9-37)  and  (9-38)  by  the  best  available  methods.  Heat  capacities 
at  constant  pressure  were  calculated  by  the  statistical-mechanical  method  of  Curtiss  and 
Hirschfelder^-^^),  viscosities  on  the  basis  of  the  Lennard-Joncs  intcrmolccular-potential 
theory^-^0),  and  the  thermal  conductivities  were  taken  from  the  experimental  data  of  Taylor  and 
Johnson^-^),  The  multicomponent  diffusion  coefficients,  Dv,  were  determined  in  accordance 
with  the  numerical  methods  described  by  Hirschfclder  and  co-workers(9-57)  (9-58)  (9-59). 


ins 


Ranz  (9-75) 

presented  his  evaporation  data  in  a  different  manner  from  that  used  by  Frossling; 
tcad  of  presenting  the  data  as  (d(d)^/dt)  against  Rc*^,  the  heat-  and  mass-transfer  correlations 
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corresponding  to  Equations  (9-37)  and  (9-38)  were  plotted.  This  is  evidently  in  agreement  with 
Frossling' s  correlation  since,  for  heat  transfer, 


and  for  mass  transfer 


Nu  =  -  1  /4 


Lfii 

ATk 


) 


Nu'  =  -  1/4 


Ap  Dypm 


The  variables  shown  in  these  expressions  are  as  defined  previously  with  the  subscripts  m  and  f 
referring  to  these  quantities,  respectively,  as  the  mean  value  and  the  value  in  the  transport  path. 


Figure  9-13  shows  the  mass-transfer  correlations  for  evaporating  water  drops  in  a  moving 
air  stream  for  temperature  ranges  of  85-221  C.  Both  the  Ranz  and  Frossling  data  are  presented, 
and  it  may  be  seen  that  the  agreement  between  the  results  of  both  investigators  is  good.  Ranz 
concludes  (l)  that  there  is  no  effect  of  diameter  which  is  not  included  in  Re,  since  the  correlation 
is  equally  good  over  the  range  of  drop  diameters  studied,  and  (2)  that  the  assumption  of  a  drop 
temperature  corresponding  to  the  temperature  of  adiabatic  saturation  (in  lieu  of  the  actual  wet 
bulb  temperature),  at  least  in  the  case  of  water,  :is  justified. 


FIGURE  9-13.  MASS  TRANSFER  FOR  EVAPORATING  WATER  DROPS 
(Ranz)9-^ 

✓ 

Figure  9-14  shows  Ranz1  data  for  evaporating  benzene  drops  having  an  average  diameter  of 
0.  1 10  cm.  Air  temperatures  between  20,4  and  24.4  C  were  used  in  these  evaporation  measure¬ 
ments.  The  corresponding  range  of  drop  temperatures  w»s  3.5  to  -0.94  C  which,  of  course, 
indicates  that  the  benzene  drops  were  supercooled  below  the  liquidus  point  in  all  these  experiments. 
Again,  the  agreement  with  the  mass-transfer  correlation  is  excellent.  In  the  measurements  of 
the  drop  diameters  of  these  relatively  large  benzene  drops,  it  was  observed  that  the  vertical 
diameter  exceeded  the  horizontal  diameter  by  about  8  per  cent.  Average  values  were  used  in 
computing  the  mass-transfer  rates. 
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(Ranz)9-^3 

In  the  discussion  which  follows  the  derivation  of  Equation  (9-38),  it  is  pointed  out  that,  at 
Re  =  0,  simple  theory  would  indicate  that  Nu  (heat  transfer)  should  equal  2.  0.  However,  in  the 
evaporation  of  actual  volatile  liquid  drops  at  Re  =  0,  the  free -convection  transfer  of  both  mass 
and  heat  should  follow  the  correlations 


Nu'  =  2.0  +  kj  ScI/3  Gr1/4 


and 


Nu  =  2.0  +  \z  Pr1/3  GrJ/4  (  (9-146) 

where  Sc  is  the  Schmidt  number,  Gr  is  Grashaf  number,  and  Pr  is  the  Prandtl  number. 

Figure  9-15  shows  Ranz'  data  for  the  evaporation  of  water  drops  in  still  air  compared  with 
the  free-heat-convection  correlation  given  by  Equation  (9-146).  Also  shown  are  the  data  of 

Elenbas(9-80)  for 

convective  heat  transfer  from  a  silver  sphere  cooling  in  air  as  well  as  the  data 
of  Meyer(9“®l)  for  convective  heat  transfer  from  water  drops.  All  data  are  in  good  agreement 
with  the  convective  correlation  given  by  Equation  (9-146).  Ranz  points  out  that  little  considera¬ 
tion  has  been  given  to  the  convective  errors  whose  magnitudes  depend  largely  upon  the  experi¬ 
mental  conditions  under  which  evaporation  measurements  are  made. 

Ranz(9-?5)  has  shown  that  the  Frossling  heat-  and  mass-transfer  correlations  are  generally 
in  remarkable  agreement  with  the  experimental  results  of  many  other  investigators.  In  fact, 
ex- rapolations  up  to  five  times  beyond  the  range  of  the  Ranz  experiment  show  excellent  agreement 
with  the  results  of  other  workers  who  investigated  the  range  of  high  Reynolds  numbers. 

Figure  9-16  shows  a  composite  correlation  of  both  heat  and  mass  transfer  using  the  data  of 
Kr.imcrs(9-2?),  Maisel  and  Sherwood(^-®^),  Froasling(9-9),  and  of  Ranz(9-75)t  preparing  this 
correlation,  Ranz  corrected  the  Maisel  and  Sherwood  values  for  Dv  to  the  more  accurate  values 
used  in  his  own  calculations.  The  data  of  Kramers  arc  definitely  above  the  correlation  line  at 
low  values  of  Re;  Ranz  attributes  this  to  the  effect  of  free  convection. 


Ranz  has  commented  upon  the  extrapolation  of  the  FrSssling  mass-  and  heat-transfer  cor¬ 
relations  to  higher  alrstrcam  temperatures.  For  the  temperature  range  300-500  C,  the  heat- 
transfer  correlation  seems  to  be  the  preferred  relation  because  the  thermal  conductivity  values 
arc  better  known  than  arc  the  diffusion  coefficients  which  arc  associated  with  mass-transfer 
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calculations.  The  principal  difficulty  which  is  encountered  in  these  high-temperature  problems 
is  that  of  calculating  the  correct  transport  quantities  over  the  average  transport  path. 


FIGURE  9-15.  FREE  CONVECTION  OF  HEAT  FROM  SPHERES. 

CORRELATION  LINE  Nu  =  Z.  0  +  0.  60  Pr*/3  Gr1/4 

(Ranz)^"^ 


In  the  previous  section,  there  was  discussed  the  semiempirical  correlation  of  Ingebo(9-28)( 
which  is  applicable  to  evaporation  at  high  temperatures.  Ingebo  compared  his  correlation 
Equation  (9-59)  with  data  taken  on  the  evaporation  of  nine  liquid  substances,  of  widely  differing 
volatilities  for  a  wide  range  of  the  Reynolds  number  and  at  temperatures  of  from  30  to  500  C. 

The  technique  which  was  employed  by  Ingebo  in  obtaining  evaporation  data  waB  somewhat  different 
from  the  methods  which  were  employed  by  Frossling  and  by  Ranz, 


Figure  9-17  shows  schematically  the  apparatus  used  by  Ingebo.  Compressed  air  at  200  nsi 
was  passed  through  the  reducing  valve  into  an  electrically  heated  chamber;  the  flow  rate  was 
measured  by  means  of  a  rotameter  on  the  upstream  side  of  the  heating  chamber.  The  exit  gaB 
was  then  passed  through  a  calming  Bection  followed  by  a  200-mesh  screen  before  entering  the  test 
section.  Instead  of  using  a  suspended  drop  for  the  evaporation  measurements,  Ingebo  used  a 
porous  cork  sphere,  having  a  diameter  of  0.  688  cm,  which  was  kept  wetted  with  the  evaporating 
liquid  by  means  of  a  hypodermic  syringe.  The  tip  of  the  needle  was  located  at  the  center  of  the 
sphere  and  the  liquid  was  forced  through  the  pores  of  the  sphere  by  manually  depressing  the 
plunger  of  the  syringe. 


The  surface  temperature  of  the  wetted  cork  sphere  was  measured  by  means  of  a  40-mil 
iron-constantan  thermocouple  which  was  mounted  flush  with  the  surface  of  the  sphere.  Similarly, 
measurement  was  also  made  of  the  temperature  at  the  center  of  the  sphere  to  determine  the  rate 
at  which  sensible  heat  was  transferred  to  the  sphere  during  measurements  of  the  evaporation  rate. 


Vaporization  rates  were  measured  in  accordance  with  the  following  procedure. 
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FIGURE  9-16.  COMPOSITE  HEAT  AND  MASS  TRANSFER  CORRELATIONS  FOR  SPHERES 
(Ranz)9-?5 

(1)  Removing  the  test  tube  which  normally  covered  the  sphere  to  prevent  evaporation. 

(2)  Holding  the  sphere  in  the  airstream  in  a  test  section  for  a  period  of  two  minutes 
while  keeping  the  surface  wetted  by  manually  depressing  the  syringe  plunger. 

(3)  Replacing  the  test  tube  over  the  sphere. 

Airstream  and  sphere  temperatures  were  obtained  in  the  usual  way.  The  total  evaporation 
from  the  sphere  during  the  exposure  was  obtained  by  weighing  the  syringe,  cork  sphere,  and  test- 
tube  combination  before  and  after  evaporation. 

The  transport  quantities  used  in  the  correlation  computations  were  taken  from  handbook 
values.  It  is  not  apparent  from  Ingcbo' s  report  how  the  values  were  obtained  for  the  high- 
temperature  cases.  It  would  appear  that  Ranz  has  given  considerably'  more  attention  to  the  matter 
of  accurately  calculating  the  transport  quantities  than  has  Ingcbo. 

i 

The  theoretical  implications  of  the  Ingcbo  correlation  have  already  been  presented  in  con¬ 
nection  with  the  discussions  regarding  Equation  (9-59).  This  equation  may  conveniently  be  written 
in  terms  of  the  dimensionless  groups,  which  have  already  beer,  defined,  in  the  following  expression 

2  +  0. 303  (Re)  (Sc)0,  6 
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FIGURE  9-17.  SCHEMATIC  DIAGRAM  OF  VAPORIZATION  APPARATUS 

(Ingebo)9”28 


Figure  9-18  shows  the  Ingebo  experimental  data  for  the  evaporation  rates  of  nine  compounds 
in  accordance  with  the  dimensionless  groups  appearing  in  Equation  (9-59).  Also  shown  are  the 
Frossling  evaporation  data  for  both  water  and  nitrobenzene.  It  is  interesting  to  note  that  the 
Frossling  data  correlate  quite  well  with  Equation  (9-103).  It  would  appear  that  Ingebo' s  data  tend 
to  diverge  quite  markedly  with  increasing  values  of  (Re)  (Sc)®-  ^  (k„/kj)®-  This  may  possibly  be 
connected  with  the  uncertainties  in  the  calculated  transport  quantities  at  high  temperatures.  A 
recalculation  of  these  quantities  might  possibly  yield  a  stronger  correlation  for  the  higher  tem¬ 
perature  evaporation  data. 

It  would  seem  that  Ingebo' s  experimental  method  may  be  open  to  some  question  from  the 
standpoint  of  the  accuracy  of  measurement  of  surface  temperature  in  the  evaporating  liquid  film; 
this  would  be  particularly  so  if  the  film  thickness  were  small  in  comparison  to  the  dimension  of 
the  thermocouples.  The  possible  errors  introduced  in  this  measurement  arc  not  clearly  discussed 
in  Ingebo' s  report.  Also,  the  discontinuity  in  the  thermal  conduction  path  in  passing  from  the 
liquid  film  to  the  cork  sphere  may  possibly  have  influenced  the  surface  temperature  readings. 

It  would  seem  that  further  experimental  work  would  be  needed  to  justify  completely  the 
statement  that  there  is  a  sameness  for  the  evaporation  processes  in  a  wetted  porous  sphere  and  in 
liquid  drops. 

The  evaporation  studies  of  Gohrbandt (9-83)^  which  were  carried  out  by  cincmatographically 
recording  the  change  in  size  of  suspended  camphor  spheres  in  an  airstream  at  30-500  C  and  over 
a  range  of  Re  of  100-2000,  indicate  that  mass  rate  of  evaporation  is  at  least  proportional  to 
Re*  2,  in  an  extension  of  these  studies  to  higher  gas  temperatures,  Gohrbandt(9-84)  has  con¬ 
cluded  that  the  evaporation  rate  of  liquid  spheres  is  proportional  to  a  factor  of  the  form 
(1  +  K  Re*  ^),  He  concludes  that  a  general  form  of  this  type  is  valid  for  both  high  and  low  air 
temperatures,  but  that  K  is  a  function  of  the  temperature.  Since  Gohrbandt' s  experimental  data 
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are  not  available  at  this  time,  it  is  not  possible  to  make  a  comparison  of  the  evaporative-rate 
correlations  by  the  Ingebo  and  Frossling  equations;  the  temperature  dependence  of  K  could  lead  to 
agreement  with  either  result. 
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FIGURE  9-18.  CORRELATION  OF  EVAPORATION  RATES  FOR  NINE  LIQUIDS 
(Ingebo)^-28 

Johnstone  and  Eads^-85)  have  derived  an  expression  for  calculating  the  time  which  would  be 
required  to  evaporate  completely  a  liquid  droplet.  This  expression  is  based  upon  the  Frossling 
correlation  and  it  is  assumed  that  the  temperature  of  the  drop  is  constant  throughout  the  evapora¬ 
tion  period;  this  assumption  is  equivalent  to  assuming  that  the  droplet  vapor  tension  is  also 
invariant.  The  difference  between  the  droplet  surface  and  ambient  air  temperatures,  At,  was 
calculated  from  the  expression 


At  =  const 


/ din  p\  / Nu'  \ 

V  *  )  Vnu  ) 


rather  than  by  the  direct  measurement  used  by  Ingebo.  It  was  found  that  the  ratio  (Nu1  /Nu)  was 
practically  constant  for  all  experimental  measurements.  These  workers  have  also  shown  that  the 
Frossling  equation  can  be  used  to  predict  accurately  the  evaporation  rate  of  small  sulphur  drop¬ 
lets  at  moderately  high  temperatures  (150-200  C).  The  high  rates  of  evaporation  of  sulfur  above 
200  C  prevented  a  further  study  of  evaporation  at  higher  temperatures  with  this  material. 

At  the  present  time,  considerable  experimental  work  is  under  way  at  the  National  Gas 
Turbine  Establishment,  in  England,  on  the  problem  of  the  evaporation  and  combustion  of  freely 
falling  droplets.  Topps(9-86)  has  done  some  preliminary  work  on  the  evaporation  of  pure  hydro¬ 
carbons  and  fuel -oil  droplets  having  diameters  of  300-500  p.  These  studies  re  being  made  under 
free-fall  conditions  and  at  high  temperatures  and  pressures.  Although  a  c(  ..plctc  analysis  of 
this  work  is  not  as  yet  available,  Topps(9“87)  has  indicated  Lhat  heat  transfer  in  the  moving  drops 
is  strongly  related  to  the  skin  friction  during  transit  in  the  high-temperature  region;  this  approach 
is  discussed  by  Goldstein(^-®®). 

The  process  of  droplet  evaporation  for  materials  of  relatively  low  volatility  is  comparatively 
well  accounted  for  bv  the  Frdssling  correlation.  This  is  particularly  so  under  conditions  where 
the  thermal  and  concentration  gradients  arc  not  large.  The  problem  of  droplet  evaporation  for 
volatile  compounds  in  a  high-temperature  environment  appears  to  need  further  experimental  in¬ 
vestigation,  In  this  connection,  new  techniques  arc  sorely  needed  for  measuring  rapid  rates  of 
droplet  evaporation,  and  further  theoretical  work  seems  to  be  required  on  the  problems 
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associated  with  selecting  proper  values  for  the  transport  quantities  in  the  transfer  path  between 
the  droplet  and  the  gas  stream. 

In  all  the  work  discussed,  the  processes  of  simultaneous  heat  and  mass  transfer  have  been 
treated  as  if  they  were  virtually  independent  phenomena.  This  is  clearly  not  the  case,  since  the 
vaporizing  molecules  give  up  a  portion  of  their  sensible  heat  to  the  gas  molecules  present  in  the 
transfer  path  and  thus  materially  change  the  rate  of  sensible  heat  transfer.  This  complicated 
dependence  appears  to  require  an  extended  treatment  beyond  that  given  by  Ackerman(9~89)  in 
1936. 


Although  some  thought  has  been  given  to  several  simplified  and  interesting  problems  in  con¬ 
nection  with  the  evaporation  of  multicomponent  drops,  no  work  on  the  generalized  hydrodynamical 
and  diffusion  problems  for  multicomponent  drops  under  motion  has  as  yet  appeared.  The  mathe¬ 
matical  aspects  of  this  portion  of  the  evaporation  problem  appear  to  be  extremely  complex,  but 
any  result  of  such  an  investigation,  even  though  meager,  should  be  of  considerable  importance. 
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CHAPTER  10.  SPRAY  EVAPORATION 


ABSTRACT 


An  analysis  of  dynamic  -spray  evaporation  is  given 
which  is  based  upon  the  aerodynamic  and  transport  aspects 
of  single-droplet  evaporation  developed  in  Chapter  9.  It  is 
assumed  that  these  semiempirical  relations  are  valid  for  the 
evaporation  of  individual  droplets  of  varying  size  which  con¬ 
stitute  the  ensemble  of  the  spray.  Thus,  the  evaporation  rates 
for  individual  drops  are  integrated  to  obtain  a  total  evaporation 
rate;  droplet-interaction  effects  are  ignored  in  this  treatment. 
A  drop-size  distribution  function  is  introduced  into  the  analysis 
to  account  for  the  spectrum  of  drop  sizes  which  may  be  present 
in  a  real  spray.  It  is,  of  course,  necessary  to  make  numer¬ 
ous  assumptions  regarding  the  time -dependent  behavior  of  the 
size  distribution  in  order  to  circumvent  the  mathematical  diffi¬ 
culties  which  are  associated  with  this  problem. 


CHAPTER  10 


SPRAY  EVALUATION 


by 


F.  Benington 


In  studying  the  combustion  of  any  liquid  fuel  that  is  dispersed  in  a  gaseous  oxidant  by  spray 
injection,  it  is  important  to  know  what  parameters  most  markedly  influence  the  course  of  the 
evaporation  of  the  fuel  spray.  On  the  basis  of  the  information  presented  in  earlier  chapters,  it 
can  be  seen  that  free-stream  turbulence,  drop-size  distribution,  and  the  relative  velocity  between 
the  drops  and  the  air  stream  are  among  the  most  important  parameters  in  determining  spray- 
evaporation  rates. 

The  aerodynamic  and  transport  aspects  of  single-droplet  evaporation  under  conditions  of 
ambient  gas  motion  have  already  been  developed  in  Chapter  9.  In  the  present  chapter,  it  is 
assumed  that  these  semiempirical  relations  are  valid  for  the  evaporation  of  the  individual  drops 
of  varying  size  which  constitute  the  ensemble  of  the  spray.  Thus,  the  evaporation  rates  for  in¬ 
dividual  drops  are  integrated  to  attain  a  total  evaporation  rate  without  considering  any  interaction 
effects  upon  the  total  rate.  It  will  be  necessary  to  revert  to  the  use  of  a  drop-size  distribution 
function  in  order  to  determine  the  total  evaporation  rate  because  a  real  spray  is  made  up  of  a  spec¬ 
trum  of  drop  sizes.  Unfortunately,  it  is  necessary  to  make  numerous  assumptions  regarding  the 
time-dependent  behavior  of  the  distribution  function  in  order  to  circumvent  certain  mathematical 
difficulties  associated  with  this  problem. 

Adequate  caution  and  judgment  should  be  exercised  in  attempting  to  apply  the  results  of  this 
chapter  to  any  real  spray  system.  In  this  respect,  it  would  first  be  well  to  re-examine  the  assump¬ 
tions  of  Chapter  9  in  addition  to  those  which  will  be  presented  herein.  This  is  clearly  indicated, 
since  spray  evaporation  is  based  upon  the  single-droplet  treatment. 

Although  many  factors  enter  into  both  the  geometry  and  intensity  of  the  turbulence  and  velocity 
fields  for  particular  combustion  chambers,  no  attempt  has  been  made  to  examine  these  factors  be¬ 
cause  of  both  mathematical  difficulties  and  the  limited  usefulness  of  this  kind  of  result.  Rather, 
the  treatment  will  be  restricted  to  general  considerations. 


SIZE  DISTRIBUTION  OF  DROPLETS  IN  A  SPRAY 


The  subject  of  drop-size  distribution  in  sprays  was  analyzed  and  discussed  in  detail  in 
Chapter  4.  However,  a  few  remarks  in  this  connection  bear  repetition  at  his  point  in  order  to 
lend  an  adequate  continuity  to  this  development. 

The  production  of  a  dispersed  system  of  liquid  drops  in  a  gaseous  medium  is  usually  accom¬ 
plished  by  injecting  the  liquid  phase  into  the  gaseous  phase  by  means  of  a  spray  nozzle  or  injector. 
The  resulting  liquid-phase  dispersion  contains  droplets  of  various  sizes  in  different  abundances, 
the  moBt  plentiful  size  lying  between  the  maximum  and  minimum  sizes.  BevansOO-1)  has  sum¬ 
marized  the  moBt  useful  mathematical  expressions  for  describing  particle-  and  drop-size  distribu¬ 
tions  and  has  compared  their  relative  utility  for  describing  liquid  sprays.  The  following  mathe¬ 
matical  forms  are  considered  useful  in  this  respect  in  that  all  were  found  to  fit  the  data  of 
Kolupaev(10*2)  on  the  size  consists  of  oil  sprays: 
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Rosin-Rammler(10”3) 


> 


(10-1) 


dN  -  q-4  -b  <5*1 
—  =a6l  e 

Nukiyama- Tanasawa^  ( ®“4)  =  a^e ' ^  '  ^  ,  (10-2) 

and  the  logarithmico-normal  equation  described  by  Epstein^ ®"5)}  which  will  not  be  used  in  this 
discussion.  In  Equations  (10-1)  and  (10-2),  a,  b^  and  <j_are  constants,  <5  is  the  drop  diameter,  and 
N  is  the  number  of  drops  of  diameter  greater  than  6.  Both  equations  are  empirical  and  the  con¬ 
stants  must  be  determined  by  experiment. 

In  the  section  which  follows,  in  the  course  of  developing  the  rate_  equations  for  the  evapora¬ 
tion  of  a  dynamic  spray,  use^will  be  made  of  the  mean  drop  diameter  6.  Equation  (10-1)  is  not 
satisfactory  for  calculating  6  if  q  <  3  since  3=0  under  this  condition;  this  arises  from  the  fact  that 
Equation  ( 1 0—  1 )  gives  an  infinite  number  of  infinitesimal  drops  for  q  <  3.  However,  Equation  (10-2) 
is  free  from  this  limitation  and  may  be  conveniently  used  to  determine  3. 

Neither  of  the  distribution  functions  which  have  been  given  accurately  describe  a  real  spray 
since  both  predict  the  existence  of  a  size  range  of  from  zero  to  infinity.  Clearly,  any  real  spray 
must  possess  a  finite  upper  bound  of  drop  size.  Both  equations  do,  however,  predict  that  the 
-  frequency  of  occurrence  of  particles  rapidly  approaches  zero  as  the  particle  size  is  increased  be¬ 
yond  the  size  of  greatest  probability.  — 


THE  EFFECT  OF  DROP  SIZE  AND  STREAM  VELOCITY 
UPON  THE  MASS  RATE  OF  SPRAY  EVAPORATION 


A  careful  search  of  the  literature  has  shown  that  little  work  has  been  done  in  the  field  of 
developing  theoretical  equations  for  expressing  the  rate  of  spray  evaporation  under  conditions  of 
motion.  This  is  not  surprising  in  that  any  such  theory  would  have  as  a  basis  the  evaporation  rate 
of  a  single  droplet  in  a  moving  gas  stream.  As  has  been  shown  already,  no  analytical  solution  for 
the  single-droplet  problem  has  ever  been  obtained.  Therefore,  any  solution  to  the  spray  evapora¬ 
tion  would  be,  at  best,  an  approximation  in  light  of  the  existing  theory. 

Fledderman^®"^)  has  attempted  to  develop  an  equation  for  predicting  the  total  evaporation 
rate  of  a  unidirectional  spray  by  applying  the  Frossling(10-7)  equation  to  each  drop  in  the  ensemble 
constituting  the  spray.  The  steady-state  evaporation  of  a  single  droplet  is  given  by: 


dm 

dt 


Mp 

8  “27TD  RT 


1  +  0. 276  (Sc)1/3 


(iO-3) 


where  m  is  the  mass  of  the  drop,  D  is  the  diffusion  coefficient,  £  is  the  saturation  pressure,  t  is 
the  time,  is  the  temperature,  R  is  the  gas  constant,  M  is  the  molecular  weight,  Sc  is  the 
Schmidt  group,  Re  is  the  Reynolds  number,  and  6  is  the  drop  diameter.  If  the  spray  consists  of 
droplets  of  the  same  mass  m,  then  the  rate  of  evaporation  of  the  i^  drop  is 


imi  Mp  T  i  n  I/?l 

dT  “  '27TD  RT  [  1  +  °’Z7b  <Sc>1/3  (Rci)  7  J  6i 


(10-4) 


ur6i 

where  (Rej)  ■ - ,  where  ur  is  the  relative  velocity  of  the  drop  along  the  x  axis,  and  v  is  the  gas 


viscosity. 
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It  is  assumed  that  ur  is  the  same  for  all  drops  at  a  given  value  of  x  and  that  each  drop 
evaporates  without  any  interaction  with  its  neighbors.  Suppose  that  dNj  is  the  number  of  drops 
whose  diameters  lie  in  the  range  <5j  +  d5,  then  mjdNi  is  the  total  mass  of  the  drops  within  this 
size  group.  For  each  size  group,  the  evaporation  rate  is 


d_ 

dt 


mjdNi 


1  +  B  (Rei)1/2 


SjdNj 


(10-5) 


where 


27tD  Mp 
RT 


and 


B  =  0.  276  (Sc)1/3 


The  total  rate  of  evaporation  for  the  entire  consist  is  now  obtained  by  summing  the  indices 
for  all  the  sizes  from  O  to  N.  Then 


N 

r  n 

r  n 

£  midNi 

5  “A  " 

£  [l+B(Rei)1/Z 

6jdNj  - 

O 

O 

(10-6) 


If  the  distribution  is  considered  as  being  a  continuous  function,  the  summation  signs  in  Equation 
(10-6)  can  be  replaced  by  integrals.  Equation  (10-6)  may  then  be  written  as 


rNr 

mdN  =  -  A  J  1  +  B  (Re)1/2 
O 


6dN 


By  taking  as  being  the  total  mass  of  the  spray  at  some  value  of  x, 


where 


dMt 

dt 


=  A 


|  [l  +  B  (Re)1/Z 
O 


6dN 


mdN  =  Mt 


By  eliminating  Re  from  Equation  (10-8)  we  have 


(10-7) 


(10-8) 


with 


dMf 

- -  =  A 

dt 


6dN  +  Cur1/Z 


f  63/2dN 


C  =  AB/(v)1/Z 


(10-9) 
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The  distribution  function  is  now  introduced  into  Equation  (10-9)  by  substituting  dN  from  Equation 
(10-2)  which  results  in 


-^1  =Aa  +  6"l  dJ  _ 


dMf  r 

- -  =  A  a  \ 

dt  J 


63  e"b6qd6 


+  Caur1/2  J°°67/2e-b5Cd6  . 


(10-10) 


Both  of  the  integrals  in  Equation  (10-10)  can  be  reduced  to  the  form 


rt  00 

r  (n)  =  j  e"^  d£ 


where  f  (n)  is  the  standard  gamma  function  whose  properties  are  described  elsewhere^®-®).  By 
substituting  £  =  b6*l,  these  integrals  reduce  to  the  incomplete  gamma  functions.  That  is 


T  t<4/<!-i>e-sd5=rm 

J  ?  5  qb4/q 


w 

(  E(9/2q-l)eedf  _r(9/2q} 
o  ,bl9/2q) 

Substituting  Equation  (10-11)  into  (10-10)  gives  the  mass  evaporation  rate  as 

^=AariilMl+Cau'/2r-!iiM.l  . 

dt  Lh4/q  J  r  L  ,  4/2q  J 


(10-11) 


(10-12) 


The  constant  a  in  Equation  (10-12)  may  be  evaluated  by  integrating  the  distribution  function  as  given 
in  Equation  (10-2).  That  is 


N  =  -a  (  62  e"b6q  d<5  =  -a 


r(3/q) 


N  q  b3/q 
T (3/q) 


(10-13) 


Eliminating  a  between  Equations  (10-12)  and  (10-13)  gives 


p.AN-ffl  +cN(ur)l/2 

dt  b1  /qr(3/q)  b(3/2q)  f  (3/q) 


(10-14) 


Equation  (10-14)  can,  at  least  in  principle,  be  solved  for  the  mass  rate  of  evaporation  providing 
A,  C,  and  N  are  constant  and,  in  addition,  if  b  and  a  are  known  functions  of  the  time.  However, 
there  is  no  theoretical  means  of  arriving  at  values  for  b  and  nor  is  there  a  sufficiency  of  evapo¬ 
ration  data  from  which  the  time  dependent  variations  of  b  and  <j  may  be  determined.  CarrierU f -9) 
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has,  in  fact,  pointed  out  that  the  form  of  distribution  functions  may  not  be  preserved  in  time  during 
spray  evaporation;  this  analysis  is  presented  in  Chapter  4(4-9?). 

It  should  again  be  recalled  that  in  the  application  of  the  Frdssling  equation  to  spray  evapora¬ 
tion,  it  is  assumed  that  ur  is  a  constant.  YorkOO-10)  has  pointed  out  that  it  is  fairly  certain  that 
a  distribution  of  the  velocities  exists  among  drops  in  a  real  spray.  Whether  or  not  this  velocity 
distribution  arises  during  spray  formation  is  not  evident.  However,  if  it  is  recalled  that  the  drag 
coefficient  is  related  to  the  drop  diameter  through  Reynolds  number,  it  would  seem  that  there  is  a 
reasonable  possibility  that  a  velocity  distribution  could  develop  after  spray  formation.  Further¬ 
more,  it  would  seem  probable  that  the  existence  of  a  marked  spread  in  spray-droplet  velocities 
would  greatly  influence  the  results  which  might  be  calculated  from  Equation  (10-14). 

Fledderman  has  pointed  out  that  Equation  (10-14)  is  much  too  complicated  in  form  to  be 
checked  by  the  existing  limited  experimental  data.  Since  neither  theoretical  considerations  nor 
experimental  data  are  available  for  evaluation  b  and  ^  as  functions  of  the  time,  Equation  (10-14) 
may  be  conveniently  put  in  the  form 


- £  =  constant  6  +  constant  ur*^  6  3/2 

dt 


(10-15) 


where 


T  (4/ q) 

b1/q  r (3/ q) 


bJ/<Jq  r  (3/q) 


=  <c0  6)3/2 


(10-16) 


where  cQ  is  a  constant. 


Since 


b-l/q  [£19/2*)] 

Lro/q)  J 


=  c0  6 


r  (4/q) 
r(3/q) 


r(9/2q) 
r(3/q)  , 


(10-17) 


Graphical  examination  of  Equation  (10-17)  shows  that  this  relation  is  not  generally  valid  for 
arbitrary  values  of  This  is,  however,  a  satisfactory  approximation  for  the  moderately  wide 
range  of  ^  which  is  of  interest  in  this  treatment.  Fleddermrfti  has  also  shown  that  at  experimentally 
determined  values  of  £  of  1.0  and  0,  5,  Equation  (10-17)  is  in  error  by  respectively  6.  2  and  12.  5 
per  cent;  thus  the  validity  of  Equation  (10-17)  decreases  with  increasing  values  of  q. 


If  it  is  assumed  that  Equation  (10-15)  holds  approximately  for  any  value  of  x,  then 


dM  m  r 
dT  ’  C°N  [ 


A  6  f  C  Ur^/3  Co  1/2  $3/2 


(10-18) 
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THE  MEAN  SPRAY- VELOCITY  APPROXIMATION 


Fledderman  points  out  that  it  is  preferable  to  determine  ur  as  a  function  of  time  from  experi¬ 
mental  data.  However,  in  the  absence  of  such  data,  it  is  necessary  to  resort  to  the  concept  of  a 
mean  spray  velocity  corresponding  to  m,  the  mass  of  the  mean  drop  which  is  characteristic  of  the 
spray.  If  m{  is  the  initial  mass  of  this  drop,  then  from 


ii  =. 


m 

m; 


d ji  _  1  dm 
dx  dx 


and,  since 


dm  _  dm  dx 
dt  dx 


dm 


d?  =  Uddx 


where  ty  is  the  relative  velocity  of  the  drop,  it  follows  that 


dm 

dt 


d/i 

-mi  ud-£ 


(10-19) 


The  Fros sling  equation  for  the  mean  drop  may  now  be  written  as 


mi  ud 


dp\  _  ZttDMP 


dx 


RT 


1  +  0.  276(Sc)1/3  (Re)1/2 


(10-20) 


By  introducing  Equation  (10-19)  into  Equation  (10-20),  and  by  using 

Re  =  (U  -  ud)6/v 

as  a  mean  Reynolds  number  where  U  is  the  stream  velocity,  there  results,  on  squaring, 

A-i  ud2  +  Bi  ud  +  Ci  =  0  ,  (10-21) 

a  quadratic  expressing  ud,  the  mean  spray  velocity,  whose  constants  are  given  by 


Aj  = 


B  i 


Cl  ■ 


13.  1 

m  i 

d/f 

RT 

(Sc)2/ 3 

dx 

2rrDMp 

26.  2 

m  i 

RT 

(Sc)2/3 

in] 

dx 

2ttDMP 

13.  1 

-  cl 

(Sc)2/3 

V 

(! 

(!) 


6 

v 


(10-22) 


A  further  discussion  of  these  equations  will  be  given  later  in  this  chapter  in  connection  with  experi¬ 
mental  data  on  evaporation. 

A  second  theory  of  spray  evaporation  has  been  developed  by  ProbcrtU 0-  1 1) t  using  the  Rosin- 
Rammlcr  law  of  drop-size  distribution.  In  this  development,  emphasis  is  placed  upon  the  effect  of 
size  distribution  on  the  evaporation  of  single-droplet  rather  than  on  the  mechanism  of  the  moving 
droplet  evaporation  rate  used  in  Fleddcrman'B  theory.  Probert  states  that  his  theory  is  valid  only 
for  the  evaporation  of  small  drops  of  relatively  low  vapor-pressure  liquids.  This  development  is 
as  follows: 
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As  was  pointed  out  above,  the  Rosin- Rammler  equation  is  satisfactory  for  describing  the  size 
consist  of  oil  sprays  produced  by  atomization.  This  may  be  written  as 

R  =  e"  ,  (10-23) 

where  R  is  the  weight  or  volume  fraction  of  the  spray  composed  of  drops  where  diameters  are 
greater  than  6,  x  is  a  constant  called  the  size  consist,  and  n  is  a  constant  called  the  distribution 
constant.  The  constants  x  and  n  completely  define  the  spray  and  are  characteristic  of  both  the 
atomizer  and  the  liquid  being  atomized. 

If  R  in  Equation  (10-23)  is  measured  in  volumetric  units,  then  the  volume  fraction  of  the  in¬ 
jected  spray  in  which  the  drops  may  be  taken  as  having  a  diameter  6  is 

dR  =  -  n  — - —  e-(6/^>n  d(5)  (10-24) 

xn 

By  assuming  that  the  volumetric  rate  of  injection  is  V,  then  the  number  of  drops  per  unit  volume 
injected  and  of  size  6  is 


(7r/6)63  ^ 


and  the  number  of  drops  of  size  6  injected  per  second  is 


6 

7T 


(-n) 


fi(n  -  4) 


3?1 


e-(6/x)n  vd6 


(10-25) 


(10-26) 


It  has  already  been  established  that  the  rate  of  evaporation  of  a  single  drop  is  proportional  to 
its  diameter  (see  Chapter  7),  or 


(<5t3)  =  -  K6t  ,  (10-27) 

at 

where  is  the  diameter  at  time  t,  and  K  is  a  constant  which  depends  upon  the  nature  of  the  liquid 
being  evaporated  and  upon  its  surroundings.  Then  Equation  (10-27)  may  be  written 

3<5t  d<5t  =  -  Kdt 

or  upon  integrating  over  the  limits  60  to  <5{, 

6tZ  -  6qz  =  -  2/3  Kt 


or  simply 


\  “  J 


v  -  w 


(10-28) 


where  X  will  be  called  the  evaporation  constant.  Thus,  after  t  seconds,  a  drop  of  diameter  6  will 
have  decreased  to  ^  6^  —  \t  and  the  volume  of  each  drop  is  then  (tt/6)(62  —  \t)3/2_ 


By  combining  Equations  (10-28)  and  (10-26),  the  volume  of  the  drops  having  an  initial  diame¬ 
ter  <5  is  now 


(~n)  .-IW  (62  -  U)3'2  Vd6 

If  the  evaporation  process  has  taken  place  over  a  period  of  r  seconds,  then  the  drops  which  were 
initially  of  sice  n/Tt  are  just  disappearing  and  only  drops  of  <5  >n*\t  contribute  to  the  remaining 
spray  volume  The  total  remaining  volume  is  then 
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('  (— n,  (62  _  Xt)3/2  e-(6/x)n  Vd5 

J  xn 


or  the  volume  fraction  remaining  is 


Vf  -  \  (— n)^- - -1  (fi2  »  Xtj3/2  e-(6/x)n  d6 

J  xn 
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FIGURE  10-  1 .  PER  CENT  OF  SPRAY  UNEVAPORATED  AS  A  FUNCTION 
OF  EVAPORATION  INDEX  (Probert)10- 1 1 
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Unfortunately,  Equation  (10-29)  cannot  be  integrated  in  terms  of  elementary  functions  nor  can 
a  satisfactory  series  expansion  solution  be  made.  However,  by  transforming  the  variables  of  inte¬ 
gration  by  the  substitution  of  6/x  =  b  sec  0,  where  b  =  */  Xt/x,  Equation  (10-29)  maybe  reduced  to 

Vf  *  3  r/Z  e_<b  sec  0)n  sin2  9  cos  6  d 6  .  (10-30) 

vo 

Probert  has  numerically  integrated  this  expression,  and  the  results  are  shown  in  Figure  10-1 
as  a  plot  of  Vf  against  b  for  n  =  2,  3,  4.  He  states  that  this  particular  range  of  n  was  selected  be¬ 
cause,  in  practice,  it  has  been  found  that  ail  atomizing  nozzles  give  sprays  having  values  of  n  lying 
within  this  range. 

It  is  interesting  to  note  that  these  curves  show  a  fallacy  which  arises  in  connection  with  com¬ 
paring  fuels  on  their  initial  rates  of  evaporation  upon  injection.  It  appears  that  the  time  for  evapo¬ 
ration  of  a  given  quantity  of  the  liquid  is  more  sensitive  to  changes  in  6  than  to  changes  in  n.  On  the 
other  hand,  the  distribution  constant,  n,  does  show  its  effect  in  the  way  it  markedly  influences  the 
time  necessary  to  evaporate  the  last  few  per  cent  of  the  spray.  A  small  mean-drop  diameter  cor¬ 
responds  to  a  small  value  of  n  which,  in  turn,  is  reflected  in  a  high  initial  rate  of  evaporation. 
However,  after  the  evaporation  of  about  75  per  cent  of  the  liquid,  the  effect  of  n  becomes  inverted 
and  the  rate  of  evaporation  becomes  small  for  large  values  of  n.  Probert  concludes  that  for  rapid 
evaporation,  x  should  be  as  small  as  possible,  and  n  correspondingly  large.  This  would  appear  to 
be  so,  even  though  a  large  n  means  a  slower  initial  rate. 

It  should  be  pointed  out  that  Probert's  model  for  an  evaporating  spray  is  static  in  that  no 
variables  connecting  drop  motion  with  evaporation  are  included  in  the  equations  which  are  pre¬ 
sented.  In  the  static  system  described  by  Probert,  it  would  seem  that  the  individual  drop  evapora¬ 
tion  rate  would  be  influenced  to  some  extent  by  its  surrounding  neighbors  which  are  also  undergoing 
evaporation.  Fuchs^-12)  considered  the  importance  of  this  influence  in  the  development  of 
his  equations  for  the  evaporation  of  a  single  drop  in  a  fuel  spray  under  static  conditions.  In  spite 
of  the  fact  that  a  completely  rigorous  solution  for  the  single-drop  case  is  not  possible,  it  can  be 
shown,  in  dispersions  containing  a  small  weight  per  cent  of  droplets,  that  the  single-drop  equation 
rate  is  given  by  Equation  (8-51)  which  was  presented  in  Chapter  8. 


TURBULENCE  AND  SPRAY  EVAPORATION 


A  comparison  of  the  staiic  and  dynamic  cases  of  droplet  evaporation  shows  that  in  the  latter 
instance  there  is  a  strong  dependence  upon  ur,  the  relative  velocity  of  the  drop  in  the  airstream. 
Fleddermann^ ^)  has  given  some  attention  to  the  problem  of  determining  the  influence  of  ur  upon 
the  evaporation  rates  of  sprays  under  conditions  of  turbulent  flow;  his  rate  equations,  in  their  pres¬ 
ent  state  of  development,  seem  generally  valid  for  the  evaporation  of  moving  sprays,  but  are  not 
useful  for  computational  purposes  because  they  are  a  set  of  nonintegrable  equations. 

The  volume  rate  of  spray  evaporation  can  be  written  as 

N 

—  =  -  7  5  (T)6i  (J  +  f6i1/2  uri1/2)  (10-31) 

dt  Lj 

i  =  l 

for  an  ensemble  of  N  drops  having  diameter  classes  specified  by  The  variable  H  is  taken  as  an 
evaporation  coe  ficicnt  which  is  dependent  upon  the  scale  and  nature  of  the  turbulence  present  in  the 
stream.  Equation  (10-31)  cannot  be  integrated  in  its  present  form  because  the  time  dependent  var¬ 
iation  of  urj  is  tot  known;  that  is,  as  t  —  ur;  —  o.  To  date,  there  is  no  definite  data  from  which 
cither  the  di3tribution  or  the  decay  forms  of  urj  may  be  determined.  An  approximate  solution  can, 
however,  be  made  under  the  assumption  that  all  ur.  arc  equal  and  that  they  decay  at  equal  rates. 
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If  the  evaporation  process  is  taking  place  in  a  turbulent  air  stream,  then  there  are  localized 
fluctuating  velocities,  uj,  superposed  upon  the  free-stream  velocity  IJ.  A  complete  discussion  of 
the  mathematical  aspects  of  velocity  component  correlations  is  presented  in  Chapter  12  and  will 
not  be  treated  in  detail  in  this  discussion.  It  will  first  be  considered  how  Equation  (10-31)  is  in¬ 
fluenced  by  the  turbulent- velocity  fluctuations  uj,  u2,  and  U3,  where  uj  lies  in  the  direction  of  U, 
and  U£  and  U3  lie  in  the  direction  of  £  and  £  axes  of  the  stream.  The  instantaneous  relative  velocity 
of  the  drop,  ur,  is  given  by 


ur  =  (U  +  ui  —  ud)2  +  u|  +  U3  j. 


1/2 


(10-32) 


where  ud,  the  drop  velocity,  lies  in  the  same  direction  as  U.  Equation  (10-32)  may  be  conven¬ 
iently  written  as 


ur  =  (U  -  ud  +  uj) 


U,  +  Uj 


1  +■ 


(U  ~  ud  +  m)  J 


1/2 


(10-33) 


If  the  values  of  the  fluctuations  uj  are  restricted  to  values  such  that 


uj  <  0.  2  (U  -  ud) 


(10-34) 


then  the  square  root  term  in  Equation  (10-33)  will  be  positive  and  approximately  unity.  Under  this 
assumption,  the  square  root  term,  designated  u?j,  can,  for  the  present,  be  neglected,  then 

ur  =  ur  +  U}  (10-35) 


where  ur  is  the  average  relative  velocity. 


The  mean  evaporation  rate  for  the  spray  can  now  be  written  as 


dV 

dt 


2  (T)  <5j 


1  +  £6 


1/2 


1/2' 

(uri  +  uj) 


(10-36) 


where  2(t)  is  the  turbulent  evaporation  coefficient  containing  turbulent  transport  quantities.  From 
theoretical  considerations,  Taylor^®-  ^)  has  shown  that  the  diffusion  coefficient,  under  turbulent 
flow  conditions,  is  the  sum  of  the  laminar  diffusion  coefficient  and  of  a  turbulent  coefficient  which 
is  proportional  to 


(u')2  =  (ui2  +  u22  +  U32) 


Schubauer ^ 1 0"  1 5)  has  also  verified  this  relation  experimentally.  For  normally  encountered  ranges 
of  u1,  the  turbulent  coefficient  is  predominant  and  should  approximately  be  proportional  to  u' 

and  also  should  be  larger  than  the  corresponding  laminar  coefficient.  The  mean  evaporation  rate 
for  the  spray  should  then  be  proportional  to  u',  or 


d V 

dt 


3 


N 


^  2(t)  ^ 


l  +  ^i1/2ur.1/2 


i=l 


1  +  1^11  1  (»')' 

2  U_  8  tt2 

M  u  ri 

t  3  (u')3 
48^3  •' 

*  1 


(10-37) 


Bincc  for  the  particular  case  (u1)2  ■  u2.  Fleddcrman  states  that  tniB  equation  would  appear  to  de¬ 
fine  the  mean  rate  of  evaporation  at  the  time  of  injection  because  ur.  is  initially  of  large  magnitude. 
As  the  spray  traverses  downstream,  urj  will  generally  tend  to  decrease  while  u'  will  either  in¬ 
crease  or  decrease,  depending  upon  the  character  of  the  flow. 


W ADC  TR  50-344 


10-10 


It  would  also  seem  probable  that  at  some  point  in  the  stream 


u' 


and  consequently  U23j  would  become  an  appreciable  factor  in  determining  the  average  rate  of  evapo¬ 
ration.  Thus,  the  possibility  that  the  fluctuations  of  u*  may  be  sufficiently  negative  to  cause 


Uri  “  “ri  +  ui 

to  become  also  negative,  leads  to  the  necessity  of  writing 


(10-38) 


+  u,- 


in  order  that  Uj^  be  positive  always.  These  considerations  lead,  finally,  to  an  evaporation  equa¬ 
tion  of  the  form 


dV  _ 
dt 


N 

y  s(t)  6i  [ 


i=l 


1  + 


(10-39) 


It  can  be  concluded  that  the  primary  effect  of  turbulence  upon  spray  evaporation  will  be  upon 
The  preceding  discussion  is,  of  course,  based  upon  u r*/2  being  a  factor  in  Re,  and,  under 
the  assumption  that 

ul>  u2>  u3>  <<  (u  ~  ud)  > 


the  effect  of  turbulence  through  Re  will  be  negligibly  small. 

If  Equation  (10-39)  is  to  be  used  in  calculating  the  rate  of  evaporation  of  a  spray  moving 
under  laminar  flow  conditions,  the  distribution  of  6^  and  ur.,  as  well  as  the  decay  law  for  urj,  must 
be  known.  In  a  turbulent  field,  a  necessary  additional  requirement  is  a  knowledge  of  the  magnitude 
of 


j  uri  +  uj  | 

This  latter  quantity  requires  the  distribution  of  u'  over  the  turbulent  field  as  well  as  the  fluctua¬ 
tions  of  u'  . 

Even  if  the  above  data  for  completely  specifying  the  turbulent  field  were  available,  it  is 
probable  that  Equation  (10-39)  could  not  be  integrated  to  yield  an  analytical  result.  Either  a  justi¬ 
fiable  simplification  of  the  equation  or  the  use  of  numerical  techniques  would  seem  to  be  the  only 
practical  approach  to  calculating  average  evaporation  rates  under  turbulent  flow  conditions. 


MASS  AND  HEAT  BALANCE  IN  DYNAMIC  - 
SPRAY  EVAPORATION 


No  completely  adequate  treatment  of  the  detailed  heat  and  mass  balance  in  a  dynamic  spray 
has  been  developed  to  date.  It  may  be  inferred  from  the  previous  section  that  the  transport  quanti¬ 
ties  which  enter  into  E  (T),  *or  turbulent  case  of  evaporation,  would  be  extremely  difficult  to 
determine  by  cither  theory  or  experiment  Even  for  tire  case  of  spray  evaporation  under  laminar 
flow  conditions,  it  has  not  been  possible  to  specify  completely  heat  and  mass  balance  by  other  than 
approximate  equations  which  utilize  average  values  for  the  necessary  parameters.  In  setting  up 
approximate  hcat-and  mass-transfer  balances,  the  equations  for  the  corresponding  transport  quan¬ 
tities  in  the  single  moving  droplet  case  arc  utilised, 
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Johnstone  and  co-workers(10-16)  have  treated  the  related  problem  of  heat  transfer  from  a 
cylindrical  wail  to  a  cloud  of  free-falling  particles  in  connection  with  designing  "flash"  heating 
units  for  finely  divided  solids.  While  heat  transfer  by  convection,  conduction,  and  radiation  are 
discussed  in  this  treatment,  no  consideration  is  given  to  mass  transfer.  In  order  to  solve  the 
Fourier-Poisson  equation  for  an  "average"  heat-transfer  coefficient,  it  was  assumed  that  the  axial 
velocity  of  the  particle  is  such  that  all  of  the  streamlines  of  constant  flow  are  parallel  to  the  surface 
of  the  spherical  particle.  The  forms  of  the  resulting  velocity  components  are  comparable  with 
those  given  by  Prandtl(^®“^)  for  both  potential  and  viscous  flow  about  a  sphere.  The  resulting  ex¬ 
pressions  give  an  average  heat-transfer  coefficient  which  is  free  of  the  usual  Peclet  number  limita¬ 
tion  (Pe  >  13,  000)  associated  with  ideal  flow  conditions. 

This  heat-transfer  problem  has  also  been  studied  by  Drew(*0-18),  by  Leveque(10-19),  and 
Boussinesq{10-20).  In  the  latter  treatment  of  the  problem,  the  flow  was  assumed  to  be  irrotational 
and  expressible  as  a  potential  function.  Under  these  conditions,  a  solution  to  the  Fourier-Poisson 
equation  for  moving  spheres  is  possible  only  if  certain  terms  in  the  general  solution  can  be  neg¬ 
lected.  Ignoring  these  terms  is  only  justified  for  Pe  >  13,  000.  It  would  therefore  seem  that  the 
Boussinesq  analysis  would  be  of  little  value  in  predicting  heat  transfer  to  dynamic- spray  systems. 

On  the  other  hand,  the  Johnstone  analysis  should  be  applicable  to  the  case  where  a  low -volatility 
spray  undergoes  heating  during  the  pre -evaporation  period  (see  Chapter  5)  where  no  mass  transfer 
occurs. 


The  absorption  of  radiant  energy  by  clouds  of  moving  particles  has  been  the  subject  of  numer¬ 
ous  investigations.  Haslam  and  Hottel(^"^^)  have  shown  that  the  geometry  of  the  radiant  surface 
enclosing  the  particle  is  an  important  consideration  in  the  calculation  of  total  radiation  absorption. 
Also,  Jakob(l0“22)  and  Nusselt(10-23)  have  independently  arrived  at  mathematically  identical 
equations  for  the  absortivity  of  gases.  All  of  these  analyses  lead  to  the  same  expression  for  cloud 
absorptivity  Ec. 


The  coefficient  of  radiant  heat  transfer,  hr,  can  now  be  calculated  from  the  wall  and  particle 
temperatures,  which  are  respectively  Tw  and  Tp.  This  is 


(10-40) 


where  <r  is  the  ratio  of  particle  area  to  wall  area. 

On  the  basis  of  the  similarity  between  the  heat-  and  mas9-transfer  process,  a  mass-transfer 
coefficient,  kg,  can  be  deduced  from  the  form  of  the  heat-transfer  coefficient,  hg.  However,  all  of 
these  results  which  are  based  upon  the  Frossling  equation  for  single  drops  have  been  applied  to 
spray  evaporation  by  assuming  an  average  uniform  droplet  diameter. 

Fledderman  has  calculated  both  heat-  and  mass-transfer  coefficients  for  sprays  of  n-hexane 
in  air  at  a  stream  velocity  of  50  ft/sec  using  extrapolated  vulues  of  p,  6,  and  Re  obtained  from  Mb 
experimental  data. 

Table  10-1  shows  values  of  kg  and  hg  calculated  from  the  correlation  of  Frossling(  7), 
McAdams( and  of  Kramers  (10-25)  Although  there  is  considerable  disagreement  among  the 
values  for  kg  and  hg,  all  pairs  of  values  lead  to  fairly  consistent  results  for  the  average  drop  tem¬ 
perature.  Thus,  it  may  be  concluded  from  a  graph  of  average  drop  temperature  against  the  up¬ 
stream  distance  from  the  spray  nozzle,  that 

A  =  2tt  Mp/RT 

is  essentially  a  constant  in  Equation  (19-4),  since  the  average  drop  temperature  rapidly  approaches 
the  wet-bulb  temperature  condition  for  the  moving  stream. 
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TABLE  10-1 


Correlation 

kg,  (lb  mol)/(hr)(ft2)(atm) 

hg,  Btu/(hr)(ft2)(*R) 

Frossling 

18.7 

272 

McAdams 

15.8 

230 

Kramers 

24.0 

349 

It  should  be  clearly  seen  that  this  analysis  is  not  applicable  to  the  calculation  of  heat  and  mass 
transfer  in  the  cases  of  large  concentration  and  thermal  gradients  between  the  stream  and  the  spray 
particles.  It  has  already  been  stated  by  Rann(10“26)  that,  under  these  conditions,  the  Frossling 
correlation  for  mass  and  heat  transfer  must  be  modified  in  accordance  with  the  diffusion  equations 
of  Colburn  and  Pigford(10-27)_ 

In  Chapter  8,  there  was  some  discussion  of  the  heat-  and  mass-transfer  equation  derived  by 
Ingebo(10-28},  These  equations  were  found  to  be  valid  for  the  evaporation  of  fluid  spheres  of  high 
volatility  under  large  thermal  gradients.  It  should  be  possible  to  repeat  Fledderman'  a  analysis 
under  the  assumption  that  an  averaged  Ingebo  correlation  would  best  express  spray  evaporation 
under  conditions  of  high  concentrations  and  thermal  gradients.  Since  no  experimental  data,  such  as 
Fledderman' s,  have  been  obtained  on  the  evaporation  of  sprays  at  high  temperatures,  it  would  be 
necessary  to  make  such  additional  observations  before  any  new  equation  could  be  verified. 


THE  EFFECT  OF  A  CYLINDRICAL  DUCT  UPON 
SPRAY  EVAPORATION 


In  the  case  where  a  spray  is  injected  into  a  cylindrical  duct  or  combustion  chamber,  the  wall 
of  this  enclosure  can  act  as  a  sink  for  droplets  in  that  it  will  be  wetted  by  the  spray.  Also,  spray 
deposited  will  tend  to  evaporate  under  the  influence  of  both  the  wall  temperature  and  stream  flow 
near  the  wall. 

The  problem  of  spray  deposition  on  the  wall  of  a  cylindrical  duct  has  been  treated  by 
Alexander  and  Coldren(10“29)  under  the  assumption  that  the  droplets  behave  statistically  like  gas 
molecules  and  undergo  radial  diffusion  to  the  wall.  If  the  stream  velocity,  U,  is  radially  uniform, 
then  the  diffusion  equation  governing  this  transport  is 

where  a  is  the  diffusivity  of  the  spray,  and  £  is  the  concentration  of  liquid  particles  in  the  gas 
phase.  The  left-hand  side  of  this  expression  represents  the  mass  transport  of  drops  across  &  cylin¬ 
drical  surface.  The  volume  clement  is  considered  as  moving  with  the  air  stream  in  the  x-direction 
of  flow;  the  axial  diffusion  of  drops  from  the  ends  of  the  moving  element  is  neglected.  The  general 
solution  to  Equation  (10-41)  is 

05  2 

C=£Ane-a*atJ0  (anr)  .  (10-42) 

1 

If  the  wall  is  taken  as  a  sink  for  droplets,  then  C  =  0  at  r  =  D/2,  where  D  is  the  diameter  of  drop. 
From  this  boundary  condition  and  Equation  (10-42),  evidently,  JQ  (an  D/2)  =  0  determines  the  values 
of  successive  an. 
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(10-43) 


The  mass  of  suspended  droplets  remaining  in  the  moving  element  is 

rD/a 

=  27tU  l  C(r,  t)  rdr 


m 


Substituting  Equation  (10-42)  into  Equation  (10-43)  gives,  upon  integration, 

00  2 

m  =  tt  UD  ^  An  e"an  at  Jj  (an  D/2)  .  (10-44) 

1 

By  neglecting  higher  terms  in  this  summation  and  by  differentiating  with  respect  to_t,  there 
results 


dm 


dt  =  -7TUDAJ  aj  ae“(al  at) 


(10-45) 


or  by  combining  Equations  (10-44)  and  (10-45)  the  rate  is 


dm 

dt 


2 

-aj  am 


(10-46) 


as 


Since  t  =  x/U,  then  dm/dt  may  be  expressed  as  U  dm/dx  and  Equation  (10-46)  may  be  written 


d  ln(m/mQ)  a 

dx  =  "  ~U“ 


(10-47) 


where  m0  is  tlie  mass  rate  of  sp'ray  injection.  Thus,  if  Equation  (10-47)  is  valid,  a  plot  of  the 
logarithm  of  the  mass  fraction  of  the  liquid  remaining  in  the  spray  against  the  downstream  distance 
from  the  nozzle,  x,  should  be  a  linear  relation  having  a  slope  given  by  -(a^a)/U. 

Alexander  and  Coldren  found  this  linear  relation  to  be  valid  for  expressing  wall  wetting  at 
reasonable  distances  downstream  from  the  point  of  injection.  In  a  series  of  experiments  in  which 
water  drops  were  injected  into  a  cylindrical  duct  under  turbulent  flow  conditions,  the  percentage  of 
undeposited  spray  was  measured  by  collection  at  a  number  of  axial  positions  in  the  test  section  of 
the  duct.  It  was  found  that  the  rate  of  water  injection  had  little  effect  upon  the  deposition  of  the 
spray, 

Figure  10-2  shows  the  experimental  results  of  Alexander  and  Coldren  plotted  in  accordance 
with  Equation  (10-47)  for  five  different  air  velocities;  no  specific  values  for  these  velocities  are 
given  in  the  original  work  excepting  for  the  curve  marked  263  fps.  However,  it  may  be  seen  that 
the  slopes  of  the  straight-line  portions  of  these  curves  tend  to  decrease  with  increasing  air  velocity. 
The  departure  from  linearity  at  the  upstream  portions  of  each  curve  is  attributed  to  neglecting  the 
higher  terms  in  the  summation  which  is  given  by  Equation  (10-44).  A  second  departure  from  line¬ 
arity  for  the  velocity  U  =  263  fps  at  x  =  70-90  cm  has  not  been  explained,  in  spite  of  the  fact  that 
this  is  stated  to  be  a  reproducible  effect. 

The  following  equation  for  the  spray  diffusivity  of  water  droplets  was  obtained  from  the  slopes 
of  curves  giver  in  Figure  10-2: 


a  =  0.  77  U°-  6 

It  is  interesting  to  note  that  a  can  be  calculated  by  using  the  entire  curve  shown  in  Figu  re  10-2. 

This,  however,  requires  that  C  =  f(r)  be  known  for  t  =  0,  since  An  in  Equation  (10-42)  would  require 
evaluation.  Calculated  values  for  a,  in  the  case  of  water  sprays,  range  from  20  to  30  in.  ^/sec. 

Longwcll  and  WcissO0*30)  have  also  made  studies  of  the  effect  of  a  cylindrical  duct  upon  the 
mixing  and  distribution  of  liquids  in  high-velocity  air  streams,  They  have  concluded  that  the  distri¬ 
bution  which  results  from  injecting  a  liquid  fuel  into  a  high-velocity  gas  stream  can  be  predicted 
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with  good  accuracy.  By  using  the  principles  of  turbulent  diffusion,  these  investigators  have  shown 
that  wall  effects  and  changing  duct  dimensions  can  be  accounted  for  by  means  of  simple  graphical 
techniques.  The  predicted  distributions  had  a  maximum  error  of  20  per  cent  (at  any  fuel  concen¬ 
tration)  and  an  average  error  of  less  than  seven  per  cent  when  compared  to  experimentally  mea.' 
ured  distributions. 


FIGURE  10-2.  DEPOSITION  OF  SPRAY  ON  THE  WALLS  OF  A  STRAIGHT 
DUCT  AT  HIGH  LEVELS  OF  TURBULENCE 
(Alexander  and  Coldrcn)l®"^9 


Sherwood  and  co-workers(l°-3 1)  have  made  similar  diffusivity  measurements  on  carbon 
dioxide  injected  into  rapidly  moving  air  streams.  The  analysis  of  data  taken  close  to  the  point  of 
injection,  where  the  duct  would  have  a  small  effect  on  the  divergence  of  the  stream,  showed  that 
a  varies  directly  with  the  stream  velocity. 
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The  evaporation  of  a  continuous  cylindrical  liquid  film  into  a  moving  gas  stream,  under  vis¬ 
cous  and  turbulent  flow  conditions,  has  been  studied  by  Gilliland  and  Sherwood(i®”32),  These 
workers  collected  a  large  volume  of  data  on  the  rates  of  evaporation  for  nine  different  liquids  of 
varying  volatility.  Each  liquid  was  permitted  to  flow  at  a  fixed  rate  down  the  internal  wall  of  a 
cylindrical  duct,  while  air  was  passed  either  countercurrently  or  in  parallel  to  the  direction  of 
fluid  flow.  From  measured  evaporation  rates,  flowrates,  and  wall  temperatures,  a  dimensionless 
correlation  was  obtained  from  evaporation  rates  in  terms  of  the  Reynolds  and  Schmt.dt  numbers. 

The  mass-transfer  coefficient,  Kg,  was  found  to  be 


=  0.023  (Re)0t83  (Sc)0-44 

Dy 


(10-49) 


for  2000  <  Re  20,  000  and  for  pressures  of  from  110  to  2330  mm  Hg.  Ir.  Equation  (10-49),  D  is 
the  internal  diameter  of  the  duct,  and  Dy  is  the  diffusion  coefficient  for  the  particular  vapor  being 
examined.  Equation  (10-49)  is  similar,  in  form,  to  the  corresponding  general  heat-transfer  equa¬ 
tion  which  is  given  by  McAdams(l®-33).  It  has  been  suggested  that,  in  using  this  correlation,  some 
correction  be  made  for  the  resistance  of  the  moving  liquid  film. 

Maisel  and  Sherwood(^-34)  point  out,  from  a  more  nearly  theoretical  treatment  of  mass 
transfer  under  turbulent  flow  conditions,  that  (Sc)2/3  should  be  replaced  by  (Sc)®* 44;  similar  con¬ 
clusions  have  also  been  reached  by  Chilton  and  Colburn(l®“35),  The  latter  workers  point  out,  how¬ 
ever,  that  the  narrow  range  of  Sc  (0.  60  to  2.4  in  most  experiments)  does  not  permit  a  conclusive 
differentiation  between  these  exponents. 


Gilliland  and  Sherwood(l®“3Z)  have  also  considered  the  evaporation  from  a  wetted  cylindrical 
wall  under  viscous  flow  conditions,  that  is  for  Re  <  2000.  Under  these  conditions,  mass  transfer 
takes  place  presumably  by  a  diffusion  process.  Solutions  to  the  differential  equation  for  diffusive 
transport  are 


PZ  "Pi 

Pw  -  P] 


1 


(10-50) 


for  rodlike  flow,  and 

— - -  =  1  -  0.  10238  e(  "14>  ®23(7f/4) 

Pw  ~  Pi  V  W  / 


-  0.0122  e^-8?* 

for  parabolic  flow.  P  is  the  partial  pressure  of  the  diffusing  gas;  subscripts  1  and  2  refer,  respec¬ 
tively,  to  the  inlet  and  outlet  positions,  while  subscript  jw  refers  to  the  liquid-vapor  boundary.  The 
mass  rate  of  gas  flow  is  W,  and  L  is  the  length  of  the  cylindrical  section.  The  coefficients  an  are 
the  successive  roots  of  the  equation  Jn(x)  =  0. 

Both  Equation  (10-50)  and  Equation  (10-51)  were  found  to  be  only  in  fair  agreement  with  ex¬ 
perimental  data  taken  on  the  evaporation  of  liquids  under  isothermal,  viscous  flow.  It  may  be  seen 
that  both  the  theoretical  and  empirical  relations  which  are  given  in  this  section  arc  only  applicable 
at  moderately  low  temperatures.  Thus,  their  application  may  not  be  satisfactory  in  cases  where 
the  temperature  of  the  wall  or  gas  is  high  or,  in  general,  under  conditions  of  steep  thermal  grad¬ 
ients. 

In  situations  where  high  wall  temperatures  arc  encountered,  there  will,  of  course,  be  no 
wetting  by  sprays.  The  wall  will  then  act  as  a  flash  evaporator  for  the  spray  droplets.  It  would 
seem  that  the  matter  of  predicting  the  rate  of  evaporation  of  the  spray  by  a  hot  wall  would  be  an 
extremely  complex  problem  even  under  favorable  conditions  of  symmetry. 


22(7r/4)5£L 

W 


(10-51) 
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EXPERIMENTAL  MEASUREMENTS  OF  SPRAY- 


EVAPORATION  RATES 


At  the  beginning  of  this  chapter,  it  was  pointed  out  that  the  measurement  of  spray  evaporation 
in  a  moving  gas  stream  is  made  difficult  by  the  necessity  of  having  a  rather  complete  knowledge  of 
the  drop-size  distribution  at  several  points  along  the  air  stream.  Since  satisfactory  techniques  for 
measuring  drop-size  distribution  have  been  developed  only  recently,  little  has  been  done  in  the  way 
of  experimental  work  on  the  evaporation  of  dynamic  spray. 

The  earliest  significant  experimental  work  on  spray  evaporation  is  largely  concerned  with  the 
ignition  and  combustion  of  liquid  fuels  in  compression-ignition  engines.  Since  the  bulk  of  these  in¬ 
vestigations  lead  only  to  qualitative  results,  a  full  treatment  will  not  be  given  here.  Rather,  Some 
of  the  more  important  conclusions  resulting  from  these  experimental  investigations  will  be  discus¬ 
sed  in  brief. 

In  1921,  Wollers  and  Ehmcke(10"36)  carried  out  vaporization  studies  on  a  variety  of  fuel  oils 
in  connection  with  their  work  on  the  diesel  engine.  Their  tests  were  made  by  injecting  a  fuel  spray 
into  a  preheated  bomb  at  relatively  high  pressures  and  then  determining  the  evaporation  rates  of  the 
fuel  sprays  from  pressure-time  and  pressure-temperature  data.  These  measurements,  in  conjunc¬ 
tion  with  ignition-point  determination,  lead  these  investigators  to  the  conclusion  that  ignition  in  the 
diesel  engine  does  not  require  fuel  vaporization.  Unfortunately,  the  result  of  this  investigation  was 
misinterpreted  by  a  number  of  other  investigators,  who  concluded  that  not  only  did  vaporization 
have  no  effect  on  the  combustion  process,  but  that  ignition  started  in  the  liquid  phase.  Alt(^®”^^), 
discussing  the  influence  of  vaporization  on  combustion  and  ignition,  stated  that  "if  vaporization 
were  important  for  ignition,  then  the  higher  the  ignition  point  above  the  boiling  point,  the  better  the 
fuel  would  be  for  compression  Ignition  engine”.  This  conclusion  is  obviously  in  error  since,  in 
actuality,  the  closer  the  ignition  temperature  of  the  fuel  is  to  the  boiling  point,  the  greater  becomes 
the  ease  of  ignition. 

Rothrock  and  Waldron(^®-38)  reinvestigated  the  problem  of  vaporization  and  its  relation  to 
combustion  in  the  compression-ignition  engine.  They  used  high-speed  cinematography  as  a  means 
of  measuring  the  variation  of  fuel-spray  vaporization  with  engine  speed.  Two  main  conclusions  can 
be  drawn  from  their  data.  First,  considerable  vaporization  of  the  injected  fuel  spray  occurs  be¬ 
tween  injection  and  combustion  in  a  high-speed  compression-ignition  engine.  Secondly,  fuel  vapori¬ 
zation  markedly  influences  the  rate  of  combustion  of  the  fuel. 

Selden  and  Spencer(10-39)  investigated  the  evaporation  of  fuel-oil  sprays  which  were  pro¬ 
duced  by  injecting  the  fuel  into  a  bomb  pressurized  by  an  inert  gas.  Initial  temperatures  ranging 
from  150  to  350  C  were  attained  by  placing  the  bomb  in  a  constant-temperature  bath.  The  appa¬ 
ratus  and  measurement  technique  used  are  described  in  the  earlier  work  of  Cohn  and 
Sp.encer(l0~40)§  The  fuel,  maintained  at  a  constant  temperature,  was  injected  into  the  heated  bomb 
which  had  previously  been  pressurized  with  nitrogen,  carbon  dioxide,  or  air.  The  charged  weight 
of  fuel  could  be  varied  accurately  by  changing  the  injection  pressure  and  the  duration  of  the  injec¬ 
tion  period  (0.002  to  0.006  sec).  PreBSure-time  traces  were  made  by  recording  the  movement  of 
an  optical-type  differential -pressure  indicator  with  a  synchronous  motor-driven  drum  camera. 

Figure  10-3  shows  five  typical  pressure-time  traces  for  experiments  in  which  an  initial  fuel- 
vapor  concentration  was  present  in  the  bomb  prior  to  the  injection  of  the  fuel  spray.  The  AB  inter¬ 
val  on  each  trace  corresponds  to  an  interval  during  which  the  rate  of  heat  transfer  to  the  spray  is 
practically  constant,  &  may  be  concluded  that,  in  this  interval,  uome  evaporation  of  the  fuel  takes 
place.  This  follows  from  the  fact  that,  if  the  total  heat  tranaferred  to  the  spray  merely  served  to 
cause  a  heating  of  the  fuel,  there  would  not  be  a  decrease  in  pressure  during  the  interval  AB  which 
it  shown  in  Figure  10-3.  At  increasingly  more  fuel  is  injected  into  the  same  gas  charge,  under  the 
condition  that  thermal  equilibrium  is  established  between  injections,  the  saturation  and  partial  pres¬ 
sures  of  the  liquid  fuel  should  gradually  approach  the  same  value.  This  effect  is  closely  responsi¬ 
ble  for  the  apparent  diminution  in  pressure  change  In  the  AB  interval  as  the  cumulative  number  of 
Injections  is  increased  from  1  to  23.  These  results  also  show  that  the  fraction  of  the  heat  trans¬ 
ferred  to  the  fuel  or  to  the  vapor,  which  causes  evaporation,  is  an  appreciable  part  of  the  total  heat 
transfer  in  the  interval  AB. 
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Time, Second 


FIGURE  10-3.  PHOTOGRAPHIC  TRACE  OF  PRESSURE-TIME 
RELATION  FOR  SUCCESSIVE  INJECTIONS  OF 
OIL  SPRAYS  INTO  A  HEATED  BOMB 

(Selden  and  Spent 


This  study  of  the  injection  of  the  liquid  fuel  into  a  compressed  gas  furnished  considerable 
data  concerning  the  initial  heat  exchange  between  the  gas  and  the  fuel  spray.  Although  qualitative 
evxuen-.c  van  given  lor  the  fact  that  the  fuel  vaporization  takes  place  immediately  after  injection 
starts,  no  actual  rates  of  vaporization  can  be  obtained  from  this  experimental  data.  In  a  discus¬ 
sion  of  their  results,  Selden  and  Spencer  consider  both  the  temperature  decrease  in  the  spray  due 
to  a  Joule-Thompson  effect  and  the  heat  transfer  due  to  radiation;  they  conclude  that  neither  con¬ 
tribution  is  of  significant  magnitude  for  consideration  under  their  experimental  conditions,  The 
conclusion  regarding  the  negligible  effect  of  radiation  on  spray  evaporation  has  also  been  confirmed 
by  the  experimental  work  of  Wolfhard  and  Parker(10“41)  and  by  the  theoretical  findings  of  Penner 
and  co-workers(10“42). 

Previous  work  on  the  role  of  evaporation  in  the  compression-ignition  engine  has  not  contrib¬ 
uted  significantly  to  the  knowledge  of  the  mechanism  of  spray  evaporation  in  a  moving  gas  stream. 
These  investigations  do,  however,  leave  little  doubt  that  both  mass  and  heat  transfer  occur  between 
a  gas  and  a  fuel  spray  in  the  diesel  engine  in  accordance  with  the  qualitative  findings  of 
WentzelOO-^)  and  of  Dreyhs.upt(^-44), 

The  matter  of  liquid-fuel  characteristics  affecting  vaporization  in  engines  has  been  the  sub¬ 
ject  of  an  experimental  investigation  of  Gilbert  and  co-workersOO-^),  They  conclude  that  the 
quality  of  an  air-fuel  mixture  is  determined  by  (1)  the  air  temperature,  (2)  the  liquid-fuel  tempera¬ 
ture,  (3)  the  air-fuel  ratio,  (4)  the  fraction  of  the  fuel  vaporised,  and  by  (5)  the  total  pressure  for 
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any  particular  liquid  fuel.  Turbulence  level  is  also  considered  to  be  an  important  factor  since 
transport  quantities  and  the  degree  of  mixing  are  strongly  dependent  upon  this  parameter.  All 
these  factors  which  influence  mixture  quality  are  intimately  related  to  the  evaporation  process  and 
have  been  discussed  separately  in  earlier  parts  of  this  section. 

As  a  result  of  studying  the  combustion  of  fuel  sprays,  Godsave(^“^^)  has  concluded  that  the 
evaporation  of  a  fuel  spray  is  controlled  by  two  distinct  rate -determining  mechanisms.  At  rela¬ 
tively  low  temperature,  the  evaporation  is  governed  by  diffusion  where  vapor  pressure  is  the  pre¬ 
dominant  parameter,  whereas,  under  conditions  of  elevated  temperatures,  heat-transfer  rate  to 
the  spray  is  the  most  important  quantity.  In  the  latter  mechanism,  the  dominant  parameter  is  the 
quantity  of  heat  required  to  raise  the  temperature  of  the  fuel  to  the  surface  equilibrium  tempera¬ 
ture.  Clearly,  each  mechanism  is  an  extreme  case,  and  at  intermediate  temperatures  both  will  be  , 

operative  to  a  relative  extent  depending  upon  the  temperature. 


EVAPORATION  OF  A  SPRAY  IN  A  MOVING  GAS  STREAM 


An  examination  of  the  literature  on  experimental  measurements  of  spray  evaporation  shows 
that  no  completely  satisfactory  determinations  have  been  carried  out  under  conditions  where  a 
liquid  spray  is  injected  into  a  moving  gas  stream.  Thus,  most  of  the  equations  which  were  dis¬ 
cussed  in  the  theoretical  part  of  this  chapter  have  not,  as  yet,  been  verified  by  experiment. 


Streamline  Flow 


Fledderman(10-6)  has,  however,  carried  out  a  limited  number  of  spray-evaporation  measure¬ 
ments  on  n-hexane  injected  into  a  moving  air  stream  under  both  streamline  and  turbulent  flow  con¬ 
ditions.  His  measurements  were  neither  sufficient  in  number  nor  were  they  carried  out  under  a 
wide  enough  range  of  conditions  to  permit  a  complete  examination  of  the  theoretical  considerations 
developed  earlier. 

This  experimental  work  was  confined  to  measuring  the  evaporation  of  a  spray  of  n-hexane 
droplets  at  a  number  of  axially  located  points  in  a  transport-test  section  of  a  small  wind  tunnel. 
Since  these  measurements  were  carried  out  using  ambient  air  at  slightly  above  room  temperature, 
they  may  not  be  applicable  to  the  evaporation  of  a  spray  in  a  high-temperature  gas  stream.  How¬ 
ever,  the  technique  and  results  are  of  sufficient  interest  to  warrant  some  detailed  description. 

The  necessary  data  for  calculating  the  evaporation  which  had  taken  place  in  the  spray  during 
its  motion  through  the  test  section  was  obtained  by  simultaneously  collecting  spray  samples  with  a 
probe  and  photographing  the  spray  at  a  number  of  positions  along  the  section;  the  stream  velocity 
was  maintained  constant  during  these  measurements. 

The  spray  was  photographed  under  conditions  of  optimum  illumination  and  magnification;  the 
film  was  then  developed  under  rigorously  controlled  conditions  in  order  to  obtain  an  average  optical 
density  of  1.9.  This  optinum  value  was  determined  by  photographing  droplets  of  known  size  to  give 
a  Berics  of  negatives,  each  developed  to  a  different  optical  density.  A  graph  of  the  ratio  of  meas¬ 
ured  to  actual  drop  size  against  the  optical  density  indicated  a  convergence  to  the  ratio  of  1,9. 

From  such  photographs,  it  was  then  possible  to  calculate  m(6),  the  mass  of  droplets  having  diame¬ 
ters  between  6  and  d6  at  a  given  position,  by  means  of  a  tedious  counting  technique. 

The  total  mass  of  the  spray  passing  a  given  position  in  the  test  section  was  measured  by 
means  of  a  series  of  collection  probes  on  a  test  rack  which  was  positioned  normal  to  the  direction 
of  the  air  flow.  Since  individual  probes  collected  only  a  fraction  of  the  total  spray,  a  fictitous  spray 
density  was  used  in  the  computation  of  the  total  mass  of  spray.  This  density  is  defined  as  the  ratio 
of  the  mass  collected  to  the  area  of  the  inlet  of  the  probe.  The  spray  pattern  was  reasonably  sym¬ 
metrical,  and  spray  densities  lying  in  the  same  transverse  plane  were  averaged  to  give  the  mean 
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spray  density  in  the  annulus  -whose  center  fell  on  the  axis  of  the  spray  cone.  The  product  of  the 
annulus  area  by  the  mean  density  gave  the  mass  of  spray  passing  through  the  annulus  during  the  run 
time.  The  sum  of  the  masses  passing  through  each  annulus  then  gave  the  total  mass  of  spray  pas¬ 
sing  through  a  particular  cross  section  of  the  test  section.  The  mass  value  was  then  corrected  for 
evaporation  and  for  the  collection  efficiency  of  the  probe. 

The  method  for  calculating  the  collection  efficiency  of  the  probe  was  based  on  the  theoretical 
analyses  of  Langmuir  and  Blodgett(^"^?).  These  workers  developed  an  expression  for  the  maxi¬ 
mum  total  efficiency  of  deposition  of  fog  particles  on  the  stagnation  point  of  a  sphere.  This  effi¬ 
ciency,  j30,  is  calculated  from  the  integral 


where  M  is  the  total  mass  collected  at  a  given  position,  and  m(6)  is  obtained,  as  explained  earlier 
from  photographic  measurements.  The  function  fi0(6)  is  obtained  from  charts  which  are  given  in 
Langmuir  and  Blodgett' s  report. 

Fledderman  assumed  that  the  drop  diameters  changed  with  the  evaporation  and  calculated  /30 
from  the  values  of  m(6)  corresponding  to  a  measured  spray  mass  of  m0.  The  mean  drop  diameter, 
7>0,  corresponding  to  was  then  obtained  from  the  Langmuir  and  Blodgett  chart.  Thus,  the  mean 
drop  diameter  of  the  spray  was  taken  as  that  diameter  corresponding  to  the  same  collection  effi¬ 
ciency  for  the  entire  spray. 

It  was  then  assumed  that  the  whole  spray  was  composed  of  droplets  of  a  size  Z0.  In  this  way, 
the  change  in  the  mass  of  the  spray  from  station  to  station,  corresponding  to  a  diameter  change 
from  60  to  6,  would  be  given  by 


**t»(h:)1/3  •  (io-52) 

On  the  basis  of  this  mean  diameter,  j3Q  was  calculated  for  all  stations  by  the  summation 

Po  =  z  W  m(Si) 


Figure  10-4  shows  Fledderman' s  evaporation  data  plotted  as  u,  the  spray-evaporation  ratio, 
against  x,  the  downstream  distance  for  various  air  velocities;  these  data  were  taken  under  stream¬ 
line  flow  conditions.  Values  of  (dfi/dx),  6,  and  mj  were  next  obtained  from  Figure  10-4  in  conjunc¬ 
tion  with  Equation  (10-52),  These  data  were  used  to  calculate  uj,  the  mean  spray  velocity,  as  a 
function  of  the  downstream  distance  x,  from  Equation  (10-21).  In  making  these  calculations,  the 
quantities  v,  Sc,  and  RT/27rDMp  were  assumed  to  be  of  constant  value  over  the  range  of  x  in  which 
the  measurements  were  made. 

Figure  10-5  shows  the  change  in  the  mean  spray  velocity,  uj,  as  a  function  of  x  for  three 
stream  velocities.  From  the  values  of  u^,  Fledderman  also  calculated  both  the  average  drag  co¬ 
efficient  of  the  Bpray  and  the  magnitude  of  the  hexane-vapor  velocity  taken  in  a  direction  normal 
to  the  air  stream.  Since  these  subjects  are  connected  with  cloud  ballistics,  they  arc  not  discussed 
here. 


Turbulent  Flow 


FleddermanOO”^}  also  has  carried  out  a  scries  of  experiments  on  the  evaporation  of  n-hexane 
sprays  under  varying  intensities  of  stream  turbulence.  The  techniques  used  in  the  measurements 
of  evaporation  were  identical  with  those  described  under  the  streamline  flow  experiments. 
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FIGURE  10-'. .  EVAPORATION  FRACTION  AS  A  FUNCTION 
OF  DOWNSTREAM  DISTANCE  AT  VARIOUS 
STREAM  VELOCITIES 

(Fledderman  and  Hanson)^®"^ 


In  the  course  of  these  experiments,  varying  degrees  of  turbulence  were  produced  by  placing 
wire  screens  of  different  mesh  openings  in  the  upstream  entrance  to  the  test  section.  Evaporation 
measurements  were  made  under  five  different  turbulence  fields,  The  effect  of  turbulence  upon  the 
total  evaporation  was  expressed  as  a  comparison  of  ju  values  at  various  turbulence  numbers,  or;  the 
latter  quantities  were  calculated  from  the  expression 

_  100 


by  assuming  isotropic  turbulence  conditions.  The  fluctuating  velocity  component,  V,  was  measured 
at  points  along  the  te^t  section  by  means  of  a  Bureau  of  Standards  hot-wire  anemometer(10-48). 

Figure  10-6  shows  the  variation  in  the  evaporation  coefficient,  u,  with  downstream  distance 
in  the  test  section  at  f  ve  different  levels  of  turbulence.  These  data  were  obtained  at  U  =  50  fps  and 
at  an  ambient  air  tem  ieratuie  of  20  C.  Because  v  varies  with  x,  it  was  not  convenient  to  show  the 
quantitative  effect  of  'urbulcncc  in  this  plot.  However,  these  curves  show  generally  that  p  in¬ 
creases  with  increasing  <r»  since  the  level  of  turbulence  increases  for  any  x  from  the  lower  to  the 
upper  curve  shown. 
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Downstream  Distance  X,in. 

FIGURE  10-5.  MEAN  SPRAY  VELOCITY  AS  A  FUNCTION  OF 
DOWNSTREAM  DISTANCE 

(Fledderman  and  Hanson)10“6 


Table  10-?.  shows  more  clearly  the  quantitative  relation  of  s  and  ju  for  x  =  12  in.  and  U  = 

50  fps.  The  data  indicate,  as  does-Figure  10-6,  that  the  trend  is  for  j u  to  increase  with  increasing 
a.  Also,  it  would  appear  that  a  decrease  in  L,  the  scale  cif  turbulence,  (see  Chapter  12  for  defini¬ 
tion)  produces  an  increase  in  evaporation.  It  would,  however,  seem  hazardous  to  make  this  con¬ 
clusive  in  light  of  the  relatively  large  scatter  in  Fledderman'B  experimental  data  and  also  because 
H  is  actually  an  integrated  evaporation  coefficient  measured  from  the  injection  point  to  some  value 
of  x.  The  effect  of  turbulence  number  upon  evaporation  would  seem  to  indicate  turbulence  tends  to 
affect  the  diffusion  coefficient  rather  than  to  operate  through  the  Reynolds  number. 


TABLE  10-2 


Screen 

Turbulence 
Scale,  L, 
in. 

Turbulence 
Number,  o', 
per  cent 

E 

2.  5  mesh  +  streamers 

0.  107 

6.  67 

0.496 

2  mesh,  0.  148-in.  wire 

0.079 

2.55 

0.474 

None 

0.  103 

0.  34 

0.395 

It  is  evident  that  much  more  work  is  necessary  on  the  subject  of  single-droplet  evaporation 
under  turbulent  conditions  before  any  firm  conclusions  can  be  drawn  regarding  the  evaporation  of 
turbulent  sprays. 
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FIGURE  10-6.  SPRAY  EVAPORATION  AS  )A  FUNCTION  OF 

DISTANCE  FROM  NOZZLE  UNDER  TURBULENT 
FLOW  CONDITIONS 

(Fledderman  and  Hanson)10-6 


CONCLUDING  REMARKS 


The  problem  of  spray  evaporation  appears  to  have  received  considerably  more  attention  from 
the  standpoint  of  theory  than  experiment.  The  reason  for  the  conspicuous  lack  of  experimental  data 
can  be  traced  to  the  inherent  difficulties  associated  with  measuring  spray  evaporation  under  both 
streamline  and  turbulent  flow  conditions. 

All  available  theoretical  developments  of  the  spray-evaporation  problem  can  be  criticised  on 
a  multiplicity  of  points.  The  principal  objection  is  that  dynamic-spray  evaporation  is  either  treated 
from  the  standpoint  of  the  behavior  of  some  statistically  average  droplet  in  the  ensemble,  following 
an  empirical  evaporation  law  for  a  moving  droplet,  or  from  a  consideration  of  the  entire  drop  en¬ 
semble  following  the  Maxwellian  evaporation  law  for  a  static  drop.  Although  neither  of  these  treat¬ 
ments  can  be  examined  for  its  respective  merit  by  a  comparison  with  existing  experimental  data, 
it  would  seem  that  each  possesses  a  certain  unreal  quality  in  light  of  certain  physical  considerations 
in  the  behavior  of  real  sprays.  The  assumption  of  the  Maxwellian  law  holding  for  the  evaporation  of 
the  ensemble  entirely  neglects  the  role  of  boundary  layer  transport  under  conditions  of  motion  and 
assumes  that  radial  diffusion  is  the  predominant  parameter  in  determining  bulk  evaporation.  Each 
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of  these  mechanisms  also  neglects  the  possible  influence  of  both  secondary  atomization,  in  accord¬ 
ance  with  Hinze' s  theory(10-49),  and  surface  deformation  on  the  rate  of  evaporation  of  the  spray. 
Although  the  effect  of  secondary  atomization  may  be  small  for  drops  of  small  diameter,  the  total 
effect  of  droplet-surface  deformation  may  materially  contribute  to  a  higher  evaporation  rate  than 
that  which  would  be  predicted  for  a  smooth  surface.  Norris(l®“^®)  has  concluded  that  evaporation 
from  a  hydrodynamically  rough  surface  must  be  about  four  times  as  great  as  from  a  smooth  sur¬ 
face. 


In  all  the  discussions  which  have  been  presented,  the  evaporation  of  individual  drops  has  been 
considered  as  talcing  place  in  an  infinite  medium,  In  other  words,  each  drop  is  assumed  to  evapo¬ 
rate  independently  of  its  neighbors.  FuchsUO-12)  has  shown  clearly  that  this  condition  is  not  real¬ 
ized  in  the  case  of  an  evaporating  fuel-air  dispersion  under  static  conditions.  It  may  be  inferred 
from  his  analysis  that  the  interaction  of  concentration  gradients  from  nearest  neighbors  may  have 
considerable  influence  on  each  surrounded  drop.  A  detailed  theoretical  analysis  of  this  aspect  of 
spray  evaporation,  for  the  dynamic  case,  is  necessary  in  order  to  examine  completely  the  validity 
of  this  assumption. 

It  would  appear  that  much  theoretical  and  experimental  work  is  needed  regarding  the  heat  and 
mass  transfer  from  single  drops,  under  high-temperature  conditions,  before  any  radical  develop¬ 
ment  can  be  made  in  the  theory  of  spray  evaporation  in  combustion  chambers.  Because  of  the  un¬ 
manageable  nature  of  the  differential  equations  for  heat  and  mass  transfer  under  flow  conditions, 
it  would  seem  likely  that  the  best  approach  to  this  problem  lies  in  the  direction  of  the  correlation 
of  the  dimensionless  groups  which  might  be  assembled  from  high-temperature  evaporation  data. 

The  problem  of  the  evaporation  of  a  spray  under  turbulent  conditions  is,  of  course,  formida¬ 
ble  from  the  mathematical  standpoint.  There  is  much  to  be  learned  about  the  evaporation  of  single 
droplets  under  turbulent  conditions  before  any  progress  is  remotely  possible  for  the  case  of  the 
spray.  It  would  seem  more  than  likely  that  this  area  would  remain  relatively  unexplored  for  the 
longest  time  because  of  the  huge  amount  of  basic  analysis  which  seems  to  be  a  prerequisite  to 
further  fundamental  exploration. 

Finally,  it  would  seem  that  the  most  fruitful  theoretical  approach  to  the  question  of  heat  and 
mass  transfer  under  turbulent  conditions  might  be  to  attempt  the  development  of  new  mathematical 
techniques  for  application  to  this  kind  of  nonlinear  problem. 


REFERENCES 


10-1.  Bevans,  R.  S.,  Mathematical  Expressions  for  Drop-Size  Distributions;  Paper  presented 

at  the  Conference  on  Fuel  Sprays,  Univ.  of  Michigan,  Ann  Arbor,  Michigan,  March  30-31, 
1949. 

10-2.  Kolupaev,  P.  G. ,  Atomization  of  Heavy  Fuel  Oil;  D.Sc.  Thesis,  Chemical  Engineering 
MIT,  1941. 

10-3.  Rosin,  P.  ,  and  Rammler,  E.  ,  The  Laws  Governing  the  Fineness  of  Powdered  Coal;  J,  Inst. 
Fuels,  Vol.  7,  1933,  p.  29. 

10-4,  Nukiyama,  S.  ,  and  Tanasawa,  Y.,  An  Experiment  on  the  Atomization  of  Liquids  (Third 
Report);  Trans.  Soc.  Mechanical  Engr.,  Vol.  5,  1939,  p.  63.  , 

10-5.  Epstein,  B.,  Logarithmico-Normal  Distribution  in  the  Breaking  of  Solids;  Ind.  and  Eng. 
Chcm.,  Anal.  Edition,  Vol.  11,  1939,  p.  334. 

10-6.  Flcdderman,  R.  G.  ,  and  Hanson,  A.  R,  ,  The  Effects  of  Turbulence  and  Wind  Speed  on  the 
Rate  of  Evaporation  of  a  Dynamic  Spray;  Report  No.  CM  667,  Project  M604-3,  Contract 
NOrd  7924,  Task  UMH-3D,  U.  S.  Navy  Department,  BuORD,  June  20,  1951,  Univ.  of 
Michigan. 


WADC  TR  56-344 


10-24 


10  -7,  Frossling,  N. ,  The  Evaporation  of  Falling  Drops;  Gerlands  Beit.  d.  Geophysik,  Vol.  52, 
1938,  p,  170, 

10-8,  Whittaker,  E.  T, ,  and  Watson,  G.  N,  ,  A  Course  in  Modern  Analysis;  p.  235,  American 
Edition,  The  Mac  Millan  Co. ,  New  York  City,  1943. 

10-9.  Carrier,  G.  F.,  Private  Communication,  August  17,  1951. 

10-10.  York,  J.  L.,  Photographic  Analysis  of  Sprays;  Ph.  D.  Thesis,  1949,  Univ.  of  Michigan. 

10-11,  Probert,  R,  P.,  The  Influence  of  Spray  Particle  Size  and  Distribution  in  the  Combustion 
of  Oil  Drops;  London  Phil.  Mag.,  Vol.  37,  1946,  p.  94. 

10-12.  Fuchs,  N. ,  Concerning  the  Evaporation  of  Small  Drops  in  a  Gas  Atmosphere;  NACA 
Technical  Memo.  1160,  1947. 

10-13.  Fledderman,  R.  G. ,  The  Influence  of  Turbulence  Upon  the  Rate  of  Evaporation  of  a 
Dynamic  Spray;  Ph.  D.  Thesis,  Univ.  of  Michigan,  1950. 

10-14.  Taylor,  G.  I.,  Statistical  Theory  of  Turbulence;  Proc,  Roy.  Soc.,  Vol.  A151,  1935, 
p.  421. 

10-15.  Schubauer,  G.  B. ,  A  Turbulence  Indicator  Utilizing  the  Diffusion  of  Heat;  NACA  Technical 
Report  524,  1935. 

10-16.  Johnstone,  H.  F.,  Pigford,  R.  L.,  and  Chapin,  J.  H.,  Heat  Transfer  to  Clouds  of  Falling 
Particles;  Trans.  A.  I.  Ch.  E.,  Vol.  37,  1941,  p.  95. 

10-17.  Prandtl,  L.  ,  and  Tietjens,  O.  G.,  Fundamentals  of  Hydro  and  Aeromechanics;  McGraw- 
Hill  Book  Co.,  New  York  City,  1934,  p.  151. 

10-18.  Drew,  T.  B.,  Mathematical  Attacks  on  Forced  Convection  Problems;  Trans.  A.  I.  Ch. 

E.,  Vol.  26,  1931,  p.  26. 

10-19.  Leveque,  A. ,  Exchange  of  Heat  by  Circulation  of  a  Viscous  Liquid  in  Tranquil  Motion 
Through  a  Cylindrical  Tube;  Compt.  Rendus,  Vol.  185,  1927,  p.  1190. 

10-20,  Boussinesq,  J.,  Calcul  du  Pouvoir  Refroidissant  des  Courants  Fluids;  J.  Math.  Pures  et 
Appl. ,  Vol.  1,  1905,  p.  285. 

10-21,  Haalam,  R.  T.  ,  and  Hottel,  H.  C.  ,  Combustion  and  Heat  Transfer;  Trans.  ASME,  Vol.  50, 
1928,  p.  9. 

10-22.  Jakob,  M.,  Heat  Insulation  and  Heat  Exchange,  Part  5.  General  Principles  of  Heat  Flow; 
Ler  Chemie  Ingenieur,  Vol.  1,  1933,  p.  293. 

10-23.  Nusselt,  W. ,  Radiation  From  Gsbcb  Flowing  in  Pipes;  Z.  Ver.  Deut.  Ing. ,  /ol.  70,  1926, 
p.  763. 

10-24,  McAdams,  W.  H.,  Heat  Transmission;  McGraw-Hill  Book  Co. ,  New  York  City,  1942. 

10-25.  Kramers,  H. ,  Heat  Transfer  From  Spheres  to  Flowing  Media;  Physica,  Vol.  12,  1946, 

p.  61. 

10-26,  Ranz,  W.  E.  ,  and  Marshall,  W.  R,  ,  Evaporation  From  Drops;  Chem,  Eng.  Progress, 

Vol.  48,  1952,  p.  141. 

10-27,  Colburn,  A.  P.  ,  and  Pigford,  R.  L.  ,  Chemical  Engineers  Handbook,  Section  8;  Third 
Edition,  McGraw-Hill  Book  Co. ,  New  York  City,  1950. 


WADC  TR  56-344 


10-25 


10-28.  Ingebo,  R.  D. ,  Vaporization  Rates  and  Heat  Transfer  Coefficients  for  Pure  Liquid  Drops; 
NACA  Technical  Note  2386,  1951. 

10-29.  Alexander,  L,  G. ,  and  Coldren,  C.  L. ,  Deposition  of  a  Spray  on  the  Walls  of  a  Straight 

Duct;  Paper  presented  at  the  Conference  on  Fuel  Sprays,  Univ.  of  Michigan,  March  30-31, 
1949. 

10-30.  Longwell,  J.  P.  ,  and  Weiss,  M.  A. ,  Mixing  and  Distribution  of  Liquids  in  High-Velocity 
Air  Streams;  Ind.  and  Eng.  Chem.,  Vol.  45,  1953,  p.  667. 

10-31.  Towle,  W.  L. ,  and  Sherwood,  T.  K. ,  Eddy  Diffusion.  Mass  Transfer  in  the  Central 
Portion  of  a  Turbulent  Air  Stream;  Ind.  and  Eng.  Chem.,  Vol.  31,  1939,  p.  457. 

10-32.  Gilliland,  E.  R.  and  Sherwood,  T.  K.,  Diffusion  of  Vapors  Into  Mr  Streams;  Thd.  and 
Eng.  Chem.,  Vol.  26,  1934,  p.  516, 

10-33.  McAdams,  W.  H. ,  Heat  Transmission,  McGraw-Hill  Book  Company,  New  York  City, 

1933. 

10-34.  Maisel,  D.  S,  ,  and  Sherwood,  T.  K. ,  Evaporation  of  Liquids  Into  Turbulent  Gas  Streams; 
Chem.  Eng.  Progress,  Vol.  46,  1950,  p.  131, 

10-35.  Chilton,  T.  H.  ,  and  Colburn,  A.  P. ,  Mass  Transfer  Coefficients;  Ind.  and  Eng.  Chem., 
Vol.  26,  1934,  p.  1183. 

10-36,  Wollers  and  Ehmcke,  The  Process  of  Evaporation  of  Fuels,  The  Formation  of  Oil  Vapor 
and  the  Behavior  of  Oil  Vapors  and  Oil  Gases  During  Combustion  in  the  Diesel  Engine; 
Kruppsche  Monats. ,  Vol.  2,  1921,  p.  1. 

10-37.  Alt,  O.,  Combustion  of  Liquid  Fuels  in  the  Diesel  Engine;  NACA  Technical  Memo.  No. 

281,  1924. 

10-38.  Rothrock,  A.  M.  ,  and  Waldron,  C.  D.  ,  Fuel  Vaporization  and  Its  Effect  on  Combustion  tn 
a  High-Speed  Compression-Ignition  Engine;  NACA  Report  No.  435,  1932. 

10-39.  Selden,  R.  F.  ,  and  Spencer,  R.  C.  ,  Heat  Transfer  to  Fuel  Sprays  Injected  Into  Heated 
Gases;  NACA  Report  No.  580,  1937. 

10-40,  Cohn,  M. ,  and  Spencer,  R.  C,  ,  Combustion  in  a  Bomb  With  a  Fuel  Ignition  System;  NACA 
Report  No.  544,  1935. 

10-41.  Wolfhard,  H.  G.  ,  and  Parker,  W.  G.  ,  Evaporative  Process  in  a  Burning  Kerosine  Spray; 

J.  Inst.  Petroleum  Tech.,  Vol.  35,  1949,  p.  118. 

10-42.  Penner,  S  S. ,  Effect  of  Radiation  on  the  Rate  of  Burning  of  Solid  Fuel  Propellants;  J. 

Appl.  Physics,  Vol.  19,  1948,  p.  392. 

10-43.  Wentzcl,  V’.,  Ignition  Processes  in  the  Diesel  Engine;  Forschung,  Vol,  6,  1935,  p,  105. 

10-44.  Drcyhaupt,  F.,  Systematic  Theoretical  Analysis  of  the  Reactions  During  Diesel  Ignition; 
Motortech.  Zeit. ,  Vol.  4,  1942;  Vol.  5,  1943,  p.  59;  Vol.  5,  1943,  p.  373. 

10-45.  Gilbert,  M.,  Howard,  J.  N. ,  and  Hicks,  B.  L.,  An  Analysis  of  the  Factors  Affecting  the 
State  of  Fuel  and  Air  Mixtures;  NACA  Technical  Note  No.  1078,  1946. 

10-46.  Godsavc,  G.  A.  E. ,  The  Combustion  of  Drops  in  a  Fuels  Spray;  National  Gas  Turbine 
Establishment  Memorandum  No.  M95,  October,  1950. 


WADC  TR  56-344 


10-26 


torie^Trmy  Mr  °f  Water  Dr°?  T'aJ«- 

19,  1946.  P°rt  NO-  54 18>  General  Electric  Company,  February 

»«““  ,°'1  i,’tr“CKm  M“”“1  f°'  fta  >«■  Turtle.  Measuring  AFPara- 

10'49'  CriaCaI  *—  “*  —  *  «—.•  Appi.  Sci.  Research,  VoI.  Aj 

Meteorol.  Soc,  Joun^Vol0”^*!*!","  S"IaC‘*  °f  Water  Roughened  by  Waves;  Roy. 


WADC  TR  *.6-344 


10-27 


CHAPTER  11.  THE  EQUATIONS  OF  FLUID  DYNAMICS 


ABSTRACT 


In  this  chapter,  which  is  introductory  to  Chapter  12,  the  basic 
equations  of  fluid  flow  are  derived  in  Cartesian  tensor  notation.  In¬ 
cluded  are  the  continuity  equation,  the  equation  for  the  dissipation  of 
energy  hy  viscosity,  the  energy  equation  for  a  viscous  fluid  and  the 
Navier -Stokes  equation. 
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CHAPTER  11 


THE  EQUATIONS  OF  FLUID  DYNAMICS 


A.  E.  Weller 


In  this  chapter  the  fundamental  equations  of  fluid  dynamics  will  be  derived.  Although  the 
derivations  of  these  equations  may  be  found  in  almost  any  textbook  on  fluid  dynamics,  they  are  pre¬ 
sented  here  to  ensure  retaining  the  continuity  of  subject  and  notation  in  the  applications  of  these 
equations  in  Chapter  12. 

The  equations  will  be  derived  in  the  Cartesian  tensor  notation  that  will  also  be  used  in  the 
following  chapter.  While  not  as  compact  as  the  Gibbs  dyadic  notation,  nor  as  generalized  as  the 
Einstein  tensor  notation,  the  Cartesian  tensors  lead  to  equations  the  meaning  of  which  can  be  seen 
without  additional  reduction.  Accordingly,  this  chapter  will  begin  with  a  brief  intuitive  discussion 
of  Cartesian  tensors. 


CARTESIAN  TENSOR  NOTATION 


The  quantities  known  as  vectors  have  associated  with  them  both  a  magnitude  and  a  direction. 

In  general,  such  a  quantity  may  be  considered  as  the  sum  of  three  similar  quantities  having  the 
directions  of  three  rectangular  Cartesian  space  coordinates, 

r=v1+^2  +  v3  , 

where  the  subscripts  denote  the  directions  of  the  coordinate  axes  and  the  sumrpation  denotes  a 
vector  sum.  These  three  quantities  are  called  the  components  of  the  vector  V.  With  the  agreement 
Ujat  such  a  symbol  is  to  take  on  all  possible  values  of  the  subscript,  we  may  write  the  vector  V  as 
V-.  The  arrow,  used  to  distinguish  the  quantity  as  a  vector,  may  be  dropped,  since  the  subscript 
ajso  performs  this  function.  Thus,  the  same  vector  quantity  can  be  expressed  in  vector  form  as 
V  or  in  Cartesian  tensor  form  as  V.. 

If  the  coordinate  system  is  transformed  to  a  new  set  of  rectangular  Cartesian  coordinates, 
then  the  component  Vj  in  the  new  system  is 


Vj  =  Vj  cos  a  +  V-,  cos  P  +  Vj  cos  Y  , 


(11-1) 


where  the  barred  quantities  arc  the  components  in  the  old  coordinate  system,  and  a ,  P  ,  and  y  arc 
the  angles  between  the  new  axis  and  the  old  xj,  x2,  *3  axes-  The  above  direction  cosines  will 
be  denoted  as 

cos  cr  =  I  |  , 

cos  f  a  1  J2  , 

cos  Y  =  1  , ,  . 


Obviously,  there  are  six  other  such  cosines,  '2j,  ^ 3*  *jji  '3?!  a°d  33-  In  general, 

we  can  designate  these  quantities  by  the  symbol  Ijj.  T^c  convention  is  adopted  that  whenever  a 
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subscript  is  repeated  in  an  expression,  the  expression  is  to  be  summed  over  all  possible  values  of 
that  index.  Then  Equation  (11  —  1)  can  be  written 


Vl  =  'hVi  ■  'll  V  'l2V2  +  'UV3 


(11-2J 


Since  the  equations  for  the  other  components  of  V  are  of  the  same  form,  Equation  (11-2)  can  be 
generalized  to 


VJ 


1  ..  V. 

Ji  1 


Since  the  axes  are  mutually  perpendicular,  componentwise  multiplication  of  the  direction  cosines 
gives 


0 


y 


or 


l.i  In  a  1 


y 


1 ik 


0  if  j  4  k 
I  if  j  =  k 


The  value  of  the  product,  lij  1^,  is  independent  of  the  subscript  i  .  Thus,  £  is  called  a  dummy 
index,  and  the  product  l.j  1.^  may  be  written  more  simply  as 


where 


1 

‘j 


(11-3) 


6 

.ik 


0  if  j  4  k 
1  if  j  =  k 


The  transformation  of  vectors  under  a  change  of  coordinates  requires  the  use  of  direction  cosines. 
These  quantities  have  two  subscripts  which  refer  to  two  directions,  the  directions  of  the  old  and  new 
axes.  Such  quantities  can  be  arrived  at  in  another  way.  Consider  the  product  of  two  vectors, 


\ 


Aj  B 


r  * 


This  product  may  be  considered  as  a  new  quantity, 


Cir  =  Al  Br 


I 


with  two  directions,  i  and  r,  associated  with  it.  Such  quantities  are  called  tensors  of  rank  two.  In 
thi 3  sense,  a  vector  is  a  tensor  of  rank  one.  The  direction  cosines,  1^,  are  not  tensors,  since  the 
two  subscripts  refer  to  different  coordinate  systems.  However,  the  subscripts  in  the  quantity  6,, 
refer  to  the  same  coordinate  system,  so  that  6^  is  a  tensor  of  rank  two. 

Suppose  that  ^transformation  of  coordinates  is  made  from  the  old  Xj  axes  to  the  new  x^  axes. 
Then,  the  vectors,  Aj  and  Br,  are  transformed  by  the  equations 


WADC  TR  56-344 


11-2 


Thus 


Ai  Br  8  Vk  > 


Cir  *  ]ij  Vk^jk  • 


More  generally,  a  tensor  may  be  defined  to  be  a  quantity  which  transforms  according  to  the 
preceding  equation.  This  concept  can  be  extended  to  tensors  of  rank  n,  F-j  a, 


Fij. .  .n  *  ^ir  ^js. 


^nw  ^rs. . .  w  ’ 


From  this  definition  it  is  obvious  that  the  product  of  two  tensors  is  a  tensor. 
In  rectangular  Cartesian  coordinates, 

dx£  d'iZj 

-  * — ■*  , 

dXj  dXj 

so  that 


and 


Aij  *  \r  ^s  ^s  » 
Ars  *  Jir  Jjs  Aij  • 


In  generalized  coordinates  the  transformations 


and 


A.,  is  A,  , 

1  (J'Rj  i  *' 


3xi  _ 

A<  ■  __jI  Ai 
1  3x4  J 


may  lead  to  different  results. 

In  the  rectangular  Cartesian  coordinate  systems  used  in  the  following  developments,  it  is  un¬ 
necessary  to  distinguish  between  these  different  types  of  tensors.  This  permits  a  simplification  of 
the  notation. 

In  the  use  of  vectors,  two  types  of  products  frequently  arise:  the  scalor  product  and  the 
vector  product.  The  scalar  product  is  defined  as 

X  ’  t  •  Aj  Bi  . 

Since  the  index  in  this  equation  is  repeated,  it  disappears  from  the  final  result  so  that  the  product  is 
a  scalar  quantity. 

The  vector  product  is  defined  as  the  vector, 
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1 


A  x  ^ 2  (A^  ^3  —  A j  B^)  2  {A3  ^ ^  —  A^  B^ )  ^ 

(Al  B2  -  A2B*r1)3  . 


To  express  this  vector  as  a  general  product,  it  is  necessary  to  introduce  the  skew  symmetric 
unit  tensor,  e^,  such  that  e-^  is  zero  if  any  two  indices  are  equal.  Otherwise,  e..,  is  equal  to 
(-l)n  where  n  is  the  number  of  permutations  necessary  to  place  the  indices  in  the  order  1,  2,  3. 

Then,  the  vector  product  of  A  and  B  becomes 


A  x  B  » 


A.  B. 
1  J 


'ijk 


(11-4) 


THE  EQUATION  OF  CONTINUITY 


One  of  the  fundamental  equations  of  fluid  dynamics  expresses  the  physical  law  of  the  conserva¬ 
tion  of  matter.  Consider  a  fluid  composed  of  a  number  of  identifiable  constituents.  The  mass  den¬ 
sity  of  the  fluid  will  equal  the  sum  of  the  mass  densities  of  all  of  the  constituents  at  any  point, 


pa  p1  +  p2  +  . . .  +  p*  , 


(11-5) 


where  superscripts  refer  to  the  constituents. 

The  mass  flow  rate  of  the  j_th  constituent  through  some  element  of  a  surface  within  the  stream 
will  be  denoted  by 


<lr 


\  dS, 


where  dS  is  the  area  of  the  element  and  lr  are  the  direction  cosines  of  its  normal.  The  total  flow 
rate  of  the  entire  fluid  through  the  surface  is 


qr  lr  dS  =  pVr  lr  dS  . 


A  velocity  associated  with  each  constituent  of  the  mixture  may  be  defined  by  the  equation 

i 


V 


i 

r 


a 


P1 


Since  the  total  mass  flow  rate  must  equal  the  sum  of  the  mass  flow  rates  of  all  the  constituents,  it 
follows  that 


pvr 


1 

P 


1  2  2 

vr  +  pV 


4  . . .  +  p1  V1  . 

r 


(11-6) 


Consider  a  small  parallelepiped  having  dimensions  dXy,  dxfl,  dXj,  with  center  at  the  origin. 
Expanding  the  flux  of  the  constituent  in  a  series  about  the  origin,  the  difference  in  the  mass  flow 
rates  through  the  two  faces  normal  to  the  Xj.-axis  is  given  by 


i 

P 


+ 


+  .  .  . 


dxsdxt 


(piv‘)^+...]  dxfldxt 
"  -ft-  (p1  V*)  dxf  dxB  dxt  . 


piv*-irt  (pi vr>  ~T 


The  net  outward  flux  of  the  ith  constituent  from  the  volume  must  equal  the  rate  of  decrease  of  the 
constituent  within  the  volume.  Letting  r1  represent  the  net  rate  of  increase  per  unit  volume  of  the 
ith  constituent  from  the  sources  and  sinks  in  the  volume  clement,  and  dp1  Id  t  the  rate  01  increase 
of  density  within  the  volume,  it  follows  that 
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d 

dXj. 


{  p1  Yr  )  dxr  dxg  dxfc  = 


dp 


dXj.  dxs  dxt  -  r  dxr  dxg  dxj 


Similar  equations  may  be  written  for  each  of  the  constituents  of  the  mixture.  When  these 
equations  are  added,  it  follows  from  Equations  (11-5)  and  (11-6)  that, 


(ov-  -£ 


r  . 


(11-7) 


This  is  the  equation  of  continuity. 


THE  NAVIER-STOKES  EQUATION 


The  application  of  Newton's  second  law  of  motion  to  a  fluid  leads  to  the  classical  momentum 
equation  of  fluid  mechanics,  generally  known  as  the  Navier  -Stokes  equation.  Newton's  second  law 
relates  the  rate  of  change  of  momentum  of  a  given  mass  to  the  forces  acting  upon  the  mass.  In 
tensor  notation, 


f.  * 
J 


(11-8) 


where  fj  is  the  total  force  acting  on  a  unit  mass  of  the  fluid,  including  bo!th  external  forces  such  as 
gravity  and  internal  shear  and  pressure  stresses  exerted  by  other  parts  of  the  fluid;  V.  is  the 
velocity  and  dVj/dt  is  the  acceleration  of  the  fluid  element.  * 


In  a  Cartesian  coordinate  system  the  acceleration  is  given  by 


dV.  dV-  dVj  dx. 

j  _  _ J  J  _ i 

dt  =  <?t  +  dXj  dt 

Now  dxj/dt  is  equal  to  Vj,  so  that  this  squation  may  be  written 


dV.  dVj  dV, 

dt  dt  T  i  dxj 


(H-9) 


In  general,  the  fluid  can  have  three  types  of  motion;  a  rigid-body  translation,  a  rigid-body 
rotation,  and  a  pure  deformation.  The  lirst  two  types  of  motion  may  be  treated  by  classical  methods 
of  mechanics.  However,  the  fluid  elements  tend  to  resist  deformation.  This  internal  resistance, 
which  is  found  to  be  proportional  to  the  rate  of  deformation,  greatly  complicates  the  equations  of 
motion. 


For  a  rigid-body  translation,  the  velocities  at  all  points  must  be  the  same,  so  that 

*  0  . 

Therefore,  terms  containi  tg  this  derivative  must  account  for  the  pure  rotation  and  pure  deforma¬ 
tion. 


Consider  two  points  in  the  fluid  separated  by  a  distance,  dxj,  with  the  coordinate  system  fixed 
in  relation  to  one  of  the  p(  ints.  If  the  distance  between  them  changes,  the  fluid  will  be  deformed  or 
strained.  The  velocity  o'  the  second  point  vith  respect  to  the  first  is  given  by 


dV 


j 


dx. 


(11-10) 
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i 


This  velocity  represents  a  combination  of  rotational  velocities  and  rates  of  deformation.  For  pure 
rotation,  the  velocity,  Rj,  is  given  by 


Rj  =  ”k*i«kii  . 


where  is  the  angular  velocity,  x^  are  the  coordinates  of  the  point,  and  e,  ,  •  ,  is  the  skew  sym¬ 
metric  unit  tensor.  The  space  rate  of  change  of  this  motion  will  be 


dRj  dx^ 

X1  eklj  +  “k  ekij 


(11-11) 


For  a  pure  rotation,  there  can  be  no  change  of  the  angular  velocity  with  respect  to  the  space 
coordinates.  Thus  the  first  term  on  the  right  must  be  zero.  Also, 


dx 


1 


dx.  6il  ’ 


where  6 -  ^  is  defined  in  Equation  (11-3).  Equation  (11-11)  then  becomes 


dR. 


dx. 


k  ekij  ‘ 


(11-12) 


The  angular  velocity  for  a  pure  rotation  is  given  by  the  expression 

dV„ 


“k5*  1/2  TS7  ersk  • 


Equation  (11-12)  can  thus  be  written 


dR; 


**i 


1/2 


_^s 

dxr  ersk  ekij 


Since  this  equation  gives  the  space  variation  of  velocity  for  a  pure  rotation,  it  can  be  sub¬ 
tracted  from  Equation  (11-10)  to  give  the  velocity  associated  with  the  pure  strain,  dDj.  This  yields 

dD.  *  dVj  -  dR.  , 


cr 


dD 


JV.(  .  ...  3V» 


<V>«  *7  er»k  ekiJ  “’‘i 


Because  of  the  skew  symmetric  properties  of  the  e  tensor,  this  equation  can  be  written 


Therefore, 


and 


dV, 


d  V :  dV; 


dV  -sf  dxi  - 1/2 1  is; 


*T  /  dx‘  ' 


/  JVi  jVi  \ 

dDi  *  1/2  (  Tzf  *  77~  )  dxi  ' 


dDi  /  dVj  dV,  \  dV 

7?  ■  1/2  v<  [if  *  if)'  1/2V*  (4i*  4i.  V  717  ' 
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Also, 


Returning  to  Equation  (11-8),  it  is  necessary  to  specify  the  forces  acting  on  a  particle  of  fluid. 
These  will  include  both  the  external  forces  and  the  internal  forces  due  to  pressure  and  the  strain. 

Consider  a  small  surface,  S,  within  the  fluid.  The  force  per  unit  area  which  the  fluid  on  one 
side  of  the  surface  exerts  upon  the  fluid  on  the  other  Bide  is  known  as  the  stress.  The  component 
of  the  stress  perpendicular  to  the  surface  is  called  the  normal  stress,  or.  The  component  of  the 
stress  tangent  to  the  surface  is  called  the  shearing  stress,  r  .  Each  stress  has  two  directions 
associated  with  it,  the  direction  in  which  the  stress  acts  and  the  orientation  of  the  surface,  defined 
by  the  direction  of  the  surface  normal.  The  stresses  are  therefore  components  of  a  tonsor  of 
second  rank,  say  where  the  first  subscript  denotes  the  direction  of  the  surface  normal  and 
the  second  the  direction  in  which  the  stress  acta.  - 

The  following  argument  shows  that  the  stress  tensor,  ^  ^j,  is  symmetric.  Consider  a  small 
rectangular  volume  of  fluid  with  Bides,  dXy,  and  with  one  corner  at  the  origin  of  the  coordinate 
system.  The  moments  tending  to  rotate  this  volume  about  the  x^-axis  are  ^  y  (dxj  dx^)  dxj,  and 
(dxj  dxfc)  dxj.  The  sum  of  these  moments  must  equal  the  moment  of  inertia,  1_,  times  the 
angular  acceleration  about  the  x^-axis.  Thus, 

db>k 

(*lj  -*ji>  d*id*j  nl  —  > 

where 

I  -  p  dXjdXjdXk  12 
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so  that 


l 


.  2  .  ,  2 
dx.  +  dx. 


db>. 


12  dt 


The  right-hand  member  of  this  equation  is  an  infinitesimal  of  second  order,  and  as  the  fluid  element 
becomes  vanishingly  small,  there  results 


or 


$/..  -i.  >0 
’ij 


> 


> 


so  that  f..  is  symmetric.  Hence,  it  makes  no  difference  which  subscript  is  chosen  to  indicate 
the  direction  of  the  stress  or  the  orientation  of  the  surface. 


The  mean  value  of  the  normal  stress,  ip  is  the  pressure,  j>.  Denoting  by  e,.  the  difference 
between  the  stresses  and  the  pressure,  ^ 


ip  . .  =  -  p  6 . .  + 

U  *J 


where  the  minus  sign  is  introduced  for  the  convention  of  having  the  positive  direction  as  the  direction 
of  the  surface  normal.  Summing  this  equation  over  i  ■  j,  there  results 


♦ll+  *11*  *ii‘~  3P  +  <  C1 1  +  €22  +  E33>- 
Since  the  pressure  is  the  mean  value  of  the  normal  stresses, 


€11  +  £22  +  £33  =  0  • 


The  functions  must  be  functions  of  the  rate  of  strain,  Assuming  that  the  may 

be  represented  by  linear  functions, 


e  a  u  $> 
ij  ijkl  kl  » 


where  a  tensor  of  fourth  rank  and  contains  the  fluid  viscosity.  Since  and  ‘I’jj  are  both 

symmetric,  M  must  be  symmetric  in  both  ij  and  kl,  so  that 

^  ijkl  *  M  jikl  3  M  ijlk  • 


If  the  fluid  is  isotropic,  this  tensor  must  be  independent  of  the  orientation  of  the  axes.  A  transfor¬ 
mation  to  a  new  sot  of  coordinates  yields 


M  a  1,  1 ,  1.1.  ^ ,  . 

rrrnpq  im  jn  kp  lq  ijkl 

Since 

1.  1 1  6  it  3  6  , 

im  jn  ij  inn  * 

and 

1.  1.  —8“:  «  6 

im  kp  Ik  mp  ’ 


I ' 
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the  form  of  ju . ...  can  remain  unchanged  only  if  it  is  composed  of  constants  multiplied  by  the  delta 
tensors. 

Therefore,  M  i  must  be  of  the  form, 

’  ljkl  ’ 


Vl=“6«  6kl  +  b6U<  6jl  +  '6il  V 

However,  can  be  symmetric  in  ii  and  kl  onlv  if  b  eauals  c.  Hence. 

7  *J*>~*.  '  —  *  —  7 

u  =a5..  6.,  +  b{<5.,  6..  +  6  6  ) 
xjkl  ij  kl  '  ik  jlT  n  jk' 


(11-13) 


so  that 


and  since  4^;  is  symmetric, 


e  ..  =  a6,.  4  +  b  f  4..  +  4..) 

ij  ij  kk  ij  Ji' 


£..  =  a6..  4  +  2b  4.. 

ij  ij  kk  ij 


(11-14) 


Summing  this  equation  over  i  =  j  yields 


£llt£22t  £33  °  3  a*  *11  *  *22  +  *33>  +  2M*Il  +  ®22+  *33*  *  0  • 


from  which  it  follows  that 


a  a  -  2/3  b  . 


The  viscosity  is  so  defined  that  for  a  two-dimensional  flow  between  flat  plates,  with  the  flow 
in  the  xj  direction,  and  V ^  equal  to  zero, 

JV, 

*21  *  "IT"  - 


where  p  is  the  absolute  viscosity.  Comparing  this  and  similar  equations  for  two-dimensional  flow 
in  differing  directions,  it  is  found  that 


b  a  H  , 


a  =  -  2/3  p. 

Therefore,  Equation  (11-14)  becomes 

eij  *  -2/3  P^kk  *  ij  +  2  ^  » 

and  the  stress  tensor  is  given  by 

a  -  (P  +  2/3  n  4^)  6  tj  +  2/^  .  (11-15) 

The  forces  acting  on  an  element  of  fluid  can  now  be  determined.  Consider  a  rectangular 
volume  of  fluid  with  sides  dxB  centered  at  the  origin.  If  Fj  is  a  component  of  the  internal  force  per 
unit  volume,  then 
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sc  that 


Fj  dx;  dxj  dx^  =  +  1/2 


^ii 

—  dxi)  dxj  dxk 


F.  a 
J 


(11-16) 


By  including  the  external  force  per  unit  mass  of  fluid,  G-,  the  total  force  acting  on  the  fluid  element 
becomes  J 


Multiplying  Equation  (11-8)  by  the  density,  p  ,  yields 

dVi 

Pf.  a  p — l  .  (ir-17) 

J  dt 


Since 


Mi  ■  Fj • 


Equation  (11-17)  can  be  written  as 


„„  x  dVj 

PGs  +  1  '■  *  a  p 

J  5x4  dt  ' 

and  expansion  of  this  equation  in  terms  of  Equations  (11-9)  and  (11-15)  yield. 


PGj  "  "IxJ  ■ 2/3  -3ST  '"V 6  ij 

,  dy  dV 

+  2  IT  <^ii>  3  p - -  TT  ■ 

dxi  at  1  dx{ 


By  expanding  it,  and  combining  similar  terms,  the  following  result  is  attained 


PGj  -  +  (_Z/3  6iJ  6rB  +  6ir  6Js  +  6is  V] 

dV 


-  P 


at 


+  pv{ 


av 


ax, 


i 


(11-18) 


If  the  viscosity  does  not  vary  from  point  to  point,  then 

a^v 

°Gj  ‘  Txjf  *  M  '  ^'rTx"~  ('2/3  6ij  6rs  +  6ir  6js+  6is  V 


av, 


(11-19) 


This  Is  the  familiar  form  of  the  Navier-Stokes  equation,  Lf  the  viscosity  docs  vary,  Equations 
(11-18)  or  (11-19)  must  be  used  cautiously,  since  the  assumption  of  isotropy  in  Equation  (11-13) 
will  not  be  correct. 


i 


j  i 


i 

1 


t 
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CHAPTER  12.  TURBULENCE 


ABSTRACT 


This  chapter  reviews  the  literature  on  turbulence  and 
turbulent  flow.  The  review  is  divided  into  two  main  sections, 
the  phenomenological  theories  of  turbulence,  which  include  the 
mixing-length  theories  and  Reichardt's  hypothesis,  and  the 
statistical  theory  of  turbulence.  Experimental  data  from  the 
literature  are  included  in  both  sections  for  comparison  with 
the  various  theories.  An  extensive  bibliography  of  the  litera¬ 
ture  on  turbulence,  jets,  and  wakes  is  included. 

Topics  covered  under  phenomenological  theories  are  the 
eddy  viscosity  concept,  Prandtl' s  mixing-length  theory, 
Taylor's  vorticity-transport  theory,  Reichardt's  hypothesis, 
and  recent  attempts  to  generalize  Reichardt's  hypothesis  in  the 
study  of  turbulent  jets. 

In  the  section  on  the  statistical  theory,  consideration  is 
given  to  Taylor' s  original  development  of  the  theory  through 
the  concept  of  velocity  correlations  and  scale,  Von  Karman' s 
extension  of  this  work  and  his  generalized  correlation  tensor, 
the  decay  of  turbulence  and  the  propagation  of  the  correlations, 
Loitsianskii' s  invarient  and  Batchelor' s  extension  of  this 
work,  the  spectrum  of  turbulence,  Kolmogoroff  s  theory  of 
local  isotropy,  and  Taylor' s  theory  of  turbulent  diffusion 
based  on  the  auto-correlations. 


CHAPTER  12 


TURBULENCE 


by 


A.  E.  Weller 


Turbulence  has  been  defined  by  G.  I.  Taylor  as  . .  an  irregular  motion  which  in  general 
makes  its  appearance  in  fluids,  gaseous  or  liquid,  when  they  flow  past  solid  surfaces  or  even  when 
neighboring  streams  of  the  same  fluid  flow  past  or  over  one  another".  O^-l)  This  definition  may  be 
expanded  somewhat,  particularly  in  respect  to  the  expression,  "irregular  motion".  An  essential 
feature  of  turbulent  motion  is  that  the  fluctuations  are  random.  Hence,  vortex  trails  and  pulsations 
are  not  examples  of  turbulence  since  they  exhibit  a  certain  regularity.  The  use  of  the  word  "ran¬ 
dom"  implies  that  a  time  or  frequency  limit  be  chosen  in  the  definition,  since  any  random  motion 
will  appear  regular  over  a  sufficiently  small  time  interval.  For  example,  the  motion  of  the  mole¬ 
cules  in  a  gas  will  appear  regular  over  a  time  interval  small  in  comparison  with  the  mean  free  path 
divided  by  the  molecular  velocity.  Practically,  this  means  that  there  is  a  difficulty  in  defining 
exactly  where  turbulence  begins  and  ends.  More  will  be  said  of  this  in  a  later  section. 

The  importance  of  turbulence  in  fluid  mechanics  can  not  be  overstated.  Turbulence  may  in¬ 
crease  the  resistance  to  flow  by  several  magnitudes,  greatly  increase  the  rate  of  heat  transfer 
through  a  fluid  and  produce  mixing  or  diffusive  effects.  In  practical  engineering  problems,  fluid 
flow  is  nearly  always  in  the  turbulent  region;  non-turbulent  flow  requires  prohibitively  small  ve¬ 
locities  and  corresponding  large  flow  areas. 

In  the  field  of  combustion,  the  importance  of  turbulence  has  long  been  recognized.  The  ap¬ 
plication  here  is  one  of  providing  increasing  combustion  intensities.  Since  turbulence  produces 
mixing  effects,  local  regions  of  rich  or  lean  mixtures  tend  to  be  eliminated,  allowing  a  more  effi¬ 
cient  utilization  of  combustion  space.  Also,  it  has  been  found  experimentally  that  turbulence 
greatly  increases  effective  flame  speed,  thus  allowing  higher  velocities  and  through-puts  in  a  given 
size  combustion  chamber. 


REYNOLDS  NOTATION 


The  actual  velocity  at  a  point  in  a  turbulent  fluid  is  a  complex  function  of  time,  U  a  U(t).  Due 
to  the  random  nature  of  the  velocity  variation  with  time,  it  is  difficult  to  measure  the  flow  parame¬ 
ters  and  express  them  as  functions  of  time.  Even  if  this  were  possible,  the  resulting  complication 
of  the  equations  of  motion  would  present  a  formidable  obstacle.  Fortunately,  it  is  possible  to 
simplify  this  situation  by  introducing  the  notation  devised  by  Reynolds.  Using  this  notation,  and 
averaging  the  equations  of  motion  with  respect  to  time,  most  of  the  parameters  are  replaced  by 
their  mean  values. 

In  the  Reynolds  notation,  each  parameter  is  assumed  to  be  representable  by  the  sum  of  a 
mean  and  a  fluctuating  component.  Thus  the  flow  may  be  written  as 

U(t)  ■  U  +  u'  (12-1) 

i 

where  the  bar  denotes  a  time  average  and  the  prime  denotes  a  fluctuating  random  component  of  ve¬ 
locity.  As  would  be  expected,  the  mean  velocity  is  defined  by 

^T 

u  «  ult)  -  1  f  U(t)dt 

0- 
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where  J[  is  a  suitable  time  interval.  It  now  follows  from  Equation  (12-1)  that 

.  T 

u1  f  u' dt  *  0  ,  (12-2) 

T  0^ 

ac  _ 

provided  U  =  U.  However,  as  mentioned  in  the  introduction,  the  above  equations  do  not  furnish  a 
value  for  the  time  interval,  T  .  Excellent  discussions  of  this  problem  have  been  given  by  Feng-Kan 
Chuang(12-2)  and  by  DrydenT^2-^’  12-4)  analysis,  the  problem  appears  to  be  insolu¬ 

ble.  However,  in  most  practical  cases,  no  difficulty  is  encountered,  provided  that  a  second  aver¬ 
aging  does  not  change  the  value  of  the  mean  velocity,  so  that 

T 

dr  =1  f  U(t)dt  ,  (12-3) 

1  0J 

for  all  values  of  jP  greater  than  some  limiting  value.  If  this  requirement  is  not  fulfilled,  then  the 
separation  of  the  instantaneous  motion  into  a  mean  and  a  fluctuating  component  is  much  more  diffi¬ 
cult.  A  possible  approach  in  such  cases  is  to  limit  the  discussion  to  the  high  frequency,  small 
scale  components  as  part  of  the  mean  motion.  This  is  similar  to  the  approach  taken  by 
Kolmogoroff.  In  the  sections  that  follow,  the  mean  values  will  be  restricted  to  a  negligible  change 
over  the  period  of  averaging,  so  that  the  requirement  of  Equation  (12-3)  is  satisfied1. 

I 

The  notation  of  Equation  (l2~!)  may  be  extended  with  the  same  significance  to  other  flow 
parameters  and  to  the  fluid  properties.  Thus,  for  example, 

U(t)  =  U  +  u'  , 

i3i(t)  =  Vu'i, 

p(t)  =  p  4  p'  , 

and 

p(t)  =  p  4  p'  , 

where  Uj(t)  denotes  the  component  of  the  velocity  in  the  xj  direction,  p(t)  denotes  fluid  density  and 
p(t)  denotes  fluid  pressure. 

It  was  pointed  out  that  the  mean  value  of  a  fluctuating  quantity  is  zero  whenever  a  second 
averaging  leaves  the  mean  unchanged.  However,  the  mean  square  and  the  mean  product  of  fluctuat¬ 
ing  quantities  are  not  zero.  Thus  in  the  case  of  turbulent  velocity  the  random  components  Satisfy 
the  inequalities: 

u'2  p  0  , 


and 


»'  1  u'2  M  • 

If  the  Reynolds  notation  is  introduced  into  the  continuity  equation,  Equation  (11-7),  there 
results 


d 

dXi 


[(p+p')(Vi  +  v'i)]  ■-$-$  -r  "r 


(12-4) 


On  averaging  this  equation  with  respect  to  time,  all  terms  containing  a  single  primed  quantity 
vanish,  and  the  equation  becomes 


WADC  TR  56-344 


12-2 


‘Al**- 


If  the  fluid  is  incompressible,  p'  =  0,  then  the  mean  motion  satisfies  the  equation  of  continuity.  It 
follows  from  this  result  and  ’Equation  ( 12-4 )  that  the  divergence  of  the  fluctuating,  velocity  must  be 
aero  if  the  fluctuating  source  strength  is  sera.  If  the  turbulence  is  isotropic,  then,  as  will  be 
shown  later,,  p  Vi  is  zero,  and1  again  the  mean  motion  will  satisfy  the  equation  of  continuity.  If  the 
fluid  is  compressible  or  the  turbulence  nonisotropic,  then  the  situation  becomes  more  complex. 

Consider  the  Navier-Stofeee  equation  in  the  following  form, 

For  an  incompressible  fluid!  under  non-fluctuating  external  forces,  "p  a  p  and  Gj  *  Gj.  Thus,  the  in¬ 
troduction  of  Reynolds  notation  into  all  but  the  last  term  yields 


(12-5) 


where  fij  is  identical  With  ^  except  that  the  instantaneous  velocities  have  been  replaced  by  their 
mean  value*. 

the  last  term  in  Sqoafion  (12-5)  may  he  written  as 

it  there  are  no  sources  or  sinks,  and  the  mean  motion  is  steady,  then  the  last  term-on  the  right 
drops  out,  so  that  i 

pVi  TT*  -  av, 

at 

Introducing  the  Reynolds  notation,  the  left  side  becomes 

§  *  5^  Ip7<VJ'  +  ^  l^1 

the  first  term  oh  the  right  may  be  written  as 


J-  |PV,V,|  .  pVj  j-i 


Introducing  these  expressions  into  Equation  (12-5),  the  Navier-Stokes  equation  becomes 


paj +  -t,  *< >  *  pv‘  ^ +  ^  [,py'>v'j'. 


for  the  mean  steady-state  flow  of  an  incompressible  fluid  without  sources  or  sinks. 

The  term  in  brackets  represents  a  transport  of  momentum  by  the  turbulent  fluctuations  and  is 
equivalent  to  a  stress.  A  turbulent  stress  tensor,  yjj ,  csn  be  defined  by 


f  lj  *  -  (pv'iv'j) 


and  the  Navier-Stokes  equation  written  a* 


pGj  *  TCT  tt'ij  *  *  Pvt 


_  <?V 


d*i  [  p  , 
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The  stresses,  are  known  as  the  Reynolds  stresses. 

Thus,  except  for  the  addition  of  a  new  stress  tensor,  the  Navier-Stokes  equation  for  turbulent 
flow  retains  its  original  form  with  the  instantaneous  values  replaced  by  their  means.  Experimen¬ 
tally,  it  is  found  that  the  Reynolds  stresses  may  be  several  hundred  times  as  great  as  the  viscous 
stresses.  U 2-5)  The  discovery  of  the  Reynolds  stresses  explained  the  large  stresses  found  in  tur¬ 
bulent  flow.  However,  unless  the  values  of  the  indicated  products  can  he  determined,  no  further 
progress  can  be  made. 


PHENOMENOLOGICAL  THEORIES  OF  TURBULENCE 


The  first  step  toward  evaluation  of  the  turbulent  stresses  was  made  by  Boussinesq  in  the  late 
19th  century.  He  assumed  that  the  net  effect  of  turbulence  was  equivalent  to  an  increase  in  the  vis¬ 
cosity,  and  introduced  a  "coefficient  of  mechanical  viscosity",  £,  now  known  as  the  eddy  viscosity, 
which  corresponds  to  the  ordinary  kinematic  viscosity,  v.  (*2-5)  «pjje  8tress  tensor  then  takes  the 
form: 


(?ij  +  ^ij)  ■  -  (P  +  2/3  £  P$kk>  6ij  +  2  eP't* ij 

At  best,  this  is  only  a  slight  improvement.  The  quantity,  £,  must  be  determined  by  experi¬ 
ment.  Also,  since  £  depends  upon  the  dynamic  conditions  of  the  flow  and  is  nearly  independent  of 
the  fluid  properties,  it  will  vary  with  the  space  coordinates.  Generally,  then,  the  isotropy  of  the 
fluid  properties  required  in  the  derivation  of  the  stress  tensor  iB  not  satisfied  in  practice.  Also, 
since  a  space  variation  makes  calculations  very  difficult,  most  treatments  using  this  approach  as¬ 
sume  a  constant  value  of  £. 


Prandtl1  s  Mixing  Length  Theory 


To  proceed  farther,  it  is  necessary  to  relate  the  values  of  the  Reynolds  stresses  with  the 
measurable  quantities  of  the  mean  flow.  When  visual  observations  of  turbulent  flow  are  made, 
either  by  optical  methods  or  by  introducing  foreign  particles  into  the  fluid,  it  is  found  that  fairly 
well-defined  bodies  of  fluid,  called  eddies,  move  about  in  a  random  fashion  as  recognizable  units 
for  considerable  intervals  of  time.  A  comparison  of  this  motion  to  the  motion  of  the  molecules  in  a 
gas  is  suggestive.  The  eddies  can  be  treated  somewhat  as  the  molecules  of  a  gas,  and  the  concept 
of  a  mean  free  path  can  be  introduced.  The  analogy  seems  quite  logical,  since  the  Reynolds 
stresses,  resulting  from  a  transfer  of  momentum  by  the  turbulent  fluctuations,  are  a  counterpart  of 
the  viscous  stresses,  caused  by  a  transfer  of  momentum  by  the  fluctuating  molecular  motion. 

Consider,  for  example,  a  two-dimensional,  incompressible  flow  in  the  xj-direction,  such  that 

Ul  -  Uj  (x2) 

U2  s  U3  -  0  , 

u’3  •  0  , 

and 
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In  this  case,  all  of  the  Reynolds  shear  stresses  except  one, 

*12  *-<’“YF7 

vanish.  Consider  an  eddy,  located  in  a  laye  r  of  fluid  where  the  mean  velocity  is  Uj.  Due  to  the 
turbulent  motion,  this  eddy  moves  in  the  direction  to  a  layer  of  fluid  where  the  mean  velocity  is 
different,  say  Uj  +  dUj,  and  loses  its  identity  because  of  mixing  with  the  fluid  at  this  new  level. 
Associated  with  this  mixing  process  is  a  velocity  nuctuation(I2-5,  11 2-6,  12-7)  having  an  absolute 
value  given  by 


u'2  * 


i  th 


(12-7) 


That  is,  the  motion  induced  by  the  eddy  in  the  X]  direction  is  expected  to  cause  an  inrush  of  fluid 
from  layers  above  and  below  the  level  considered.  The  turbulent  stress  can  then  be  written 


"V*'  -  "i 2  (SJ 


where/2  is  the  mean  value,  and  the  constant  of  proportionality  in  Equation  (12-7)  has  been  ab¬ 
sorbed  in  the  undetermined  length.  Since  the  sign  of  the  stress  must  change  with  the  sign  of 
d\Ji/dx2,  this  result  is  more  correctly  written  as 

f2  aUj  aU] 

w,,  m  -  pX.  — —  -  , 

*12  <5x2  dxz 

Neglecting  viscous  stresses  in  comparison  with  the  turbulent  stress,  the  Navier -Stokes  equation 
becomes 


-  i£_  « 

JLt 

V2  aUl 

*UA 

dxi 

dxz  1 

\  <5x2 

dxZ  J 

(12-8) 


and,  if  £ia  independent  of  xz, 


.  JL .  z„v  fHi  lEi 

dx,  ax,  ax,2 


U*1  °*2 

It  might  be  asked  what  hai  been  gained  by  replacing  an  unknown  eddy  viscosity,  e,  by  an  un¬ 
known  length,  l.  The  answer  i  i  that  the  length  £  may  be  intuitively  expected  to  be  related  in  some 
simple  manner  to  the  lengths  t).at  characterize  the  flow  geometry,  such  as  the  distance  from  a 
boundary.  If  only  one  such  lergth  exists,  the  mixing  length  may  be  supposed  to  be  proportional  to 
it. 

The  development  above  corresponds  to  that  of  Prandtl's  momentum  transfer 
theory.  (12-6,  12-7)  q.  I.  Taylor  pointed  out(  1 2-8)  that  local  pressure  gradients  affect  the  transfer 
of  momentum.  Consequently  the  neglect  of  these  gradients  in  Prandtl's  theory  may  introduce 
errors  into  the  above  equat'ons.  Moreover,  similar  momentum  and  temperature  profiles  are 


(12-6) 


where  £,  is  called  the  mixing  length,  is  the  distance  that  the  eddy  travels  in  the  xg-direction  before 
mixing  occurs. 

From  the  equation  of  continuity,  the  X2  component  of  the  fluctuating  motion  is  expected  to 
have  the  same  magnitude  as  u'  j  so  that 
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predicted  by  the  application  of  Prandtl's  theory  to  the  flow  field  of  a  heated  jet.  Experimental  evi¬ 
dence  has  shown  that  this  prediction  is  not  true  so  that  further  refinements  in  Prandtl's  theory  are 
required. 


Taylor's  Vorticity  Transport  Theory 


Taylor  developed  a  treatment  of  turbulence  which  differs  from  Prandtl's  theory  in  that  vorti¬ 
city  rather  than  momentum  is  the  property  transferred.  The  advantage  of  this  assumption  is  that 
local  pressure  gradients  do  not  affect  the  transfer  of  vorticity  if  the  motion  is  confined  to  two  di¬ 
mensions. 


The  Navier-Stokes  equation  for  an  incompressible  two-dimensional  flow  in  the  xj  direction  is 
given  by  Equation  (11-19).  If  the  effects  of  viscosity  are  negleeted02-8)  this  equation  becomes 


1  <9P  —  dUi  —  dUi  (9u'i  du'i 

-  7  -t—  »  uj  T“+  u2  T-—+  u'l  -H L+  U'2  — ! 
p  dxj  1  <?Xj  0x2  dxj  dx2 


Upon  introducing  the  component  of  fluctuating  vorticity, 

'<9uS  du'i 


the  preceding  equation  yields 


1 


dp 


P  dXj 


g  ( - 5  y\  -  —  dU,  __  all. 

-  1/2  ♦  »'a2>  -  2  “’2 4  *  »i  ^ ♦  »2 


For  this  type  of  flow,  the  following  equations  hold: 

0 


dUx  . 

■■  m 

dx, 


kl 


U2  ■  0  , 


du'^2  <?u<  ^  2 


dx 


1 


(JXj 


so  that 


!ie_  .  2  U 
P  dXj 


'zv' 


If  It  is  assumed  that  vorticity  is  carried  by  eddies  in  the  same  manner  as  the  transport  of 
momentum  in  the  Prandtl  theory,  an  eddy  moving  over  a  distance,  has  a  vorticity  differing 
from  its  surroundings  by  the  amount , 

.  g  f  dUj  \  .  <)2Ui 

dr)  «  7j'  «  -%  —  (  -  1/2  - )■  l/zJ&r - j  ,  (12-9) 

T  dx2  \  dx2  /  dx22 

since  the  vorticity  of  the  mean  motion  is  -  (l/2)<JUi/dx2.  The  change  in  vorticity  is  positive  be¬ 
cause  a  decreasing  vorticity  is  characterised  by  a  negative  second  derivative. 
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Thus,  the  Navier-Stokes  equation  becomes 


2u'2T)'  =  u'2lT  - 7 


As  before,  the  following  equations  hold: 


/  *U1 

oe  JC-,  - 


so  that  the  equation  of  motion  becomes 


1  <9P  g  2  <?Ui  dZVi 

- : —  *^t  : —  — t 


p 9 


*£2  ^X2 


This  equation  is  similar  to  Equation  (12-8)  of  Prandtl's  theory.  In  the  event  that  /  is  independent 
of  x2  the  equations  are  identical  except  for  a  constant,  which  can  be  absorbed  in  the  undetermined  ~ 
length-^  or  /*j>.  This  constant  factor  is  important  however  in  the  equations  describing  heat  transfer 
due  to  the  fluctuating  motion. 

Consider  the  case  of  a  two-dimensional  jet.  If  pressure  gradients  within  the  jet  are  neglected 
and  l  is  assumed  constant  at  any  cross  sections,  then  the  equation  obtained  from  Prandtl's  theory  is 


*  5..  *»  •» 


dx 2 


(12-10) 


The  equation  obtained  from  the  vorticity  transport  theory  is 

dUj  2  *Ul  ®Ul 

U  j  +  u2  =/ij.  2 

<&1  dx2  d%i  fai 


which  is  identical  with  Equation  (12-10)  with  the  Prandtl  mixing  length,  t,  replaced  by  the  equiva¬ 
lent  Taylor  mixing  length,  llj.  Hence,  the  two  theories  yield  the  same  solutions  for  mean  velocity 
distributions. 

The  equations  for  heat  transfer  in  the  two  cases  are(12-6,  12-9) 

a  2  dU,  dT 

Q  ■  'V  dJJ  3^  • 


and(i2-8,  12-9) 


.1  dU,  dT 


where  the  heat  flux,  Q,  is  the  energy  transferred  across  a  unit  area  in  a  unit  time.  The  substitu¬ 
tion  of  the  Prandtl  mixing  length  into  the  latter  equation  yields 

tl  d^i  dT 
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Experimental  data  obtained  by  Fage  and  Falkner(  12-10)  for  the  distribution  of  temperature  and  ve¬ 
locity  in  the  wake  behind  a  heated  cylinder  indicate  that  heat  spreads  more  rapidly  than  momentum. 
The  experimental  data  are  in  fair  agreement  with  profiles  calculated  from  the  vorticity  transport 
theory.  (12-11)  However,  neither  theory  yields  acceptable  profiles  for  the  temperature  distribution 
in  heated  jets.  (12-12) 

Figure  12-1  shows  the  results  of  the  various  rinixing-length  theories  and  some  experimental 
data  of  the  temperature  distributions  in  the  wake  of  a  heated  body  of  revolution. 


I  i  '  ' 

0  Momentum  transfer 
theory 

0  Vorticity  transfer 
theory,  Ijocr'1 
(5)  Vorticity  transfer 
theory,  I  ccr‘3/2 
0  Modified  vorticity 
transfer  theory,  I  = 


construction  over 
each  cross  section 
x  Experimental  mean 
results 


'*x**xx 


r/r  l 

2 

r  =  Radial  distance  from  axis  of  symmetry 

=  Value  of  rat  which  velocity  is  equal  to  one- half 
the  velocity  at  the  axis 
T0  3  Temperature  at  axis  of  wake 
To  0  Ambient  temperature 
T  °  Temperature  at  point  r/ry 


FIGURE  12-1.  A  COMPARISON  OF  THE  MIXING  LENGTH 

THEORIES  WITH  EXPERIMENTAL  DATA  OF 
THE  TEMPERATURE  DISTRIBUTION  IN  THE 
WAKE  OF  A  HEATED  BODY  OF  REVOLUTION 
Goldstein(12-7),  Vol.  11,  p.  590 


It  has  been  pointed  out  that  the  true  test  of  a  turbulence  theory  is  not  in  predicting  the  mean 
velocity  distribution,  but  in  predicting  the  distribution  of  the  fluctuating  motion  itself.  (12—13,  12-14) 
In  this  respect,  both  mixing  length  theories  fail.  The  most  obvious  discrepancy  iB  at  the  center  of 
a  jet  or  wake,  where  dUj/dx^  equals  zero.  If  the  mixing  length  is  finite,  then  the  fluctuating  motion 
must  fall  to  zero  on  the  axis  of  symmetry,  but  this  is  definitely  not  true.  Also,  experimental  evi¬ 
dence  indicates  that  the  mixing  length  is  not  constant  over  a  cross  section  of  a  jet  or  wake,  as  has 
been  assumed  in  the  classical  treatments  of  this  problem.  ( 12-9,  12-16) 

Various  modifications  including  the  introduction  of  a  second  mixing  length  have  been  made  with 
the  aim  of  eliminating  these  objections  to  the  mixing  length  theories.  These  modifications  greatly 
complicate  the  task  of  obtaining  solutions  to  the  equations  of  motion,  and  there  is  little  physical 
argument  to  justify  them. 
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Another  objection  to  the  mixing  length  theories  is  contained  in  Equations  (12-6)  and  (12-9). 
These  equations  assume  that  the  mixing  length  is  small  in  comparison  with  the  range  of  X£.  This  is 
not  true.  Typical  values  of  the  mixing  length  range  from  about  one  tenth  of  the  width  in  a  jet  or 
wake  to  about  four  tenths  of  the  distance  from  the  wall  in  pipe  turbulence,  for  measurements  near 
the  wall,  and  sixteen  per  cent  of  the  radius  at  the  center.  (12-5,  12-13,  12-14) 

Perhaps  the  most  fundamental  objection  to  the  mixing  length  theories  is  that  they  imply  the 
turbulent  motion  to  be  discontinuous.  The  classical  model  of  a  fluid  is  continuous,  and  the  equations 
of  motion  are  based  upon  this  assumption.  While  incorrect  in  the  final  analysis,  since  all  fluids  are 
composed  of  discreet  molecules,  the  assumption  is  very  good  in  all  cases  where  the  dimensions  of 
the  container  are  large  in  comparison  with  the  mean  free  path  of  a  molecule  and  the  number  of 
molecules  is  large.  Measurements  made  with  the  hot-wire  anemometer  suggest  that  the  turbulent 
fluctuations  may  be  regarded  as  continuous.  The  introduction  of  the  concept  of  discontinuous  mix¬ 
ing  into  equations  of  motion  based  upon  a  continuous  model  of  the  fluid  can  hardly  be  expected  to 
produce  accurate  results. 


Squire(  12-13)  points  out  that  the  integration  of  the  equations  of  motion  based  upon  the  ^nixing 
length  theories  tends  to  mask  the  disagreement  with  experiment,  and  the  experimental  data  are  not 
sufficiently  accurate  to  compare  with  the  equations  in  differential  form.  He  also  demonstrates  that 
most  of  the  results  obtained  from  the  mixing  length  theories  can  be  obtained  from  simple  dimen¬ 
sional  analysis,  without  any  assumption  concerning  the  mechanism  of  turbulence.  Evidently,  the 
results  obtained  from  the  mixing  length  theories  depend  primarily  upon  the  assumption  of  dynamic 
similarity  and  not  upon  the  proposed  mechanism.  Von  Harman's  mixing  length  theory(12-15)  owes 
its  success  entirely  to  the  similarity  concept  involved. 


These  criticisms  of  the  mixing  length  theories  show  that  the  proposed  physical  mechanism  is 
incorrect.  However,  for  problems  in  which  only  the  mean  velocity,  temperature,  or  concentration 
distributions  are  required,  they  provide  a  reasonable  approximation  to  fact  and  lead  to  equations  of 
flow  in  a  form  which  can  be  solved. 


Reichardt' s  Hypotheses 


The  phenomenological  approach  taken  by  Reichardt  to  the  theory  of  turbulence  differs  from 
that  of  the  mixing  length  theories  in  that  no  attempt  is  made  to  provide  a  physical  model. 
Reichardt(12-17)  observes  that  the  mean  profiles  of  momentum  flux  in  the  free  turbulence  shown  by 
jets  and  wakes,  can  be  approximated  by  error  functions,  and  that  the  profiles  are  similar  at  all 
cross  sections  beyond  a  certain  distance  from  the  origin  of  the  jet  or  wake.  The  error  functions 
are  found  to  be  solutions  to  the  equations  of  motion  provided  the  relation, 


UV  «  -  A  -  (12-H) 

dr 

holde  where 

a  b  db 

A  =  2  d^ 

U  and  V  denote  instantaneous  velocities  in  the  x  and  £  directions,  x  denotes  the  distance  along  the 
axis  of  symmetry,  r  denotes  the  radial  distance  from  the  axis  of  symmetry,  and  b  is  a  function  of 
x  alone. 

Although  there  is  no  physical  basis  for  Equation  (12-11),  Reichardt  points  o<’t  that  this  is  not 
necessary  for  the  success  of  a  method  which  is  required  to  yield  acceptable  solutions  only  for  the 
mean  profiles  of  momentum  flux. 

*  —i 

If  viscous  effects  and  pressure  gradients  are  assumed  to  be  negligible,  then  the  equation  of 
motion  for  an  axially  symmetric  jet  in  cylindrical  coordinates  is  given  by 


i 


I 


I 


) 


I 


t  * 
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dU2 

dx 


+  -  —  (r  UV)  »  0 
r  dr 


A  substitution  using  Equation  (12-11)  yields 


au2  _a  duA 

5x  r  dr  \  dr  ) 


0 


A  solution  to  this  equation  is  the  error  function, 


s 


U2  = 


(12-12) 


ft  is  possible  to  generalize  Reichardt1  s  hypothesis  to  include  any  transportable  property.  If  it 
is  assumed  that  molecular  transport  is  negligible,  that  there  is  no  generation  of  the  property,  and 
that  a  steady  state  exists,  then  a  generalized  transport  equation  n  be  written  as(12-2,  12-18) 


(HUD  .  0 


9 


where  H  is  the  concentration  of  the  quantity  being  considered.  In  cylindrical  coordinates,  this 
equation  takes  the  form, 


-  li-(rHV).  0 
dx  r  dr 


In  analogy  to  Equation  (12-11)  it  is  assumed  that 

HV  «  -AH  ip 
H  dr 

and  consequently,  the  equation  of  motion  becomes 


dHU 

dx 


r  dr  \  dr  / 


(12-13) 


Solutions  to  this  equation  are  of  the  same  form  as  Equation  (12-12),  and  may  be  written  as 


HU  « 


e 


(12-14) 


where 


bjj  c% 

2  dx 


It  will  be  noted  that  the  solutions  obtained  arc  in  the  form 

U2  ■  U2  +  "u^2 


or 

HU  *  HU  +  HV 
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in  comparison  with  the  size  of  the  origin.  Experimentally,  it  is  found  that  the  above  requirement 
is  approximately  met  when  the  profile  is  at  least  ten  orifice  diameters  downstream  from  the  jet 
orifice. 

If  Equations  (12-13)  and  (12-17)  are  substituted  into  the  equations  of  motion,  there  results 

<9 HU  CHzx  3  r  (3 HU  \  _ 

<9x  2r  <9 r  V  dr  ) 


Since  this  equation  is  linear  in  HU,  a  linear  combination  of  solutions  describes  the  flow  field  formed 
by  any  number  of  point-source  jets.  (12-17)  in  particular,  for  a  jet  whose  source  has  finite  area,  it 
follows  that 


HU 


HU(y0,  z0) 

TT  Cjj2X2 


e 


V^Yo’  zo) 


dA 


(12-19) 


where  HU(y0,  zQ)  and  T)(yQ,  zQ)  indicate  that  these  quantities  may  vary  in  the  plane  of  the  jet  origin. 
For  a  round  jet  with  a  flat  profile  at  the  origin,  HU(y0,  z0)  is  constant  and 


^(Yo^o)  = 


R2  +  D2  -  2RD  cos  0 


where  R  is  the  radial  distance  from  the  axis  of  symmetry,  D  is  the  distance  of  the  point  source 
from  the  axis  of  symmetry,  and  $  varies  from  zero  to  2.TT,  Also,  because 


dA  *  D  dD  d 0 


Equation  (12-19)  becomes 


HU 


HU(0,  0) 

TT  CHZx2  6 


R* 


D2 


r  2v2 
CH  x 


r  M 

CH  x 


2  RD 

C  2x2 
x 


COS  <P 


D  dD  d(f> 


> 


where  R0  is  the  radius  of  the  jet  source.  ThiB  equation  can  be  expanded  into  a  power  series  and 
integrated  to  yield 


R2 

* 

o 

r\j 

HU  =  mML  e  ”  CH2x2 

TT 

n  Ch2x2 ( 

^  1  -  C  CH2X2y 

)  +.  .  . 

It  will  be  noted  that  for  the  limiting  case  where  x  >>  R0,  this  equation  reduces  to  Equation  (12-18) 
with  A0  equal  to  n  RQ2, 

The  linearization  of  the  equations  of  motion  and  the  degree  of  simplicity  obtained  arc  the  chief 
virtues  of  Reichardt’s  hypothesis.  The  accuracy  of  the  solutions  is  not  great,  particularly  near  the 
edge  of  a  jet  or  wake,  but  reasonably  good  approximations  arc  obtained  near  the  axis  of  symmetry. 

Figures  12-2  and  12-3  compare  the  equations  obtained  from  Rcichardt's  hypothesis  w  th  ex¬ 
perimental  data. 
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As  in  the  other  phenomenological  theories,  Reichardt's  hypothesis  does  not  yield  information 
concerning  the  fluctuating  motion.  -Hence,  it  suffers  from  the  same  criticism  as  that  directed 
against  the  mixing  length  theories.  Additionally,  it  is  based  upon  the  assumption  that  the  mean 
value  profiles  may  be  represented  by  error  functions,  and  in  the  more  extended  form,  that  all  pro¬ 
files  are  similar  at  distances  from  the  origin  large  in  comparison  with  the  size  of  the  orifice.  Both 
of  these  assumptions  are  untrue  in  detail.  Forstall  and  ShapiroU2-19)  have  indicated  that  a  cosine 
function  yields  as  good  an  approximation  to  the  measured  profiles  as  does  the  error  function,  and 
Batchelor(i2-14)  reports  that  the  profiles  in  the  wake  behind  a  cylinder  are  not  exactly  similar  at 
distances  up  to  six  hundred  diameters  behind  the  cylinder.  Keagy  and  Weller(  1 Z— 20)  measured  the 
velocity  and  concentration  profiles  in  round  jets  of  nitrogen,  carbon  dioxide,  and  helium  expanding 
into  air  and  found  that,  while  error  functions  give  reasonable  approximations  to  the  profiles,  the 
axial  variations  do  not  agree  with  Equation  (12-18). 

Even  with  these  objections,  Reichardt's  hypothesis  has  much  to  recommend  it.  The  lineari¬ 
zation  permits  the  treatment  of  flow  near  the  origin  of  the  jet  or  wake  and  the  interaction  of  two  or 
more  jets.  Neither  of  these  cases  can  be  conveniently  handled  by  the  mixing-length  theories.  At 
the  same  time,  the  mathematical  labor  required  to  obtain  solutions  is  greatly  reduced.  Reichardt's 
hypothesis,  as  originally  formulated,  applied  only  to  free  turbulence.  Recently,  however,  attempts 
to  extend  this  hypothesis  to  flow  patterns  where  the  effects  of  walls  or  other  solid  boundaries  are 
present  have  been  made  with  reasonable  success.  ( 12-2 1 ,  12-22) 


THE  STATISTICAL  THEORY  OF  TURBULENCE 


In  the  early  investigations  of  turbulent  flow  it  was  suggested  that  turbulent  motion  consists  of 
eddies  of  a  more  or  less  definite  size  moving  through  the  bulk  of  the  fluid.  This  idea,  combined 
with  concepts  borrowed  from  the  kinetic  theory  of  gases,  led  Prandtl  anc  Taylor  to  introduce  a  mix¬ 
ing  length,  which  is  analogous  to  the  mean  free  path  in  a  gas. 

This  approach  tacitly  implies  that  turbulent  motion  is  discontinuous  and  that  eddies  can  pre¬ 
serve  their  identity.  That  is,  the  original  momentum,  vorticity,  or  some  other  property  of  an  eddy 
can  be  continuously  identified  over  a  considerable  length  of  time  before  mixing  occurs  and  the  eddy 
merges  with  its  surroundings.  This  conception  might  have  some  merit  if  the  "eddy  density"  were 
quite  low,  but  this  is  untrue.  Also,  since  molecular  diffusion  is  the  only  process  by  which  such 
eddies  can  lose  their  individual  properties  to  their  surroundings,  the  physical  properties  of  the 
fluid  should  have  a  pronounced  effect  upon  the  magnitude  of  the  mixing  length.  However,  in  these 
theories  it  is  assumed  that  the  mixing  length  is  independent  of  molecular  transport  properties. 

The  idea  of  an  eddy,  however,  is  a  convenient  intuitive  concept.  If  a  turbulent  flow  field  is 
examined  by  some  method  which  makes  the  streamlines  visible,  eddy-like  bodies  of  fluid  having 
vaguely  defined  boundaries,  can  be  seen.  Still,  the  eddies  constitute  a  continuous  part  of  the  flow 
field  so  that  any  attempt  to  define  the  diameter  of  an  eddy  by  simple  measurements  must  fail.  One 
method  of  defining  a  length  scale  which  is  connected  with  the  average  size  of  the  eddies  was  dis¬ 
covered  by  G.  I.  Taylor.  According  to  Taylor(12-23),  "It  is  clear  that  whatever  we  may  mean  by 
the  diameter  of  an  eddy  a  high  degree  of  correlation  must  exist  between  the  velocities  at  two  points 
which  are  close  together  when  compared  with  this  diameter.  On  the  other  hand,  the  correlation  is 
likely  to  be  small  between  the  velocities  at  two  points  situated  many  diameters  apart". 

Following  this  line  of  thought,  Taylor  introduced  the  correlation  coefficient,  Ry.  This  is  the 
correlation  between  fluctuating  velocities  at  two  points  separated  by  a  distance,  perpendicular 
to  the  direction  of  the  fluctuating  velocities.  Symbolically,  the  correlation  coefficient  is  given  by 


R 


y  " 


> 
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where  the  u's  denote  fluctuating  velocities,  the  primes  denote  values  at  a  second  point,  and  the  bars 
denote  a  time  mean  value  of  the  form  given  in  Equation  (12-2). 

The  correlation  coefficient  can  have  values  between  plus  and  minus  one.  If  the  two  velocities 
have  a  perfectly  random  phase  relationship,  then  the  correlation  coefficient  is  zero.  A  correlation 
coefficient  of  zero  does  not  necessarily  mean,  however,  that  the  fluctuations  are  unrelated. 

The  value  of  the  correlation  coefficient  at  a  given  separation,  y,  can  sometimes  be  considered 
as  a  measure  of  the  fraction  of  eddies  having  a  diameter  equal  to  or  greater  than  that  distance.  If 
the  correlation  coefficient  approaches  zero  sufficiently  rapidly  as  v  tends  to  infinity,  then  a  length 
£2  may  be  defined  as 

4=  • 

0J 

This  length  may  be  considered  as  a  measure  of  the  average  diameter  of  the  eddies  and  is  known  as 
the  Eulerian  scale.  The  tendency  at  present  is  to  avoid  the  identification  of  such  quantities  with 
physical  properties  of  the  turbulence. 

Figure  12-4  is  a  plot  of  a  measurement  of  Ry  as  a  function  of  the  distance,  y.  Such  measure¬ 
ments  can  be  made  by  squaring  and  averaging  the  added  outputs  of  two  hot-wire  anemometers  lo¬ 
cated  a  distance,  y,  apart.  This  yields 

(uj  +  u'j)2  *uZ]  +  u’j2  +  2  uju'| 

The  values  of  uj2  and  u'j2  can  be  found  separately  by  measuring  the  outputs  of  hot-wire  anemome- 
ters  with  a  thermo-milliammeter.  Subtraction  of  these  values  from  (uj  +  u'j)2  gives  the  quantity, 

2  uju'  j.  An  alternate  method  is  to  square  the  sum  and  difference  of  the  outputs  from  the  two  wires 
and  subtract  to  give  the  value,  4  uju'  j.  Other  methods  are  also  available. 


-04-0i3  -0.2  -0.1  0  0.1  0.2  0.3  0.4 

y,  Inches 

FIGURE  12-4.  MEASURED  VALUES  OF  THE  CORRELATION 
COEFFICIENT,  Ry,  BEHIND  A  GRID 

Mesh  Spacing  0.9  x  0.9  in.  ,  u2  ■  0.  1015  ft^/sec 2 
(Taylor)l  2-23 


Taylor's  correlation  coefficient  may  be  generalized  to  express  the  correlation  between  ve¬ 
locities  in  any  direction  at  two  points.  Since  these  correlation  coefficients  involve  the  product  of 
two  vector  velocities,  they  may  be  regarded  as  components  of  a  tensor  of  rank  two,  0 2-24)  and 
written  as  follows: 


RiJ 
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In  this  expression  uj2  and  u'j2  refer  to  mean  square  value  of  the  ith  and  jth  components,  and  do  not 
signify  the  contracted  product,  uj  uj ,  or  u' j  u'j. 


Isotropic  Turbulence 


The  simplest  type  of  turbulence  to  investigate  is  that  which  is  isotropic  and  homogeneous.  In 
homogeneous  isotropic  turbulence,  the  mean  value  of  any  function  of  the  fluctuating  velocity  com- 
pcnents  and  their  derivatives  at  a  particular  point  or  pair  of  points  is  unaltered  by  a  rotation  of  the 
coordinate  system  or  by  a  reflection  of  the  axes  in  a  plane  through  the  origin.  Equivalently,  these 
values  are  independent  of  the  direction  cosines  of  the  velocity  components.  Homogeneous  isotropic 
turbulence  is  usually  called  "isotropic". 

In  isotropic  turbulence,  the  Reynolds  shear  stresses  are  zero.  Consider  the  product,  iq  uj. 
A  rotation  of  the  axes  180  degrees  about  the  xj  axis  yields 

Ui  =  ui  , 

Uj  =  -  uj  , 

so  that 


ui  Uj  *  -  Ui  Uj 

The  assumption  of  isotropy  requires  that 


and  consequently,  ^  uj  is  zero  unless  ji  equals  j. 

Experimental  evidence  has  shown  that  all  turbulent  motion  tends  toward  isotropy.  Fage  and 
Townend(12-35)  found  that  the  turbulence  in  the  central  portion  of  a  pipe  is  approximately  isotropic. 
Similarly  atmospheric  turbulence  is  found  to  approach  the  condition  of  isotropy  at  sufficiently  large 
distances  from  the  ground.  The  turbulence  generated  in  a  stream  by  means  of  a  grid  of  bars  be¬ 
comes  isotropic  a  short  distance  downstream  of  the  grid.  Recent  measurements,  however,  indicate 
that  the  final  approach  to  isotropy  is  very  slow,  and  that,  in  fact,  complete  isotropy  may  never  be 
reached. (12-26) 


The  Correlation  Tensor 


In  isotropic  turbulence,  the  correlation  tensor  is  capable  of  being  expressed  in  analytic  form. 
Consider  two  points,  and  P',  connected  by  the  line,  r,  in  the  coordinate  system,  x^.  If  the  axes 
are  transformed  to  an  xr-system  with  Xj  coincident  with  r,  then 

^i  =  &  is  us  » 

U't=/jtu'j 

and  where  the  Ur  denote  velocity  components  in  the  new  system  and  denote  the  direction  cosines 
between  the  old  and  new  axes.  In  the  new  coordinate  system,  only  the  correlations,  Uj  U'  j,  U1^, 
and  U3  U'j  exist,  since  by  rotations  of  the  Xr-axes,  all  other  correlations  may  be  shown  to  be  zero. 
Also,  since  U'^  and  U3  U*3  differ  only  by  a  rotation  of  the  axes,  they  must  be  equal.  These  two 
remaining  correlations  arc  scalars  and  may  be  represented  as  functions  of  tune  and  the  scalar  dis¬ 
tance  between  the  two  pointe: 
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_  1 


U1  u'l 
f(r,t)  *=  — ~=r— ■ 

U2 


g(r,t) 


U2U'2  U3  U'3 


(12-20) 


Here  U2  ia  the  common  value  of  U-[2,  since  in  isotropic  turbulence  this  value  iB  independent  of  direc¬ 
tion  and  position. 

In  terms  of  the  correlations  in  the  Xr-system,  the  correlation  tensor  is  expressible  as 

“T^j  a  o  uTu7; 


Therefore, 


„  “1  “  J  _  0  a  ur  u  a 

Rij  *  — =  =  *ir  ^js  _  , 

xj2 

*  Al  ^jl  f(r>t)+(^i2  ^j2  +^i3 

Rij  =  Al  ^jl  [f(ri4)  -  g(r>4)J  +  <5ij  g(r,t) 


where 


6ij  =  Al  ^jl  +  ^2  ^j2  +  ^i3  ^j3 


The  direction  cosines  are  given  by 


6  ?i 
'U  =  T 

where  the  denote  the  components  of  £  in  the  x^  coordinate  system,  so  that  the  correlation  tensor 
becomes 


Mi  r  1 

Rij  =  — j2  “  g(r,t)J  +  fijj  g(r , t) 


(12-21) 


The  correlation  tensor  is  symmetric  since  the  component  tensors,  £1  £j,  and  6$j,  are  symmetric. 

If  the  turbulent  fluid  is  incompressible  and  without  sources  or  sinks,  the  continuity  equation 
may  be  written 

.  5ui 

-  +  -  *  0  , 

<Jxi  <9xi 

where  Iqis  the  mean  velocity  and  ui  is  the  fluctuating  velocity.  The  mean  motion  satisfies  the  equa¬ 
tion  of  continuity  in  this  case,  s  1  that 


Consider  the  point,  P,  in  the  correlation  tensor  to  be  fixed  at  the  origin  of  a  coordinate  system.  If 
the  point  P'  Ib  allowed  to  vary,  ‘he  components  of  r  can  be  introduced  as  coordinates.  The  conti¬ 
nuity  equation  at  P'  then  become  j 
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Multiplication  of  this  equation  by  Uj/(u2),  which  is  independent  of  the  location  of  P',  yields 


=  0 


Taking  the  mean  value  of  both  sides  and  expanding  according  to  Equation  (12-21)  gives 

=  ’  s(r>t) J  +  6ij  g(r,t)|  =  0 

Differentiation  of  the  right  side  of  this  equation  followed  by  a  grouping  of  terms  and  a  contraction 
yields 

Finally,  multiplication  of  this  equation  by  r2/|j,  gives 

2  [f  “  gJ  +r  If  =  0  •  (12-22) 


Equation  (12-22)  is  a  relation  between  the  two  correlations,  f(r,t)  and  g(r,t).  The  correlation 
tensor  can  therefore  be  completely  expressed  in  terms  of  one  scalar  function  and  its  derivative. 


L> 


Since  f(r,t)  and  g(r,t)  are  independent  of  the  orientation  of  r,  they  must  be  even  functions  of 

f(r,t)  x  f(-r,t)  , 

g(r, t)  ■  g(-r,t) 

On  expanding  these  functions  in  a  series  in  t_  about  the  point,  P,  only  even  powers  ®f  r  are  obtained, 
so  that 


f(r,t)  =  1  r2  +  f^O)  ll  +... 


g(r,  t)  =  1  +  r2  +  glv(0)  ~  +. . . 


> 


(12-23) 


J 


If  these  results  are  used  to  substitute  into  Equation  (12-22)  and  coefficients  of  corresponding  values 
of  r  are  equated,  then 

2  f"(0)  .  g"(0) 

,  3  fiv(0)  n  giv<0),  etc. 

Then  for  small  values  of  r,  the  following  results  are  valid: 


f(r,t)  «  1  +  i  f"(0)  r2 
g(r,t)  -  1  +  f"(0)  r2 


(12-24) 

(12-25) 
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and 


Rij  =  -  \  ii  ?j  f"(0)  +  fijj  [l  +  f"(0)  r2 


(12-26) 


The  Microscale  of  Turbulence 


Since  f"(0)  has  the  dimensions  of  the  reciprocal  of  a  length  squared,  a  length,  X,  can  be  de¬ 
fined  as 


(12-27) 


Both  f"(0)  and  g"(0)  are  measures  of  the  curvature  of  the  correlation  curve  at  the  origin,  and  there¬ 
fore  must  be  connected  with  the  mechanism  by  which.the  correlation  coefficient  decreases  from  one. 
Because  the  smallest  eddies  must  be  responsible  for  the  behavior  of  the  correlation  coefficient 
near  r  =  0,  G.  I.  Taylor(12-23)  proposed  that  the  length  X,  be  taken  as  a  measure  of  the  average 
size  of  the  smallest  eddies.  He  proposed  the  name  microscale  for  this  length. 

i 


Correlations  Between  Derivatives  of  Velocities 


The  correlation  tensor  can  be  used  to  find  the  correlations  between  space-derivatives  of  the 
fluctuating  vclocities(  12-27),  such  as 

5uT~  duj~ 

<5xr  <?xB 

The  correlation  between  first  derivatives  can  be  found  as  follows,  If  xr  are  the  coordinates 
of  the  point  where  ui  is  measured,  and  x'8  are  the  coordinates  of  the  point  where  uj1  is  measured, 
then 


duj  uj' 
<?xr 


The  components  of  the  line,  £,  joining  the  two  points  are  given  by 


Sr  =  x'r  “  xr 

and  since  xr  is  independent  of  x’r,  it  follows  that 

d£r  ■  -  dxr 


Therefore, 


<JUj  Uj' 

dxr 


The  fluctuations  at  either  point  are  independent  of  the  location  of  the  other  point  so  that  differentia¬ 
tion  with  respect  to  xr  and  x'g  yields 


Uj1  duj1  du$ 

dxg'  dXg*  dXj, 


U^ 


<^Rij 
d?r  d£f 
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If  the  two  points  are  made  to  coincide,  the  distinction  between  the  primed  and  unprimed  quan¬ 
tities  vanishes,  and 

dui  <ju,  ,  <?2r.. 

- -  - i.  a  -  U<*  — - 2_ 

dxr  dXg  diT  rttQ 

26)  that  the  second  partial  derivative  of  the  correlation  tensor  at  r  »  0 


*  f"(0)  \z6re  fiy  -  \  f&ig  6jr  +  6js  6ir )  1 

|  r=0  L  *  ' 

so  that  all  the  desired  correlations  are  expressed  in  terms  of  f"(0)  and  a  numerical  constant.  The 
same  method  can  be  applied  to  higher  derivatives. 


It  follows  from  Equation  (12- 
is  given  by 


<?2r 


V 


nr  n. 


Triple  Correlations 


In  a  manner  similar  to  the  correlation  coefficient,  the  correlations  between  three  fluctuating 
velocities  can  be  considered,  two  at  one  point  and  one  at  another.  This  triple  correlation  may  be 
defined  by 

4  uj  y 

(u2)3/2 

or 

ui'  uj’  uk 
(^2)3/2 

The  triple  correlations  form  the  components  of  a  tensor  of  third  rank,  T^.  (12-27,  12-28) 

Assume  for  the  moment  that  the  line  r  joining  the  two  points  is  directed  along  the  xj-axis  in  a 
homogeneous  isotropic  turbulence  field.  After  elimination  of  those  correlations  which  change  sign 
with  rotation  about  the  xj  axis,  there  remains 

uj  uj1  ■  (u2)3/2  k(r, t)  , 

u2  u2  uj'  «*  (u2)3/2  h(r, t)  , 

and 

ui  u2  u2'  ■  (u2)3/2  q(r, t) 


In  a  manner  analogous  to  that  used  in  connection  with  the  double  correlation  tensor,  the  triple 
correlation  tensor  may  be  shown  to  be  a  function  of  the  three  scalar  correlations,  k(r,  t),  h(r ,  t), 
and  q(r,t),  of  the  form 

Tr.t  ■  [k-h-Zq]  +6r.^h 

+  5rt  —  <1  +  fist  —  <1  » 

where  $r,  ?t  denote  the  components  of  x. 
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As  in  the  case  of  the  correlation  Rjj,  the  equation  of  continuity  ran  be  used  to  obtain  relations 
between  the  three  triple  correlations,  k,  h,  and  q,  provided  the  fluid  is  incompressible.  These  re¬ 
lations  are  given  by 


q  *  -  h 


1  ££ 

2  1  <?r 


(12-28) 


and 


k  =  -  2h 


(12-29) 


Consider  the  correlation 


By  expansion  of  Uj'  in  terms  of  the  component  of  r  in  the  xj  direction,  k,  may  be  shown  to  be 
given  by 


.“.3/2  ~r  1  <5^3  i  dZH 

(u  )  k  *  uj3  +  - - ?1  +  -  “l2  - ^ 


3 


3^2 


1  33uj  - 

+  -  i 

6  a€l3 


If  the  xj  axiB  is  reflected  in  the  X£,  x^  plane,  all  terms  containing  even  powers  of  must 
vanish  since  the  velocity  termB  change  in  sign.  Also  da^/ is  zero  because  u*3  is  zero  every¬ 
where,  Therefore,  the  series  development  for  k  must  start  with  the  cubic  term, 


1 

6 


(^UJ 


Si3 


The  series  development  in  terms  of  r  has  the  same  form: 

k  =  i  k"'(0)r3+J_  kV(0)r5+... 


Thus,  from  Equations  (12-28)  and  (12-29)  it  follows  that 

k(0)  *  h(0)  *  q( 0)  =  0 

Figure  12-5  shows  some  experimental  measurements  of  h  for  flow  behind  a  grid  at  various 
Reynolds  numbers  and  at  various  distances  downstream,  (12-29T 


Correlations  Between  Scalars  and  Velocities 


Consider  the  correlation  between  a  fluctuating  scalar,  j>,  at  a  point,  JP,  and  a  fluctuating  ve¬ 
locity,  Uj',  at  a  point,  P' ,  denoted  by 


with  the  line,  £,  joining  points,  P  and  P\  A  transformation  from  the  xj  coordinates  to  the  Xr 
coordinates,  where  Xj  lies  along  £,  yields 

P  vr'  *  P~uT  iir 
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If  the  turbulence  is  isotropic,  a  rotation  of  axes  about  Xj  shows  that 


P  V,'  =  pv*  =  0 


The  correlation,  pVp,  can  fee  written^  12-27)  a8  follows: 


pVj'  =  \]  P 2  y  u2  S(r) 


where  S(r)  is  a  scalar  function  of  the  distance  between  the  points.  In  terms  of  the  original  coordi¬ 
nates  the  correlation  becomes 


pui"  =  ]]  p2  J  u2  S(r) 


(12-30) 


If  the  fluid  is  incompressible,  then 


<3PV 

“ 


=  0 


because  £  does  not  depend  upon  the  coordinates  of  the  point,  P'.  A  substitution  using  Equation 
(12-30)  yields 


7  js(r)  ^ilj 


s  0 


Changing  from  the  direction  cosines  to  the  components  of  r,  (12-28)  and  introducing  the  variable 


there  results 


2=  Sir) 

r 


<£i  as 


A  contraction  followed  by  an  integration  gives 


so  that 


s’7  ' 


S(t)  ■  r  2  = 


Since  S(r)  must  be  regular  at  r  =  0,  it  follows  that 

C  «  0  , 

and  hence, 

pup  b  0 

Thus,  the  correlation  between  a  fluctuating  scalar  at  P  and  a  fluctuating  velocity  at  P'  is  equal  to 
sero. 
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M=  Mesh  spacing,  Rs  Reynolds  number 
based  on  the  mesh  spacing,  r= distance 
between  points  (Stewart)14'"  r- 


0.005 

OOOi 


FIGURE  12-5.  MEASURED  VALUES  OF  THE  TRIPLE  CORRELATION 
COEFFICIENT,  h,  BEHIND  A  GRID 


The  Correlation  Between  Fluctuating  Density 
and  Fluctuating  Velocity 


By  the  same  method  used  in  the  preceding  section,  the  correlation  between  the  fluctuating 
density  p,  at  a  point  P,  and  the  fluctuating  velocity,  Ui',  at  a  second  point  P',  may  be  investigated. 


The  resulting  equation  takes  the  form: 


*f*i'  _  hr  h-r,  T  <*( 


p 2  \l  Vi'Z 


S(r )  +  2  S(r) 
dr  r  _ 


However,  the  equation  of  continuity  can  no  longer  be  used  to  reduce  this  expression,  because 
duj'/dCi  is  not  necessarily  zero.  However,  it  may  be  shown  that 

puj  «  0  , 

that  is,  the  correlation  is  zero  for  r  ■  0,  but  this  result  is  obtainable  by  a  simple  rotation  of  axes. 


The  Propagation  of  the  Correlation 


The  Navicr-Stokes  equation  for  the  fluctuating  motion  of  incompressible  isotropic  turbulence 
can  he  written  from  Equation  (11-19)  as 


v(!2±t!2L>*!!L'\.  i  iiUu,  iUii  . 

\<5xj2  dxzZ  <5x32/  p  <Jxj  dXi  <?t 

Multiplication  of  this  equation  by  u'^,  which  is  independent  of  the  coordinates  of  the  unprimed  quan¬ 
tities,  followed  by  a  substitution  using  the  equation  of  continuity  yields 

v  6r*  ■ '  p  ~i lp  kl '  |U|  u'kl  *  “'k  ^ 
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I 


In  terms  of  mean  values  this  result  becomes 

32R.. 


—  d2Rju  ?  3/2  dT:-!  3^J7 

V  »  «r.  '  -(“2>  -jF  +  “'k  -.T1 


Similarly,  starting  with  the  equation  at  the  point  P',  and  using  the  relation,  uj  u'j  u'fc 
-uf  uj  u'^,  there  results, 

^uk'  ,  #~^3',2  5Tikj  *  ~J  ,?2Rjk 

"j  — + »  —  * v  5” U  >sA  ■ 


The  sum  of  these  two  results,  expressed  in  terms  of  h,  jf,  and  r_,  yields  the  von  Karman-Howarth 
relation,  (12-27) 


j*s£  +  (u2)3/2  fi 

(9t  L  r 


8  ,  , 

,  5h  1  2 

2  —  *  2v  u‘  - 

2f  t  4 

af ' 

-  h  + 

—  +  - 

.  r 

<9r  J  LA 

r2  t 

f9r  _ 

(12-31) 


From  this  equation,  it  can  be  seen  that  the  behavior  of  f,  the  double  correlation,  cannot  be 
found  without  some  knowledge  of  the  triple  correlation,  h;  h  cannot  be  found  without  knowing  the 
fourth-order  correlation;  and  a  similar  result  holds  for  higher  order  correlations. 


The  Decay  of  Isotropic  Turbulence 


From  the  power  series  development  of  and  h  about  the  point,  P,  and  from  Equation  (12-22) 
it  follows  that  Equation  (12-31)  can  be  written  as 


du2  lOv  u2 
dt  X2 


(12-32) 


This  equation  was  first  obtained  by  von  Karman  and  Howarth.  (12-27)  if  there  is  a  mean  stream  ve¬ 
locity,  tJ,  such  that. 

d  «t  d 

S,u£ 


IT  du^  ,n 
U  -  ■  -  lOv  — - 

dx  X2 

This  result  corresponds  to  G.  I.  Taylor's  equation  for  the  decay  of  turbulence  behind  a  grid. 

The  decay  of  turbulence  may  be  approached  in  another  manner.  (12-4j_  12-19)  The  turbulent 
energy  per  unit  volume  of  the  fluid  for  isotropic  turbulence  is  equal  to  3.  pu2  and  the  rate  of  dissipa¬ 
tion  of  the  turbulent  energy  io  given  by  2 


(12-33) 


If  the  fluid  ii  Incompressible,  the  mean  rate  of  energy  dissipation  is  given  by  the  time  average  of 
Equation  (11-21)  so  that 

* .  u  i  ♦  prjpi]  ■ 

LV*b/  <**8  t,xrJ 


W ADC  TR  *.'.-344 


12-24 


From  Equations  (12-24)  and  (12-25)  it  follows  that 

W  =  -  15ju  ) 

or,  in  terms  of  the  microscale  from  Equation  (12-27),  the  rate  of  decay  of  isotropic  turbulence  is 
given  by 

W  =  .  (12-34) 

X2 

i  i 

This  equation  combined  with  Equation  (12-33)  yields  a  result  which  is  identical  to  the  von  Karman- 
Howarth  relation. 


Some  Properties  of  the  Microscale 


From  dimensional  reasoning,  the  rate  of  dissipation  of  energy  in  turbulence  should  be  pro¬ 
portional  to  the  quantity,  p  P)  3A  ,  where  Lisa  dimension  defining  the  scale  of  the  turbulence. 
If  L  is  chosen  to  be  the  Eulerian  scale,  H-i ,  then 

\3 


15 

X2 


(M 

L 


(12-36) 


for  which  the  relation 


f 


is  obtained  where  (C  is  constant  for  a  particular  system.  The  substitution  of  a  Reynolds  number  of 
turbulence,  defined  by 


N 


o 


J_iE 

V 


gives 


X 

n 


(12-37) 


This  equation  cannot  be  expected  to  hold  at  very  low  values  of  N0,  since  X  would  then  increase  with¬ 
out  limit.  Although  correlation  curves  can  be  drawn  for  which  X  is  greater  than  such  curves 
have  not  been  obtained  experimentally.  However,  TaylorO2-^)  reported  one  measurement  of 
X/f2  equal  to  0.  86. 


The  Decay  of  the  Scale  and  Intensity  of  Turbulence 


From  the  relations  given  in  Equation  (12-36)  and  in  Equation  (12-33)  there  is  obtained, 

d/u2"  _  .  u2 


dt 


*  A 


tl 


where  A  is  constant.  The  assumption  that  the  turbulence  is  carried  by  a  stream  of  uniform  velocity, 
U,  with* £  replaceable  by  uA.  Implies 
“  dt  “ 
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] 


_d 

dx 


A_ 

£2 


The  quantity 


/  u^/U  i 


s  called  the  intensity  of  turbulence. 


Integration  of  Equation  (12-38)  shows  that 


JL-JL.  A 

/  u02 


(12-38) 


(12-39) 


Hence,  it  is  necessary  to  know  the  law  of  decay  of  the  scale  of  turbulence  before  the  decay  of  the 
intensity  can  be  found.  Taylor  assumed  that  1%  was  a  constant,  but  when  experimental  data  became 
available,  it  was  found  that  the  scale  increased  as  the  turbulence  decayed.  Taylor  then  tried  a 
linear  law  of  decay  for  the  scale,  but  the  resulting  form  of  Equation  (12-39)  did  not  agree  well  with 
experimental  data. 


A  relation  between  the  scale  and  the  distance, 
analysis.  If  it  is  assumed  that  the  rates  of  decay  of 
and/2,  then  it  follows  that(12-4,  12-31) 


j,  can  be  obtained  from  dimensional 
u2  and  £2  depend  only  upon  the  values  of 


and 


(12-40) 


(12-41) 


1 


d  d 

where  —  has  been  replaced  by  U  . 

Equation  (12-40)  is  identical  with  Equation  (12-38).  This  is  expected  since  both  equations  are 
based  on  the  same  set  of  assumptions.  However,  Equation  (12-41)  is  a  new  relation. 

If  Equation  (12-40)  is  differentiated  and  eliminated  by  use  of  the  original  equation,  there 
results 


_U _ d£  /  _U_\  +  B  r_d 

j  ^2  dx2  \  \j  ^2/  A  Ldx 


> 


where  the  elimination  of  d^/dx  has  been  accomplished  by  the  use  of  Equation  (12-41).  The  first  and 
second  integrals  of  this  equation  are  given  by 


_d 

dx 


S 


and 


respectively. 


A  4-  B 
A 


4- 


Cj 


A  4-  B 
A 


(x  -  x0) 


A  4-  B 
A 


(12-42) 


(12-43) 
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Equations  (12-40)  and  (12-42)  may  be  used  to  eliminate  Cj  in  Equation  (12-43)  so  that 


i  uo2 

1 /  u2 


LQ2  Vuo^  (A  +  B) 

= s  1  +  ~~r~u — {x  -  xo) 

u2  2fl 


A 

A  +  B 


(12-44) 


If  this  equation  is  differentiated  and  substituted  into  Equation  (12-40),  there  results  for  the  decay  of 
the  scale, 


h  r. .  <A+ 


£z  *  lr  4  u 
^0  20 


(*  -  x0) 


A 

A  +  B 


(12-45) 


From  Equations  (12-40)  and  (12-32),  it  is  possible  to  show  that  the  constant,  C,  in  Equation 
(12-37)  is  given  by 


so  that 


This  result  is  free  from  the  arithmetic  error  in  Dryden's  derivation.  (12-4) 

Equations  (12-40)  and  (12-41)  can  also  be  obtained  by  expressing  the  von  Karman-Howarth 
relation  in  terms  of  the  variable,  7)  =  r/£2j„t°_give 

1  dL  df  h  dU  /dh  h\ 

"  /f‘‘ir7,^  +  (^7r‘ir£'2^+4 


_2_  /d£f  4  df  N 

=  N0  W  75  dJ 


(12-46) 


DrydenU2"4)  reasoned  from  Equation  (12-46)  that  if  the  correlations,  f  and  h,  retain  the  same 
form  for  all  times,  then  the  coefficients  in  this  equation  must  be  constants,  since  the  coefficient  of 
the  third  term  is  constant  and_f  and  h  are  assumed  to  be  functions  of  T)  alone.  Hence,  it  follows  that 


1  du2 

2  dt 


=  -  a  Inii 

h 


t. 


The  first  two  of  these  equations  correspond  to  Equations  (12-40)  and  (12-41),  The  third  relation 
requires  that  the  product,  be  constant.  Therefore,  A  and  B  must  be  equal. 

Von  Karman,  making  the  additional  assumption  that  Nq  is  so  large  that  the  third  term  of 
Equation  (12-46)  is  negligible,  eliminated  u2  from  the  first  two  of  these  equations  to  obtainU2-27) 
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2 


AU2  5  /d£ 

lz  — _  s - ( - 

dr  ajS  Mt 

Von  Kkrmkn' s  solution  to  this  equation  contains  an  algebraic  error.  When  corrected,  his  results 
become 


and 


(12-47) 


(12-48) 


X2  =  (5  +  a 0)  vt 


(12-49) 


where  a  =  5/A  and  £  =  B. 

If  a/?  =  5,  then  von  K&rm&n's  solution  corresponds  to  that  obtained  by  Dryden. 


A  reference  dimension  may  be  introduced  into  Equations  (12-44)  and  (12-45)  or  Equations 
(12-47)  and  (12-48).  Von  Kfcrmkn  found  that  if  M/d,  where  M  is  the  mesh  size  of  the  turbulence 
generating  grid  and  d  is  the  bar  diameter,  is  not  too  small,  then  the  use  of  the  bar  diameter,  d, 
results  in  a  single  equation  for  all  grids.  (12-32)  Dryden(12-4)  evaluated  Equations  (12-44)  and 
(12-45)  for  his  data  and  found  that  . 


(12-50) 


(12-51) 


where  A  =  B  =  0.  2056.  These  equations  fit  his  data  with  fair  accuracy,  but  do  not  fit  the  data  ob¬ 
tained  by  others.  A  possible  explanation  of  this  discrepancy  is  the  effect  of  free  stream  turbulence 
in  the  various  wind  tunnels.  ( 12—4) 

Figure  12-6  includes  a  plot  of  Equation  (12-50), 

Figure  12-7  includes  a  plot  of  Equation  (12-51). 

Figure  12-8  and  12-9  show  the  decay  of  X.  Note  that  one  set  of  data  follows  the  relation  X^M, 
while  the  other  set  does  not. 


Von  Karmin  also  considered  self-preserving  correlations  in  which  f  is  a  function  of  the  vari¬ 
able,  X  *  r/'Tvt,  alone.  With  this  assumption, 


a2f  _  a  /  i  jtfN  & 

ar2  t?x  \sTvt  ax^  <*r 


a2f  i  a2f 

<hr2  vt  ax2 


(12-52) 
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FIGURE  12-6.  THE  DECAY  OF  TURBULENT  INTENSITY  BEHIND 
A  GRID 

Dryden  12-4 


An  evaluation  of  Equation  (12-52  at  £  equals  zero  followed  by  a  substitution  into  Equation 
(12-23)  for 

_1_  f  dZi 

.2  "  "  \  n_2 

a. 

yields 


where 


This  equation  may  be  integrated  directly  to  yield 


Note  that  if 


1  _  A 

a  “  5  +  a£  *  5(A  +  B) 


t 
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Eulerion  Scole 


this  equation  corresponds  to  Equation  (12"48).  With  a  different  choice  of  the  arbitrary  constants 
this  result  corresponds  to  Equation  (12-44). 


FIGURE  12-7.  THE  DECAY  OF  THE  TURBULENT  SCALE 


Dryden,  Schubauer,  ana  Shrams tad(  12- 33) 
From  Equation  (12-52)  it  follows  that 
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«  i  vt 

21 

This  equation  is  identical  with  Equation  (12-49)  if 

1 

a  =  5  +  aj3 


0  200  400  600  800  1000 


x/M 

FIGURE  12-8.  DECAY  OF  THE  MICROSCALE,  X 
Lin(12-34) 


The  identity  of  the  equations  obtained  when  assuming  either  f  =  {{r/l^)  or  f  b  f(r/vt)  suggests 
that  x  vt.  If  Dryden's  result  that  A  •  B  is  general,  then 


and 


/ 2  *  */"vt  • 

Hence,  the  two  assumptions  are  equivalent  and  a  single  law  of  decay  is  obtained  for  turbulence  hav¬ 
ing  self-preserving  correlation  coefficients.  For  this  law,  both  the  scale  and  microscale  increase 
as  the  square  root  of  the  time,  while  the  fluctuating  velocity  decreases  as  the  reciprocal  of  the 
square  root  of  time.  This  type  of  turbulence  is  characterised  by  a  constant  value  of  the  product, 

/2vu2  , 
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x/M 


FIGURE  12-9.  DECAY  OF  TURBULENCE  BEHIND  GRIDS  OF 
DIFFERING  SHAPES 

Stewart  and  Townscndi  12-35) 


It  is  interesting  to  note  that  the  assumption 
as  t*n  yields  the  results:(12-36) 


of  a  simple  power  law  of  decay  in  which  u2  decays 


J 


and 


For  self-preserving  turbulence,  the  scale  and  microscale  must  be  proportional  so  that 

1 1  *  'Tv  t 

and  the  two  cases  of  self-preserving  turbulence  arc  seen  to  be  identical. 
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The  Loitsianskii  Invariant 


If  the  von  Karman-Howarth  relation,  Equation  (12-31),  is  multiplied  by  rm  and  integrated  by 
parts  between  the  limits  of  JD  and  oo,  then 

H2  j*  f  rmdr  =  -  2  (^2)3/2  j\  r*nj  " 


—  3/  2  n  90  i 

+  (2m-8)(u2)  \  hr"1'1 


v“2  PsHo 


-  2  V  u2  (m-4) 


f  il  rm“l 

4 * 


“1  dr 


If  m  is  equal  to  four,  and  if  h  r4  and  (di/dr)r^  tend  to  zero  as  r— oo,  then 


—  r,c0 

u2  \  f  r^dr  a  A  *  constant, 

t/A 


(12-53) 


where  A  1b  the  Loitsianskii  invariant  and  remains  constant  throughout  the  process  of  decay. (I2"28) 

The  assumption  that  (<?f/dr)  r4  and  h  r4  converge  to  zero  as  r— oo  seems  physically  sound,  but 
experimental  measurements  of  the  behavior  of  f  and  h  at  large  values  of  r_  are  too  crude  to  establish 
this  assumption.  (12-29,  12-37) 

BatchelorU2”36)  has  shown  that  if  experimental  evidence  concerning  the  Bigns  of  f  and  k  are 
introduced  into  Equation  (12-53),  then 


|>  0  if  m  >  4, 

_  oo 

-i-  (u2  \  f  rmdr)  <  «0  if  m  n  4, 

at  Jo 

I  <  0  if  m  ■  3,  2,  1 , 0. 


A  length,  L*,  which  may  be  considered  aB  a  scale  of  turbulence,  may  be  defined  as 


=  f  f  r4dr 
J0 


with  the  result  that 


u2  L*  ■  A 


This  relation  was  first  obtained  by  L.  G.  Loitsianskii,  U  2"2®) 

For  self-preserving  turbulence,  all  lengths  based  upon  correlation  coefficients  must  be  pro¬ 
portional,  and  therefore, 


u2  i^>  -  constant 


(12-54) 
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This  is  in  contradiction  with  the  previous  result, 


^2  =  constant 


unless 


N0  s  0,  t  s  oo 

Thus,  completely  self-preserving  turbulence  is  possible  only  at  very  large  values  of  the  decay  time. 
Batchelor  has  made  an  unsuccessful  attempt  to  show  that  f  does  indeed  become  self-preserving  at 
large  values  of  t. 

Dryden' s  data  for  a  one-inch  grid(  12-33)  fit  Equation  (12-54)  better  than  the  constant  Reynolds 
number  relation  derived  from  Equations  (12-50)  and  (12-51). 

It  may  be  noted  that  neither  Dryden' s  solution  to  the  decay  problem,  Equations  (12-44)  and 
(12-45),  nor  von  K&rmkn's  solution,  Equations  (12-47),  (12-48).  and  (12-49)  are  capable  of  simul¬ 
taneously  satisfying  the  Loitsianskii  invariant  and  the  relation,  ^2~vt,  demanded  by  the  assumption 
of  self-preserving  correlations.  It  is  known,  however,  that  the  Loitsianskii  invariant  depends 
largely  on  the  largest  eddies  present,  and  during  the  time  scale  involved  here,  these  eddies 
scarcely  decay  at  all. 


Partially  Self-Preserving  Turbulence 

Experimentally,  it  has  been  found  that  the  expansion  of  f  in  terms  of  r/X  is  independent  of  t 
to  terms  of  fourth  degree,  and  that  k(r/X)  is  independent  of_t  to  the  term  of  third  degree.  (12-38) 
Hence,  _f  and  k  must  be  self-preaerving.for  small  values  of  r/X. 

An  apparent  consequence  of  the  self-preservation  of  _f  near  the  origin  is  that  the  microscale, 
which  depends  only  upon  the  behavior  of  f  at  the  origin,  must  follow  the  decay  law  derived  from  the 
assumption  of  completely  self-preserving  turbulence,  namely, 

X  ce  \T  vt 

From  this,  Batchelor's  power  law  of  decay,  ’ 


?  -n 
u^  «  t 


y 


may  be  derived  by  integrating  the  expression  for  energy  decay  given  by  Equation  (12-32).  Unfortu¬ 
nately,  the  scales,  £;>,  and  L*,  cannot  be  expected  to  be  proportional  to  X  in  the  case  of  partially 
self-preserving  turbulence.  Therefore,  the  Loitsianskii  invariant  cannot  be  used  to  determine  the 
value  of  the  exponent  n;  in  fact,  the  invariant  cannot  be  extended  to  any  scale  other  than  L*.  How¬ 
ever,  if  X  maintains  exactly  the  same  form  aB  it  has  in  completely  Belf-preserving  turbulence,  then 
the  solution  for  u?  is  independent  of  whether  or  not  the  turbulence  is  self-preserving.  The 
Loitsianskii  invariant  then  shows  that  the  correct  value  of  n  is  5/2,  so  that 

X2  =  4  vt,  u2  oc  t"^'  L*  «  t“^2  , 


and  asymptotically  approaches  t “1/2  aB  provided  the  turbulence  becomes  self-preserving 

at  large  t.  Unfortunately,  the  variation  of  u2  found  experimentally  does  not  agree  at  all  with  this 
scheme.  The  exponent,  n.  is  found  to  lie  much  closer  to  1.  5  than  2.  5.  This  may  be  a  result  of 
nonequilibrium  conditions  among  the  eddies  large  enough  to  contribute  to  the  Loitsianskii  invariant. 
The  solution  which  most  closely  fits  this  value  is  von  Kirmhn's  Equation  (12-48),  with  a|3  ■  2, as  re¬ 
quired  by  the  Loitsianskii  invariant.  This  gives  the  value  1.43  to  n.  The  law  of  decay  is  then  given 
by 


«  t 


-10/7 


X 2  a  7  vt ,  L*  *  t 


2/7 
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As  noted  above,  however,  this  solution  does  not  make  L*  or  i2  proportional  to  X,  even  though  the 
turbulence  is  assumed  self-preserving  in  the  derivation  of  these  equations. 

Figure  12-6  includes  a  plot  of  the  above  relation  for  the  decay  of  u2,  and  shows  that  the  decay 
of  the  scale  does  not  fit  the  available  data.  Although  this  solution  was  originally  obtained  for  the 
case  of  turbulence  characterized  by  a  large  Reynolds  number,  the  modification  above  might  be  ex¬ 
pected  to  hold  over  a  somewhat  greater  range.  The  scale,  will  vary  in  some  undetermined  man¬ 
ner,  probably  approximating  the  variation  of  L*. 


Turbulent  Diffusion 


The  mixing  length  theories  of  turbulence  are  basically  an  attempt  to  describe  the  diffusive 
nature  of  turbulence.  A  particle  of  fluid,  an  eddy,  is  pictured  to  move  in  a  random  manner  through 
the  bulk  of  the  fhiid  and  thus  carry  its  properties  to  other  sections  of  the  fluid.  The  defects  in  this 
picture  have  been  pointed  out  in  preceding  sections.  A  theory  of  turbulent  diffusion  free  from  the 
objections  raised  against  the  mixing  length  theories  was  introduced  by  G.  I.  Taylor(  12-39).  Con¬ 
sider  the  integral, 


“tj  ut2  dt2 


f 


where  ujj  is  the  velocity  in  a  given  direction  of  a  particle  of  fluid  at  time  tj  andut2  is  its  velocity  at 
time  t£.  The  quantity  utj  ut2  is  the  auto-correlation  of  the  velocity,  u,  and  am  auto- correlation  co¬ 
efficient  may  be  defined  as 


R 


(12-55) 


If  the  turbulence  is  homogeneous  and  stationary  in  time,  then 

u^2  =  u2t  +  q  e  u2 


and  the  integral  may  be  written  as 


t 


I 


1 


utj  «t2  d‘2  = 


u2 


(12-56). 


The  velocity,  ii*  +  g,  can  be  expanded  in  a  aeries  about  Jt,  multiplied  by  u^,  and  averaged  to  give 

_  _  du^  d2u^  9 2 

u$  +  q  b  u2  Rg  n  U{2  +  Uf  -  9  +  * — q - +  . . .  .  (12-57) 

d0  d@  21 


If  it  la  aasumed  that  the  mean  equarea  of  all  derivativea  of  with  reaped  to  time  have  constant 
values, 


t 
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then  it  may  be  shown  that(12- 39,  12-40) 


<"•»  ■ 0 


Consequently,  (12-57)  may  be  written  as 


—  — -  d2u*  02  d^u*  0"* 

u  Re  =  utZ  +  ut  — T  —  +  “t  — 7 —  +  .  •  • 
d0^  21  d0*  41 


which  shows  that  Rfl  is  an  even  function  of  0. 


Because  Rg  is  even  and  ujj  is  independent  of  1 1,  it  follows  that  Equation  (12-56)  can  be 
•written  as 


n  ^1  ^1 

J  "tl  “t2  dtz  =  Utl  J  Ut2  dtz 


(12-58) 


The  integral  on  the  right  is  obviously  the  distance^jX,  traveled  by  the  particle  of  fluid  in  time,  tj, 
so  that 

t. 


J  utj  “t2  dt2  =  ut2x 

tj  _ 

j  *2  ■  \  3f  'x2» 


A  second  integration  and  substitution  yields 


—  _  rT  rt. 

‘  2  “2  I  I 

0  0 


Rg  d0  dt| 


(12-59) 


The  auto-correlation  coefficient,  Rg,  must  be  equal  to  one  when  9  equals  zero.  If  time  in¬ 
tervals  so  short  that  Rg  does  not  differ  appreciably  from  one  are  considered,  then 


(12-60) 


and  the  diffusing  quantity  is  seen  to  spread  at  a  rate  proportional  to  the  root  mean  square  fluctuating 

velocity,  {vT.  If  Rg  falls  toward  zero  sufficiently  rapidly  as  the  time  separation  increases,  a 
length,  £  j,  may  be  defined  as 


J  U2  f  Rg  d0 

Jo 


and  the  spread  of  the  diffusing  quantity  will  be  given  by 


X2  =  2 


/j  u2  ’ 


In  molecular  diffusion,  the  mean  square  displacement  of  a  molecule  is  given  by 

Xz  =  2  DT 
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where  D  is  the  diffusion  coefficient.  Hence,  for  large  values  of  the  time  interval,  turbulent  diffu¬ 
sion  in  a  homogeneous  stationary  field  may  be  described  by  the  same  equations  as  molecular  diffu¬ 
sion,  with  a  diffusion  coefficient  equal  to  \j  u2.  Further  discussions  are  given  by 
Batchelor(12-41)>  Uberoi(12-42)}  and  others. 

The  length,  1  j,  may  be  considered  as  a  measure  of  the  scale  of  turbulence  when  the  flow  is 
described  in  the  Lagrangian  manner.  Its  role  in  turbulent  diffusion  is  similar  to  that  of  the  mean 
free  path  in  molecular  diffusion.  In  this  respect,  it  is  somewhat  similar  to  the  mixing  length.  It 
differs  from  the  mixing  length  in  that  the  concept  of  mixing,  a  molecular  process,  does  not  arise  in 
its  definition. 

It  might  be  expected  that  the  Lagrangian  scale,  would  be  related  in  some  manner  to  the 
Eulerian  scale,  1%,  defined  by  the  equation, 

oo 

^2  =  j 

0 

where  the  correlation,  Ry,  is  the  same  as  g,  given  in  Equation  (12-20).  In  particular,  where  the 
turbulence  is  expected  to  have  a  definite  scale,  as  in  the  turbulence  generated  by  a  grid  in  an  air 
stream,  both  H  j  and  0-2  might  be  supposed  to  be  some  definite  fraction  of  the  grid  mesh  or  bar 
diameter.  (12-23)  For  turbulence  behind  such  grids,  G.  I.  Taylor  foundf^  to  be  approximately 
twice  (12-23).  However,  no  general  relation  is  known  connecting  the  two  scales  and  more  recent 
measurements  fail  to  confirm  Taylor's  findings.  (1 2-42) 


Kolmogoroff's  Theory  of  Local  Isotropy 


Much  of  the  difficulty  encountered  in  attempts  to  determine  a  law  of  decay  for  the  turbulent 
energy  and  a  lav/  of  propagation  of  the  correlation  is  due  to  the  fact  that  moat  of  the  turbulent  energy 
is  contained  in  the  large  eddies  while  dissipation  of  the  energy  takes  place  in  the  smallest  eddies. 

Two  methods  for  separating  the  effects  of  the  various  sizes  of  eddies  have  been  devised.  The 
first  and  most  obvious  method  consists  of  the  introduction  of  a  spectral  function  expressing  the  frac¬ 
tion  of  energy  contained  in  the  eddies  of  each  size.  This  approach  was  pioneered  by  Taylor.  (12-30) 
A  second  Interesting  approach  was  suggested  by  Kolmogoroff,  (12-43,  12-44)  and  will  be  considered 
first. 


The  essential  point  of  Kolmogoroff's  theory  is  the  us.i  of  velocity  differences,  or  relative 
velocities,  as  the  relevant  quantities  rather  than  the  velocities  themselves.  If  the  reference  ve¬ 
locity  is  taken  at  a  point  P^  in  the  four-dimensional  space  (xj,  X3,  t)  and  if  P1  is  some  other 
point,  then  a  typical  velocity  difference  will  be 

wi  *  Ui  (P')  -  Ui(P) 

Kolmogoroff  then  restricts  the  two  points  to  11c  in  a  domain,  G.  If  nonzero  averages  formed  frem 
the  wj's  are  independent  of  the  reference  point  P,  the  turbulence  is  called  locally  homogeneous  in 
the  domain  G.  If  in  addition,  the  nonzero  averages  formed  from  wj's  are  independent  of  rotations 
and  reflections  of  the  coordinate  axes,  the  turbulence  is  called  locally  Isotropic  within  the  domain 
G.  Note  that  since  G  is  a  four-dimensional  domain,  local  isotropy  requires  that  the  turbulence  be 
steady  in  time,  in  contrast  to  the  ordinary  isotropy  of  Taylor. 

Kolmogoroff  argues  for  the  existence  of  locally  isotropic  turbulence  in  the  following  manner. 
The  turbulence  consists  of  eddies  or  disturbances  ranging  in  scale  from  a  length  characteristic  of 
the  mean  flow  to  some  much  smaller  length,  at  which  scale  the  flow  is  laminar.  This  may  be 
viewed  as  a  series  of  flows,  each  carrying  a  disturbance  of  the  next  smaller  order  of  scale.  Thus, 
if  the  Reynolds  number  of  any  of  these  flows  is  sufficiently  high,  the  flow  is  unstable  and  incites 
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disturbances  of  the  next  smaller  scale,  the  process  continuing  until  the  Reynolds  number  becomes 
sufficiently  small  for  the  flow  to  be  stable.  At  all  scales  smaller  than  this,  the  flow  is  laminar. 

The  largest  eddies  obtain  their  energy  originally  from  the  mean  flow,  and  therefore  are  sub¬ 
jected  to  nonisotropic  influences.  It  might  be  suspected,  however,  that  these  nonisotropic  in¬ 
fluences  would  gradually  be  lost  as  the  turbulent  energy  is  passed  to  successively  smaller  eddies. 

It  would  then  be  possible  to  define  the  spatial  extent  of  G  so  that  the  velocity  differences  between 
any  two  points  in  G  exhibit  isotropy.  The  requirement  of  steadiness  may  be  met  by  limiting  the 
temporal  extent  of  G.  If  the  flow  is  assumed  to  change  appreciably  in  a  time  interval,  T,  then 
clearly  the  temporal  extent  of  G  must  be  less  than  T_.  It  seems  reasonable  to  assume  that  the  char¬ 
acteristic  period  of  an  eddy  decreases  with  size  of  eddy.  Hence,  the  smaller  eddies  will  undergo 
a  great  many  periods  during  the  interval  T,  and  their  motion  will  appear  approximately  steady  for 
time  intervals  considerably  smaller  than  T.  Thus,  there  are  two  requirements  on  the  extent  of 
G:  (1)  that  it  be  small  enough  for  the  wj's  to  exhibit  isotropy,  and  (2)  that  it  be  small  enough  for 
the  period  of  the  largest  eddies  contained  in  G  to  be  considerably  smaller  than  T.  The  two  condi¬ 
tions  do  not  appear  to  be  related,  hence  the  condition  giving  the  smaller  dimension  is  determinate. 
Batchelor  has  pointed  out  that  if  the  unsteadiness  is  entirely  due  to  the  decay  of  the  turbulence,  the 
period,  T,  will  be  of  the  order  i  /v,  where  £  and  v  are  a  length  and  velocity  characteristic  of  the 
turbulence.  Since  it  is  the  largest  eddies  which  contribute  most  to  the  turbulent  flow,  this  time  will 
be  of  the  order  of  the  period  of  the  largest  eddies.  (12-45) 

Experimental  evidence  and  the  many  relations  derived  between  the  microscale  and  the  inte¬ 
gral  scale  suggest  that  the  effect  of  increasing  the  Reynolds  number  of  the  mean  flow  is  to  produce 
smaller  eddies,  while  leaving  the  larger  eddies  unchanged  in  scale.  Therefore,  as  the  Reynolds 
number  of  the  mean  flow  increases,  the  eddies  responsible  for  the  viscous  dissipation  of  energy  be¬ 
come  smaller,  and  the  characteristic  period  of  eddies  of  a  given  size  decreases.  This  suggests 
that  local  isotropy  is  most  likely  to  exist  at  high  Reynolds  numbers,  since  otherwise  there  may  be 
no  eddies  small  enough  to  be  oontained  in  G. 


Correlation  ia  Locally  Isotropic  Turbulence 

In  locally  isotropic  turbulence,  the  velocity  correlations  are  formed  from  the  velocity  differ¬ 
ences,  Wj.  The  typical  double  correlation  is  given  by 

wP  Wj"  «  [  u(P')  -  u(P)]  [  u(P")  -  u(P)] 

If  the  turbulence  is  isotropic  in  the  customary  sense,  these  correlations  may  be  expressed  in 
termB  of  the  usual  correlations.  The  above  double  correlation  can  be  expressed  in  terms  of  corre¬ 
lations  involving  only  two  points  each,  as  Bhown  by 

Wj'  Wj"  +  wi"  wj'  =  (ui1  -  ui)  (uj"  -  Uj)  4-  (uj"  -  uj)  (Uj'  -  Uj) 


■  Uj'  Uj"  -  Ui'  Uj  -  Ji  Uj"  4-  Ui  Uj 


+  Uj"  Uj'  -  Ui"  Uj  -  Ui  Uj1  +  Ui  Uj 

By  rearranging  the  terms  and  making  use  of  the  linear  nature  of  the  averaging  operationU2“2)  and 
spatial  homogenity,  there  results 

Wj'  Wj"  4-  Wi"  Wj'  *  Wi'  Wj'  +  Wi"  Wj"  -  Wj'"  Wj"'  , 

where  wj,'"  «  u^"  -  u^'. 

If  the  correlations,  Wj'  wj",  are  symmetrical  in  the  indices,  then 
wj'  wj"  «  1/2  (wi'  wj'  4-  wt"  wj"  -  wj’"  Wj'") 
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which  is  the  required  result.  If  the  turbulence  is  isotropic  in  the  usual  sense,  then  uj'  uj  =  uj  uj1, 
etc.  and  the  two  correlations  may  be  identified  term  by  term.  However,  Batchelor  has  given  a 
general  proof  for  the  case  where  the  fluid  is  incompressible.  (12-45) 

As  in  the  case  of  ordinary  isotropy,  the  second-order  correlations  may  be  expressed  in  a 
form  analogous  to  Equation  (12-21): 

wi'  wj '  *  Bdd<r>  "  Bnn +  6ij  Bnn<r)  > 

where  B^d  and  are  the  scalar  correlations  between  the  relative  velocity  components  parallel 
and  normal  to  the  line  joining  the  two  points.  The  equation  of  continuity  also  yields  a  relation  be¬ 
tween  and  B^: 


Bdd  -  Bnn  * -1/2  r  dBdd/dr 

It  should  be  noted,  however,  that  in  contrast  to  the  functions,  _f  and  g,  Bdd  and  Bjm  are  zero  at  r 
equal  zero. 

The  third-order  correlation  in  locally  isotropic  turbulences  may  be  shown  to  be  expressible 
in  terms  of  a  single  scalar, 

Bddd<r>  *  <ud'  "  ud)3 

When  the  turbulence  is  isotropic  in  the  ordinary  sense,  the  two  Bets  of  correlations  are  related  by 
the  equations: 

Bdd  *  2  u2  f  1  -  f] 

Bnn  "  2  uZ  t  1  -  «] 

Bddd  *  6  (u2)3/2  k  .  (12-61) 


Similarity  Hypotheses  in  Locally  Isotropic 
Turbulence 


In  order  to  proceed  further,  Kolmogoroff  proposed  two  similarity  hypotheses,  which  are 
mathematical  expressions  of  the  physical  mechanism  suggested  by  his  theory.  Kolmogoroff  s  first 
hypothesis  is  that  in  locally  icotropic  turbulence,  the  statistical  properties  arc  determined  solely 
by  the  energy  dissipation  per  unit  mass,  e,  and  the  kinematic  viscosity,  v. 

This  hypothesis  is  justified  by  the  consideration  of  the  energy  transfer  through  the  successive 
scales  of  eddies.  At  the  largest  scale,  where  the  Reynolds  number  is  high,  the  energy  dissipated 
by  viscosity  is  negligible,  hence  these  eddies  must  pass  on  to  the  next  smaller  scale  an  amount  of 
energy,  c.  Otherwise,  there  would  be  an  accumulation  or  deficit  of  energy  in  some  scale  as  the 
decay  progressed.  Therefore,  the  characteristics  of  the  largest  eddies  are  determined  entirely  by 
e.  The  only  additional  parameter  required  to  determine  the  characteristics  of  the  smaller  eddies 
is  the  viscosity,  v. 

Thus,  if  the  correlations  arc  functions  of  r,  the  distance  separating  the  two  points,  then  they 
must  also  be  functions  of  r/q,  where  T)  is  a  length  formed  from  e  and  v,  given  by 

The  only  physical  length  with  which  r)  may  be  reasonably  identified  is  the  scale  of  the  eddies  re- 
sponsible  for  the  dissipation.  Similarly,  the  characteristic  velocity  formed  from  e  and  v,  (ve)1'4, 
must  be  identified  with  the  characteristic  velocity  of  the  smallest  eddies. 
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From  the  first  hypothesis,  the  second-order  correlation,  B^r),  must  have  the  form 

Bdd(r)  *  (ve)1/,Z  j3dd(r/r))  > 
where  is  a  universal  function,  and  similarly, 

Bddd(r)  *  0ddd(r/T)i 

Because  j8dd  must  exhibit  the  same  dependence  on  r  as  does  Bdd,  if  follows  that  /3dd  is  an 
even  function  of  £  and  equals  zero  at  r  =  0.  Hence,  for  values  of  £  small  compared  with  t), 

Bdd(r>  cc(ve)1/2(r/r))2 

Kolmogoroff1  s  second  hypothesis  is  that  if  the  spatial  separations  of  the  three  points  are 
large  compared  to  rj,  the  statistical  properties  are  dependent  only  on  e.  This  hypothesis  is  justi¬ 
fied  by  the  previous  discussion  since  the  large  eddies  determine  the  statistical  properties  at  large 
values  of  r. 

The  universal  functions,  $dd  and  j8ddd,  muflt  therefore  have  a  functional  dependence  on  r  such 
that  for  large  values  of  r  the  correlations  are  independent  of  v.  Thus 

Pdd(rh)  •  C{r/r))2/3  , 


where  C  is  a  constant,  and 

Bdd(r)  *  C(er)2/3 


(12-62) 


It  follows  that 


Bnn<r)  “  4/3  Bdd(r) 

and  for  r  <<  tj  there  is  obtained,  ( 12-4 6) 

Bnn(r)  «  2Bdd(r) 

The  function,  /3ddd,  *or  large  values  of  r  becomes 

Pd dd^/7!)  K  r/T) 


and 


Bddd( r )  «  t  r  .  (12-63) 

Proceeding  in  a  similar  fashion,  it  can  be  shown  that  the  m-order  correlation  varies  as 
rm/3  for  large  values  of  £.  For  small  values  of  r,  the  velocity  differences  are  proportional  to  the 
product  of  the  spatial  derivative  and  r;  hence,  the  m-order  correlation  involving  two  points  varies 
as  rm. 


The  Navlcr-Stokes  Equation  for  Locally  Isotropic 
Turbulence 


Equation  (12-31)  which  is  the  Navier-Stokee  equation  for  turbulence  with  ordinary  isotropy, 
may  be  written  in  terms  of  Bdd  and  Bddd  provided  the  turbulence  is  also  locally  isotropic.  Using 
Equations  (12-61)  and  (12-29),  the  result  is 


3  i-(2u2 
dt 


Bdd>  " 


aBddd  4  Bddd 
dr  r 


6v 


/d2  Bdd  t  4 
\  dr2  r 


dBdd 

dr 


The  equation  must  hold  regardless  of  whether  the  turbulence  has  ordinary  isotropy. 


WADC  TR  56-344 


12-40 


From  the  point  of  view  of  local  isotropy,  the  correlations  do  not  vary  with  time.  Therefore, 
from  Equation  (12-33),  the  above  equation  can  be  written  as 


5Bddd  .  4 


+  -  Bjjj  -  6v 


A?2  Bdd  ;  4  <9Bdd\ 
V  dTZ  T  r  dr  ) 


(12-64) 


From  Equation  (12-34),  it  follows  that 


15  (' 
v 


dZ  Bdd\ 


and  the  power-series  development  for  B^d  yields 


<?Bdd  2^  er 
dr  9  15  V 


for  small  values  of  r. 


If  the  skewness  factor  for  the  parallel  component  of  the  relative-velocity  distribution  is 
introduced, 


<ud'  -  ud>3 


Bddd<r) 


[  (ud1  -  Ud)2]3/Z  [Bdd(r)]; 


then  Equations  (12-62)  and  (12-63)  imply  that 


S(r)  «  - 


for  r  >>  T).  The  constant  of  proportionality  may  be  determined  from  Equation  (12-64),  noting  that 
for  large  values  of  ir,  the  terms  involving  B^d  vary  as  r "4/3  and  the  terms  in  Bddd>  which  is  pro¬ 
portional  to  (er),  predominate.  Therefore, 

Bddd<ri  ■  _4/5  er 


S(r)  >  -4/‘>  C"3/Z 

From  this  relation,  S(r)  is  independent  of  r  and  iquals  a  constant  for  large  values  of  r. 

Townsend(  12-47)  found  S (r)  to  be  nearly  constant  and  approximately  equal  to  -0.  38,  but  more  re¬ 
cent  measurements  by  Stewart(  12-29)  indicate  that  S(r)  is  not  constant  for  large  values  of  r,  and  in 
addition  varies  with  the  Reynolds  number. 


Figure  12-10  shows  the  results  of  Stewart's  measurements.  For  small  values  of  r_,  the 
theory  predicts 

cfn.  Bddd(0)  (vg>3/4  <r/v>3 

S(0)  =  - «  - — - — —  m  const, 

(B..(0)]  /z  [(ve)1/2  (r/q)2]3'2 


but  this  is  not  confirmed  by  Stewarl  s  results. 


Comparison  of  Kolmogoroff1  s  Theory  With  Experiment 


Figure  12-11  shows  the  results  of  the  first  experimental  investigation  of  local  isotropy  made 
by  Corrsin.  U  2-48)  The  shear  correlation,  R12,  was  measured  as  a  function  of  frequency  and  was 
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found  to  decrease  toward  zero  with  increasing  frequency  in  a  turbulent  jet.  This  indicates  that  the 
motion  approached  isotropy  at  the  scales  corresponding  to  the  higher  frequencies. 


r/M 

FIGURE  12-10.  STEWART'S  MEASUREMENTS  OF  S(r) 
Stewart^12-29) 


FIGURE  12-11.  THE  SHEAR  CORRELATION,  Rj2,  AS  A 
FUNCTION  OF  FREQUENCY 


CorrsinU2-48) 


Because  most  of  the  experimental  work  in  turbulence  has  been  conducted  in  the  field  of  iso¬ 
tropic  turbulence  downstream  of  a  grid  in  a  wind  tunnel,  it  is  desirable  to  compare  Kolmogoroff's 
theory  with  this  type  of  turbulence. 

The  isotropic  nature  of  such  a  turbulent  field  is  well  confirmed  for  reasonably  small  values 
of  £.  However,  when  r  becomes  comparable  to  L the  integral  scale,  the  turbulence  becomes 
somewhat  anisotropic.  The  spatial  extent  of  G  must  therefore  be  chosen  smaller  than 

The  time  interval  over  which  the  turbulence  will  change  appreciably,  as  pointed  out  before, 
is  of  the  order  u<l,  the  period  of  the  largest  eddies.  From  the  decay  rate  of  isotropic  turbu¬ 
lence  given  by  Equation  (12-32)  it  follows  that 
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Batchelor(  12-45)  selects  a  ten  per  cent  change  in  u2  as  appreciable,  so  that  T  is  equal  to  X^/lOOv. 
The  ratio  of  the  period  of  the  largest  eddies  to  T  is  given  by 


lOOv.^ 


f-1  i 
100  —  — 

X  R'i 


From  Equation  (12-37),  this  ratio  is  expected  to  be  nearly  constant,  and  experimental  meas¬ 
urements  suggest  that  it  is  of  the  order  unity.  Under  these  conditions,  only  eddies  small  compared 
t oJ^  have  periods  small  compared  to  T,  and  local  isotropy  can  be  assumed  to  apply  over  the  range 
where  r  <<  JL^ 


From  the  definition  of  7]  and  Equation  (12-32),  there  is  obtained, 


Tj  B 


vl/2  xl/2 

1/4  -rr  1/4 
(15)  (u2) 


y 


so  that 


^  =  ^(^RX)1/Z 

Here  it  is  seen  that  the  Reynolds  number  must  be  large  in  order  that  tj  be  sufficiently  small  for 
Kolmogoroff's  second  hypothesis  to  be  applied. 


Over  the  range  where  the  second  similarity  hypothesis  can  be  applied,  the  second-order  and 
third-order  correlation  coefficients  can  be  written  as 


1  -  f(r) 


> 


and 


where  tj  <<  r  < <  Z^. 

Figure  12-12  is  a  comparison  of  the  relation  for  g(r)  with  Dryden' s  experimental  data.  (12-33) 
The  value  of  f^/M  for  the  experimental  curve  is  about  0.  24,  so  that  the  theory  would  seem  to  be 
verified  over  the  small  expected  range. 

The  second  test  to  which  Kolmogoroff's  theory  has  been  subjected  is  the  comparison  of  S(0) 
and  S(r)  with  the  expected  constant  values  predicted  by  the  theory.  As  pointed  out  previously,  the 
more  recent  measurements  of  S  do  not  provide  agreement  with  the  theory.  Either  the  similarity 
hypotheses  are  wrong,  or  more  likely,  the  state  of  equilibrium  proposed  by  Kolmogorcff  does  not 
cxiBt  at  the  highest  Reynolds  numbers  that  have  been  used  in  the  experiments.  There  is  evidence 
that  this  is  the  case,  at  least  for  the  very  large  eddies.  (12-26)  jt  might  be  expected  that  complete 
equilibrium  is  not  obtained  at  any  scale. 


k(r) 


Ra 
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FIGURE  12-12.  COMPARISON  OF  KOLMOGOROFF'S 
THEORY  WITH  EXPERIMENT 

Batchelor* 12-4 5 > 


The  Spectrum  of  Turbulence 


As  an  alternative  to  defining  a  correlation  coefficient  in  such  a  way  that  the  various  sizes  of 
eddies  rnay  easily  be  considered  separately,  a  spectral  function  may  be  introduced.  This  function 
represents  the  contribution  of  the  eddies  of  certain  size  or  characteristic  frequency  to  the  statisti¬ 
cal  parameter  being  considered.  In  the  following  paragraphs  the  spectrum  of  u2,  or  the  energy 
spectrum,  will  be  considered. 

The  auto-correlation,  defined  in  Equation  (12-55)  may  be  expressed  as  a  Fourier  integral, 

,00 

u(t)  u(t  +  0)  =  u^  Rg  (0)  *  u^  ^  F(w )  cos  w8  du  .  (12-65) 

Setting  the  time  displacement,  0,  equal  to  zero,  in  which  case  Rg  *  1,  there  results, 

oo 

u^  »  u2  j  F(w  )du  , 


so  that, 

eo 

F(w  )du  =  1 

Now,  F(u )  cos  u8  du  represents  the  contribution  to  Rg  of  those  components  of  the  motion 
having  a  characteristic  frequency  between  w  and  u  +_dw.  Therefore,  F(w  )  represents  the  contri¬ 
bution  of  those  components  to  the  turbulent  energy,  u2,  and  F(u )  is  the  energy  spectrum. 


I 
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Equation  (12-65)  may  be  formally  identified  with  the  Fourier  cosine  transform,  that  is,  Rg 
is  the  Fourier  cosine  transform  of  the  energy  spectrum  F(u ).  Taking  the  inverse  transform,  there 
results 

-»°° 

F(u)xil  J  R0(0)co8«0d0  .  (12-66) 

0  _ 

- Thus,  if  either  Rq  or 'F(w)  is  known,  the  other  may  be  calculated.  It  is  possible  to  measure 

both  of  these  quantities  experimentally.  The  auto-correlation  may  be  measured  either  by  the  dif¬ 
fusion  method  based  on  Equation  (12-59)  or  by  recording  the  output  of  a  hot-wire  anemometer  on 
magnetic  tape  and  correlating  the  output  obtained  from  two  pickup  heads,  whose  physical  displace¬ 
ment  along  the  tape  corresponds  to  a  time  displacement  in  the  original  signal.  0 2-26,  12-49)  The 
energy  spectrum  may  be  measured  by  passing  the  output  of  the  hot-wire  anemometer  through  band 
pass  filters.  (12-30,  12-33,  12-50) 

The  relation  between  the  energy  spectrum  and  the  auto-correlation  is  quite  simple.  How¬ 
ever,  a  real  objection  which  may  be  made  is  whether  the  auto- correlation  coefficient  can  be  rep¬ 
resented  by  such  an  integral.  It  seems  fairly  certain  that  Rq  is  sufficiently  well  behaved  for  such 
a  representation;  indeed,  the  assumption  that  the  turbulent  motion  is  continuous  is. sufficient. 
Moreover,  this  same  question,  in  some  form,  must  be  answered  for  any  of  the  developments  that 
have  been  used.  Taylor's  original  derivation  of  the  relations  between  the  spectrum  and  the  corre¬ 
lation  suffers  from  a  lack  of  mathematical  rigor,  (12-30)  but  this  has  been  corrected  in  the  many 
derivations  that  have  followed.  (12-2,  12-37,  12-40) 

In  the  field  of  turbulence  encountered  in  wind  tunnel  experiments  the  auto- cor  relation  may  be 
related  to  the  spatial  correlation,  f(r).  In  such  a  case,  the  turbulence  is  carried  in  a  uniform 
stream  of  velocity,  U,  and  by  a  Newtonian  transformation  0  *  r/U,  it  follows  that 

u2  Rg  s  u(t)  u(t  +  0)  =  u(x)  u(x  +  r)  *  u2  f(r) 

This  can  be  true  only  for  small  values  of  r_,  since  turbulent  diffusion  causes  the  particles  to 
move  away  from  the  streamlines  originally  occupied.  The  smallness  of  r  is  determined  primarily 
by  the  turbulent  intensity,  in  accordance  with  Equation  (12-60)  and  the  turbulence  Reynolds  num¬ 
ber,  RX.  (12-42,  12-51) 

Under  the  assumption  that  turbulent  diffusion  can  be  neglected,  Equation  (12-66)  can  be 
written  in  terms  of  r_  rather  than  0  so  that 

i 

F(u,ciji  j  £<r)  C08  %r  dr 

0 

Since  f(r)  is  nearly  independent  of  the  mean  velocity,  U,  UF(u)  must  be  a  function  of  u/U.  The 
ratio,  u/U,  can  be  considered  as  the  wave  number  of  the  eddies  whose  frequency  is  u.  Thus,  the 
"wavelength",  or  characteristic  dimension,  is  given  by  X  =  1  / k  =  U/u,  so  that 

eo 

F(k)  b  —  f  f(r)  cos  kr  dr  (12-67) 

*u  4> 

where  k  is  the  wave  number.  Taylor,  using  the  data  of  Simmons  and  Salter,  ( * 2-50)  calculated  f(r) 
from  the  inversion  transform  of  Equation  (12-67)  and  compared  this  with  measured  values  of  f(r). 

Figure  12-13  shows  that  the  agreement  between  the  calculated  and  measured  values  of  f(r) 
is  remarkably  good. 

Once  the  change  of  variables  from  frequency  to  wave  numbers  has  been  made,  the  obvious 
step  is  to  identify  the  wave  number  with  the  site  of  an  eddy,  so  that  large  wave  numbers  corre¬ 
spond  to  small  eddies,  and  small  wave  numbers  to  large  eddies.  This  step  must  be  made  with 
caution,  since  f(r)  is  a  one-dimensional  correlation  whereas  turbulence  is  a  three-dimensional 


WADC  TR  56-344 


12-45 


phenomenon.  The  size  of  an  eddy  must  really  be  identified  with  kiki,  where  ki  is  the  wave- 
number  vector.  This  leads  to  the  three  dimensional  spectrum  introduced  by  Heisenberg.  ( 12-52) 
By  analogy  with  the  one -dimensional  case  a  spectral  tensor,  may  be  defined  by 

00 

*  “3  ^  Jj  Rij(r)  e"1  ks  rs  dV(r)  , 

-00 

wl iere  dV(T)  is  an  element  of  volume  in  physical  space*  The  inverse  transform  leads  to 

00 

Rij(r)  *  i'll  ty(k)  ei  k®  rfl  dv(k) 

-CO 


where  dV(k)  is  an  element  of  volume  in  wave-number  space.  In  the  particular  case  where  the 
indices  are  equal, 


00 


uj2  +  U2^  +  U32  *  $^(k)  e*  ks  rs  dV(k) 


-00 


and  <J>jj  is  seen  to  be  the  spectrum  of  the  total  turbulent  energy. 


FIGURE  \ 2 - 1 3 .  COMPARISON  OF  f(r)  CALCULATED  FROM  THE 
SPECTRUM  WITH  EXPERIMENTAL  DATA 


Taylor^2-30) 


One  advantage  of  a  properly  formed  three-dimensional  spectrum,  lies  in  the  fact  that  its 
value  at  k  =  0  is  Etro.  Taylor’s  one-dimensional  spectrum  does  not  have  this  property.  In  fact, 
from  Equation  (12-67)  it  follows  that 


F{0)  « 
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Physically,  this  appears  to  be  due  to  the  one -dimensional  nature  of  the  spectrum,  since  motions 
having  a  wave  number  of  zero  in  the  particular  direction  may  have  a  finite  wave  number  in  some 
other  direction  and  hence  make  a  contribution  to  the  energy.  (12-2) 

If  the  discussion  is  confined  to  isotropic  turbulence,  then  a  relation  may  be  obtained  between 
the  one-dimensional  and  three-dimensional  spectra.  Moreover,  the  one -dimensional  spectrum  can 

be  measured  experimentally.  Because  of  these  facts,  the  following  remark-w  refer  tn  _ 

dimensional  spectrum.  (12-53) 


Applications  to  the  Dynamics  of  Turbulence 
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Because  a  relation  exists  between  the  correlation  and  the  spectrum,  nothing  really  new  can 
be  expected  from  an  investigation  of  the  spectrum.  However,  the  spectrum  is  often  a  more  con¬ 
venient  way  to  represent  the  turbulent  field.  For  example,  Kolmogor off's  theory  may  be  stated  in 
spectral  terms. 

If  the  Fourier  transform  of  Equation  (12-31)  is  taken,  there  results 

+T  (k)  *  -  2  v  k2  E(k)  , 

where 


E(k)  *  3/2  u2  F(k) 


E  «  f  E(k)  dk 

Jo 

The  term,  T(k),  represents  the  transfer  of  energy  from  one  wave  number  to  another. 

Kolmogoroff' a  similarity  hypotheses  can  be  applied  directly  (12-34)  to  yield 

E(k)  -  (ve)1/2  e  (kT)>  T) 

T(k)  *  (ve)3/2  t(kr])  , 

where  k  is  large,  and  £  and_t  are  universal  functions.  For  Bmall  values  of  k  the  second  hypothesis 
applies,  and 


E(k)  oc  e2^3  k-5/3 


and 


T(k)  oc  e  k'1 

The  corresponding  properties  of  the  correlation^  may  be  obtained  by  taking  the  inverse  transforms 
of  the  above  equations. 


The  Generation  of  Turbulence 


It  is  found  experimentally  that  laminar  flow  becomes  unstable  as  the  Reynolds  number  is  in¬ 
creased.  Small  disturbances  in  the  flow  are  amplified  and  extract  energy  from  the  mean  flow 
whenever  the  Reynolds  number  exceeds  some  critical  value.  Although  the  initial  development  of 
the  disturbance  has  been  studied  extensively, ( 12-S4,  12-55)  little  is  known  about  the  process  by 
which  the  energy  extracted  from  the  mean  flow  by  these  disturbances  is  finally  transformed  to  the 
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random  energy  of  turbulence.  Since  the  linearized  equations  of  motion  fail  to  predict  such  a  de¬ 
velopment,  the  explanation  presumably  lies  in  the  nonlinear  terms  of  the  Navier-Stokes  equation. 
The  actual  generation  of  turbulence  in  a  boundary  layer  appears  to  be  a  sporadic  process.  Recent 
attempts  to  understand  this  process  have  produced  some  interesting  intuitive  notions,  but  have  not 
been  successful  in  producing  quantitative  results.  (12-56,  12-57) 

The  production  of  turbulence  can  be  delayed  or  prevented  by  several  methods.  For  example, 
the  boundary  layer  may  be  stabilized  by  addition  or  removal  of  fluid;  the  Reynolds  number  may  bs 
restricted  to  values  below  the  critical  value;  or  the  oncoming  flow  may  be  freed  from  disturbances. 
In  general,  the  elimination  or  reduction  of  regions  of  shear  motion  from  which  the  turbulence  can 
obtain  energy  will  delay  the  onset  of  turbulence. 


In  some  instances  turbulence  is  deliberately  generated  in  a  flow  system  to  increase  mixing 
effects,  diffusive  effects,  or  to  increase  the  flame  speed  in  a  combustion  reaction.  The  production 
of  turbulence  by  a  physical  device  is  accompanied  by  a  pressure  drop  in  excess  of  that  which  exists 
for  laminar  flow.  This  effect  is  generally  undesirable.  Dryden,  U2-3)  reasoning  from  the  mixing- 
length  theories,  has  suggested  that  the  maximum  mixing  effect  is  obtained  for  a  given  pressure 
drop  if  the  scale  is  large  and  the  fluctuating  velocity  is  small.  However,  if  only  a  short  time  is 
available  for  mixing,  then  a  high  intensity  must  be  employed  because  Equation  (12-60)  shows  tha~ 
the  rate  of  diffusion  is  proportional  to  u2  and  is  independent  of  the  scale.  Also,  if  the  scale  is 
large  in  comparison  with  the  dimensions  of  the  system,  then  the  mixing  will  tend  to  be  spotty. 
Recent  investigations  of  these  effects  have  been  reported  by  Taylor7U2-5B) 

The  effect  of  turbulence  on  flame  speed  is  not  understood.  The  most  important  parameter 
seems  to  be  the  fluctuating  velocity,  although  some  data  indicate  that  turbulent  flame  speed  is 
nearly  independent  of  all  turbulence  parameters  provided  that  turbulence  is  present  in  excess  of 
some  small  critical  value. 

i 

The  scale  and  intensity  of  turbulence  can  be  varied  independently  over  wide  ranges.  For  iso¬ 
tropic  turbulence  generated  by  grids  in  a  wind  tunnel,  the  intensity  can  be  varied  from  less  than 
0. 1  to  about  5.  0  per  cent  of  the  mean  speed.  The  scale  may  be  varied  to  upper  limitB  set  by  the 
dimensions  of  the  apparatus.  If  the  grid  is  replaced  by  a  perforated  plate,  strongly  anisotropic 
turbulence  is  generated  having  intensities  up  to  approximately  20  per  cent  of  the  mean  speed. 


CONCLUDING  REMARKS 

l 

Of  the  existing  theories  of  turbulence  the  statistical  theory  may  provide  a  complete  under¬ 
standing  of  turbulence.  However,  in  its  present  form,  the  statistical  theory  io  not  adapted  for  use 
in  solving  practical  problems.  Also,  at  present,  the  statistical  theory  is  little  better  than  a 
phenomenological  theory.  The  equations  of  fluid  motion  should  provide  a  complete  solution  to  the 
problems  of  turbulence  if  mathematical  methods  were  sufficiently  powerful  to  solve  them.  The 
simplification  effected  by  averaging  the  equations  permits  a  partial  treatment  by  the  existing 
methods  of  mathematics,  but  a  complete  solution  cannot  be  based  on  mean  values  alone.  Basically, 
the  element  lacking  is  a  correct  physical  mechanism  of  turbulence,  and  until  this  mechanism  is 
discovered,  a  complete  solution  cannot  be  obtained  in  terms  of  the  statistical  theory,  Once  the 
correlation  functions  arc  introduced,  the  equations  of  motion  lead  to  a  system  containing  more  un¬ 
known  functions  than  equations.  In  the  case  of  the  Navier-Stokes  equation  for  incompressible  flow, 
one  equation  in  two  unknowns  is  obtained.  Thus,  before  the  equations  can  be  solved,  an  additional 
physical  law  must  be  postulated.  The  self-preservation  concept,  in  which  the  correlation  functions 
depend  on  one  variable,  is  not  sufficient.  Recent  modifications  of  this  concept  by  LinU2-59,  12-60) 
show  promise,  but  are  not  yet  entirely  satisfactory. 

Moreover,  Krzywoblocid^-^  )  has  pointed  out  that  the  extension  of  the  present  statistical 
theory  to  turbulence  in  a  compressible  fluid  may  be  very  difficult.  The  use  of  the  continuity  equa¬ 
tion  in  its  incompressible  form,  ■  0,  permits  a  vast  simplification  of  the  equations  in¬ 

volved.  He  suggests  that  without  this  simplification,  little  progress  can  be  made. 
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On  the  other  hand,  the  mixing-length  theories  propose  a  physical  mechanism  of  turbulence 
and  thus  obtain  a  nearly  complete  solution  to  the  turbulence  problem.  However,  the  proposed 
mechanism  cannot  be  correct. 

Reichardt's  hypothesis  is  purely  phenomenological  and  makes  no  attempt  to  provide  a  niccha-  - 
nism.  Hence  it  is  useful  only  in  the  restricted  range  for  which  it  was  proposed,  and  in  this  in¬ 
stance  numerical  answers  can  be  obtained  only  by  experiment.  However,  it  does  offer  the  most 
convenient  way  of  solving  the  equations  of  motion.  In  application  to  combustion  problems,  some 
- succesg-ha3-been  aeMeve<i-with-the-phenomenoiogical~theorie3~"TKrs  success  is  shown,  for  exam¬ 
ple,  by  the  prediction  of  the  length  of  flames  burning  in  a  jet.  In  those  applications  which  have 
supposedly  used  the  statistical  theory,  the  actual  application  was  phenomenological  in  character. 

In  Chapters  1,  5,  10,  15,  1  4,  and  19,  the  effect  of  turbulence  upon  flames,  atomization, 
ballistics,  and  evaporation  are  considered.  The  understanding  of  these  combined  processes  is  far 
from  complete,  and  this  reflects  the  lack  of  knowledge  in  the  separate  fields.  In  this  respect,  how¬ 
ever,  the  statistical  theory  of  turbulence  is  a  useful  tool.  The  experimental  work  done  in  connec¬ 
tion  with  the  statistical  theory  has  provided  a  basis  for  the  generation  of  turbulence  with  control¬ 
lable  characteristics  and  permits  an  accurate  description  of  the  turbulent  motion  in  terms  of 
statistical  parameters.  Even  though  the  relations  between. these  parameters  and  the  effect  of  tur¬ 
bulence  upon  various  phenomena  is  not  understood,  even  empirically,  their  measurement  allows  a 
comparison  between  the  work  of  different  experimenters.  Hence,  the  statistical  theory  has  laid 
the  groundwork  for  future  empirical  studies  of  the  effect  of  turbulence  upon  other  phenomena  taking 
place  in  turbulent  fluid  streams. 

As  pointed  out  by  Squire,  (12-13)  the  measurement  of  mean  values  provides  little  information 
concerning  turbulence.  Therefore,  any  serious  investigation  into  the  field  of  turbulence  must 
necessarily  include  measurements  of  the  fluctuating  motion.  At  the  present,  the  only  method  of 
obtaining  these  measurements  directly  is  by  the  use  of  a  hot-wire  anemometer,  an  expensive  and 
delicate  instrument. 

Before  turbulence  studies  can  be  unconditionally  recommended,  it  is  necessary  to  consider 
whether  the  results  of  such  studies  are  likely  to  be  applicable  to  combustion  research.  At  present 
it  appears  that  no  direct  application  is  likely.  The  suspected  generation  of  turbulence  by  flames 
suggests  the  possibility  of  strong  interactions  between  combustion  phenomena  and  flow  phenomena. 
Such  considerations  prohibit  the  direct  application  of  results  obtained  in  cold-flow  turbulence 
studies  to  combustion  systems.  Indirectly,  such  studies  may  well  be  indispensible  in  establishing 
a  firm  understanding  of  the  fluid  dynamics  of  the  turbulence. 

A  wider,  and  perhaps  a  temporarily  more  productive  field,  would  be  concerned  primarily 
with  the  gross  effect  of  turbulence  upon  the  various  phenomena  of  combustion.  Again,  much  work 
has  been  done,  but  the  results  of  various  investigators  are  often  conflicting.  At  present,  the  most 
pressing  problems  in  this  field  appear  to  be  the  role  of  turbulence  in  flame  holding  by  bluff  objects, 
and  the  effect  of  turbulence  on  flame  speed.  There  is  a  strong  possibility  that  these  two  problems 
are  related. 

Consequently,  it  is  difficult  to  recommend  a  positive  program  of  research  in  the  field  of 
turbulence.  A  great  amount  of  work  is  presently  being  done  in  this  field,  but  much  of  it  is  of  little 
worth.  A  factor  which  severely  hampers  future  research  in  this  field  is  the  lack  of  interested  and 
qualified  men.  There  arc  few  men  in  this  country  who  are  both  informed  and  active  in  the  field. 
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CHAPTER  13.  HYDRODYNAMIC  RECIRCULATION 


ABSTRACT 


This  chapter  ia  concerned  with  recirculating  flow  as  en¬ 
countered  in  combustion  systems.  Most  of  the  work  recorded 
in  the  literature  has  been  carried  out  on  isothermal-flow  systems, 
and  such  systems  are  discussed  first.  Examples  are  given 
(1)  of  the  stable  flow  pattern  around  a  fluff  body  at  low  Reynolds 
numbers,  (2)  of  the  unstable  flow  pattern  around  a  bluff  body  at 
high  Reynolds  numbers,  and  (3)  of  the  unstable  flow  pattern 
typical  of  a  closed  system  with  one  or  more  entries  and  exits. 

The  theoretical  and  empirical  developn  ents  associated  with 
these  systems  are  also  outlined.  The  changes  made  in  these 
flow  patterns  by  the  presence  of  a  flame  are  next  discussed. 

It  becomes  evident  that  the  literature  is  not  in  agreement  on 
many  factors  concerning  the  recirculation  systems,  including 
the  stabilizing  or  nonstabilizing  effect  of  the  flame  on  the  flow 
system.  Following  the  discussion  of  the  experimental  phase  of 
the  recirculation  research,  the  types  of  recirculation  encountered 
in  practice  are  illustrated  by  the  ubo  of  typical  combustion  units. 
Basic  similarities  in  the  flow  patterns  are  noted.  Some  conclud¬ 
ing  remarks  are  made  about  possible  avenues  of  future  work. 
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HYDRODYNAMIC  RECIRCULATION 
by 

H.  Einbinder  and  A.  A.  Putnam 

This  chapter  is  concerned  with  recirculating  flows  as  applied  to  combustion  systems. 

Because  of  their  importance  in  flame  holding  (see  Chapter  16),  special  attention  is  given  to  the 
eddies  produced  behind  bluff  bodies. 

In  many  practical  applications,  such  as  ram  jets  and  afterburners,  it  is  desirable  to  maxi¬ 
mize  the  rate  at  which  energy  is  released  by  combustion.  If  a  bluff  body  is  introduced  into  the  gas 
stream,  to  serve  as  a  flame  holder,  the  velocity  of  the  oncoming  fuel-air  mixture  can  be  increased 
to  several  hundred  feet  per  second,  even  though  the  normal  burning  velocity  may  be  only  a  few  feet 
per  second.  The  flame-holding  properties  of  such  bluff  bodies  are  intimately  associated  with  the 
recirculation  region  of  hot  burned  gas  in  their  wakes.  This  is  indicated  by  the  fact  that  streamlined 
bodies,  for  which  the  recirculation  region  is  a  minimum,  are  extremely  poor  flame  holdersf^-l). 

In  the  first  section  of  this  chapter,  discussion  is  limited  to  recirculation  in  the  absence  of 
heat  sources,  or  adiabatic  flow;  the  effect  of  combustion  on  recirculation  is  considered  in  the. 
second  section.  Next,  a  number  of  practical  combustion  systems  which  employ  recirculating  flows 
are  described;  and  finally,  some  concluding  remarks  based  on  the  previous  discussion  are 
presented. 


RECIRCULATION  IN  ADIABATIC  FLOW 

Although  interest  centers  on  recirculation  in  combustion  systems  when  the  flow  is  diabatic 
(heat  sources  are  present),  it  is  natural  to  begin  with  the  simpler  situation  with  heat  sources 
absent  for  several  reasons:  first,  because  a  large  body  of  experimental  and  theoretical  work  has 
been  done  on  this  type  of  flow  whereas  the  diabatic  case  remains  largely  unexplored;  and  second, 
because  the  flow  is  a  function  of  only  a  single  dimensionless  parameter,  the  Reynolds  number, 
whereas  the  combustion  process  may  introduce  additional  significant  dimensionless  parameters. 

A  typical  picture  of  recirculating  flow  is  shown  in  Figure  13-1,  The  white  tracks  are  the  flow 
streamlines  which  are  traced  by  injecting  aluminum  particles  into  the  fluid. 

To  illustrate  the  hydrodynamic  phenomena  encountered  as  the  Reynolds  number  1b  varied, 
consider  the  flow  of  a  real  fluid  perpendicular  to  the  axis  of  an  infinite  circular  cylinder.  Due  to 
the  viscous  forces,  the  fluid  in  contact  with  the  cylindrical  surface  is  at  rest,  whereas  at  large 
distances  from  the  cylinder,  the  fluid  moveB  with  the  undisturbed  flow  velocity.  As  a  result  of 
these  two  conditions,  a  region  of  recirculating  flow  is  set  up  behind  the  cylinder. 

At  low  Reynolds  numbers,  two  stable  symmetric  vortices  are  formed  in  the  wake.  As  Re  is 
increased,  the  vortices  move  further  downstream,  until  a  critical  value  is  reached  (Rec  %  50)  when 
they  become  unstable  to  asymmetric  disturbances.  The  vortices  are  then  shed  alternately  from 
opposite  sides  of  the  cylinder  and  move  downstream  in  parallel  lines*  with  a  definite  frequency  and 
spacing  between  them.  This  system  of  vortices,  known  as  a  vortex  street,  persists  downstream 
until  the  vorticity  in  the  street  diffuses  into  the  main  body  of  (he  fluid.  As  Re  Is  further  increased, 
the  vortex  street  is  damped  out  more  rapidly  because  of  the  increase  in  the  rate  of  vortex  diffusion. 


*In  a  system  bounded  by  parallel  walls  or  in  an  ideal  inviscous  fluid. 
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FIGURE  13-1.  FLOW  BEHIND  A  FLAT  PLATE  AT  A 
LOW  REYNOLDS  NUMBER 

(Gamichel  and  Dupin)^3  ^ 


The  photographs  of  Figure  13-2  show  the  characteristic  rolling  up  into  eddies  of  the  vortex 
layer  created  at  the  surface  of  the  cylinder  forming  a  vortex  street  downstream.  When  Re  >  2500, 
the  vortex  street  is  no  longer  observed,  but  vortices  continue  to  shed  regularly  until  the  *****  *** 
becomes  turbulent  (Re  >  105).  A  high  concentration  of  turbulent  energy  in  a  discrete  frequency 

range  has  been  observed  for  Re  up  to  2  x  10  . 


Ra  =  32 


Ro  ■=  55 


Ro  w  161 


Rot*  SSI 


FIGURE  13-2.  THE  FORMATION  AND  DISCHARGE  OF 
VORTICES  FROM  A  CYLINDER 

(Homann)13-3 
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Figure  13-3  is  useful  in  considering  these  phenomena  from  another  point  of  view.  The 
cylinder  is  assumed  to  start  from  rest  so  that  no  vorticity  is  present  at  the  begittnisg  of  the  motion. 

If  the  flow  is  considered  to  be  irrotational  (and  hence,  potential),  the  flow  ia  identical  on  the  up¬ 
stream  and  downstream  sides  of  the  cylinder.  At  the  surface  of  the  cylinder,  the  fluid  velocity  is 
zero  at  the  stagnation  points  A  and  A1  ;  whereas  it  is  a  maximum  at  B  and  B*  where  the  streamlines 
are  parallel  to  the  main  flow.  By  Bernoulli!1  s  theorem  p/p0  +  u^  is  a  constant  along  a  streamline; 
therefore,  the  pressure  is  a  maximum  at  A  and  A'  and  a  minimum  at  B  and  B'  .  Now  consider  the 
effect  of  viscosity.  ViocwUa  fun.es  oppose  the  motion  of  the  fluid  in  the  boundary  layer  adjacent  to 
the  surface  of  the  cylinder.  On  the  upstream  side,  from  A  to  B  and  A  to  B’,  this  retarding  effect 
does  not  change  the  character  of  the  motion  because  the  pressure  gradient  in  the  initially  irrotationai 
flow  acts  in  the  direction  of  the  fluid  motion.  On  the  downstream  side  the  viscous  forces  cause  the 
fluid  particles  to  lose  all  their  kinetic  energy  before  reaching  A1 .  As  a  result,  the  pressure 
gradient  turns  the  fluid  particles  back  thereby  forming  r  region  of  reverse  flow  between  the  boundary 
and  the  external  flow.  Since  new  fluid  is  continually  undergoing  this  process,  the  region  of  reverse 
flow  broadens  out,  pushing  the  external  flow  progressively  farther  away  from  the  boundary  until  it 
separates  from  the  surface  of  the  cylinder.  These  separation  points  are  located  80*  from  the 
forward  stagnation  point  A  (see  Figure  13-14).  When  the  boundary  layer  becomes  turbulent 
(Re  >  10^),  the  separation  points  shift  to  the  downstream  side  of  the  cylinder.  Experimental  ob¬ 
servations  indicate  that  flames  are  anchored  to  flame  holders  at  these  separation  points(13~5). 


f  8  > 

A  A' 


FIGURE  13-3.  FLOW  OF  A  NONVISCOUS  FLUID  AROUND  A  CYLINDER 


The  series  of  photographs  of  Figure  13-4  record  the  temporal  development  of  the  flow  behind 
a  cylinder  set  in  motion  with  constant  acceleration.  Initially  there  is  no  boundary  layer  present,  ao 
that  the  flow  is  irrotational  as  shown  In  (a).  The  growth  of  the  boundary  layer  until  unstable  vortices 
are  shed  can  be  traced  in  the  sequence  of  pictures  from  (a)  to  (f). 


The  Stationary  Regime 


In  the  region  of  low  Reynolds  numbers,  the  streamlines  followed  by  the  fluid  particles  a.  e  in¬ 
dependent  of  time.  The  motion  of  the  fluid  is  governed  by  the  Navier-Stokes  equations  which,  for 
incompressible  flow,  can  be  written  in  dimensionless  vector  form  by  introducing  a  characteristic 
velocity  U0  and  length  L  associated  with  the  motion.  The  equation  of  motion  becomes 


<?q  1  2  . 

—  +  (q*v)  q  =  -  VP  +  r—  V  q 

<JT  Re 


(13-1) 


where  the  mmensionleas  velocity,  pressure,  time,  and  Reynolds  number  are  given  by  q  =  U/U0, 

P  a  p/poUo^»  T  ■  U0t/L,  and  Re  ■  pqVqL/h,  respectively,  with  f>oi  and  M  denoting  fluid  density  and 
viscosity.  The  spatial  coordinates  in  the  differential  operator  V  are  x  a  X/L,  y  ■  Y/L,  and  a  •  Z/L 
(are  Chapter  11). 


WADC  TR  56-344 


13-3 


a)  Potential  flow 
immediately  after  starting 


c)  Formation  of  pair  of  vortices 
flow  separates  from  cylinder 


b)  Accumulation  of  material 
in  the  boundary  layer 


d)  The  eddies  grow 
in  size 


e)  The  eddies  continue  f)  They  become  unstable  and 

to  grow  in  size  the  flow  becomes  assymetric 

FIGURE  13-4.  FORMATION  OF  VORTICES  BEHIND  A  CYLINDER  MOVING 
FROM  REST  WITH  CONSTANT  ACCELERATION 


(Prandtl  and  Tietjens) 


Equation  (13-1)  indicates  that  the  motion  abovSt  geometrically  similar  bodies  will  be  identical 
in  terms  of  corresponding  dimensionless  variables  provided  their  Reynolds  numbers  are  equalO^-l). 
Therefore,  the  motion  about  such  similar  bodies  can  be  discussed  as  a  function  of  this  single 
dimensionleso  parameter. 


In  the  stationary  regime  where  dq/dT  =  0,  the  essential  difficulty  in  solving  the  equations  of 
motion  arises  from  nonlinear  terms,  (q-y)q,  due  to  the  inertial  forces.  Because  of  this  difficulty, 
Stokes(13-7)  neglected  these  forces  entirely  in  treating  slow  stationary  motion  ("creeping  motion"), 
and  replaced  Equation  (13-1)  by 


7  2  q  =  Re  Vp 


(13-2) 


which  is  valid  only  if  Re  <<  1. 
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Since  the  fluid  is  taken  to  be  incompressible  and  no  heat  sources  are  present,  the  equation  of 
continuity  requires  that 


v-q  =  o  . 

Thus,  a  stream  function  ^  can  be  introduced,  which  for  two-dimensional  motion  is 

u  =  dy/dy  and  v  =  -  dy/dx  . 


(13-3) 


Equation  (13-2)  then  becomes 

V4V/  =  0  .  (13-4) 

This  biharmonic  equation  must  be  solved  subject  to  the  boundary  conditions  that  the  normal  and 
tangential  velocities  of  the  fluid  vanish  at  the  surface  of  the  body. 

For  the  sphere,  the  solution  of  Equation  (l 3-4)  yields  the  dimensionless  stream  functionO^"^) 


f  =  1/2 


where  for  a  sphere  of  radius  a,  r  =  R/a. 


r2  sin2  6  , 

I 


(13-5) 


This  leads  to  Stokes'  celebrated  formula  for  the  drag  force  on  a  s’owly  moving  sphere,  which 
has  found  wide  application  in  the  study  of  droplet  ballistics  (see  Chapter  5).  The  corresponding 
stream  function  for  honvisebus  flow  ia03"9) 


r2sin26  .  (13-6) 

The  principal  difference  between  these  two  stream  functions  arises  from  neglecting  the 
inertial  forces  in  Equation  (13-5),  which  are  predominant  at  large  distances  from  the  sphere,  and 
ignoring  the  viscous  forces  in  Equation  (13-6),  which  are  important  near  it.  Therefore,  Stokes' 
approximation,  which  may  be  classed  as  a  boundary-layer  theory,  does  not  represent  the  motion 
at  large  distances,  but  is  valid  in  the  neighborhood  of  the  sphere. 

Since  the  flow  pattern  obtained  from  Equation  (13-5)  is  identical  on  the  upstream  and  down¬ 
stream  sides  of  the  sphere,  Stokes'  approximation  fails  to  show  the  characteristic  formation  of  a 
vortex  ring  in  the  wake.  Moreover,  when  applied  to  find  the  flow  about  a  slowly  moving  cylinder, 
an  infinite  value  for  the  drag  force  is  obtained. 

To  obtain  a  flow  field  with  vertex  motion  behind  an  obstacle,  it  is  necessary  to  employ  Oseen' s 
approximation,  which  takes  some  account  of  the  inertia  forces  and  also  linearizes  the  equations  of 
motion.  If  the  field  at  infinity  flows  with  constant  velocity  U0  in  the  positive  x  direction,  then,  in¬ 
troducing  a  unit  vector  1  in  the  x  direction,  the  velocity  of  the  fluid  can  be  written  in  dimensionless 
form  as  T+  q,  where  q  is  the  vector  ^ elocity  produced  by  the  presence  of  the  body  in  the  fluid.  At 
large  distances  from  the  body,  q  becomes  vanishingly  small.  Oseen' s  linearized  equations  are  ob¬ 
tained  by  neglecting  all  terms  of  secoad  and  higher  order  in  q,  in  the  Navicr-Stokes  equation.  For 
the  x  component  the  equation  of  motio  \  becomes 


ij,  =  1/2  1 


—  =  -  vp*  —  v2  q  • 

x  Re 


(13-7) 


With  k  =  1/2  Re,  this  equation  and  the  equation  of  continuity(^-3)  arc  satisfied  by 


q  *  -V0+  2F?  i  X 


(13-8) 
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and 


p  =  d0/dx  , 


(13-9) 


provided  that 


and 


dX 

X  -  2k  —  a  0 
ix 


V2  0  =  0  . 


(13-1C) 


(13-11) 


Analytical  solutions  of  these  equations  have  been  given  by  GoldsteinO^-lO)  for  the  sphere  and  by 
Flaxen^-*  for  the  circular  cylinder,  while  the  corresponding  flow  fields  about  these  bodies  have 
been  treated  in  detail  by  Tomotika  and  Aoi(l3-I2).  jn  a  iater  referenced  3-13)  Xomotika  and  Aoi  ex¬ 
tended  theix  work  to  cover  an  elliptic  cylinder  and  a  flat  plate. 


In  dimensionless  spherical  coordinates,  the  general  solution  of  Equations  (13-10)  and  (13-11) 
is  given  by 


X=ekr  cos 


CO 


m=G 


+  1)  Bm 


JL 

kr 


1/2 

Km  +  1/2  (kr)  Pm  (cos  9)  , 


Pn  (cos  6) 


) 


(13-12) 


(13-13) 


where  Kj,,  +  1/2  (kr)  is  the  modified  Bessel  function  of  order  m  +  1/2,  Pm  (cos  9)  is  the  Legendre 
polynominal  of  order  m,  and  An  and  Bm  are  constants  of  integration  fixed  by  the  boundary  conditions. 
The  flow  field  about  a  sphere  can  be  determined  from  this  general  solution.  For  small  Reynolds 
numbers,  the  approximate  dimensionless  stream  function  iB  found  to  be 


0  = 


3/4  (r  -  1/r)  - 


!6  +  3  Re  (r2.1/r)+l£e(r2.1/r2)co8e 


32 


32 


sinz  9  .  (13-14) 


Figure  13-5  shows  the  flow  fi<eld  about  a  sphere  for  Re  =  1  as  calculated  by  Tomotika  and 
Aoi(^-l*').  jror  rc  3  o,  Equation  (13-14)  reduces  to  Stokes'  solution  given  by  Equation  (13-5). 


FIGURE  13-5.  CALCULATED  STREAMLINES  ABOUT  A  SPHERE  FOR  Re  =  1 
(Tomotika  and  Aoi)^^ 
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In  accordance  with  experimental  observation  a  stationary  vortex  ring  is  formed  behind  the 
sphere.  This  vortex  ring  is  always  present,  even  when  Re  is  small,  although  in  this  case  it  has  a 
weak  strength  and  is  confined  to  the  boundary  layer. 

In  dimensionless  cylindrical  coordinates,  the  general  solution  of  Equations  (13-10)  and  (13-1  i) 


X  =  e5*1,  cos  0  \  3m  Km  (kr)  cos  m  0 


(13-15) 


«  An  cos  n  0 

<t>  =  A0  log  r  -  \ - 

Lj  n  r11 
n=0 


(13-16) 


where,  as  before,  An  and  Bm  are  constants  of  integration.  The  corresponding  approximate  non- 
dimensional  stream  function  for  flow  about  a  cylinder  is  given  by 


ip=  [A(r  -  1/r)  -  Br  log  r]  sin  0  +  [C(r^  -  1/r^)  -  Dr^  log  r]  sin  2  0 


(13-17) 


where 


A  =  1/2  B  =  - - i -  ,  C  =  and  D  =  -BC  . 

2(log  Re  -  2.0023)  16 

The  flow  about  a  cylinder  corresponding  to  Re  =  4,  shown  in  Figure  13-6,  is  calculated  by 
Tomotika  and  Aoi(^-^),  using  the  exact  expression  for  the  stream  function  involving  modified 
Bessel  functions. 


Figure  13-7  shows  that  the  regions  of  Tecirculating  fluid  lie  within  a  parabolic  region  behind 
the  cylinder.  The  recirculation  regions  are  shown  by  the  shaded  areas  for  a  series  of  Reynolds 
numbers.  In  agreement  with  observation,  this  region  grows  in  size  with  increasing  Reynolds 
number.  „ _ _  _  _  _  _  _ _ , 


FIGURE  13-6.  CALCULATED  STREAMLINES  ABOUT  A  CYLINDER  FOR  Re  =  4 
(Tomotika  and  Aoi)^"^ 

A  comparison  of  the  experimental  and  the  calculated  drag  coefficients  shows  that  Osccn's 
approximation  holds  for  spheres  when  Re  <  2  and  holds  for  cylinder*  when  Re  <  Thu«, 

the  approximation  becomes  inaccurate  much  below  the  critical  Reynold*  number  for  vortex  shedding. 
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When  Oseen1  s  approximation  is  no  longer  valid,  the  flow  can  be  calculated  numerically  by 
successive  approximations  similar  to  relaxation  methods.  The  streamlines  found  in  tibia  way  by 
Thom(13-14)  for  the  flow  about  a  circular  cylinder  at  Re  =  20  are  in  good  agreement  with  photo¬ 
graphs  of  the  actual  flowO^-15)  The  principal  drawback  of  this  direct  numerical  approach,  aside 
from  the  great  labor  involved,  is  the  necessity  for  recomputing  the  entire  flow  field  for  each  de¬ 
sired  value  of  the  Reynolds  number. 

oooo 

Re=  0.0  5  Re=0.l  Re=0.25  Re«4 

FIGURE  13-7.  RECIRCULATING  REGION  BEHIND  A  CYLINDER 
FOR  VARYING  REYNOLDS  NUMBERS 

(Tomotika  and  Aoi)-^-*^ 


The  Shedding  of  Vortices 


Two  possible  mechanisms  have  been  advanced  for  the  blow-off  of  a  flame  attached  to  a  bluff 
body  as  the  velocity  of  the  oncoming  gas  stream  is  increased.  The  first  mechanism  assumes  that 
the  recirculation  region  of  hot,  unburned  gas  behind  the  flame  holder  is  unable  to  transfer  heat 
rapidly  enough  to  ignite  the  cold,  unburned  gas  and  thereby  release  enough  energy  to  the  downstream 
portion  of  the  recirculation  zone  to  maintain  its  temperature(^“^>  18)*.  This  explanation  is 
general  enough  to  cover  both  stable  and  shedding  vortex  systems.  ** 

i 

According  to  the  second  mechanism,  the  hot  vortices  become  hydrodynamically  unstable,  are 
shed  downstream,  and  thereby  prevent  the  ignition  of  unburned  gasO^-H,  20)*  .  A  variation  on 

this  mechanism  would  involve  a  premature  transition  from  a  laminar  to  a  turbulent  boundary  layer 
on  the  flame  holder;  however,  it  is  difficult  to  envision  such  an  occurrence  caused  by  heat  addition 
downstream  unless  an  oscillation  mechanism  is  also  proposed^”^).  Whether  any  variation  of 
either  or  both  of  these  mechanisms  is  the  cause  of  blow-off  is  still  an  open  question. 


The  behavior  of  the  vortices  can  be  studied  by  means  of  the  close  aualogy  that  exists  between 
the  diffusion  of  the  vorticity  £  in  a  viscous  fluid  and  the  diffusion  of  heat.  The  diffusion  of  vorticity 
is  governed  by  the  Equation  (13-9) 


If  the  motion  is  started  from  rest, 


^  =  (?'V)q+  -L  V2  l  . 

dr  Re 


then  q  =  0  and  this  equation  becomes 


d£ 

dr 


? 


(13-18) 


(13-19) 


which  has  the  same  form  as  the  equation  for  heat  conduction. 


♦A  homogeneous  reactor  theory  recently  advanced^"^)  i8  R  variation  on  this  mechanism,  but  the 
aerodynamic  problem  does  not  enter  into  the  formulation  directly. 

♦  ♦There  is  some  indication  that  vortex  shedding  when  a  flame  is  held  might  take  place  at  a  greater 
downstream  distance  from  the  holder. 

♦  ♦♦There  is  experimental  evidence  that  when  the  flame  is  about  to  blow  off,  the  downstream  end  of 
the  recirculation  region  becomes  unstable  and  moves  upstream'^”^ 
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In  the  stationary  regime,  the  vorticity  produced  at  the  solid  boundary  is  just  balanced  by  that 
which  diffuses  out  of  the  recirculating  region  into  the  main  body  of  the  fluid.  When  a  critical 
Reynolds  number,  Rec,  is  reached,  the  additional  vorticity  produced  by  a  small  disturbance  in  the 
boundary  layer  exceeds  the  amount  which  the  recirculating  region  can  lose  by  diffusion;  thus,  the 
vortices  in  the  wake  become  unstable  and  are  shed  downstream.  According  to  Kovasgnayf^-24)^ 
Rec  =  40  for  a  circular  cylinder.  By  reducing  the  turbulent  disturbances  upstream,  this  instability 
can  be  inhibited,  and  symmetric  stationary  vortices  can  be  observed  in  a  metastable  region  where 
Re  >  Rec.  _ — 

Table  13-1  shows  some  experimental  results  of  Thomf^-M)  which  indicate  that  the  presence 
of  channel  walls  inhibits  the  shedding  of  vortices.  The  critical  Reynolds  number  is  based  on  the 
fluid  velocity  at  large  distances  from  the  cylinder,  while  the  corrected  Rec  takes  into  account 
blockage,  that  is,  the  increase  in  stream  velocity  of  the  fluid  passing  around  the  cylinder  owing  to 
the  decrease  of  cross-sectional  area  of  the  flow  caused  by  the  channel  walls.  After  this  correction 
is  made,  the  inhibiting  effect  of  the  channel  walls  on  vortex  shedding  becomes  even  more  pro¬ 
nounced. 


TABLE  13-1.  CRITICAL  REYNOLDS  NUMBERS  FOR  THE 
SHEDDING  OF  VORTICES  FROM  CIRCULAR 
CYLINDERS  AS  A  FUNCTION  OF  THE  RATIO 
OF  THE  CHANNEL  WIDTH,  D,  TO  ITS 
DIAMETER,  d  (Thom)O2- 14). 


Rec 

Rec  (Corrected) 

D/d 

30 

31 

40 

46 

48 

20 

62 

68 

10 

For  axially  symmetric  systems,  the  stationary  vortex  ring  set  up  in  the  wake  becomes  un¬ 
stable  for  a  definite  Rec,  above  which  irregular  vortex  loops  are  shed  downstream  with  a  random 
pitch  and  vorticity(i3-25).  Jefferys(l 3 -26)^  after  considering  possible  configurations,  concludes 
that  there  is  no  regular  arrangement  of  rings  serving  as  a  generalization  of  the  two-dimensional 
vorl  .1  street.  This  is  confirmed  by  Moller' s  photographs 03 -2 7)  of  the  irregular  vortex  forms 
produced  in  the  wake  of  a  sphere. 

When  Rec  s  reached  for  a  circular  disk  set  normal  to  the  main  flow,  the  transverse  diameter 
of  the  vortex  ring  i3  about  1. 5  times  the  diameter  of  the  disk.  The  corresponding  Re  is  given  by 
Stanton  and  Marshall(13-25)  as  Re,_  =  195,  while  Simmons  and  Dewey(^"2®)  find  Rec  =  100.  The 
variation  in  the  values  of  Rec  is  probably  due  to  differences  in  the  tuibulence  initially  present, 
since  Rec  is  a  function  of  the  magnitude  of. these  initial  disturbances. 


The  Vortex  Street 


Once  the  critical  Reynolds  number  is  exceeded  for  two-dimensional  flow  about  an  obstacle, 
vortices  are  shed  with  a  regular  frequency  downstream,  forming  a  vortex  street  as  shown  in 
Figure  13-8,  where  a  is  the  distance  between  vortices  in  the  same  row  and  h  is  the  distance  between 
vortex  rows.  In  an  unbounded  fluid,  these  trails  of  diffuse  vortices  tend  to  diverge  downstream.  In 
practice,  however,  this  spreading  is  prevented  by  the  presence  of  channel  walls  which  compress  the 
flow  laterally,  leading  to  the  formation  of  parallel  vortex  rows^2"2*^). 
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FIGURE  13-8.  TKE  VORTEX  STREET 

Because  of  its  hydrodynamic  importance,  the  vortex  street  has  been  the  subject  of  extensive 
investigation.  Its  theoretical  treatment  has  been  discussed  in  detail  in  several  standard 
texts(^"®»  9,  15)  In  view  of  its  possible  importance  in  determining  the  stability  of  combustion 
systems,  a  general  survey  of  the  principal  features  of  the  vortex  street  is  given  here. 

In  a  theoretical  analysis  of  this  phenomena,  Karman(^“^®)  replaced  this  system  of  diffuse 
vortices  by  an  infinite  double  row  of  concentrated  line  vortices  moving  in  an  inviscid  fluid,  as  shown 
in  Figure  13-9.  By  dividing  all  lengths. by  a  and  all  velocities  by  Uo,  the  undisturbed  stream 
velocity,  the  relations  for  the  Karman  vortex  street  can  be  expressed  in  dimensionless  form.  Each 
vortex  of  dimensionless  strength,  K  =  k/aU0,  has  velocity  due  to  vortices  in  its  own  row  and  a 
velocity  of  1/2  ictanh  (flrr)  due  to  those  of  the  opposite  row,  where  r  =  h/a  is  the  spacing  ratio.  Thus 
at  large  distances  downstream  from  the  obstacle,  the  vortex  street  moves  with  a  velocity  relative 
to  the  undisturbed  fluid  of 


qs  *  kJ2  tanhfrrr)  .  (13-20) 


FIGURE  13  -9.  THE  KARMAN  VORTEX  STREET 

The  spacing  ratio,  r,  can  be  determined  from  stability  considerations.  Thus,  Karman(13-30) 
showed  that  such  a  configuration  of  vortices  would  be  unstable  for  two-dimensional  disturbances 
when  each  vortex  is  given  an  initial  infinitesimal  displacement  unless 

sinh(Trr)  *  •J2,  or  r  =  0. 36  .  (13-21) 

This  spacing  ratio  should  hold  in  the  neighborhood  of  a  bluff  body.  By  displacing  only  a  pair  of 
vortices  and  holding  the  otherB  fixed,  Karman  obtained  instability  unless 

sinh(7rr)  >  1,  or  r  =  0.28  .  (13-22) 

This  ratio  should  be  valid  at  large  distances  downstream(13-3  1,  32).  However,  the  Karman  vortex 
street  is  unstable  for  three  dimensional  disturbances^"^). 

A  symmetric  double  row,  with  the  vortices  of  one  row  opposite  to  thoBe  of  the  other,  will 
move  forward  as  a  whole  along  its  length,  but  Ib  unstable  to  two-dimensional  disturbances.  A 
double  row  with  vortices  of  one  row  neither  exactly  opposite  nor  half-way  between  those  in  the  other, 
will  maintain  its  form,  but  will  not  move  forward,  and  will  not  be  stable  in  presence  of  diaturb- 
anccsO^"^).  Some  progress  has  been  made  in  studying  the  stability  of  a  system  consisting  of  two 
pairs  of  vortex  streets,  but  numerical  evaluation  of  the  mathematical  results  and  comparison  with 
experiment  is  still  rcquiredO ^"^). 
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Actually,  t  is  always  observed  to  be  nearer  to  0.  36  than  to  the  value  given  by  Equation  (13- 
22)(*3-36,  37).  Experirnents(^3-29)  show  that,  despite  irregularities  in  the  vortex  street,  the 
longitudinal  spacing,  a,  remains  constant  downstream.  This  is  expected,  since  the  velocity  of  the 
vortices  along  the  street  mask  those  due  to  instabilities  which  may  be  present(13-38).  Normal  to 
the  street,  these  growing  disturbances  are  not  masked,  and  divergence  of  the  two  parallel  rows  of 
vortices  is  produced.  .As  a  result,  h  is  not  constant  unless  the  fluid  is  bounded  by  channel  walls. 

For  a  cylinder  of  diameter  d,  as  Re  is  increased  several  times  larger  than  Rec^"^),  a  and 
h  decrease  until  they  approach  limiting  values  given  by  a/d  5  and  (h/d)  ^1.7.  However,  the 
spacing  ratio,  r  =  h/a,  remains  constant.  The  dimensionless  velocity  of  the  vortex  street  increases 
with  Re  until  it  reaches  a  limiting  value  of  qg  *  0.  23.  From  Equation  (13-25),  this  implies  that  k, 
reaches  the  limiting  value  of  6.9.  Results  similar  to  those  given  here  for  cylinders  hold  for  the 
vortex  street  set  up  behind  other  two-dimensional  bodies(^3-27)> 

The  stability  of  the  Karman  vortex  street  in  a  channel  of  finite  breadth  has  been  treated 
theoretically  by  Glauert(l3-40)  an(j  Rosenhead03-41)  The  latter(l3-29)  has  shown  experimentally 
that  wall  effects  are  negligible  if  the  channel  is  at  least  four  times  larger  than  the  diameter  of  the 
obstacle. 

Two  important  dimensionless  parameters  may  be  associated  with  the  vortex  street.  The  first 
is  the  Strouhal  Number,  S,  which  is  a  measure  of  the  rate  of  vortex  shedding.  It  is  defined  as 

Safd/Uo  (13-23) 

where  £is  the  frequency  with  which  vortices  are  shed  from  a  body  of  diameter  d,  and  U0  is  the  un¬ 
disturbed  stream  velocity.  The  variation  of  S  with  Reynolds  number  for  a  circular  cylinder  is 
shown  in  Figure  13-10,  from  which  it  can  be  seen  that  S  tends  asymptotically  to  a  constant  value  of 
approximately  0.20  for  large  Re.  Over  a  range  of  Reynolds  numbers  of  interest,  it  follows  from 
Equation  (13-23)  that  the  frequency  of  vortex  shedding  is  a  linear  function  of  the  main-stream 
velocity.  Rayleigh03-42)  derived  an  empirical  equation  for  S  for  circular  cylinders  from  an 
analysis  of  the  experimental  data  of  Strouhal.  This  equation,  which  has  been  found  to  be  in  good 
agreement  with  later  observations,  is  given  by 

S  =  0.  195  (1-20.  1/Re)  .  (13-24) 

For  other  two-dimensional  bodies(^3-32)(  the  limiting  value  of  S  varies  from  about  0.15  to  0.  30. 


FIGURE  13-10.  VARIATION  OF  STROUHAL  NUMBER  WITH  REYNOLDS 
NUMBER  FOR  A  CIRCULAR  CYLINDER 

(Camichel  and  Dupin)(*3-2) 

If  S  is  defined  using  the  distance  be. •ween  the  free  vortex  layers  behind  an  obstacle  instead  of 
the  widtlTof  the  obstacle,  then  for  Re  >  3 JO,  for  all  obstacles,  S  equals  0.28,  approximately^ 3-43), 

I  "* 
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This  relation  holds  even  after  the  entire  boundary  layer  becomes  turbulent  and  the  drag  coefficient 
takes  a  sudden  drop  (about  Re  =  4  x  10^  for  cylinder s)(13 -4) 

Roshko(*3“^)  also  indicates  that  there  are  three  vortex  shedding  regions.  For  40  <  Re  <  150, 
the  vortex  shedding  is  stable,  and  the  energy  is  dissipated  by  viscous  processes.  For  150  <  Re  < 
300,  one  finds  an  unstable  region.  For  Re  >  300  turbulence  is  also  generated  in  the  shear  layer 
between  the  oncoming  flow  and  the  recirculation  region.  According  to  Roshko,  it  follows  that 
Equation  (13-24)  should  be  replaced  by  two  separate  equations,  one  for  Re  <  150,  and  one  for 
Re  >  300. 

Spivock03-44)  studied  the  yortex  shedding  frequency  of  two  parallel  cylinders.  He  found  that 
the  cylinders  act  independently,  as  far  as  frequency  is  concerned,  when  they  are  far  apart.  As  the 
gap  to  diameter  ratio,  g/d,  is  decreased  below  one,  the  frequency,  _f ,  (and  thus  the  Strouhal  number, 
fd/U)  jumps  slightly  and  then  decreases,  rapidly  at  first  and  then  more  slowly,  to  a  minimum  value 
at  g/d  =  1/11.  This  is  followed  by  a  small  increase  to  the  Strohal  number  associated  with  a  cylinder 
having  twice  the  original  diameter  when  the  gap  becomes  zero.  At  the  same  time  as  these  changes 
occur  in  the  primary  frequency,  a  frequency  associated  with  shedding  through  the  gap  becomes 
apparent.  This  frequency  equals  the  primary  frequency  at  g/d  ■  1,  increases  for  g/d  <  1,  and 
levels  off  near  g/d  =  1/2.  Below  g/d  a  1/2,  the  gap  frequency  drops  to  about  1/2  the  primary 
frequency  and  remains  constant  until  it  ceases  at  very  small  value  of  g/d.  This  final  jump  seems 
to  indicate  a  change  in  shedding  mechanism  at  this  gap  distance. 

A  second  dimensionless  ratio,  K,  can  be  introduced  as  a  measure  of  the  vorticity  transported 
downstream  by  the  vortex  street.  It  is  defined  as 


K  =  jc? 


where  f  =  af/UQ  is  the  dimensionless  frequency  with  which  the  vortices  are  shed.  By  substitution 
of  the  value  r  =  0.  36,  given  by  Harman' s  stability  analysis,  Equation  (13-20)  becomes 

K  =  2  \TI72  qfl  .  (13-25) 

This  result  allows  the  strength  of  an  individual  vortex  to  be  calculated  from  the  velocity  of  the 
street.  Simple  kinematical  considerations  show  that  7  must  be  re.  ated  to  the  dimensionless  velocity 
of  the  vortex  street  according  to 


r  =  1  -  q8  .  (13-26) 

Multiplying  these  two  equations  together  yields  an  equation  for  the  vorticity  transport  parameter 

K  -  2.45  qB  (1  -  q8)  .  (13-27) 

The  maximum  value  of  K  occurs  when  qg  a  1/2,  for  which 

Km  ax  =  0.61  .  (13-28) 

Younger,  Gabriel,  and  Michelson03“39)  made  an  extensive  series  of  observations  on  the 
vortex  street  behind  a  series  of  flame-holding  shapes.  Since  S  and  K  are  constant  over  the  range  of 
Reynolds  numbers  considered,  their  results  can  be  usefully  summarized  in  Figure  13-11,  which 
gives  the  S  and  K  values  associated  with  various  two-dimensional  obstacles.  It  can  be  seen  that  by 
varying  the  body  shape,  S  can  be  doubled  and  K  increaied  by  60  per  cent.  However,  these  results 
have  no  immediate  relation  to  flame-holder  design  bet  ausc,  (1)  they  refer  to  the  cold  flow,  and 
(2)  little  is  known  about  the  relation  between  vortex  si  edding  and  blow-off  so  that  optimum  values  of 
S  and  K  may  or  may  not  exist  for  flame  holding. 
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FIGURE  13-11.  VORTICITY  TRANSPORT  PARAMETER  PLOTTED 
AGAINST  STROUHAL  NUMBER 


'  i  (Younger,  Gabriel,  and  Michelson)^-^)  t 

The  drag  on  a  body  due  to  the  vortex  street  can  be  calculated  if  the  vortex  spacing,  a,  and 
the  velocit,  oi  the  street,  are  known.  Heisenberg(  13-45)  attempted  to  calculate  these  quantities 
theoretically  for  the  wake  behind  a  flat  p’ate,  and  obtained 

qa  a  0.  23,  a/d  =  5.5,  and  S  «  0.  14,  (13-29) 

These  values  are  in  fair  agreement  with  observation,  although  there  is  considerable  variation  among 
reported  values.  However,  the  assumptions  underlying  Heisenberg's  theory  cannot  be  Justified^  13-15), 
so  that  a  and  q8  must  be  found  by  direct  measurement. 

Nothing  has  been  mentioned  to  this  point  about  the  mechanism  which  determines  the  frequency 
at  which  vortices  are  shed.  BirkhoffO^"  '8)  and  Hanin(13-46)  have  advanced  related  theories  of  a 
conventional  nature,  while  Shaw(13-23)  has  advanced  an  acoustic  theory,  for  explaining  the  frequency 
of  vortex  shedding.  The  theories  of  Birkhoff  and  Kanin  are  discussed  first. 

Birkhoff  pictures  the  wake  behind  an  obstacle  as  swinging  from  side  to  side.  The  theoretical 
lift  coefficient,  by  the  Kutta- Joukowski  theory,  is  then  2tto,  where  a  is  the  angle  of  incidence  of  the 
wake  with  the  mean  stream  direction.  From  Newton' s  second  law,  the  force  is  equel  to  the 
acceleration  of  the  mass  involved;  thus 
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-pd'/  'a  =  (2ira)  (pv2/ 2)  ,  (13-30) 

where  d'  is  the  width  of  the  wake  and  1'  is  the  average  length  of  the  wavering  portion  of  the  wake. 
The  frequency  becomes 


f  =  v/2  s/7rd'l  *  , 


(13-31) 


and 

S  =  1/2  sfF  (d/kl')1/2  ,  (13-32) 

where  k  =  d'  /d.  For  k  =  4/3  and  ?'  =  3d/2,  it  follows  that  S  =  0.2.  Based  on  the  width  of  the  wake, 
d' ,  and  the  assumption  that]'  =  k' d',  f  becomes  invariant  with  changes  in  other  conditions,  as 
noted  experimentally  by  RoshkoO^-*^).  Using  the  same  basic  assumptions,  made  a 

more  detailed  analysis  of  this  problem  for  the  case  of  a  flat  plate. 

Shaw(^-23)  assumes  that  acoustic  pressure  waves  are  set  up  and  move  around  the  obstacle  in 
such  a  manner  that  the  pressure  waves  are  in  phase  at  the  two  separation  lines  on  the  obstacle,  and 
are  out  of  phase  at  the  upstream  central  edge .  The  breaking  away  supplies  the  energy  to  this 
pressure-wave  pattern.  The  frequency  is  high  compared  to  the  shedding  frequency.  For  a  cylinder, 
Shaw  gives  the  frequency  of  fa  =  3c/27Td  for  the  appropriate  wave  system.  Now  when  a  vortex  is 
shed,  it  is  assumed  to  continue  to  oscillate  at  this  frequency  and  send  waves  upstream.  Since  each 
pair  of  vortices  does  this,  the  vortex-shedding  frequency  is  assumed  to  be  1/2  of  the  beat  frequency, 
or 


f  =  1/2  (3c/27rd)  (v  -  vs)/c  ,  (13-33) 

where  Vg  is  the  velocity  of  the  vortices  relative  to  the  main  stream.  It  is  clear  that  the  assumption 
is  also  made  that  the  maximum  amplitude  of  the  frequency,  fa,  which  now  varies  in  amplitude 
because  of  the  beat,  initiates  a  discharge  of  the  larger  of  the  pair  of  vortices. 

Since 


S  =fd/v  =  0.239  (1  -vfl/v)  ,  (13-34) 

the  possibility  of  agreement  of  this  result  with  observation  is  clear.  Shaw  relates  (1  -  va/v)  to  a 
theoretical  equation  for  the  drag  coefficient,  add  from  drag  data  computes  S  for  100  <  Re  <  10^. 
The  agreement  is  excellent,  considering  all  the  factors  involved.  Thus,  although  the  former 
theories  are  more  logical,  it  would  appear  that  this  theory  merits  experimental  investigation.  If 
uic  theory  is  correct,  the  results  may  have  considerable  bearing  on  the  blow-off  mechanism  of 
flame  holders  in  certain  regions. 


Flow  Within  Closed  Chambers 


Thus  far,  only  the  flow  about  an  obstacle  in  a  uniform  stream  has  been  considered.  However, 
in  many  combustion  systems,  the  flow  of  gases  takes  place  within  a  closed  chamber  to  which  the 
gases  arc  admitted  through  one  or  more  entrances  and  are  expelled  through  one  or  more  exits. 

The  complexity  of  the  aerodynamics  of  such  systems  is  illustrated  by  the  fact  that  the 
optimum  design  of  porta  in  the  open-hearth  furnace  is  still  a  matter  of  dispute(^-47)t  The  flow 
may  also  lead  to  significant  secondary  effects.  An  example  occurs  in  open-hearth  furnaces(13-48) 
where  erosion  of  the  walls  is  caused  by  the  abrasive  action  of  particles  which  arc  thrown  against 
the  walls  by  large  eddies  set  up  by  the  blast  of  air  directed  against  the  molten  charge. 

Chesters  and  his  co-worker»(^"^^»  ^0)  have  published  a  scries  of  striking  photographs  of  a 
two-dimensional  flow  in  various  closed  systems,  as  a  preliminary  to  the  study  of  the  three- 
dimensional  flow  within  furnaceaO^-51).  First,  they  confirmed  that  when  the  volume  flow  rate  of  a 
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jet  normally  incident  on  a  second  jet  is  increased  until  it  is  3/4  of  the  latter,  the  flow  becomes  ui)'- 
stable.  This  supports  the  empirical  observation  that  the  fuel  and  air  jets  in  gas  furnaces  should  not 
be  directed  at  right  angles  to  each  other. 

The  photographs  of  Figure  13-12  show  the  unstable  flow  produced  when  liquid  enters  along  the 
major  axis  of  an  ellipse  and  leaves  through  two  symmetrically  placed  exits.  As  is  evident  from  the 
photographs,  there  is  a  regular  oscillation  in  flow  -  the  "swinging  jet"  -  go  that  most  of  the  liquid 
is  discharged  through  one  of  the  exits  while  the  other  one  remains  relatively  dry. 


w 


♦ 


T 


FIGURE  13-12.  FLOW  PATTERNS  IN  AN  ELLIPSE,  SINGLE  ENTRY  WITH 
A  DOUBLE  EXIT.  FOUR  POSITIONS  OF  THE  UNSTABLE 
"SWINGING"  JET 

(Chesters  and  Philip)(^ 3-49) 


Other  flows  are  comparatively  stable.  An  example  is  a  jet  located  at  the  midpoint  of  one  of 
the  sides  of  an  equilateral  triangle  and  directed  toward  the  opposite  corner,  with  exits  at  the  other 
two  corners.  Here  the  presence  of  converging  walls  appears  to  inhibit  the  growth  of  instabilities 
in  the  flow. 

At  present,  no  general  criteria  exist  which  predict  the  relative  stability  of  different  con¬ 
figurations  of  exits  and  entrances. 

RECIRCULATION  IN  DiABATIC  FLOW 


Thus  far,  all  the  flows  discussed  have  been  restricted  to  an  incompressible  fluid  without  heat 
sources.  Heat  addition  through  combustion  can  exert  a  profound  influence  on  the  nature  of  the  flow 
because  the  fluid  is  no  longer  baratropic,  that  is,  p  /  Fj  (p),  so  that  Helmholtz1  s  theorem  on  the 
conservation  of  vorticity  for  an  inviscid  fluid  is  no  longer  valld^-®^).  As  a  result,  vorticity  can 
be  produced  when  the  fluid  passes  through  the  flame  front.  Some  theoretical  results  have  been 
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obtained  for  the  steady  rotational  flow  of  an  ideal  gas  having  an  equation  of  state  of  the  form, 

P  =  F i (p)  F2(s)>  where  F2(s)  denotes  a  function  of  the  specific  entropy  of  the  gas.  A  unified  treat¬ 
ment  of  important  results  through  1949  has  been  given  by  Prim(13-53).  The  development  is  based 
on  a  substitution  principle  together  with  certain  generalizations  of  Crocco' s  theorems(^3-53)  re_ 
lating  vorticity  to  pressure. 

Tsien^3-55)  has  treated  the  influence  of  combustion  on  the  flow  field  when  a  flame  is  attached 
to  a  stabilizer  in  a  two-dimensional  channel.  He  treats  the  flame  as  infinitely  thin,  but  includes 
compressibility  effects,  extending  the  earlier  work  of  Scurlock(13-56).  The  laws  governing  such 
diabatic  flows  are  considered  from  a  general  point  of  view  by  Hicks(^3-57).  The  relations  derived 
are  complex,  and  in  view  of  the  difficulties  already  present  in  the  case  of  no  heat  sources  it  is 
doubtful  that  much  further  theoretical  progress  will  be  made  in  the  near  future  in  treating  these 
more  general  flows. 


Flow  Behind  Bluff  Bodies 


Only  a  limited  amount  of  experimental  work  has  been  done  on  the  flow  field  behind  bluff  bodies 
when  a  flame  is  attached  to  them*.  Lewis  and  Von  Elbe(^-58)  observed  that  the  flow  about  the  end 
of  a  blunt  wire  when  it  is  acting  as  a  stabilizer  for  a  V- flame  is  quite  different  from  that  in  adiabatic 
flow.  The  principal  change  is  the  decrease  in  the  size  of  the  eddies  behind  the  obstacle,  as  shown 
in  Figure  13-13, 


FIGURE  13-13.  STREAMLINES  ABOVE  A- WIRE  WITH  A  FLAT  END, 

WIRE  DIAMETER  0.21  CM 

(Lewis  and  Von  Elbe)03-59) 

Many  of  the  observations  on  the  diabatic  flow  behind  bluff  bodies  have  been  made  by  the  com¬ 
bustion  group  at  MIT03-1,  5,  21,  56,  60).  These  observers  report  that  the  most  important  in¬ 
fluence  of  the  flame  is  to  inhibit  the  shedding  of  vortices,  thus  greatly  extending  the  domain  of 
Reynolds  numbers  for  which  a  stable  recirculation  region  exists.  Since  Re  =  UL/uand  0  If 
(T/T0)^*,  there  is  a  large  decrease  in  the  Reynolde  number  due  to  the  increase  in  kinematic 
viscosity  caused  by  the  rise  in  temperature  when  the  gas  passes  through  the  flame  front,  but  the 


See  Chapter  16  for  treat:  ient  of  combustion  aspects  of  this  problem. 
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stabilizing  effect  of  the  flame  is  much  greater  than  this  decrease  in  Re  would  indicate.  However, 
these  observations  contradict  those  of  Nicholson  and  Field(l3-20);  who  claim  that  vortices  are  con¬ 
tinuously  shed  from  the  flame  holder  into  the  wake,  so  that  no  stable  recirculation  region  exists. 


No  adequate  explanation  has  been  given  for  this  increase  in  hydrodynamic  stability. 

Scurlock(  1^-56)  j^g  attributed  it  to  a  decrease  in  eddy  size  caused  by  the  increase  in  the  stagnation 
pressure  in  the  burned  gases  behind  the  stabilizers,  as  shown  in  Figure  13-14. 


Before  sep¬ 
aration 

Before  rodj 
influence  -o 
felt  1 


Pre ssur^inin^  of  rising  pressure 

Appraa.  length  Beyond  rod  influence 

(♦of  eddy  region* 


x 


(a )  No  Combustion 


FIGURE  13-14.  FLOW  ABOUT  A  ROD 

Evidence  for  the  cxiitence  of  a  (table  eddy  region  behind  a  flame  holder  can  be  derived  from 
several  *ource»U3-59).  First,  shadow  photographs  Indicate  that  the  stabilised  flame  is  laminar. 
Second;  it  is  observed  that  when  a  probe  Is  placed  at  a  short  distance  ahead  of  the  flame,  the  front 
is  violently  disturbed  by  the  eddies  emanating  from  the  probe;  but  if  the  latter  is  moved  close  enough 
to  the  front,  the  flame  soon  becomes  attached  to  the  probe  which  acts  as  a  second  stabiliser.  When 
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this  occurs,  the  flame  is  no  longer  violently  disturbed,  indicating  that  eddies  are  no  longer  being 
shed  from  the  probe. 

Finally,  when  a  probe  containing  NaCl  is  inserted  in  the  wake  and  moved  to  within  an  eddy 
length  of  the  stabilizer,  the  entire  recirculation  region  behind  the  flame  holder  suddenly  becomes 
filled  with  an  intense  yellow  light  due  to  the  incandescent  sodium(  13-61), 

Unfortunately,  no  detailed  studies  have  been  made  on  the  dependence  of  this  eddy  length  cn 
Reynolds  number  or  on  flame-holder  shape,  although  some  evidence  suggests  that  the  eddy  length 
is  about  1— 1/2  to  2  times  the  flame-holder  diameter!  13-21),  From  a  study  of  flame  widths  for 
stabilizing  shapes,  Scurlock!  *3-56)  has  tentatively  concluded  that  the  width  of  the  eddy  region  for 
gutters  is  less  than  for  cylinders  with  the  same  characteristic  dimension.  On  the  other  hand, 
because  the  blowout  limits  are  about  the  same,  he  concludes  that  the  corresponding  eddy  lengths 
are  approximately  equal. 

Putnam!  13-62)  presents  data  showing  that  the  stability  limits  of  a  series  of  flame  holders  of  a 
single  diameter  increases  with  an  increase  in  the  angle  between  the  flow  axis  and  the  flame  at  the 
point  of  contact  with  the  flame  holder.  The  result  is  attributed  to  an  increase  in  size  of  recircula¬ 
tion  zone. 


Vortex  Shedding  Behind  Flame  Holders 


When  a  flame  is  attached  to  a  flame  holder,  vortices  may  be  shed  downstream  by  two 
mechanisms.  The  first  mechanism  is  related  to  an  instability  of  the  boundary  layer  which  leads  to 
the  formation  of  the  Karman  vortex  street.  This  mechanism  is  shown  by  the  schlieren  photograph 
of  Figure  13-15.  The  observed  frequency  is  in  approximate  agreement  with  the  calculated  frequency 
based  on  the  flow  velocity  of  the  unburned  gas.  However,  the  vortices  apparently  propagate  along 
the  flame  front  which  serves  as  an  interface  between  the  hot  and  cold  gases,  rather  than  directly 
downstream.  It  also  may  be  noted  that  the  vortex  spacing  increases  rapidly  downstream. 

The  second  cause  of  vortex  shedding,  which  has  been  investigated  experimentally  by 
Scurlockt^-Sb)^  ifl  <jue  to  the  velocity  gradients  produced  across  the  flame  front.  These  are 
shown  schematically  in  Figure  13-16, 

In  a  classic  paper,  Rayleigh!  13- 64)  showed  that  a  discontinuity  of  velocity  across  two  adjacent 
streamlines  is  unstable  and  will  roll  up  into  a  series  of  vortices(13-65),  in  a  reai  fluid,  where  no 
discontinuities  in  velocity  can  exist,  hydrodynamic  stability  io  a  function  of  the  velocity  gradient 
and  the  Reynolds  number  of  the  flow!  13-66),  in  general,  increases  in  velocity  gradient  and  Re 
favor  instability. 

From  Figure  13-16,  it  can  be  seen  that  there  are  two  regions  with  high  velocity  gradients 
which  would  serve  as  a  source  of  vortices.  One  region  is,  at  large  distances  downstream  due  to  the 
expansion  and  acceleration  of  the  unburned  gases  in  the  confined  system.  The  other  region  occurs 
in  the  neighborhood  of  the  flame  holder  where  there  is  a  large  difference , in  velocity  between  the  un¬ 
burned  gas  in  the  main  stream  and  the  relatively  stagnant  hot  gas  in  the  recirculating  region. 
Scurlock(13-56)  has  taken  shadowgraphs,  as  shown  in  Figure  13-17,  which  vividly  demonstrate  the 
development  of  vortices  from  the  latter  region.  The  small  insert  Photograph  5-1-93  shows  very 
clearly  the  dark  region  behind  the  flame  holder  associated  with  the  hot  recirculating  gases.  All 
the  disturbances  are  symmetric,  excep.  in  Photograph  4-2-91,  where  turbulence  has  been  In¬ 
troduced  into  the  unburned  gas  by  inserting  a  mesh  upstream.  This  is  in  contrast  to  the  asymmetric 
pattern  of  the  vortex  street. 
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FIGURE  13-15.  VORTEX  SHEDDING  FROM  A  FLAT  PLATE 
WITH  AN  ATTACHED  LEAN-PROPANE 
FLAME  (Rc  *  9,  000) 

(Putnam  and  Kleder)(^'^ 


Finally,  the  Importance  of  oscillations  in  distorting  the  flame  front  should  be  noted^  “  1  * 

69,  70) t  Since  most  experiments  are  conducted  on  flames  in  confined  chambers,  the  unstable  flame 
front  may  set  up  a  resonant  pulsation  in  the  system  which  can  exert  a  profound  influence  on  the  com¬ 
bustion  process.  An  example  of  this  phenomenon  is  the  "singing  flame"  obtained  by  placing  a  Ions 
tube  over  a  Bunsen  flame.  Such  resonant  pulsations  lead  to  a  symmetric  distortion  of  the  flame 
front,  as  shown  in  the  shadowgraph  of  Figure  13-18. 
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Flame  fronts 


mixture 


Second  region  of  high- 
velocity  gradients  at 
flame  front  -  gradients 
increase  as  V0,  Rp,  F 
increase  not  affected 
by  stabilizer  diameter 


Intermediate  region  of 
low-velocity  gradients 
at  flame  front  between 
first  and  second  region 
of  high  gradients 


First  region  of  high- 
velocity  gradients  at 
flame  front  -  gradients 
increase  as  V0  increases, 
velocity  gradient  increases 
as  Sf  and  Rp  decrease,  and 
large  stabilizers  increase 
both  the  width  and  length 
of  this  region 


FIGURE  13-16.  SCHEMATIC  DIAGRAM  OF  THE  FLOW  PATTERN  BEHIND 
A  FLAME  HOLDER,  SHOWING  THE  HIGH-VELOCITY 
GRADIENTS  NEAR  THE  FLAME 


(Scurlock)03-56) 


Since  little  work  has  been  aone  on  diabatic  flows,  the  experimental  observations  which  have 
been  given  here  must  be  regarded  as  only  a  brief  survey  of  the  principal  facts  known  about  this 
largely  uncharted  field. 
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V  =  24.  3 
1/f  =  12.  57 
d  =  0.038" 
FIGURE  13-17 


(Scurlock)(l3-56) 


FIGURE  13-18.  SHADOWGRAPH  OF  V-FLAME  IN  COMBUSTION  CHAMBER 
<3=0.  125  IN. ,  V  =  15  FT  PER  SEC 

(Dunlap)(*3-67) 


Modeling  of  Combustion 


Aerodynamic  investigation  of  combustion  systems  presents  many  difficulties  largely  due  to  the 
high  temperatures  involved.  For  this  reason,  attempts  have  been  made  to  simulate  combustion 
by  another  physical  process  which  can  be  studied  more  easily  in  the  laboratory.  Such  a  process  of 
modeling  a  combustion  system,  as  well  as  the  associated  fields  of  dimensional  analysis  and  ' 
similarities  as  applied  to  combustion,  are  discussed  in  detail  by  Weller  and  Thomas(^“  ^1). 

The  principal  effect  of  combustion  as  far  as  the  aerodynamic  flow  is  concerned  is  the  decrease 
in  density  of  the  burned  gas  and  its  increase  in  kinematic  viscosity  due  to  the  rise  in  temperature 
caused  by  burning.  The  decrease  in  density  can  be  as  much  as  1/7  for  stoichiometric  mixtures, 
with  a  corresponding  increase  of  thirty  times  in  the  kinematic  viscosity.  Several  attempts  have 
been  made  to  model  these  effects.  One  method  of  representing  the  gas  dynamic  aspects  of  flow 
through  a  plane  combustion  front  is  by  the  application  of  the  water  channel  analogy  with  a  flux 
source  simulating  combustion(13-72).  Another  method  consists  of  simulating  the  increase  in 
kinematic  viscosity  due  to  combustion  by  injection  of  a  Methocel  solution  into  water,  whose  effect 
is  to  increase  the  viscosity  of  the  water  without  changing  any  of  its  other  properties(13-73). 

However,  to  date,  simulation  has  been  successfully  applied  to  combustion  systems  only  in 
studying  the  flow  caused  by  the  buoyant  forces  created  by  variations  in  density.  Thus,  Groume- 
Grjimailo(  13-74)  investigated  the  stratification  due  to  buoyancy  of  gas  within  furnaces  by  using 
streams  of  colored  paraffin  and  water.  Another  example  is  the  work  of  Rosin(13~75)(  who  made  an 
interesting  study  of  the  flow  of  hot  gases  up  chimneys  of  open  fireplaces.  He  replaced  the  bed  of 
coal  by  salt  briquettes  which  were  dissolved  by  flowing  water  to  simulate  the  flow  of  air.  By  setting 
the  model  upside  down,  the  increase  in  density  of  the  saturated  salt  water  solution  is  partly 
analogous  to  the  decrease  in  the  density  of  the  burned  gases.  This  model  is  open  to  criticism  since 
the  change  in  density  corresponds  to  an  increase  of  only  40  per  cent,  whereas  the  density  of  the 
burned  gases  may  fall  to  1/3  or  l/4  its  cold  value.  However,  using  thiB  simulation  technique, 

Rosin  was  able  to  show  many  of  the  relevant  features  of  the  flow  in  chimneys.  In  particular,  he 
showed  that  efficiency  is  seriously  impaired  when,  due  to  sharp  protrusions,  a  standing  vortex  is 
set  up  in  the  throat  of  the  chimney.  On  the  basis  of  this  study,  he  suggested  an  improved  chimney 
design  to  eliminate  such  defects. 

Finally,  it  may  he  noted  that,  because  of  difficulties  in  modeling  the  flow  of  hot  gases,  almost 
all  research  on  the  flow  patterns  in  furnace  s(^- 47,  48,  51,  74,  75)  has  been  limited  to  cold  flow. 

As  a  result,  it  is  questionable  how  far  these  results  apply  to  the  flow  of  hot  gases  within  furnaces. 


RECIRCULATION  IN  PRACTICAL  COMBUSTION  SYSTEMS 


In  this  section  some  useful  types  of  recirculation  regions  in  combustion  systems  are  con¬ 
sidered. 


Spin-Stabilized  Burner 


Figure  13-19  shows  a  typical  spin- stabilised  domestic  oil  burner.  This  type  of  stabilization 
is  to  be  found  in  most  domestic  and  commercial  oil  burners,  although  the  spin  may  be  produced  by 
various  other  burner  designs.  The  entering  air  is  swirled  at  A  by  vanes  and  the  swirling  air  passes 
outward  through  the  nozzle.  The  spinning  air  mass  is  discharged  in  a  hollow-cone  dispersion, 
entraining  air  from  the  center  region  to  create  a  low-pressure  area  at  the  center.  From  B  hot  gas 
flows  downstream  into  this  low-pressure  area  and  ignites  the  fresh  combustible  mixture.  A  second¬ 
ary  recirculation  pattern  may  be  set  up  in  the  surrounding  gases  at  C  and  D,  depending  on  turnace 
design.  The  hollow  cone  of  fuel  oil  droplets  usually  has  such  an  angle  that  the  fuel  moves  together 
with  the  fresh  gases. 
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FIGURE  13-19.  SPIN-STABILIZED  OIL  BURNER 


Baffle  Flame  Holder 


Figures  13-13,  13-14,  and  13-16  amply  illustrate  the  recirculation  pattern  behind  simple 
obstacles,.  Because  of  shearing  forces,  the  flow  over  the  edges  causes  the  gases  behind  an  obstacle 
to  rotate.  This  rotation  is  more  like  a  rotating  solid  body  than  like  a  vortex,  in  which  the  tan¬ 
gential  velocity  decreases  outward  from  the  center  of  rotation.  The  recirculation  volume  may  be 
roughly  spherical  in  shape,  as  behind  the  axially  symmetric  flame  holder  of  Figure  13-13,  or  may 
be  cylindrical,  as  behind  the  rod  in  Figure  13-16,  or  behind  the  V  gutters  found  in  some  ram  jets 
and  afterburners.  For  annular  gutter  flame  holders,  it  follows  that  the  recirculation  region  is 
doughnut  shaped. 

The  fuel  is  usually  injected  upstream  of  these  units,  so  that  a  combustible  mixture,  in  the 
vapor  phase,  flows  by  the  flame  holder.  However,  some  of  the  fuel  may  not  evaporate  before 
reaching  the  flame  holder,  and,  consequently,  may  deposit  on  the  upstream  side  of  the  flame  holder. 
The  stability  limits  and  combustion  processes  associated  with  the  baffle  flame  holders  are  dis¬ 
cussed  in  more  detail  in  Chapter  16.  It  should  be  noted,  however,  that  in  combustion  systems  in 
use,  the  baffles  usually  have  a  V  or  IJ  section.  They  are  usually  in  multiple  form,  forming  a  grid 
or  set  of  annular  rings.  In  ram-jet  application,  the  blockage  area  is  relatively  high,  usually  about 
40  to  60  per  cent.  For  afterburners,  the  blockage  is  somewhat  less,  and  is,  on  occasion,  de¬ 
creased  further  by  staggering  the  holders. 


Asymmetric  Flame  Holder 


Figure  13-20  shows  an  asymmetric  flame  holder,  in  which  the  air  is  supplied  through  an 
opening  at  A.  A  recirculation  i3  set  up  in  the  region,  B,  bounded  on  the  top  by  the  combustion- 
chamber  wall,  (].  The  fuel  is  sprayed  in  roughly  parallel  to  this  air  jet  and  just  above  it.  If  one 
pictures  two  of  these  units  placed  back  to  back  at  the  wall,  C^,  and  the  wall  removed,  the  pattern  of 
flow  is  seen  to  be  similar  to  that  for  the  symmetric  baffle  flame  holder.  The  location  of  the  injected 
fuel  approximately  along  the  interface  between  the  hot,  recirculating  gases  and  the  fresh  gases 
corresponds  to  that  in  the  spin- stabilized  burner. 

c 


A 


D 

FIGURE  13-20.  ASYMMETRIC  FLAME  HOLDER 
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Figure  13-20  is  also  a  good  illustration  of  the  behavior  of  an  ■  t  ifice-type  flame  holder.  In 
this  case  the  unit  is  considered  to  be  symmetric  about  the  lower  wn  ,  D,  &nd  the  wall  removed. 
However,  with  orifice-type  flame  holders,  as  with  baffles,  it  is  ' inon  '  )  inject  the  fuel  upstream, 
or  use  gaseous  fuel,  so  that  a  combustible  mixture  is  supplied  to  burj.iT. 


Can-Type  Combustor 


Figure  13-21  shows  a  typical  can-type  combustor.  The  t'r  .  , o .  :s  'act  Ulv  inward  from  the 
first  rov/s  of  orifices  at  a  high  velocity  and  impinges  at  the  center.  art  of  the  ai:  moves  upstream 
along  the  axis,  outward  along  the  dome,  and  downstream  along  the  w.ill.  Some  air  is  admitted  in 
slots  along  the  wall  to  prevent  carbon  deposits  and  to  cool  the  metal  vail.  The  fuel  is  injected  in  a 
hollow-cone  spray  pattern,  thus  giving  an  over-all  flow  pattern  whicl  somewhat  resembles  that 
found  in  the  swirl-type  oil  burner.  Additional  air  is  admitted  through  orifices  and  slots  further 
downstream.  Secondary  recirculation  is  also  set  up  between  pairs  of  orifices  in  the  same  row,  as 
might  be  expected,  and  thus  the  over-all  flow  pattern  is  highly  conducive  to  lai^e- scale  mixing. 


Atomizing  air. 


Arrows  showolr  path 


FIGURE  13-21.  COMBUSTOR  FOR  GENERAL  ELECTRIC  4800-HF  LOCOMOTIVE 
GAS  TURBINE,  FOR  RESIDUAL  FUEL  OIL 


Controlled  Recirculation  Burner 


Figure  13-22  is  a  schematic  diagram  of  a  controlled  recirculation  burner.  The  fuel  oil  enters 
the  burner  through  a  pressure  atomizing  nozzle,  and  is  vaporized  by  the  hot,  recirculated  products 
of  combustion.  By  so  designing  the  recirculation  chamber  that  the  pressure  increases  downstream, 
hot,  burned  gas  is  drawn  through  the  chamber  and  is  ejected  into  the  unburned  fuel-air  mixtures. 
Burning  takes  place  downstream,  where  the  velocity  of  the  oncoming  gas  decreases  due  to  the 
divergence  of  the  channel  walls. 


Recirculation  chamber > 


Mlxipg  and  vaporization  area 


Primary  _= 
air  supply  — 

Fuel-Injection 


. ;ombu»tion  chamber 

Refractory  lining 
FI  ime  holder  ’  * 


FIGURE  13-22.  SCHEMATIC  DIAGRAM  OF  HIGH-VELOCITY  BURNER 

(Peskin)(  1^-76) 
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Figure  11-21  shows  a  sci:  of  ton  Curtiss-Wright  J-65  engine.  Th  ^  ;r.'n  illustrates  some 

variations  on  the  scheme  of  romi  ling  the  flow  of  gases  for  specific  purpi  .  The  fuel  flows  at 
a  rather  low  pressure  onto  a  hot  rfaco,  where  it  vaporizes  and  is  mixeo  i  a  turbulent  stream 
of  primary  an  .  Burning  begins  ')•  or»  he  gases  leave  the  J-shaped  tube.  ondary  air  is  supplied 
by  sets  of  air  jets  which  contribute  to  mixing. 


fuel 


V 


\ 


gasses 


'Cor  ‘'ustion  of  rich 
fur .  air  mixture 


Combustion  of  proper 
ratio  fuel-air  mixture 


FIGURE  13-23.  THE  COMBUSTION  CHAMBF  .T  OF  HE 
CURTISS-WRIGHT  J-65 

(Reproduced  from  Curtiss-W >  >. ght 
Drawing) 


CONCLUDING  REMARKS 


Ir.  view  of  the  enormous  difficulties  in  the  way  of  further  theot-’tic^  advances,  work  in  the 
immediate  future  should  be  concentrated  on  a  broad  program  of  exp.  ;  imv  otal  research.  Such  a 
program  can  be  divided  into  two  phases:  one  phase  should  be  conceri  ed  nth  adiabatic  flow  and  the 
other  ;  hase  should  be  concerned  with  diabatic  flow. 


Adiabatic  Flow 


The  recirculation  pattern  which  has  been  discussed  in  the  prev  j' 
rotation  of  a  solid  body;  only  after  the  breaking  away  of  the  rccirculo'  > 
f  m  the  region  of  generation  of  circulation  does  the  pattern  start  to  •  ■■ , 
v  rein  the  tangential  velocity  is  inversely  proportional  to  the  radiui 


section  is  comparable  to 
uattc  rn,  or  part  of  it, 
icratc  into  a  vortex, 

>us,  in  a  combustion 
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system,  the  fully  developec  rtex  street  which  has  been  investigated  quite  extensively  for  two- 
dimensional  flow  probably  r  •  develops.  Not  only  are  the  flows  often  three  dimensional,  but  the 
region  in  which  the  recircu'  '  m  is  initially  generated  is  the  region  of  greatest  interest  relative  to 
flame  holding*.  It  appears  t  theories  to  explain  vortex  shedding  frequencies  need  specific  ex¬ 
perimental  confirmation.  r  influence  of  laminar  and  turbulent  momentum  interchange  must  be 
evaluated;  the  rate  of  appiu  of  the  actual  flow  field  to  that  of  classical  fluid  dynamics  should  be 
determined;  and,  finally,  tit  .  itical  range  in  which  various  modes  of  recirculation  occur  should  be 
as.  ’rh  ned  In  connexion  '•  i  the  study  of  three-dimensional  flow  fields,  as  opposed  to  two- 
dimenjia  1  flow  fie’  s,  -Iifficulty_of  visualization  of  a  threce-dimensinnal  f  1  rLut_fie.l4-ha-s-a4-v»ys- — 
beeh”an  obstacle.  However  this  might  be  overcome  by  extensive  application  of  stereoscopic- 
photographic  techniques,  w>  :ch  would  allow  the  shedding  of  vortex  rings  behind  axial  symmetrical 
flame  holders  to  be  studied. 


Diabatic  Flow 


Because  little  is  known  about  the  flow  fields  which  occur  behind  bluff  bodies  when  the  flame  is 
attached  to  the'-1,  general  studies  should  be  undertaken  to  determine  the  nature  of  these  diabatic 
flows  The  ’arc  differ ea<  in  gas  density  between  the  recirculation  zone  and  the  oncoming  gases 
is  the  most  obvi<  .3  complb  ation.  It  may  even  be  that  flow  with  a  flame  present  is  more  similar  to 
cavitation  flow:.  hind  an  obstacle  moving  in  water,  than  to  the  adiabatic  flow  discussed  in  this 
chapter.  In  any  :  ise,  the  <  hange  in  flow  patterns  and  critical  Reynolds  numbers  when  flames  are 
present  should  b>  studied  I  loroughly.  Also  important  to  some  theories  of  flame  holding  and 
stability  is  the  s:  a  of  the  ;  ecirculation  zone,  and  the  transport  properties  across  the  boundaries. 
Finally,  mea  .urenents  of  he  change  in  drag  on  the  stabilizer  caused  by  the  presence  of  the  attached 
flame  should  be  •  ade;  in  afterburners  and  ram  jets  the  relation  between  drag  and  flame-holding 
ability  is  extre-  >  /  important,  as  well  as  the  question  of  whether  there  is  an  optimum  shape  pro¬ 

ducing  minimum  ag  for  ?  given  range  of  operation. 
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CHAPTER  14.  LAMINAR  FLAME  PROPAGATION 


ABSTRACT 


The  progagation  rate  of  a  laminar  flame  through  a  combus¬ 
tible  mixture  is  often  considered  a  primary  variable  in  combustion 
studies.  This  rate  has  been  used  as  a  correlation  parameter  in 
studies  of  flame  stability,  quenching,  and  ignition,  flame  oscilla¬ 
tions,  and  turbulent  flame  speed.  Yet,  for  a  given  mixture,  the 
value-  of  burning  velocity  is  often  a  source  of  considerable  dis¬ 
agreement.  The  mechanism  from  which  a  rate  results  is  also  a 
subject  of  considerable  debate. 

In  this  chapter  on  laminar  flame  propagation,  the  various 
theories  of  flame  propagation  are  outlined  first.  Methods  of 
measuring  burning  velocity  are  then  covered,  and  their  limitations 
and  advantages  noted.  Following  this  discussion,  the  physical 
effect  on  burning  velocity  of  temperature,  pressure,  mixed  fuels, 
and  non-hydrocarbon  fuels  is  considered.  Finally,  the  two  most 
prominent  classes  of  theories  of  burning  velocity,  the  thermal 
theories  and  the  species  diffusion  theories,  are  compared  on  the 
basis  of  the  experimental  results  considered  in  the  provious  two 
sections. 


LAMINAR  FLAME  PROPAGATION 


by 


A.  Levy 


There  has  been  much  debate  as  to  how  important  the  burning  velocity  of  a  laminar  flame  is  in 
determining  the  performance  of  a  high-duty  combustor.  However,  at  the  least,  it  appears  that  the 
stability  limits  of  a  flame  bear  some  resemblance  to  burning  velocity  curves.  At  the  other  ex¬ 
trema,  it  might  eventually  be  found  necessary  to  know  the  burning  velocity  characteristics  of  a 
fuel  to  evaluate  many  of  the  properties  of  a  combustor. 

From  a  raoie  fundamental  viewpoint,  the  burning  velocity  is  the  connecting  link  between 
applications  of  high-temperature  combustion  and  studies  of  the  kinetics  of  combustion.  If  a  theory 
of  the  mechanism  of  combustion  fails  to  predict  burning  velocities  in  agreement  with  observations, 
the  theory  is  immediately  open  to  question. 

The  importance  of  theories  and  experimental  studies  of  burning  velocity  has  been  recognized 
to  such  an  extent  that  excellent  treatments  of  the  subject  are  available  in  many  books  and  reviews. 
To  name  a  few,  there  are  the  older  and  more  recent  texts  by  Lewis  and  von  ElboUd-l)(14-2)(  the 
older  text  by  JoatU4“3),  and  a  recent  text  by  Gaydon  and  Wolfhard(14-4)# 

The  contents  of  the  five  combustion  sympo8ia^"5>  8,  9)^  antj  the  AGARD  textU^-lO) 
contain  many  references  to  studies  of  burning  velocity.  Among  the  references  which  are  of  special 
bibliographic  value  are  the  reviews  of  the  current  literature  on  combustion  by  Lewis  and  von  Elbe 
which  have  been  appearing  in  Industrial  and  Engineering  Chemistry!  only  the  two  most  recent 
articles  are  listed  among  the  references  at  the  end  of  this  chaptered- H), 

Because  of  this  extensive  literature,  the  emphasis  has  been  placed  in  this  chapter  not  so 
much  on  the  details  of  the  studies  of  burning  velocity  as  on  the  over-all  picture.  The  various 
theories  are  covered  first,  then  the  various  techniques  of  measuring  burning  velocity  are  dis¬ 
cussed.  The  effects  on  the  rate  of  combustion  of  various  physical  factors  such  as  pressure  are 
covered  next.  Finally,  the  literature  in  which  the  various  theories  of  combustion  are  compared 
is  reviewed. 


THEORIES  OF  FLAME  PROPAGATION 


A  sound  theory  of  flame  propagation  would  explain  the  relation  between  burning  velocity  and 
the  fundamental  physical  and  chemical  properties  of  fuels.  However,  since  the  first  attempts  in 
the  late  19th  Century,  all  attempts  to  develop  such  a  theory  have  led  to  failure.  This  situation 
results  from  both  an  insufficient  knowledge  of  the  chemical  processes  occurring  in  the  flame  and 
the  complex  nature  of  the  problem  with  its  associated  mathematical  difficulties. 

Theories  of  flame  propagation  are  divided  mainly  into  two  groups;  (1)  thermal  theories, 
which  are  developed  using  thermal  transport  properties  and  (2)  radical-diffusion  theories,  which 
use  diffusive  transport  properties.  There  is  also  a  third  group  of  theories  which  combines  the  two 
main  groups  above,  and  which  may  be  classified  as  comprehensive  theories. 
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An  excellent  review  of  these  three  groups  of  flame  propagation  theories  has  Been  prepared  by 
EvansU4- 12).  Evans'  review  presents  not  only  the  basic  equations  of  the  various  theories,  but  the 
assumptions  which  form  the  basis  of  the  theories.  In  the  following  pages  only  the  more  general 
points  of  these  theories  shall  be  discussed. 


Thermal  Theories  # 


The  thermal  theories  are  based  on  an  assumed  balance  of  thermal  energy  in  the  combustion 
zone  and  are  developed  from  a  generalized  temperature  distribution  in  the  flame  zone  as  shown  in 
Figure  14-1. 

The  flame  front  is  considered  to  be  stationary  at  x  =  0,  and  the  reaction  zone  extends  a  dis¬ 
tance  6.  The  rate  of  change  of  heat  content  may  be  expressed  as  i 

=  div  (X  grad  T)  -  p  v  grad  H  +  rQ  (14-1) 

O  t 


where  p  is  the  density  of  the  gases,  H  is  the  heat  content,  X  is  the  coefficient  of  thermal  conductiv¬ 
ity,  T  is  the  temperature,  v  is  the  velocity  of  the  gas,  £  is  reaction  rate,  and  Q  is  heat  of  reaction. 
Setting  all  time  derivatives  to  zero,  one  obtains 


dZT  F  p  cp  dT  rQ 
dxz  X  dx  X 


(14-2) 


The  burning  velocity  or  flame  speed,  £,  has  replaced  the  gas  velocity  v,  and  the  assumption  of 
constant  specific  heat,  Cp,  has  permitted  H  to  be  eliminated.  This  equation  is  fundamental  to  the 
thermal  theories;  variations  in  the  thermal  theories  result  from  different  assumptions  introduced 
to  make  a  solution  feasible. 


FIGURE  14-1.  A  GENERALIZED  TEMPERATURE  DISTRIBUTION 
ACROSS  THE  FLAME  FRONT 


The  boundary  conditions  are: 


■  T  ■  T0  at  x  n  -« ,  (14-3) 

where  T0  is  the  initial  temperature  of  the  gases,  and 

T  »  Tf  at  x  *  +  w  ,  (14-4) 
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where  Tf  is  the  temperature  of  the  burned  gases. 

Before  proceeding  further,  the  significance  of  Tf,  often  called  the  ignition  temperature,  must 
be  stated.  The  ignition  temperature  only  exists  as  a  hypothetical  formulation  serving  as  an  aid  in 
solving  and  identifying  some  point  in  the  combustion  process.  It  is  not  a  fundamental  constant  nor 
special  factor  for  any  fuel.  It  is  generally  considered  the  point  at  which  the  hot,  fast  reaction 
begins.  On  the  general  plot  in  Figure  K-l.  T,  may  be  either  high  or  low,  depending  on  the  partic¬ 
ular  theory. 


In  solving  Equation  (14-2),  two  important  assumptions  which  strongly  influence  any  solution 
of  the  equation  are  usually  introduced.  These  are  (1)  below  Tf,  no  reaction  occurs;  and  (2)  above 
Tj,  the  reaction  proceeds  at  a  constant  rate.  Concerning  the  first  assumption,  the  combustion 
reaction  is  a  continuous  process,  going  from  a  slow  oxidation  to  a  cool  flame  region  under  proper 
conditions,  and  finally  to  the  hot-flame,  fast  reaction.  To  say  that  no  reaction  occurs  is  equivalent 
to  saying  that  there  is  no  slow  oxidation.  But  slow  oxidations  and  cool  flames  do  occur,  do  have 
exothermic  heats  of  reaction,  and,  therefore,  contribute  to  raising  the  gases  to  the  ignition  tem¬ 
perature  Tf,  in  addition  to  the  heating  effect  due  to  conduction  from  the  flame  front.  Concerning 
the  second  assumption,  kinetic  studies  show  that  the  rate  of  oxidation  is  a  function  of  temperature, 
pressure,  and  concentration;  therefore,  the  rate  is  a  function  of  distance  within  the  flame  front. 
Until  the  mechanism  of  hydrocarbon  combustion  is  better  understood,  however,  it  is  possibly  pref¬ 
erable  and  certainly  easier  to  obtain  formal  mathematical  solutions  to  Equation  (14-2)  by  consider¬ 
ing  the  term  rQ/X  to  be  constant. 


For  T  <  Tj,  Equation  (14-2)  is  solved  with  rQ/X  equal  to  zero.  For  T  >  Tf,  rQ/X  fakes  a 
constant  value.  At  Tf,  the  temperature  and  heat  flow  of  the  two  equations  are  equated.  This 
results  in  the  equation: 


Tf-  T0  3  a6 


(14-5) 


where  a  s  F  p  cp/X.  Assuming  Tf  »  Tj  and  replacing  a  by  its  original  expression  one  obtains  the 
burning  velocity  equation, 


F  o 


!  Xr  Tf -  T0 
pep  aq  Ti  -  T0  ’ 


(14-6) 


where  a0  is  a  mole  concentration  term  obtained  from  the  rate  equation 


r  a  -  —  — 
dx  dt 


(14-7) 


Equation  (14-6)  is  the  form  of  solution  arrived  at  by  many  of  the  early  workers^^”^  using 
the  approach  given. 


Two  simple  developments  along  the  same  lines  as  the  general  derivation  can  now  be  given. 

In  each  one  the  heat  release  in  the  flame  zone  is  equated  to  the  heat  conducted  to  the  unburnt  gas. 
Using  the  temperature  representation  of  Figure  14-1,  the  heat  due  to  conduction  for  x  <  0  can  be 
represented  as  Cpv(Tj  -  TQ),  where  Cp  is  an  average  heat  capacity  for  the  unburned  gases.  For 
x  >  0,  the  heat  of  reaction  available  for  conduction  across  the  flame  front  can  be  said  to  be  propor¬ 
tional  to  (Tf  -  Tj),  or  equal  to  k(Tf  -  T0).  Equating  the  two  heat  terms,  and  solving  for  v, 


F«' 

=  — 

CP 


(Tf  -  Tt) 
(Tf -  T0) 


(14-8) 


This  is  the  form  arrived  at  by  Mallard  and  LeChatclier( Crussard(  ^  assumes  that  the 
heat  of  reaction  io  proportional  to  (Tf  -  Tj)/v,  This  yields  a  square-root  expression  similar  to  the 
general  Equation  (14-6): 
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(14-9) 


V 


_  A  T*~Ti 

vCp  Tf -  T0 


(Similar  developments,  leading  to  the  above  relation,  have  been  worked  out  by  Daniell.  Dahmkohler, 
and  Jahn(14-13))# 


The  burning  velocity  equations  are  all  similar,  since  the  approaches  used  are  so  nearly  alike. 
In  addition  to  relating  the  burning  velocity  to  the  thermal  properties  of  the  system,  the  equations  do 
give  some  indication  of  the  stability  limits.  As  these  developments  are  made  only  on  a  thermal 
basis,  the  amount  of  heat  liberated  by  the  reaction  will  be  a  maximum  near  stoichiometric  mix¬ 
tures,  and  will  decrease  as  the  gas  mixtures  get  richer  or  leaner.  The  final  temperature  Tf, 
therefore,  must  also  decrease,  and  the  ignition  temperature  Tf  can  only  rise.  As  a  result,  a  con¬ 
dition  is  reached’ on  either  side  of  stoichiometric  where  Tf  approaches  Tf,  and  when  the  point  is 
reached  where  Tf  <  Tf,  the  equations  lose  their  significance.  This  condition  can  be  taken  to  indi¬ 
cate  extinction  of  the  flame. 


The  Russian  workers  Zeldovich,  Frank- Kamenetsky,  and  Semenov  disagree  with  the  above 
work  on  the  grounds  that  Equation  (14-6)  indicates  a  low  ignition  temperature  and  that  there  has 
been  no  attempt  to  relate  Tf  to  the  induction  period(*4-14)#  At  atmospheric  pressure,  induction 
periods  of  one-tenth  to  several  seconds  may  occur  before  ignition.  In  a  flame  traveling  at  100 
cm/sec  across  a  reaction  zone  about  0.  1  mm  in  depth,  the  induction  period  cannot  exceed  10"^  sec. 
As  a  result  of  this,  the  authors  claim  that  the  ignition  temperature  could  not  be  very  low,  but  on 
the  contrary,  must  be  rather  close  to  Tf.  Another  reason  for  this  point  of  view  is  that  for  any  of 
the  three  equations  given,  if  Tf  =  T0,  the  burning  velocity  becomes  infinite, 

Semenov  says  that  the  ignition  temperature  can  be  lower  than  Tf  only  by  an  amount  not  ex¬ 
ceeding  RTf^/E,  In  other  words,  if  one  has  a  flame  at  Tf  =  2400  K,  and  E  =  40,  000  calories  per 
mole*  RT?/E  a  ?70  K,  and  T*  would  be  about  2130  K,  or  quite  close  to  Tf. 

Using  the  view  that  Tf  =  Tf,  the  second  term  in  Equation  (14-2)  drops  out,  giving: 


dzT  ,  rQ 


a  0  . 


(14-10) 


Semenov  and  Zeldovich^"  14)  BOfve  this  equation  for  zero,  firBt  and  second  order  reactions  after 
first  introducing  an  Arrhenius  expression  for  the  rate  term.  A  detailed  analysis  of  this  method 
maybe  found  in  the  Evans'  review  and  also  in  a  review  by  Markstpin  and  Polanyi(^"  15), 


A  solution  for  a  zero  order  reaction  follows: 


F  o 


r  -E/RTf  RTf2 

E(Tf -  T0) ’ 


(14-11) 


whore  S  is  a  collision  factor  term. 

There  are  experiments  that  indicate  that  Semenov's  idea  of  a  high  ignition  temperature  is 
probably  not  correct.  The  values  of  Tf  as  measured  (mostly  in  low-pressure  flames  because  of 
the  wider  reaction  zone  available)  are  usually  within  the  range  of  700  C  to  900  c^-16).  the 
other  hand,  a  recent  study  by  Bartholome,  Dryer,  and  Lescman^^"^)  gives  support  to  the  high 
ignition  temperature  that  Semenov  prefers.  On  the  basis  of  an  experimental  study(  14-  18)( 
Bartholom^  concluded  that  in  a  methano-air  system,  the  chemical  reaction  startB  at  very  high  tem¬ 
peratures  in  the  range  of  the  flame  temperatures,  about  2000  C.  These  authors  feel  that  too  much 
emphasis  has  been  put  on  the  diffusion  theory  when  there  are  many  situations  where  the  old  theory, 
as  presented  by  Mallard  and  LeChatclier( holds  better. 


In  order  to  avoid  the  introduction  of  the  questionable  idea  of  an  ignition  temperature, 
Bartholome  proposes  integrating  the  complicated  differential  equations  arising  from  a  heat  and 


14-  4 
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material  balance  on  an  integrating  machine.  Bartholome  sets  up  a  rate  expression  for  the  methane- 
oxygen  reaction  based  on  work  by  Sachsse(  19)  and  introduces  the  rate  expression  into  the  general 
thermal  equation.  He  is  left  with  the  following  equation 


dzT  _  wcp  dT  _  /gp  PY  •  y/-  3/2 

dxz  X  dx  X  k  qR  / 


(14-12) 


the  solution  of  which  is  obtained  on  a  computer.  The  mole  rate,  w,  is  determined  by  trial  and 
error  and  q  is  a  heat  of  reaction.  The  criterion  of  the  solution  is  that  dzT/dxz  approaches  zero 
asymptotically  as  x  —  oo . 

Burning  velocities  calculated  by  this  method  are  much  higher  than  experimental  values, 
although  the  method  does  lend  support  to  the  idea  of  a  high  ignition  temperature. 


Species  Diffusion  Theories 


Since  the  basic  equations  of  diffusive  transport  are  similar  to  those  of  thermal  transport,  the 
developments  involved  in  both  theories  are  similar.  A  major  difference  in  the  results  is  in  the 
predicted  effect  of  pressure  on  burning  velocity.  The  effect  is  negligible  in  thermal  theories,  but 
important  in  diffusion  theories. 


In  leading  up  to  a  development  of  an  argument  of  the  diffusion  theory,  Gaydon  and  1 
Wolfhard^-Z®'  first  developed  a  thermal  theory  with  the  purpose  of  indicating  some  of  its  short¬ 
comings.  They  start  from  the  same  type  of  setup  as  shown  in  Figure  14-1.  They  call  the  region 
x  <  0  the  preheating  zone,  V  the  region  of  fast  reaction  is  called  6f.  Using  an  average  rate  r, 
the  number  of  molecules  oxidized  nc  is  expressed  in  the  equation: 


rdx  =  r  6r  . 


(14-13) 


They  say  that  there  is  some  average  temperature  gradient  in  the  reaction  zone, 


where  the  averaging  factor,  f,  lies  between  1  and  2. 

The  flow  of  heat  at  the  point  of  ignition  is: 

dT 

X™  =cpPF  (Tj-  T0), 

so  that 


(14-14) 


(14-15) 


X  (Tf-  Ti) 

- - -  f  =  cp  pF  (Tj  -  T0)  . 


(14-16) 


Solving  for  _F,  after  substituting  for  6r  in  Equation  (14-13),  the  therm?  1-theory  expression  is  ob¬ 
tained  for  burning  velocity: 


F  = 


(Tf  -  Tj) 
(Ti  -  T0) 


(14-17) 


Gaydon  and  Wolfhard  compute  the  time  a  molecule  spends  in  the  reaction  zone  from 
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Tr 


(14-18) 


tr 


where  Vr  is  the  gas  velocity  in  the  reaction  zone.  Using  Wolfhard's^-2 previous  observation 
tliat  the  luminous  zone  of  an  acetylene  flame  is  2/3  5r,  they  determine  that  an  acetylene- oxygen 
flame  at  one  atmosphere  pressure  has  6r  =  .  003  cm.  From  Equation  (14-18)  it  follows  that  tr  = 

4  x  10"^  seeond.  Considering  an  induction  region  with  a  temperature  rise  from  500°  to  900"  C, 
the  induction  period  for  acetylene-oxygen  flame  could  not  be  greater  than  about  10“?  Becond.  This 
value  Gaydon  and  Wolfhard  consider  too  small  to  permit  a  thermal  explanation. 


Gaydon  and  Wolfhard  then  use  a  diffusion  development  in  the  following  manner. 

A  molecule  will  diffuse  over  a  distance  x2  =  2  Dt  in  time  t;  if  it  is  assumed  that  a  distance 
x  =  2  lT  is  required  to  reach  ignition,  then  the  velocity  of  molecules  in  the  flame  zone  can  be  ex¬ 
pressed  as 


Vr  = 


(14-19) 


where  D  is  the  diffusion  coefficient.  The  equation  for  burning  velocity  becomes,  by  use  of  Equa¬ 
tion  (14-13)  and  by  correcting  Vr  to  F  by  a  temperature  term, 

r ’if  £  • 

Since  the  number  of  molecules  reacting  is  proportional  to  pressure,  and  since  the  diffusion  coeffi¬ 
cient  is  inversely  proportional  to  pressure,  this  equation  states  that,  as  long  aB  the  rate  of  reaction 
is  second  order  with  respect  to  pressure  (that  is,  is  a  bimolecular  reaction),  the  burning  velocity 
will  be  independent  of  pressure. 


As  will  be  shown  subsequently,  this  conclusion  does  not  agree  with  some  of  the  other  theories; 
however,  this  is  unimportant,  since  the  mechanisms  of  many  of  the  hydrocarbon  reactions  are 
specific  within  themselves  in  their  sensitivity  to  pressure  effects.  Thus,  the  relative  order  of  the 
chain- starting,  chain-propagating,  and  chain-breaking  reactions  would  determine  tlv  over-all 
pressure  dependency  of  the  flame  reaction.  It  is  more  significant  that  there  ere  many  reactions 
for  which  the  independence  of  burning  velocity  with  pressure  is  pronounced. 


It  has  been  Bhown  above  that  a  condition  can  arise  where  a  reaction  may  be  initiated  faster 
than  it  can  b~  accounted  for  by  any  thermal  process.  This  condition  was  recognized  long  before 
Gaydon  and  Wolfhard's  work.  Also,  there  have  been  many  kinetic  experiments  which  showed  that 
Introduction  of  free  radicals  could  produce  reaction  in  systems  at  much  lower  temperatures  than 
the  ignition  temperatures.  As  a  result  of  this ,  Lewis  and  von  Elbe^-22)  proposed,  in  1934,  a 
theory  of  diffusion  of  radicals.  They  based  their  theory  on  the  idea  that  free  radicals  were  the 
important  elements  in  flame  propagation,  through  their  chain-branching  and  chain-propagating 
reactions  in  the  burning  mechanism.  Therefore,  their  theory  states  qualitatively  that  the  free  radi¬ 
cals  produced  in  the  reaction  zone  arc  able  to  diffuse,  in  a  counterflow  direction,  into  the  unburned 
gas,  in  sufficient  quantity  to  propagate  the  reaction.  This  means  that  an  energy  "surge"  is  not 
required  to  support  the  combustion,  and  since  only  a  small  number  of  atoms  or  radicals  io  neces¬ 
sary  in  the  unburned  region,  and  since  these  atoms  and  radicals  require  negligible  energies  of 
activation,  the  total  energy  level  may  be  considered  constant  throughout  the  entiro  flame  zone. 
There  is  some  difference  of  opinion  regarding  this  idea  of  constant  energy  level  throughout  every 
boundary.  Zeldovich(^”23),  for  example,  does  not  agree  entirely  with  Lewis  and  von  Elbe.  He 
feels  that  the  energy  level  will  be  constant  at  the  beginning  and  at  the  end  of  the  reaction,  but  in  the 
reaction  zone  itself,  thermal  and  diffusive  properties  may  enter  which  will  raise  or  lower  the 
energy  level,  depending  upon  the  properties  of  the  gas.  Only  under  ideal  conditions  does  Zeldovich 
consider  the  energy  as  constant  throughout  each  phase  of  the  reaction  zone.  He  says  that  the 
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increase  in  energy  due  to  heating  is  compensated  for  by  the  loss  of  chemical  energy  that  the  diffus¬ 
ing  gas  takes  with  it.  The  similarity  to  the  Lewis  and  von  Elbe  statement  is  obvious,  but  the  differ¬ 
ence  is  not  quite  so  obvious. 

According  to  Zeldovich,  the  theoretical  combustion  temperature  will  depend  to  a  large  extent 
on  the  diffusive-  and  thermal- transport  properties.  One  might  also  explain  the  occurrence  of 
stability  limits  by  the  same  method.  If  an  added  constituent  increases  the  diffusive-to-conductive 
ratio,  it  will  promote  combustion,  and  if  it  reduces  the  ratio,  it  will  inhibit  it.  In  other  wordB, 
Zeldovich  feels  that  both  properties  are  important  in  combustion,  but  diffusion  will  play  a  larger 
role,  owing  to  the  presence  of  hydrogen  in  most  hydrocarbon  oxidations.  Zeldovich  proceeds  to 
explain  his  argument  on  mathematical  grounds.  For  an  idealized  case  where  molecules  are  similar 
in  physical  properties  and  X  =  D  c p,  he  shows  that  the  total  energy  is  constant,  in  agreement  with 
Lewis  and  von  Elbe.  It  follows  from  his  argument  that  when  D  cp  (4  X  the  energy  may  not  remain 
constant  throughout,  but  will  be  constant  only  at^  =  ±  oo. 

Lewis  and  von  Elbe  apply  their  theory  to  the  relatively  simple  (in  terms  of  its  kinetics)  de¬ 
composition  flame  of  ozone.  The  derivation  is  based  on  the  equality  of  the  number  of  ozone  mole¬ 
cules  entering  the  reaction  zone  and  the  number  reacting  in  any  unit  time.  Steady-state  conditions 
are  applied  and  equations  are  set  up  for  each  component,  ozone,  oxygen  molecules,  and  oxygen 
atoms,  of  the  following  form 


(14-21) 


where  D,  V,  and  £  refer  to  diffusion,  mass  flow,  and  chemical  reaction  rates.  These  three  equa¬ 
tions  are  then  combined  with  an  equation  of  state  and  an  energy  balance  of  the  chemical  and  thermal 
energies  for  the  slow  reaction, 

I 

Eq3  Nq3  +  Eq  N0  =  (Nq2  +  1.5  Nq3  +  0.5  Nq)  cp  (Tf  -  Tt)  .  '  (14-22) 


After  approximating  a  diffusion  coefficient  for  the  ternary  Bystem,  a  rate  equation  can  be  obtained 
for  the  formation  of  oxygen.  The  rate  equation  is  then  substituted  into  the  following  flame  equation 

PNo,- 


r  -r-riN°3\ 

J  1.5  V  dt  / 


dx 


(14-23) 
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Bechert^'*-^^  has  also  analyzed  the  ozone  flame,  using  a  rather  simplified  theory 
mainly  on  the  activation  energy  parameter  and  applying  only  ,he  laws  of  conservation  of  matter, 
momentum  and  energy.  HiB  method  accounts  for  the  diffusion  of  atoms  and  radicals  into  the  flame 
front  by  adjusting  the  energy  of  activation  parameter  from  a  measured  flame-speed  value.  This 
value  of  E  is  somewhat  smaller  than  the  energy  value  ordinarily  measured  for  the  over-all  reaction. 
It  does,  however,  agree  more  with  the  energy  values  proposed  by  Form  and  Calcote(  14-25), 


Fenn  and  Calcote  have  shown  that  many  of  the  discrepancies  to  date  might  be  the  result  of 
using  too  high  an  activation  energy  in  burning  velocity  calculations.  Analyses  of  studies  such  as 
these  show  that  there  is  no  satisfactory  agreement  yet  between  the  parameters  governing  flame 
propagation  and  reaction  kinetics, 


Bechert's  method  avoids  the  necessity  of  bringing  the  chemical  mechanism  into  the  problem 
and  permits  one  to  treat  the  problem  merely  on  the  basis  of  physical  parameters. 


Table  14-1  compares  some  of  the  final  results  of  the  methods  of  Lewis  and  von  Elbe  and  of 
Bcchert.  At  low  temperatures  the  latter  method's  results  are  in  much  better  agreement  with  the 
experimental  data.  The  first  column,  m,  refers  to  the  molar  ratio  of  oxygen  to  ozone. 
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TABLE  14-1.  COMPARISON  OF  CALCULATED  BURNING  VELOCITIES  WITH 
EXPERIMENTAL  RESULTS  FOR  THE  OZONE  REACTION 


Burning  Velocity,  cm/aec 


m 

Temperature,  K 

Initial  Final 

Exptl. 

Lewis  8t 
von  Elbe 

Bechert 

3054 

300 

1239 

55.0 

253. 

71.7 

3054 

427 

1343 

158. 

451. 

158. 

1497 

302 

1922 

160. 

333. 

369. 

1016 

468 

2044 

747. 

664. 

747. 

When  Equation  (14-21)  is  put  into  more  familiar  terms,  the  close  similarity  to  Equation 
(14-2),  which  is  the  general  differential  equation  relating  burning  velocity  to  the  other  variables, 
becomes  quite  obvious: 


d2(N02) 

dx^ 


A  (n02f)  +  d(N°2)  =  0  . 

dx  dt 


(14-24) 


The  significance  of  this  similarity  is  that  Figure  14-1  can  be  labeled  not  solely  as  a  temperature- 
distribution  curve,  but  also  as  a  potential  curve  where  one  may  substitute  temperature,  or  radical 
concentration,  or  any  other  potential  that  might  be  considered  the  driving  force  in  the  combustion. 

The  similarity  in  the  techniques  of  Bartholome,  of  Lewis  and  von  Elbe,  and  of  Zeldovich 
should  be  noted.  All  attempts  to  solve  the  rate  part  of  the  equation  with  an  appropriate  Arrhenius 
expression,  or  by  means  of  Lewis  and  von  Elbe's  conservation  of  energy,  turn  out  to  be  a  specific 
case  of  Zeldovich's  general  treatment. 

The  development  due  to  Tanford  and  Pease^^-2^  la  probably  one  of  the  more  controversial 
ones  —  not  because  of  the  method  of  development  so  much  as  because  the  results  imply  a  specific 
pressure  effect  on  burning  velocity,  which  is  not  always  corroborated  experimentally.  Tanford 04- 
27)  has  investigated  the  CO-H2  flame  from  the  standpoint  of  calculating  the  concentrations  of  H  and 
O  atoms  and  of  OH  radicals.  He  set  up  the  differential  equation  for  heat  transfer  and  material 
transport,  and  showed  that  temperature  falls  off  rapidly  as  distance  from  the  flame  front  increases. 
Since  the  hydrogen-atom  concentration  is  a  negative  exponential  of  temperature,  this  concentration 
would  fall  off  still  more  rapidly  than  would  temperature,  whereas  the  non- equilibrium  concentra¬ 
tion  of  hydrogen  atoms,  caused  by  diffusion  from  the  flame  front,  would  fall  off  more  slowly.  On 
thin  basis,  he  concludes  that  the  diffusion  of  radicals  is  more  important  in  the  combustion  process 
than  the  concentration  of  radicals  from  thermal  dissociation. 

Figure  14-2  represents  a  correlation  of  H,  O,  and  OH  concentrations  with  the  burning  veloc¬ 
ity  of  a  CO-H2  flame.  It  was  the  opinion  of  the  investigators  at  the  time  that  correlation  for  the 
hydrogen  atoms  was  better  than  that  for  the  O  or  OH  opecieB.  It  was  also  shown  that  the  diffusion 
process  must  be  more  important  than  the  thermal  process  in  producing  hydrogen  atomB  in  the  flame 
zone. 


A  detailed  derivation  is  omitted  here.  However,  using  standard  concepts  an  equation  similar 
to  Equations  (14-2)  and  (14-24)  is  do'  lopod, 


d2 c  dc 

D  j  +  u  t  nc  »  0  , 
dx^  dx 


4. 

(14-25) 


where  c  refers  to  the  concentration  of  atoms  or  radicals,  u  is  a  gas  velocity  or  burning  velocity, 
and  A  is  a  proportionality  constant  arising  from  the  approximate  rate  of  production  of  hydrogen 
atoms  as  a  first-order  reaction. 
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FIGURE  14-2.  CORRELATION  BETWEEN  BURNING  VELOCITY  AND 
FREE- RADICAL  CONCENTRATION  (Tanford)  (14-27) 


Solving  this  equation  requires  calculation  of  the  concentrations  of  the  atoms  or  radicals.  It 
is  necessary,  therefore,  to  use  some  average  temperature  for  the  flame  front  and  combustion 
zone  so  that  the  partial  pressures  of  the  radicals  will  be  known  at  the  boundary  x  -  0.  For  the 
boundary^  -  -oo,  the  concentration  of  radicals  is  assumed  to  approach  zero,  as  does  the  rate  of 
formation  of  radicals.  The  concentration,  c^,  then  becomes 

c  =  C!  exp  t  (14-26) 

where  r.  is  the  concentration  of  active  radicals  at  x  =  0,  and  where  _B  approaches  1  as  A  ap¬ 
proaches  zero.  Having  a  relation  for  the  radical  concentration,  and  making  an  assumption  relative 
to  the  production  of  products  by  the  radicals,  the  flow  rate  may  be  related  to  the  original  concen¬ 
tration  of  radicals  in  the  flame. 

The  final  equation  of  the  development  is 


F  « 


2 


HC  Pi  Di  i 


1/2 


Q  Bi 


(14-27) 


where  c.  is  the  concentration  of  combustible,  Q  is  the  mole  fraction  of  potential  combustion  products 
k.  is  a~rate  constant,  Pi  is  an  equilibrium  parTial  pressure  at  the  flame  front,  D!  is  a  relative  dif¬ 
fusion  coefficient  with  respect  to  other  active  species,  the  subscript  prefers  to  the  specieB  under 
consideration,  and  Bi  is  a  term  (approximately  unity)  depending  on  the  rate  of  radical  recombina¬ 
tion.  Since  the  mole  fraction  of  active  radicals  due  to  dissociation  will  vary  with  the  square  root 
of  pressure,  the  burning  velocity  F  will  vary  inversely  with  the  fourth  root  of  tho  pressure. 

It  is  this  last  result  which  causes  the  many  discussions  related  to  this  theory.  As  will  be 
shown  later,  the  experimental  evidence  does  not  support  the  conclusions  of  this  development  in  the 
majority  of  cases  reported. 

> 

Van  Tiggelen<14‘28)  has  developed  a  burning  velocity  theory  based  on  the  chain  branching 
reactions  of  the  combustion  system  and  on  the  diffusion  of  active  centers  produced  in  these  reac¬ 
tions.  He  has  applied  his  theory  with  fair  success  to  the  combustion  of  methane,  hydrogen,  and 
ammonia.  The  final  equation  which  is  arrived  at  has  the  following  form 
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(14-28) 


4  T0  n/ 2  R(Q2)  exp  (E/RT~) 

7 r  ■s/T  m  P  I’m 

where  Tc  and  Tm  are  the  initial  and  the  flane  temperatures,  m  is  the  molecular  weight  of  the 
active  species,  p  is  pressure,  (O2)  refers  to  the  oxygen  concentrations,  and  R  is  the  gas  constant. 
The  theory  affords  another  method  of  checking  the  activation  energy  of  these  systems  since  this 
term  appears  in  the  final  equation,  m  a  somewhat  similar  manner  to  the  Semenov-developed  equa¬ 
tions.  Therefore,  a  study  of  the  variation  of  burning  velocity  with  temperature  would  permit  one 
to  determine  the  activation  energy,  E,  in  the  above  equation. 


Wave- Propagation  Theory 


(14-29) 

Manson'  '  has  introduced  a  new  idea  as  a  possible  means  for  flame  propagation  in  his 
scheme  of  wave  propagation  whereby  active  particles  are  pushed  forward  into  the  flame  front.  The 
development  is  based  on  the  small  pressure  drop  in  the  immediate  vicinity  of  the  reaction  zone, 
explained  by  a  phenomenon  of  projection  of  active  centers  (usually  hydrogen  atoms). 


Ap 


2 

2 


3 


(14-29) 


The  subscripts  1  and  2  represent  the  unburned  and  burned  gases,  respectively,  and  Ph  represents 
the  partial  pressure  of  hydrogen  atoms  at  the  temperature  T£. 


Momentum  considerations  lead  to  a  relation  between  pressure  drop  and  flame  Bpeed;  replac¬ 
ing  the  pressure  drop  by  the  concentration  term, 


F  a  H 


<PH>2 


L2  p  (1  -  p)  J 


1/2 


(14-30) 


where  p  is  the  -atio  of  densities  in  the  burned  gases  to  the  unburned  gases,  and  p  is  density  of  the 
unburned  gases. 


Manson  has  recently  extended  this  theory  of  flame  propagation  to  predict  the  effect  of  pres¬ 
sure  on  burning  velocity{*4-30)  The  equation 


F  =  F0  (p0/p)n 


(14-31) 


expresses  this  effect  where  the  exponent  n  varies  from  0.  25  on  the  rich  side  to  0.  40  on  the  lean 
side  when  hydrocarbons  are  burned  in  air.  The  coefficient  becomes  less  for  mixtures  burning  in 
oxygen,  and  is  independent  of  pressure  between  0,  1  and  5  atmospheres. 


Theories  Combining  Thermal  and  Diffusion  Mechanisms 


Before  entering  into  the  more  comprehonoive  flame  propagat  on  theories  it  should  be  pointed 
out,  although  it  may  be  quite  obvious  from  the  number  of  existing  t  leories,  that  the  thermal  and 
radical  diffusion  problem  is  far  from  resolved.  Often  one  finds  that  any  arguments  usod  to  defend 
one  theory  can  readily  be  applied  with  a  minimum  of  assumptions  to  defend  the  other  theory.  In 
this  regard  reference  is  made  to  two  excellent  papers  —  the  first  by  Hoare  and  LtnnettfU-^l),  de¬ 
fending  the  thermal  theories,  and  the  second  by  Simon^"^),  defending  the  diffusion  theories. 
Hoare  and  Llnnctt  show  that  the  carbon  monoxide  flame  reaction  can  be  explained  thermally  by 
combining  calculations  on  ignition  and  flame  temperature.  Their  arguments  are  based  on  the  fact 
that  reactions  causing  higher  flame  temperature  and  faster  reaction  rates  reflect  themselves  in  all 
the  thermal  flame  propagation  equations  with  an  Increase  in  burning  velocity.  Simon's  review  of 
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the  diffusional  process  in  flame- propagating  reactions  presents  a  rather  complete  picture  of  the 
correlation  of  these  phenomena  which  tend  to  point  out  the  limitations  of  the  theories  today.  The 
result  of  her  review  is  that  a  unique  answer  to  the  problem  does  not  exist  yet,  although  Bhe  favors 
a  diffusion  mechanism. 

As  one  studies  the  arguments  for  either  the  thermal  or  diffusion  mechanisms,  it  becomes 
apparent  that  the  actual  combustion  process  probably  depends  on  both  mechanisms  to  eome  extent. 
Thus,  the  more  refined  theories  are  expected  to  have  some  aspects  of  each  type  of  mechanism. 

There  have  been  at  least  four  developments  in  this  class,  those  of  Hirschfelder  and 
CurtissH^-S^  of  von  Karman  and  Penner(14-34)j  0f  Boys  and  CornerU4-35)?  amj  Qf  Friedman 
and  Burke(14-36)t  The  Hirschfelder  and  the  von  Karman  developments  combine  the  effects  of  con¬ 
duction  and  diffusion,  and  are  similar.  The  latter  theory  bases  its  analysis  on  a  constant  enthalpy 
process  in  which  an  extended  steady-state  process  for  chain  reactions  is  used.  The  former  theory 
attempts  to  consider  the  physical  problems  caused  by  diffusion  of  active  centers  in  these  chain 
reactions. 


The  Hirschfelder- Curtiss  Analysis 

v ,  - 

The  Hirschfelder- Curtiss  development  is  the  most  general  of  these  comprehensive  develop¬ 
ments,  and  likewise  the  most  complex.  Since  the  momentum  equation  may  be  omitted  due  to  the 
negligible  pressure  drop  across  the  flame  front*,  only  three  classes  of  equations  must  be  set  up 
and  solved;  these  are  the  equations  of  state,  of  energy,  and  of  the  continuity  of  chemical  component. 

The  development  requires  an  idealized  porous-plug  flameholder  so  that  the  boundary  condi¬ 
tions  are  fixed  at  a  finite  distance  upstream  of  the  flame.  Although  this  assumption  seemed  rather 
idealized  when  first  proposed,  recently  it  has  almost  been  achieved  in  practice,  as  reported  in  the 
flat-flame  studies  of  SpaldingU4-37)#  Spalding  describes  a  flat-flame  burner  in  which  the  flame  is 
held  on  a  water-cooled  porous  plate.  This  permits  him  to  maintain  flames  composed  of  stoichio¬ 
metric  as  well  as  the  weak,  limit  flame  mixtures, 

Solving  these  equations  must  be  done  by  complex,  numerical  methods.  Therefore  few  flame 
systems  have  been  analyzed  in  detail.  The  decomposition  flames  of  azo-methane,  nitric  oxide, 
ethylene  oxide,  hydrazine,  and  ozone  have  been  worked  out  however. 

Any  attempt  to  condense  this  complex  mathematical  development  would  only  prove  inadequate. 
Reference  lb  therefore  made  to  Hirschfelder  'a  text(**"33)  for  a  complete  treatment,  and  to  the 
Evans'  review!^- 12)  for  a  shorter  mathematical  development. 

Hirschfelder  and  collaborator*  are  extending  their  numerical  method  to  the  hydrogen- 
bromine  flameU4-38)t  in  the  hydrogen-bromine  flame  one  has  the  almost  ideal  flame  system 
since  the  mechanism  of  this  reaction  has  been  thoroughly  worked  out  for  at  least  low  temperatures. 
If  the  Hirschfelder  method  1b  applicable  to  tho  relatively  high  temperatures  of  the  flame  reaction, 
it  should  be  possible  to  work  out  the  details  of  this  flame  reaction  with  relatively  good  accuracy. 


The  Von  Karman- Pennor  Theory^**^ 

In  principle  the  von  Karman  and  the  Hirschfelder  developments  are  similar.  The  principal 
tenet  of  the  former  is  that  the  cumbersome  calculations  of  Hlrschfelder's  treatment  may  be  sub¬ 
stantially  reduced  by  neglecting  the  influence  of  the  chemical  reactions.  Von  Karman  outlines  his 
theory  in  the  light  of  the  osone  reaction  and  shows  where  his  calculations  yield  flame  speeds  close 
to  Hlrschfelder's  and  to  the  experimental  values. 


•  Note  that  this  is  equation  used  by  Manson(^4-?.9), 
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The  Boya  and  Corner  Theory^  1^-35) 

Boys  and  Corner  have  treated  the  problems  of  thermal  and  species  distribution  separately  for 
the  one-dimensional  flame,  and  then  combined  the  results.  In  their  development  the  authors 
analyze  a  generalized  case  for  a  single  exothermic  reaction.  They  treat  three  cases:  (a)  a  first- 
order  rate  from  a  unimolecular  mechanism,  (b)  a  second-order  rate  from  a  bimolecular  mecha¬ 
nism,  and  (c)  a  second-order  rate  from  low-pressure  unimolecular  mechanisms. 

Reference  is  made  to  the  authors'  paper  and  to  the  Evans'  review  for  details  of  the  mathe¬ 
matical  development. 


The  Friedman  and  Burke  Development^^" ^6) 


This  development  is  not  a  comprehensive  one  in  the  sense  that  the  preceding  three  develop¬ 
ments  were.  However,  it  is  discussed  here  because  patterns  of  heat  release  and  species  formation 
are  related  to  the  burning  velocity  and  flame  thickness. 


The  starting  point  of  this  development  is  in  general  heat-balance  equation,  Equation  (14-2). 
A  parallel  equation  is  used  for  the  species  diffusion  case, 


d2c  F_  dc  .  _W_  a 

■ix2  D  dx  Dpc 


(14-32) 


where  W  replaces  the  heat-release  term  and  represents  the  rate  of  species  formation.  These  two 
equations  are  transformed  to  a  dimensionless  basis,  four  possible  forms  of  heat  release  and 
species  formation  are  presented  (Figure  14-3),  and  relations  between  variables  are  investigated. 


FIGURE  14-3.  HEAT  RELEASE  AND  SPECIES- FORMATION 
PATTERNS  (Friedman  and  Burke)  04-36) 

In  a  more  recent  paper  these  authors^14"31?)  have  obtained  numerical  solutions  with  the  aid  of 
an  electronic  calculator  for  the  differential  equations  describing  a  hypothetical  model  of  a  laminar 
flame.  They  have  set  their  equations  up  for  a  first  order  irreversible  reaction  and  have  taken  into 
account  the  temperature  dependence  of  thermal  conductivity  and  diffusion. 
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Empirical  Equations  for  Burning  Velocity 


The  combustion  group  at  the  Cleveland  Laboratory  of  the  National  Advisory  Committee  for 
Aeronautics  has  obtained  the  fundamental  burning  velocities  of  some  50  hydrocarbons  mixed  with 
air  using  the  tube  method(^^"^®).  Hibbard  and  Pinkel(1^~41)  have  correlated  these  data  for  the 
maximum  flame  velocities  with  the  equation 

F  =  Naka  +  NbKb  + . (14-33) 

where  the  N's  are  concentrations  of  various  types  of  C-H  bonds  and  the  K's  are  empirically  derived 
flame- speed  coefficients. 

Table  14-2  presents  a  summary  of  their  data;  the  increasing  coefficients  signify  larger  effectB 
on  increasing  burning  velocities. 


TABLE  14-2.  COEFFICIENTS  FOR  CALCULATING  MAXIMUM 
BURNING  VELOCITY  (Hibbard  and  Pinkel)  (14-41) 


Type  of  C-H  Bond 

Coefficient  K{ 

Methane 

35.2  x  HT1? 

Primary 

42.5 

Tertiary 

45.4 

Secondary 

47.5 

Cyclohexyl 

50.5 

Alkene 

80.7 

Aromatic 

84.3 

Configurated  diene 

86.  1 

Allene 

123.  0 

Alkyne 

223.9 

Simon(14"42)  jja0  taj^en  t}jC  Gerstein  data  and  shown  that  the  Tanford- Pease  equation  may  be 
modified  so  that  the  H,  O,  and  OH  radicals  are  given  equal  weight  as  chain  carriers,  which  seems 
to  agree  with  the  Linnett  and  Wheatley  data  (see  Figure  14-8);  by  this  hypothesis,  most  of  the  cal¬ 
culated  burning  velocities  agree  within  ±  5  per  cent  of  the  experimental  values.  The  method  is 
interesting  in  that  a  calculated  rate  constant,  k,  obtained  from  the  data,  shows  no  significant  change 
for  the  various  hydrocarbonn.  This  suggests  that  the  oxidation  mechanisms  for  all  the  hydrocar¬ 
bons  must  be  similar,  and  also  gives  weight  to  the  opinion  that  efforts  in  studying  the  kinetics  of 
the  simpler  hydrocarbons  will  lead  to  results  applicable  to  hydrocarbons  of  higher  molecular  weight 
and  more  complex  structure.  This  is  also  borne  out  by  the  fact  that  most  of  the  hydrocarbons  give 
burning  velocities  falling  within  a  narrow  range. 


THE  MEASUREMENT  OF  BURNING  VELOCITY 


There  are  three  basic  methods  of  measuring  burning  velocity.  In  one  the  burning  velocity  is 
defined  as  a  measured  flame  area  divided  by  a  measured  flow  rate  through  that  area.  In  the  second, 
the  burning  velocity  is  defined  as  the  product  of  the  flow  velocity  and  the  size  of  the  angle  between 
the  flow  line  and  flame  front.  In  the  third  method,  particle  traces  are  UBcd  in  the  gases.  Although 
these  methods  should  lead  to  the  same  result,  the  controversies  over  the  correct  area  to  use,  or 
the  correct  flame  front  position  (visible,  shadow,  or  schlicrcn  cone)  and  angle  to  use,  or  the  proper 
correction  for  particle  drag  and  acceleration,  have  resulted  in  as  much  disagreement  among  exper¬ 
imentalists  as  among  theorists.  For  this  reason,  Figure  14-4  is  a  fitting  introduction  to  this 
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section,  before  proceding  with,  a  discussion  of  the  work  of  various  investigators.  It  adequately 
illustrates  the  typical  disagreements  found  in  data  from  various  types  of  experiments. 


Bunsen  Burner  Methods 


In  the  original  studies  by  Gouy^^"^)  and  Michelson^^”^)  on  bunsen-type  burners,  four 
simplifying  assumptions  were  introduced.  They  are: 

1.  The  flow  in  the  tube  is  streamline  and  the  velocity  distribution  of  the  gases 
across  the  tube  is  parabolic. 

2.  There  is  a  sharp,  instantaneous  boundary  between  the  burned  and  unburned 
gases. 

3.  The  burning  velocity  is  constant  across  the  entire  flame  front. 

4.  The  motion  of  the  gas  is  parallel  to  the  axis  of  the  burner  tube  right  up  to 
the  flame  front. 

It  was  quickly  realized  by  these  workers,  by  Ubbelohde^^'^^^,  and  by  Stevens^^-^^)  that 
assumptions  three  and  four  could  not  be  maintained.  All  noted  that  the  rounded  tip  and  curved  base 
of  the  Bunsen  cone  were  deviations  from  the  idealized  conditions,  and  only  by  considering  the  en¬ 
tire  area  of  the  cone  were  they  able  to  obtain  logical  results. 
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FIGURE  14-4.  BURNING  VELOCITIES  OF  PROPANE-AIR  MIXTURES 
AS  OBTAINED  BY  SEVERAL  WORKERS 

(Garner,  Long,  and  Ashforth)  U*“54) 

Smith  and  Pickering^" measured  burning  velocity  from  the  flame  angle  at  0.  707  of  the 
radius  from  the  axis  of  the  burner.  They  chose  this  point  because  it  permitted  measurements  on  a 
flatter  region  of  the  flame  cone,  and  because  at  this  distance  for  parabolic  flow,  the  flow  velocity 
is  equal  to  the  average  flow  velocity. 
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Smith(14-f>5)  an(j  jater  Lewis  and  von  Elbe^-^d)  adapted  a  particle-track  technique  for 
measuring  burning  velocities.  By  injecting  magnesium  oxide  and  stannic  chloride  hydrate  dusts 
into  the  gas  streams,  it  was  also  possible  to  study  temperature  distribution,  as  well  as  variation 
of  burning  velocity  along  the  flame  cone. 

Figure  14-5  illustrates  the  variation  of  burning  velocity  along  the  surface  of  the  flame 
cone(14-56)#  This  variation  is  characteristic  of  Bunsen  flames;  the  increase  at  the  tip  of  the  cone 
is  due  to  the  increased  curvature  ox  the  flame  surface,  while  the  decrease  at  the  edges  is  due  to  the 
cooling  effect  of  the  wall  of  the  tube  and  dilution  with  the  surrounding  atmosphere. 
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FIGURE  14-5.  VARIATION  OF  BURNING  VELOCITY 
WITH  THE  DISTANCE  r  FROM  AXIS 
OF  BURNER  TUBE  (Lewis  and 
von  Elbe)^^”'’^ 
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FIGURE  14-6,  VARIATION  IN  BURNING 
VELOCITY  WITH  THE 
METHOD  AND  POSITION 
OF  MEASUREMENT 
(Garner,  Long,  and 
A8hforth)U4-47) 


Anderson  and  FeinU4-49)  and,  more  recently,  FriBtrom  and  co-workers04-57)  have  applied 
the  particle-track  technique  to  obtain  temperature  profiles.  Essentially  the  method  is  one  of  de¬ 
termining  gas-particle  velocities  on  both  sides  of  the  flame  front.  Then  by  combining  these  veloci¬ 
ties  into  equations  of  state  and  of  continuity  one  calculates  the  flame  temperature.  Details  of  this 
method  are  described  rather  well  in  the  paper  of  Anderson  and  Fein.  Flame  speed  measurements 
of  propane-air  flames  are  also  presented  in  their  paper. 


Culshaw  and  Garside^”^  use  the  total  area  method  on  the  inner  edge  of  the  luminous  cono. 
As  shown  In  Figure  14-4  their  values  are  decidedly  lower  than  the  other  values;  however,  thiB  may 
be  the  result  of  using  burners  under  one-cm  diameter. 

Singer(14-58)  has  applied  the  slot-burner  technique  to  eliminate  some  of  the  controversial 
rim  effectB.  The  advantage  of  such  a  burner  is  that  it  applies  a  truncated  cone  method  of  measure¬ 
ment  to  flow  with  a  uniform  velocity  profile;  thus  it  is  easier  to  calculate  a  value  of  burning  velocity. 
Also,  when  one  plots  burning  velocity  as  a  function  of  position  of  measurement,  one  obtains  a 
decidedly  larger  portion  of  the  burner  which  has  a  constant  burning  velocity,  that  is  the  plateau  of 
the  type  in  Figure  14-5  is  extended. 


Efforts  have  also  been  made  to  analyze  the  tip  effect  on  measurements  of  burning  velocity 
rather  than  to  just  lose  them  in  some  experimental  averaging  tcchniquo^-^^  14-60)  These 
analyses  generally  involve  consideration  of  the  flow  lines  and  the  heating  up  of  the  central  flame 
mixture  in  the  cone.  Lichty  concludes  from  his  analysis  that  natural  gas  has  a  tip  burning  velocity 
of  about  64-87  cm/scc. 
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Harris,  Grumer,  von  Elbe,  and  Lewis{14-51)  have  compared  the  angle  method  to  the  area 
method  in  measuring  the  burning  velocity  of  propane  flames.  They  report  agreement  by  the  two 
methods  when  the  angle  is  measured  at  one-half  the  radius,  rather  than  at  0.  707  the  radial  distance 
chosen  by  Smith  and  Pickering. 

Besides  the  difficulty  in  the  methods  of  measurement,  there  is  also  difficulty  in  deciding 
where  to  apply  the  method.  The  Bunsen  cone  affords  three  possibilities  in  this  respect,  the  visible, 
schlieren,  and  shadow*cones.  Figure  14-6  exemplifies  this  predicament  rather  well.  The 
schlieren  curve,  which  is  not  shown  in  the  figure,  is  closer  to  the  shadow  curve  than  to  the  lumi¬ 
nous  curve. 

Sherratt  and  Linnett^*- ^  have  investigated  this  problem,  and  in  agreement  with  Anderson 
and  Fein,  show  that  the  outer  edge  of  the  shadow  cone  must  correspond  to  the  maximum  tempera¬ 
ture  gradient  in  the  flame.  In  a  later  study  Grove,  Hoare,  and  Linnett(14-62)  use  the  sharp  inner 
edge  of  the  shadow  cone  and  obtain  burning  velocities  for  ethylene  and  air  which  are  only  four  per 
cent  less  than  those  reported  by  Sherratt  and  Linnett, 

Sherratt  and  Linnett  have  shown  that  the  flow  lines  are  refracted  before, the  luminous  zone; 
however,  Garner  and  associates  believe  that  the  shadow  zone  also  includes  the  zone  of  heat  con¬ 
duction  back  from  the  flame.  Therefore,  they  chose  a  point  between  these  two  zones.  An  interest¬ 
ing  feature  of  their  analysis  is  that  they  obtain  this  boundary  line  by  extrapolating  the  flow  lines 
across  the  shadow  and  luminous  zones  to  a  point  of  intersection.  Using  this  cone  as  the  start  of 
the  reaction  zone,  one  can  tie  in  the  temperature  measurements  of  Klaukens  and  Wolfhard,  and  the 
approximations  of  Gaydon  and  WolfhardO4-20)(  which  concluded  that  2  6r  =  3  6^.  The  significance 
is  only  qualitative,  but  does  show  why  such  great  emphasis  has  been  placed  on  attempting  to  obtain 
absolute  values  of  burning  velocity  and  flame-zone  thickness.  Ac  a  point  of  interest,  it  might  prove 
fruitful  to  compare  this  extrapolated  cone  to  the  schlieren  cones.  It  is  to  be  expected  that  the  two 
cones  would  take  a  position  very  close  to  one  another,  and  might  even  coincide  with  one  another 
over  a  good  part  of  their  surface. 

Garner's  results  in  Figure  14-4(14-47)  which  are  higher  than  the  other  results  were  obtained 
by  the  angle  method.  In  a  recent  review  in  which  he  compares  the  luminous,  schlieren,  and  shadow 
techniques(  14-63)  0f  measuring  burning  velocity,  Garner  and  his  associates  confirm  their  older 
results. 

Albright(14~6*)  has  compared  luminous-  and  shadow-burning  velocities  for  the  less-volatile, 
liquid  hydrocarbons.  An  interesting  feature  of  this  work  is  that  in  contrast  to  Figure  14-6,  three 
intersections  are  obtained,  at  r/R  values  o i  0.  1,  0.45  and  0.48.  Since  the  hydrocarbons  were 
completely  vaporized  it  is  difficult  to  explain  the  variation  with  the  single  intersection  obtained  in 
Garner's  propane  studies. 

Brooze(^“52)  is  a  proponent  of  the  schlieren  cone  for  measuring  flame  speeds.  Broeze 
bases  his  preference  on  the  coincidence  of  the  schlieren  cone  with  the  reaction  zone  on  studies  he 
made  by  passing  smokes  through  the  flame.  Using  ammonium  chloride  smoke  in  the  proper  amount, 
that  is,  not  enough  to  lengthen  the  flame  or  to  reduce  the  burning  velocity,  he  observes  that  tho 
smoke  vanishes  sharply  at  a  position  about  one  mm  ahead  of  the  luminous  zone.  A  pure  zinc  oxide 
smoko  also  showed  this,  but  not  as  distinctly.  Comparison  of  these  positions  with  the  schlieren 
positions  shows  that  the  smoke  disappears  at  about  0,  1  mm  beyond  the  schlieren  zone. 

A  strong  argument  in  favor  of  the  schlieren-cone  technique  is  that  it  is  difficult  to  explain 
such  sharp  temperature  and  density  changes  at  the  flame  surface  by  heat  conduction,  and  therefore 
it  must  be  concluded  that  a  large  change  in  the  reaction  rate  is  occurring  here.  An  objection  to  the 
schlieren  technique  is  that  it  can  be  too  sensitive  to  give  a  well-defined  flame  coneU4-49)(14”65) 
and  for  this  reason  some  workers  prefer  using  the  shadow-cone  technique. 

Wohl(l*“^)  and  his  associates  have  studied  the  flame  burning  from  a  noasle,  which  has  a 
different  flow  pattern  than  a  tube.  As  a  result,  their  data  agree  qualitatively  with  the  observations 
of  Bartholomo'.  The  nossle  flames  show  greater  stability  than  the  burner  flames  under  all  condi¬ 
tions.  Wohl  reports  that  the  nosxle  flame  will  remain  seated  on  the  burner  at  lower  velocities  and 
can  be  lifted  off  the  burner  to  a  stable  position  at  higher  velocities  than  the  tube  flame.  The  reader 
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is  referred  to  Chapter  16  for  a  discussion  of  this  point  in  relation  to  the  velocity  gradient  at  the 
wall. 


Wohl's  results  on  butane  flames  may  be  generalized  by  saying  that  schiieren-measured  burn¬ 
ing  velocities  average  about  two  per  cent  higher  than  luminous  burning  velocities,  and  about  three 
per  cent  higher  than  shadow-measured  burning  velocities.  * 

A  new  photographic  technique  employing  phase-contrast  photographs  has  been  used  by  Van 
Steenis(l4-67)#  This  technique,  called  the  Zernicke  method,  is  an  adaptation  of  the  schlieren  tech¬ 
nique.  The  flame  outline  is  obtained  by  changing  the  phase  of  a  central  light  90*  with  respect  to 
the  defraction  images.  Except  for  this  one  paper,  this  technique  has  not  been  critically  tested. 

As  a  final  remark  on  studies  of  burning  velocity  with  Bunsen  burners,  reference  is  made  to 
two  papers  by  W.  Jost(14-68)(14-69).  ^  these  papers  the  bunsen  flame  is  analyzed  with  respect  to 
the  aerodynamic  problems  and  the  chemical  reactions  which  influence  these  flames.  Problems 
such  as  edge  or  rim  effects  are  discussed  in  relation  to  flat  flames,  floating  flames  and  other  flame 
deformations. 


Propagation  in  Tubes 


In  the  tube  propagation  method  of  measuring  burning  velocity,  the  flame  is  timed  as  it  passes 
two  points  along  the  t"be.  The  relation  for  the  burning  velocity  is 

Fa(U°“  ’  (14'34) 

where  U0  is  the  observed  flame  speed  and'Ug  is  the  velocity  of  unburned  gas  ahead  of  the  flame, 
and  At/Af  is  the  ratio  of  tube  area  to  flame  arca(14-70)_  This  latter  term  is  difficult  to  calculate 
correctly,  since  the  flame  does  not  maintain  a  constant  shape  during  its  propagation.  Hoarc  and 
Linnett(  14-71)  have,  for  example,  observed  ethylene-iir  flames  propagating  down  a  tube  by  taking 
three  pictures  of  the  flame  simultaneously  from  different  points  of  vantage.  Their  pictures  show 
that  the  flames  are  hemispherical  for  certain  composition  limits  and  tipped  for  others.  As  a  result 
the  computation  of  the  flame  front  area  is  decidedly  more  troublesome  than  in  the  bun.ien  method. 
The  tube  method  does  have  an  advantage,  however,  in  that  one  can  measure  the  flame  speed  of 
small  quantities  of  gas  by  this  technique. 

The  tube  technique  is  subject  to  geometric  influences,  since  varying  the  length  and  the  diam¬ 
eter  of  the  tube  affects  the  turbulence.  Behrens!  14-72)  haB  observed  that  burning  velocity  measure¬ 
ments  in  a  12-meter  tube,  3.  8  to  21. -mm  diameter,  yield  higher  burning  velocities  for  methane, 
ethane,  benzene,  and  hydrogen  than  are  obtained  in  bunsen  burners.  He  attributes  this  to  a  turbu¬ 
lence  in  the  gas  stream.  He  also  observes  a  discontinuity  as  the  burning  velocity  increases  with 
changing  composition  in  ethylene  and  acetylene  flames.  This  phenomenon  is  attributed  to  soot  for¬ 
mation  which  makes  it  easier  for  the  free  radicals  to  recombine;  thus,  setting  free  their  dissociation 
enorgy  and  increasing  the  thermal  conductivity  of  the  system. 


The  Bubble  Method 


In  this  method,  the  gas  mixture  is  centrally  ignited  and  the  rate  of  p  opagatlon  of  the  expand¬ 
ing  flame  front  is  measured.  The  main  problem  in  this  method  is  no  long*  r  one  related  to  flame 
shapes  but  it  is  the  calculation  of  the  correct  expansion  ratio  of  the  gases  as  the  flames  move  out  in 
all  directions.  This  was  the  major  problem  at  the  time  of  Stevens'  origin  il  work  on  this  mathod  in 
1923(14-46)  and  i8  8tifl  the  major  problem(H“73).  Stevens'  original  calc  ilation  yields  the  equation 

F«S(f 
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where  S  is  called  the  space  velocity  and  0  is  the  expansion  ratio  equal  to  V0/Vf,  the  ratio  of  initial 
to  final  volumes.  Essentially,  all  the  methods  of  calculation  resemble  this. 

The  reliability  of  the  soap-bubble  technique  is  good  as  can  be  seen  from  the  table  below, 
taken  in  part  from  Strelilow  and  Stuart's  paperO^-^).  Prop/lene  and  propane  flames  also  show 
good  agreament  of  results  between  burner  or  soap  bubble  techniques(14-79).  Such  good  agreement 
does  not  always  result,  however.  Acetylene  burning  velocities  by  the  two  methods  show  good 
agreement  on  the  lean  side,  but  on  the  rich  side  agreement  is  poor(14-77)(14-78)i  This  maybe 
attributed  to  several  factors,  including  solubility  of  the  acetylene  in  the  bubble  material  and  the 
easy  soot-forming  characteristics  of  acetylene. 

TABLE  14-3.  A  COMPARISON  OF  BURNING  VELOCITY  MEASUREMENTS 


Per  cent 
Ethylene  in 

Air 

F  (Strehlow 
and  Stuart) 

F  (Other  Investigators) 

6.5 

62.  4  cm/sec 

61.1U4-74) 

7.0 

66.2 

65. 6(14"75> 

65.  5(14-74) 

7.5 

68.6 

67. 8<14-74> 

68.  3(14-70) 

8.0 

65.8  . 

67. 

67.  5(U“74) 

Simon  and  Wong(*4-78)  have  analyzed  the  disturbed  surface  of  the  soap-bubble  flame  and  claim 
that  it  causes  high  burning  velocities  in  methane-oxygen  flames  that  are  obtained  by  the  burner 
technique. 

With  the  increased  knowledge  of  the  effect. of  water  vapor  on  many  oxidation  reactions,  cur¬ 
rent  experiments  appear  to  be  concentrating  on  non-aqueous  bubble  methods  in  contrast  to  earlier 
studies  where  the  more  convenient  soap-bubble  was  used  as  the  containing  medium.  Price  and 
Potter(14-80)  have  used  the  non-aqueous  bubble  technique  on  CO-Og  mixtures.  Using  a  rubber 
balloon  they  determined  the  flame  speed  of  CO-O2  -  HgO  mixtures;  different  concentr  tions  of  the 
water  vapor  where  obtained  by  varying  the  temperature  of  their  system. 

Mention  should  be  made  here  of  the  constant-volume  "bubble"  or  "bomb"  method.  In  this 
method,  both  the  change  in  flame  diameter  and  the  pressure  rise  with  time,  in  the  bomb,  are 
recorded.  From  the  two  records,  the  burning  velocity  can  be  computed,  at  least  in  principle. 
However,  since  the  small  difference  of  two  large  numbers  enters  into  this  computation,  it  has  been 
found  more  satisfactory  to  make  some  assumptions  on  the  constancy  of  the  ratio  of  specific  heats 
during  combustion,  and  develop  equations  leading  to  independent  computation  of  burning  velocity 
from  the  pressure  measurements  and  from  the  flame  photographs.  The  values  of  burning  velocity 
computed  by  the  two  independent  methods  were  found  by  Manton,  von  Elbe  and  Lewis(14-81)  to  check 
each  other  and  compare  favorably  with  measurements  by  other  methods  for  stoichiometric  ethylene-, 
methane-,  and  propane-air  mixtures. 


Flat  Flame  Method 


Referring  to  Figure  14-4,  it  is  seen  that  the  burning  velocity  curves  stop  abruptly  at  valueB 
well  above  F  «0,  This  raises  the  question  as  to  whether  burning  velocity  actually  goes  to  zero  as 
the  composition  becomes  leaner  or  richer,  or  whether  it  does  have  a  finite  lower  value. 

Some  progress  toward  an  experimental  answer  to  these  questions  has  been  made  by 
Powling(*4-82)(  who  has  designed  a  burner  capable  of  stabilizing  6low-burning  flames.  In  this 
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burner,  the  burner  rim  is  replaced  with  a  stream  of  nitrogen.  Using  this  technique,  he  has  re¬ 
ported  burning  velocities  for  prop&ne  as  low  as  5.  4  cm/sec,  and  a  lean  limit  of  2.  12  per  cent 
propane;  this  is  the  lowest  value  yet  obssrved  for  propane  mixtures.  It  also  appears  from  his 
data  for  pentane  and  butane  that  the  burning  velocity  may  approach  zero  at  the  lower  limit. 

Egerton  and  Thabet(  14-33)  have  applied  this  burner  technique  to  methane,  propane,  pentane,  hep¬ 
tane,  ethylene,  acetylene  and  benzene  flames  in  the  5-10  cm/sec  burning  velocity  region,  and  have 
also  used  it  to  determine  the  limits  of  combustion. 

Mache  and  his  group04-84)>  meaauring  the  burning  velocity  of  methane-air  flames  over  the 
entire  range  of  flammability,  obtained  a  curve  which  suggests  a  continuous  approach  to  zero  at  both 
the  lean  and  rich  limits. 

One  of  the  shortcomings  of  the  Powling  flat-flame  burner  is  that  it  is  incapable  of  holding  fast 
burning  flames.  Spalding(  14-85)  has  attempted  to  overcome  this  drawback  by  passing  his  gaseous 
mixture  through  a  porous  metal,  water-cooled  plate.  The  flame  seeks  an  equilibrium  position 
above  this  plate  under  these  conditions  so  that  the  burning  velocity  equals  the  gas  velocity. 

Spalding  has  been  able  to  measure  the  burning  velocities  of  stoichiometric  and  lean  propane-air 
mixtures  by  this  technique. 


Remarks  on  the  Measurement  of  Burning  Velocity 


It  woulcTbe  desirable  to  conclude  this  section  with  a  recommended  method  of  measuring  the 
burning  velocity.  However,  such  a  recommendation  cannot  be  made.  Returning  to  the  four  as¬ 
sumptions  of  Gouy  and  Michelson,  in  their  original  studies,  it  can  be  seen  that  in  some  of  the  ex¬ 
perimental  approaches  all  four  assumptions  {or  their  equivalents)  have  been  violated.  The 
Poisseuille  flow  distribution  across  the  tube  may  hold,  but  such  a  velocity  distribution  does  not 
produce  a  flame  cone  with  sufficiently  straight  sides  to  be  measured  accurately.  By  burning  the 
flame  off  an  accelerating  nozzle,  the  flow  distribution  can  be  Buch  that  an  almost  flat  flow  profile 
is  obtained.  This  changes  the  gradient  at  the  walls  and  tends  to  straighten  out  the  curved  surface 
of  the  flame  cone. 

The  results  of  kinetic  studies  and  of  photographic  records  show  that  an  infinitely  thin  reaction 
surface  cannot  be  assumed.  The  reaction  zone  has  a  finite  depth  which  is  a  function  of  the  reaction 
rate  and  flame  speed  among  other  things. 

Figures  14-5  and  14-6  have  shown  how  the  burning  velocity  will  vary  along  the  flame  front; 
furthermore,  burning  velocity  varies  differently  for  each  flame  surface  measured.  Powder  tracks 
have  shown  that  the  gas  stream  will  remain  parallel  to  the  axis  of  the  burner  up  to  the  shadow  cone, 
but  at  the  schlieren  cone  some  bending  outward  is  noticeable,  owing  to  expansion  and  back-pressure 
effects,  and  at  the  luminous  cone  the  deviation  is  pronounced. 

The  schlieren  cone  is  probably  the  best  surface  to  be  measured,  that  is,  this  is  the  one  more 
nearly  coincident  with  x  =  0  on  Figuro  14-1,  but  techniques  must  still  be  improved  to  make  the 
cone-area  measurements  more  accurate.  Probably  the  most  precise  experimental  measurements 
can  be  made  by  the  shadow  technique,  but  this  cone  is  not  considered  the  truest  cone  in  terms  of 
the  reaction  zone. 

But  the  important  objective  in  all  this  work  is  not  to  obtain  absolute  values  of  burning  velocity. 
A  great  deal  of  work  remains  before  those  absolute  values  can  be  related  to  kinetic  data.  Until 
this  is  accomplished,  burning  velocity  measurements  should  be  considered  important  only  as  rela¬ 
tive  measurements  for  stability  studies  and  for  preliminary  kinetic  studies.  Burning  velocity  is 
tied  in  with  these  studies,  because  it  reflects  the  effect  of  such  fundamentals  as  reaction  rates, 
reaction-zone  thickness,  flame  temperature,  pressure,  and  ignition  limits. 
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PHYSICAL  EFFECTS  ON  BURNING  VELOCITY 


The  Effect  of  Temperature 


Considering  the  equation  for  burning  velocity 


(14-6) 


one  would  not  expect  burning  velocity  to  vary  in  any  simple  manner  with  temperature  since  X  oe  T* 
Cp  oc  T*  09?  p  oc  T-*  and  the  reaction  rate  varies  as  e"E/RT  in  a  typical  case.  An  example  of  the 
temperature  variation  for  natural  gas-air  flames  is  shown  in  Table  14-4  from  investigations  of 
Sherratt  and  Linnett(*4-6l)  and  Johnston^^-®^), 


TABLE  14-4.  EFFECT  OF  TEMPERATURE  ON  BURNING  VELOCITY  OF 
STOICHIOMETRIC  MIXTURES  OF  NATURAL  GAS  AND  AIR 


Temperature,  C 

Sherratt  &  Linnett 

Johnston 

16 

28.  0 

52 

37.6 

58.3 

42.7 

88 

50.9 

175 

104 

309 

148 

483 

250 

Broeze  reports  that  propane  and  butane  each  yield  burning  velocity  data  directly  proportional 
to  T0  in  the  range  20  C  to  200  c(^4-52)>  Sachsse(  14-87)  obtains  a  similar  linearity  for  propane-air 
mixtures  over  the  larger  range  20  C  to  500  C.  Passauer04-88)  reports  propane  burning  velocities 
proportional  to  T0^.  Dugger(^4-89)  has  applied  the  Sgmenov  equation  for  a  bimolecular  reaction- 

rate  controlling  step  for  the  propane-air  flame  and  obtains  experimental  and  theoretical  curves  in 
the  range  29  C  to  343  C  which  agree  quite  well.  His  data  place  the  temperature  relation  between 
the  first  and  second  power  of  the  initial  gas  temperature, 

Dugger  also  applies  the  Tanford-Pease  Equation  (Eq  14-27)  to  his  results  to  determine  the 
temperature  effect.  He  assumes  that  only  pj,  C,  and  Di  are  temperature-dependent  and  obtains  a 
relation  which  falls  35  per  cent  low  at  the  higher  temperatures.  This  is  not  too  serious,  however, 
since  the  assumptions  are  much  stronger  in  applying  the  Tanford-Pease  equation,  as  equilibrium 
concentrations  of  the  free  radicals  H,  O,  and  OH  are  calculated  at  a  specific  flame  temperature, 
it  is  assumed  that  equilibrium  conditions  are  attained  in  the  reaction  zone,  that  no  reaction  is  oc¬ 
curring  before  ignition  and  that  there  is  no  large  chain-branching  term.  Dugger  has  extended  these 
Btudics  to  other  hydrocarbons  and  to  low.  -  temperatures.  In  general  his  results  show  that  the 
burning  velocity  data  can  be  correlated  in  an  equation  of  the  form 

F  n  A  +  BTn  ,  (14-36) 

where  constants  A,  B,  and  n  arc  determined  from  the  data,  and  T  is  the  absolute  temperature.  He 
has  also  been  able  to  obtain  linear  correlations  between  burning  velocity  and  H-atom  concentrations 
at  the  flame  tcmperaturc(  14-90), 

Dixon- Lewis(  14-9 1)  j,aa  investigated  the  effect  of  preheat  on  the  burning  velocity.  He  givcB 
experimental  evidence  which  suggests  that  the  effect  of  preheat  on  burning  velocity  is  independent  of 
the  effect  of  temperature  on  the  reaction  rate. 
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The  Effect  of  Pressure 


The  pressure  effect  on  flames  is  a  highly  controversial  one,  both  from  the  theoretical  and 
the  experimental  point  of  view.  The  extent  of  the  divergencies  is  best  seen  in  Tables  14-5  and 
14-6  where  the  theoretical  and  experimental  effects  respectively  are  shown. 

Table  14-6  is  taken  from  Simon'sU4-32)  revjeW- 


The  results  in  Simon's  table  present  a  rather  complete  summary  of  the  situation  as  regards 
the  pressure  effect.  It  is  difficult  to  expand  on  tuis  to  any  extent  due  to  the  wide  discrepancy  which 
exists.  Lewis(14-92)  has  pointed  out  that  the  major  problem  today  in  checking  for  the  correct 
theory  to  explain  these  phenomena  may  be  in  the  experiments1  fechnique.  He  makes  this  quite 
apparent  in  the  figure  reproduced  below  from  his  discussion. 


Figure  14-7  is  interesting  in  that  it  shows  the  pressure  effect  to  be  dependent  on  burning 
velocity.  Up  to  F  =  50  cm/sec  burning  velocity  increases  with  decreasing  pressure,  then  it  re¬ 
mains  independent  of  pressure  up  to  F  =  100  cm/sec,  following  which  the  burning  velocity  decreases 
with  decreasing  pressure.  — 


Ubbelohde  and  Koelleker^^”'*-’)  ,ound  that  the  burning  velocities  of  methane,  benzene, 
carbon  monoxide,  and  acetylene,  all  increased  as  the  pressure  was  reduced.  However,  they  did 
note  an  odd  effect  with  acetylene;  a  six  per  cent  mixture  of  acetylene  and  air  gave  burning  velocity 
data  varying  more  than  those  from  a  12  per  cent  mixture,  as  the  pressure  was  changed.  Khitrin 
and  associates^^“93)  were  abie  to  fit  their  results  to  the  following  equation  on  the  same  series  of 
gases,  including  acetylene; 


kj  n/p  +  k2 
P 


(14-36) 


where  P  is  the  total  pressure  and  the  k's  are  empirical  constants.  Their  equation  is  based  on  data 
above  one  atmosphere.  Khitrin  did  run  one  series  of  soap-bubble  tests  where  he  found  no  variation 
with  pressure  for  a  carbon  monoxide-air  flame.  However,  thiB  is  a  good  example  of  the  care 
necessary  in  setting  up  an  experiment  because,  in  this  instance,  the  water  vapor  played  an  impor¬ 
tant  role  in  affecting  the  reaction. 

Garside,  Forsyth,  and  Townend(^_94)  and  Linnett  and  Wheatley^  14-95)  observed  a  progres¬ 
sive  increase  of  cthylcne-air  burning  velocities  with  reduced  pressures.  Interestingly  enough, 
Linnett  and  Wheatley  obtain  even  more  conclusive  correlations  of  atom  concentration  with  burning 
velocity  than  Tanford  and  Pease  obtained  in  their  original  correlation  on  CO  flames.  Figure  14-8 
summarizes  their  correlation. 

Garner,  Long  and  Ashforth^4-47)  aiso  obtained  good  agreement  with  the  Tanford-Pease 
relation  for  benzene  and  n-heptane  flames  at  reduced  pressures,  although  their  rosults  show  the 
variation  to  be  closer  to  the  inverse  third  root  of  the  pressure. 


Most  of  these  studies  have  covered  the  pressuro  effect  at  pressures  only  mildly  above  atmos¬ 
pheric,  if  at  all,  and  for  the  most  part  well  below  atmospheric.  Egerton  and  LcfebvreU4-96)  have 
recently  measured  velocities  of  methane,  propane,  ethylene  and  propylene  from  one-half  to  nine 
atmospheres.  They  obtained  pressure  exponents  of  0.  5  for  methane  and  0.3  for  the  other  gases. 
The6e  variations  were  not  independent  of  composition,  however,  since  richer  mixtures  were  ob¬ 
served  to  be  affected  leas  by  pressure  variations. 

Edse^"1^)  hns  studied  H2-O2  flames  up  to  100  atmospheres  pressure  on  extremely  small 
burner  tubes.  At  14.6  atmospheres  he  obtained  burning  velocities  of  3500  cm/sec  and  concludes 
from  measurements  of  the  pressure  drop  across  the  flame  front  that  flame  velocities  of  turbulent 
flames  arc  not  larger  than  those  of  laminar  flames, 
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TABLE  14-5.  THE  VARIATION  OF  BURNING  VELOCITY  PRESSURE 
AS  PREDICTED  BY  DIFFERENT  THEORIES 


Author 

Relation  of  Burning 
Velocity  to  Pressure 

Crussard,  Jouget  and  Daniell^"  *3) 

rn  a  1 

F  =  k 

m  s  2 

F  =  kP1/2 

Semenoff,  Zeldovich  and  Frank-  Kamenetsky^  14- 14) 

F  =  kP"1^2 

m  a  1 

m  =  2 

F  =  k 

Tanford  and  Pease'  14-26) 

F  =  kP -1/4 

Hirschfelder  and  Curtiss(14-33) 

l<m<2 

F  =  kP(m“2)/2 

Boys  and  Corner04-35) 

F  =  kP(m-2)/2 

Case  (a)  unimolecular  decomposition, 

m  =  1 

F  =  P-1/2 

Case  (b)  bimolecuiar  reaction, 

m  =  2 

F  =  k 

bimolecular  reaction, 

m  =  3 

F  =  kP1/2 

Case  (c)  unimolecular  decomposition 
(low  pressure,  m  =  2) 

Gaydon  and  Wolfhard(  14-20) 

F  =  k 

F  =  k 

TABLE  14-6.  THE  VARIATION  OF  BURNING  VELOCITY  WITH  PRESSURE 
AS  DETERMINED  EXPERIMENTALLYU4-32) 


Mixture 

Method 

Pressure  Dependence 

Methane-air 

Bunsen  burner 

uocp-O’  2 

5.  9  %  Methane-air 

Flat  flame 

uocp-0.49 

6.  2  %  Methane-air 

Flat  flame 

u  oc  p“  0-  49 

2.  3  %  Propane-air 

Flat  flame 

uocp”0*  30 

2.4  %  Propane-air 

Flat  flame 

uocp-0.  29 

Butane-air 

Bunsen  burner 

Slight  change 

Butane-air 

Bunsen  burner 

uocp+n 

n- Pentane-air  (stoic.) 

Bunsen  burner 

uccp-0-  36 

Octane-air  (stoic. ) 

Bunsen  burner 

u  x p- 0.  39 

1,  3- Butadiene-air 

Bunsen  burner 

uccp-n 

Ethylene-air  (stoic. ) 

BunBen  burner 

u  <x  o"  0*  13 

9  %  Ethylene-air 

Bunsen  burner 

uocp-0.  40 

9  %  Ethylene- air 

BunBen  burner 

uocp"n 

3.  15  %  Ethylene-air 

Flat  flame 

uccp-0-  31 

Ethylene-air 

Bunsen  burner 

uocp“n 

Ethylene-air 

Soap  bubble 

No  change 

Acetylene-air 

Bunsen  burner 

No  change 

2.  7  %  Acetylene-air 

Flat  flame 

jocp-0.  47 

Acetylene-air  (max, ) 

Bunsen  burner 

Slight  change 

Acetylene-air 

Bunsen  burner 

vlax.  at  200  mm 

Acetylene-oxygen 

Bunsen  burner 

No  change 

Benzene-air 

Bunsen  burner 

jccp"0.  31 
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Note:  Table  shows  explosive  mixture 
and  pressure  FJj  and  at  wh  ch 
burning  velocities  were  measured. 
Ordinate  represents  exponent  .n 
in  empirical  equation  n.  in 
empirical  equation  Su»0 
«  (Pfl/Pb)n 
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Burning  Velocity,  SU(Q)  ,  cm  per  sec 


Press, 

atm 

Press, 

Pa 

atm 

Mixture 

Pa 

Pb 

Mixture 

Pb 

C2H4  +  3  02 

0.  10 

0.  05 

CH4  +  2  02 

0.25 

0.  10 

C2H4  '  3  02  +  3  N2 

1.  o 

0.  5 

CH4  +  2  02  +  2  N2 

1.0 

0.  5 

C2H4  +  3  Oz  +  5.  56  N2 

1.0 

0.  5 

CH4  +  2  02  +  3.  72  N2 

1.  0 

0.  1 

C2H4  +  3  02  +  9.  5  N2 

1.  0 

0.  25 

CH4  +  2  02  +  6.  35  N2 

1.0 

0.  25 

C2H4  +  3  02  +  11. 3  N2 

1.  0 

0.  04 

CH4  +  2  02  +  7.  5  N2 

1.0 

0.  1 

C2H4  +  3  02  +  13.  5  N2 

1.0 

0.  25 

CH4  +  1.  67  02  +  6.27  N2 

1.  0 

0.  25 

C2H4  +  3  02  +  11.  3  A 

1.0 

0.  10 

CH4  +  2.41  02  +  9.  05  N2 

1. 0 

0.  25 

C2Hj  +  3  02  +  11.  3  He 

1.0 

0.  10 

CH4  +  2.  5  02  +  9.4  N2 

1. 0 

0.  25 

C2H4  +  2.  06  02  +  7.  75  N2 

1.  0 

0.  25 

C2H4  +  2.5  02  +  9.4  N2 

1.  o 

0.  10 

C3H8  +  4.  16  02  +  15.6  N2 

1.0 

0.  25 

C2H4  +  3.6  02  +  13.  6  N2 

1.  0 

0.  10 

C3H8  +  5  02  +  18.  8  N2 

1.  0 

0.  25 

C2H4  +  4.  35  02  +  16.4  N2 

1.  o 

0.  25 

C3H8  +  6.02  Oz  +  22.6  N2 

1. 0 

0.  25 

C2H4  +  5  02  +  18.8  N2 

1.  o 

0.  25 

C3H8  +  6.  25  02  +  23.5  N2 

1.0 

0.25 

FIGURE  14-7.  CHANGE  OF  BURNING  VELOCITY  WITH  PRESSURE 
(Discussion  by  Bernard  Lcwis)(^-10) 
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FIGURE  14-8.  VARIATION  OF  THE  BURNING  VELOCITY  OF  AN 
8  PER  CENT  ETHYLENE- AIR  MIXTURE  WITH  THE 
FRACTION  OF  ACTIVE  RADICALS 

(Linnett  and  Wheatley 


Effect  of  Mixed  Fuels 


Of  special  interest  in  studies  of  burning  velocity  is  a.  method  of  predicting  the  burning 
velocity  of  mixtures  of  various  hydrocarbons  and  air. 

D.  B.  Leason^'^)  has  studied  the  effect  of  additives  such  as  benzene,  iso-octane  ethers, 
acetane,  hydrogen,  and  carbon  monoxide,  on  propane-air  flames,  and  concludes  that  it  is  difficult 
to  increase  the  burning  velocity  markedly  with  additives.  This  is  substantially  the  conclusion 
reached  by  Kurz(14-99)  and  by  Egerton  and  Thabet(  14-83),  Leason  does  show,  however,  that  the 
effect  of  the  additives  on  burning  velocity  is  still  dependent  on  the  concentration  of  active  species 
in  the  flame  zone  by  comparing  a  part  of  burning  velocity  of  the  mixture  against  (6.  5  pjj  +  p0  +  p0jj). 

Kurz'^"*®®',  however,  has  also  shown  that  the  burring  velocity  of  propane-air  mixtures  is 
reduced  more  by  hydrogen- sulfide  additions  than  can  be  accounted  for  from  flame  temperature 
calculations.  Even  on  the  basis  that  the  burning  velocity  of  the  mixture  may  be  some  averaged 
burning  velocity  of  the  two  gases,  the  burning  velocity  for  the  H£S  -  C3Hg  mixture  is  low.  It  is 
postulated  that  the  flame  reaction  is  inhibited  by  32  molecules  reacting  with  the  active  centers  in 
the  flame. 


Non- Hydrocarbon  Systems 


The  mixture  of  primary  interest  among  the  non-hydrocarbon  fuel  systems  is  the  hydrogen- 
bromine  flame.  As  was  pointed  out  earlier  this  appears  to  be  the  ideal  system  from  which  to  study 
the  flame  reaction.  The  reaction  mechanism  is  well-cstablishedU^-  101),  the  thermodynamic  data 
have  been  accurately  dctcrmincdU^- 102)(  and  reaction  is  relatively  simple  in  that  it  involves 
only  chain-propagating  steps  with  no  complicating  chain-branching  steps.  Due  to  the  complex 
nature  of  hydrocarbon  oxidations,  none  of  these  facts  exist  for  even  the  simplest  hydrocarbon 
system. 

Experimental  investigations  on  this  reaction  have  been  directed  by  R,  C.  Anderson^  1^). 
Table  14-7  compares  some  observed  burning  velocities  with  those  values  calculated  with  the  aid  of 
the  Mallard- Le  Chatelier  equation^ l*-  1®*).  it  is  of  interest  to  note  that  the  experimental  burning 
velocities  peak  at  mixtures  rich  in  hydrogen,  rather  than  at  the  stoichiometric  point  predicted  by 


j 
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thermal  considerations.  Attempts  to  relate  the  experimental  values  to  a  Tanford-Pease  calcula¬ 
tion  were  even  less  encouraging(  14-105), 


TABLE  14-7.  BURNING  VELOCITY  OF  VARIOUS  HYDROGEN- 
BROMINE  MIXTURES  AND  COMPARISON  WITH 
THERMAL  THEORY 

(R.  £.  Anderson)(^-104) 


b*2> 

mole  per  cent 

F,  cm/sec. 
Observed 

F,  cm/sec,  Calculated 
(T  r  300  C) 

20 

2.8 

0.6 

31 

15.8 

5.2 

40 

10. 

6.7 

50 

7.2 

7.  0 

60 

5.8 

2.6 

In  recent  studies  Anderson  and  co-workers  have  investigated  the  effects  of  burner  size, 
burner  position,  and  temperatureU^-lCb).  Although  definite  conclusions  could  not  be  drawn, 
Anderson  favors  atomic  hydrogen  diffusion  as  the  controlling  process.  In  studying  the  stability  of 
these  flames,  it  is  observed  that  there  is  a  strong  tendency  for  flame  shape  to  be  characteristic  of 
the  composition  of  the  mixtureO^-lO?). 

Kokochashvili^-  108)  ai80  observed  an  influence  of  composition  on  the  shape  of  the  flame 
front  advancing  down  a  tube.  Some  of  his  work  suggests  that  two  separate  mechanisms  are  neces¬ 
sary  to  explain  ignition  and  propagation.  He  observes,'  for  example,  that  ignition  is  achieved  more 
easily  with  excess  halide  plus  hydrogen,  while  the  maximum  rate  of  reaction  is  with  excess  hydro¬ 
gen  plus  halide.  Kokochashvili  offers  some  explanation  on  the  basis  of  a  strictly  thermal  explana¬ 
tion. 


Of  interest  in  the  theoretical  treatment  of  these  flames  is  a  recent  thesis  study  under  the 
direction  of  S.  S.  Penned *4-  109),  The  results  of  the  calculations  show  that  the  calculated  burning 
velocities  are  about  twice  Anderson's  experimental  values,  while  Hirschfelder 's  calculations^- 102) 
are  about  four  times  higher.  Of  possible  major  importance  in  these  considerations  is  the  question, 
Can  the  steady-state  assumption  used  in  the  low-temperature  kinetics  be  applied  to  the  flame  re¬ 
action?  On  the  basis  of  Mileson's  workU4-109)  the  assumption  is  valid,  whereas  Hirschfelder 
feels  that  it  may  not  be  valid  at  high  temperatures  and  in  fact  the  standard  mechanism  may  also 
include  the  bimolecular  reaction  H£  +  Br£  —  2H  Bf  at  flame  temperatures. 

Ausloos  and  Van  TiggelenU^-  HO)  have  directed  their  attention  to  combustion  of  ammonia 
mixtures.  They  observed  a  maximum  burning  velocity  for  NH3  -  O2  (54  per  cent  NH3)  of  113  cm/ 
sec.  Burning  velocities  were  also  obtained  for  NH3  -  H2  -  O2  mixtures. 

Murray  and  Hall^-  m)  have  ntudied  the  hydrazine  flame.  They  have  shown  that  the  hydra¬ 
zines  probably  decompose  before  the  flame  zone  and  that  one  is  burning  an  NH3  -  H2  mixture  in  the 
actual  flarre  zone. 

Cyanogen  flames  arc  of  interest  due  to  their  similarity  to  CO-flamos,  and  also  due  to  their 
high  flame  temperatures.  Their  similarity  to  CO-flames  is  borne  out  by  the  strong  water-vapor 
effect  which  they  exhibit.  It  is  of  interest  that  although  the  hydrogen  atom  has  been  thought  to  be  of 
prime  importance  in  CO-flames,  the  hydroxyl  radical  has  been  shown  by  Brokaw  and  Pcase04-112) 
to  be  more  important  in  cyanogen  flames.  This  conclusion  results  from  finding  no  difference  in 
burning  velocity  of  cyanogen  mixtures  using  D2O  and  H2O. 

The  decomposition  flame  of  ethylene  oxide  is  another  flame  which  is  of  interest  to  investi¬ 
gators  because  the  kinetics  have  been  studied  extensively.  The  flame  reaction  has  been  studied  by 
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Burden  and  Burgoyne^" Friedman  and  Burke^4-*  *4),  an(j  Gerstein,  McDonald  and 
Schalla(14-115).  There  is  some  question  as  to  whether  the  decomposition  maybe  expressed  as 
going  to  CH4  and  GO  or  to  C2H4,  CO,  and  H2.  As  a  result,  calculations  of  the  adiabatic  flame 
temperature  and  calculations  of  the  burning  velocity  are  somewhat  questionable. 

Ausloos  and  Van  Tiggelen( *4- HO)  have  directed  their  attention  to  combustion  of  ammonia 
mixtures.  They  observed  a  maximum  burning  velocity  for  NH3  -  O2  (54  per  cent  NH3)  of  113  cm/ 
sec.  Burning  velocities  were  also  obtained  for  NH3  -  H2  -  C>2  mixtures. 

Murray  and  Hall04“llU  have  studied  the  hydrazine  flame.  They  have  shown  that  the  hydra¬ 
zines  probably  decompose  before  the  flame  zone  and  that  one  is  burning  an  NH3  -  H2  mixture  in  the 
actual  flame  zone. 

Cyanogen  flames  are  of  interest  due  to  their  similarity  to  CO- flames,  and  also  due  to  their 
high  flame  temperatures.  Their  similarity  to  CO-flames  is  borne  out  by  the  strong  water-vapor 
effect  which  they  exhibit.  It  is  of  interest  that  although  the  hydrogen  atom  has  been  thought  to  be 
of  prime  importance  in  CO-flames,  the  hydroxyl  radical  has  been  shown  by  Brokaw  and  Peaset44- 
1*2)  to  be  more  important  in  cyanogen  flames.  This  conclusion  results  from  finding  no  difference 
in  burning  velocity  of  cyanogen  mixtures  using  D2O  and  H2O. 

The  decomposition  flame  of  ethylene  oxide  is  another  flame  which  is  of  interest  to  investi¬ 
gators  because  the  kinetics  have  been  studied  extensively.  The  flame  reaction  has  been  studied  by 
Burden  and  Bur goynefl4-!  13),  Friedman  and  BurkeO4-!!4),  and  Gerstein,  McDonald  and 
Schalla(14-n5).  There  is  some  question  as  to  whether  the  decomposition  may  be  expressed  as 
going  to  CH4  and  CO  or  to  C2H4,  CO,  and  H2.  As  a  result,  calculations  of  the  adiabatic  flame 
temperature  and  calculations  of  the  burning  velocity  are  somewhat  questionable. 


COMPARISON  OF  THERMAL  AND  DIFFUSION  THEORIES 


FoUowing  this  review  of  laminar  flame  propagation  from  both  the  theoretical  and  experi¬ 
mental  side,  it  would  be  fitting  to  conclude  with  a  convincing  discussion  of  the  mechanism  by  which 
the  flame  propagates.  This  cannot  be  done  at  present.  The  information  ia  not  available  to  judge 
the  relative  importance  of  the  two  schools  of  thought  --  heat  conduction  and  radical  diffusion  —  as 
will  be  apparent  in  this  concluding  section. 

The  protagonist  of  the  radical-diffusion  theory  questions  the  thermal  theory  on  the  basis  of 
observed  lack  of  effects  of  promoters  on  flame  speed.  Such  promotors  lower  the  ignition  tempera¬ 
ture,  but  do  not  change  the  burning  velocity!  I4"  H6),  whereas  the  purely  thermal  theory  would  pre¬ 
dict  a  change  in  burning  velocity  with  a  change  in  ignition  temperature.  Likewise  Gaydon  and 
Wolfhard  have  found,  in  their  study  of  low-pressure  flames,  that  the  concentration  of  OH  radicals 
observed  from  spectroscopic  measurements  is  much  higher  than  can  be  attributed  to  equilibrium 
concentrations  at  the  flame  temperature.  U4-4) 

TownendO4-!!?),  on  the  other  hand,  has  stated  that  the  application  of  theories  based  on  dif¬ 
fusion  of  radicals  (especially  hydrogen  atoms)  is  rendered  obscure  by  the  lack  of  quantitative  evi¬ 
dence  pertaining  to  the  quenching  reactions  undergone  by  such  radicals.  Probably  there  is  good 
basis  for  Townend'a  arguments  since  most  of  the  quenching  problems  have  been  discussed  in 
relation  to  the  thermal  theory.  However,  it  appears  that  thore  is  sufficient  evidence  of  an  indirect 
manner,  to  show  that  quenching  can  also  be  explained  by  radical  diffusion  theory.  This  is  based  on 
low-pressure  flame  studies,  where  it  is  found  necessary  to  increase  the  diameter  of  the  burner 
with  decrease  in  pressure  to  maintain  a  stable  flame. 

Hoare  and  LlnnettU4”  H8),  although  not  rejecting  the  diffusion  theory,  do  show  that  their 
results  on  ethylene  and  carbon  monoxide  flames  can  be  explained  just  as  well  by  the  thermal  theory 
as  by  the  diffusion  theory.  They  lend  support  to  the  thermal  theory  in  two  ways.  The  burning 
velocities  for  C2H4**air  have  been  obtained  with  nitiogen  and  with  carbon  dioxide  present.  In  both 
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cases,  the  burning  velocity  is  decreased,  but  to  a  greater  extent  with  CO2.  This  is  explained  on 
the  basis  that  the  heat  capacity  of  CO2  is  greater  than  that  of  nitrogen. 


Another  explanation  is  obtained  in  the  following  manner.  The  rate  of  heat  release  for  a 
reaction  is  written  in  terms  of  the  equilibrium  constant  and  activation  energy  as 


H.h  PCO  PHZQ  e-E/RTi 
P02 


(14-38) 


so  that 


R  In 


PCO  PH2O 

po2 


-  In  ill 
KJ 


(14-39) 


where  Tj  is  a  sort  of  "ignition"  temperature,  E  is  the  activation  energy,  and  R  is  the  gas  constant. 
The  rate  term  has  been  chosen  on  the  basis  of  kinetic  results.  The  term  H/K  was  chosen  so  that 
Tf  equalled  about  10p0  and  an  equilibrium  flame  temperature  T|  was  calculated.  The  ratio  of 
temperature  terms  **  ~  9.  was  then  plotted  against  the  observed  burning  velocities  and,  except  for 

Ti-Tc 

a  few  points,  very  good  agreement  was  obtained. 


The  authors  also  show,  that  both  the  ethylene  and  carbon  monoxide  reactions  obey  the 
Tanford- Pease  relation  on  the  basis  that  the  relative  concentration  of  active  radicals  can  be  ap¬ 
proximated  as  being  equal  to  the  sum  of  the  relative  diffusion  coefficients  for  each  radical  times  its 
equilibrium  concentration,  (6!>4)  Ph  +  (1)  pO  +  0)  pOH*  0“  plotting  radical  concentration  against 
burning  velocity,  curves  are  obtained  which  are  similar  to  those  obtained  by  Tanford  and  Pease  for 
atomic  hydrogen  in  the  CO  flame  (compare  Figures  14-2  and  14-8). 

Walker  and  Wright^*”  *  *9)  have  attempted  to  analyse  the  maximum  burning  velocities  of  36 
hydrocarbon-air  mixtures  in  terms  of  Semenoff's  thermal  equation  and  Tanford  and  Pease's  dif- 
fusional  equation.  The  results  from  both  equations  indicate  that  all  the  hydrocarbons  burn  with  the 
same  mechanism.  The  Semenoff  equation,  however,  gives  somewhat  better  correlation  with  experi¬ 
mental  results,  and  when  lower  activation  energies  are  used  as  suggested  by  Finn's  studies(^"25) 
the  correlations  become  still  better. 

Dugger  and  Simon^”120)  have  also  made  thiB  type  of  correlation.  Besides  the  Semenoff  and 
Tanford- Pease  equations,  Manson'o  equation  was  also  investigated.  With  respect  to  the  first  two 
equations,  their  results  are  similar  to  Walker  and  Wright's.  The  Manson  equation,  however, 
although  rather  simple  to  use,  gives  a  poorer  correlation  with  experimental  data  on  burning  veloc¬ 
ity.  This  type  of  correlation  has  also  been  applied  to  iso-octane,  propane,  and  ethylene  flames 
with  similar  results^- 121) 

Clingman,  Brokaw,  and  Pease^" *22)  have  attempted  to  relate  methane-inert  gaa  burning 
velocities  to  the  diffusion  and  the  thermal  theories.  In  both  cases  it  is  observed  that  the  data  do 
not  agree  well  with  the  individual  theories,  suggesting  that  no  one  theory,  but  possibly  a  combina¬ 
tion  of  thermal  and  diffusion  processes  are  necessary. 

It  is  quite  apparent,  therefore,  that  there  is  no  final  etatement  that  can  be  made  on  laminar- 
flame  theories.  The  problem  of  whether  the  mechanice  of  flame  propagation  is  related  to  heat 
transfer  or  diffusion  of  free  radicals  and  atoms  into  the  flame  front,  or  to  both,  is  not  the  principal 
obstacle.  As  can  be  seen  from  the  marked  similarity  in  the  equations  used  in  any  of  these  develop¬ 
ments,  the  final  equations  that  must  be  solved  are,  basically,  the  same. 

Possibly  the  moat  basic  problem  is  finding  the  true  relation  for  the  variation  of  temperature 
and  active  species  in  the  reaction  zone.  If  this  were  accomplished  the  rather  loosely  defined 
ignition  temperature  might  take  on  a  more  specific  role  in  these  developments.  In  any  case,  the 
final  analysis  requires  a  correlation  between  the  theory  and  experiment. 


WADC  TR  56-344 


14-27 


In  conclusion,  the  evidence  indicates  that  a  middle-road  approach  is  best,  and  that  laminar 
flame  propagation  is  probably  a  combination  of  thermal  conduction  and  species  diffusion  phenomena. 
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CHAPTER  15.  TURBULENT  FLAMES  OF  PREMIXED  GASES 


ABSTRACT 


The  survey  of  literature  on  turbulent  flames  in  premixed 
gases  is  divided  into  the  following  sections:  the  theory  of  turbulent 
flames,  flame  instability,  experiments  on  turbulent  flames,  and 
concluding  remarks.  The  theories  of  turbulent  flame  propagation, 
which  are  discussed  first,  fall  naturally  into  three  groups  —  those 
in  which  the  scale  of  turbulence  is  considerably  smaller  than  the 
flame  thickness,  those  in  which  the  scale  of  turbulence  is  con¬ 
siderably  larger  than  the  flame  thickness,,  and  those  in  which  the 
scale  of  turbulence  and  the  flame  thickness  are  about  the  same. 

The  theories  pertaining  to  each  of  these  classes  are  discussed  in 
turn,  and  their  similarities  and  differences  noted.  The  various 
treatments  of  flame  instability  which  might  lead  to  flame-generated 
turbulence  are  covered  next.  Following  this  evaluation  of  the  , 
mathematical  aspects  of  the  turbulent  flame  phenomena,  the  experi¬ 
mental  data  reported  in  the  literature  are  discussed.  Certain 
factors  common  to  these  data  are  pointed  out.  In  the  final  section, 
all  of  the  work  is  summarized  briefly  and  some  deductions  are 
made  as  to  why  there  is  so  much  disagreement  in  this  field  of 
research. 
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CHAPTER  15 

TURBULENT  FLAMES  OF  PRE MIXED  GASES 


by 


A.  A.  Putnam 


The  commonly  observed  Bunsen-type  flame  has  a  smooth,  relatively  thin  and  sharp  flame 
front.  The  edges  of  the  front  are  held  near  the  burner  wall  where  the  flow  velocity  is  low.  The 
flame  front  is  maintained  by  the  spreading  inward  of  the  flame  into  the  unburned  gases,  at  a  burn¬ 
ing  velocity  of  about  one  foot  per  second  for  hydrocarbon-air  mixtures.  As  the  exit  velocity  from 
the  burner  is  increased,  the  flame  elongates.  As  an  example,  for  a  burner  tube  of  one-inch 
diameter  and  a  mean  gas  velocity  of  about  4  ft/ sec,  the  flame  is  about  2  inches  long.  Applying 
this  proportionality  to  a  high-duty  combustion  chamber,  where  velocities  can  be  as  high  as  200 
ft/sec,  a  combustion  chamber  length  of  better  than  8  ft  is  indicated.  This,  of  course,  assumes 
that  the  flame  speed,  characteristic  of  the  laminar  conditions  at  low  flow  rates,  does  not  change 
with  flow  rate. 

However,  for  the  Bunsen-type  flame  just  mentioned,  as  the  velocity  is  increased  so  as  to 
exceed  a  critical  Reynolds  number,  turbulence  is  generated,  the  flame  loses  its  well-defined 
shape,  becoming  thick  and  diffuse  in  appearance,  and  the  rate  of  increase,  with  velocity,  of  the 
mean  length  of  flame  decreases.  Thus,  even  though  the  tip  of  the  flame  may  extend  as  far  as 
would  be  computed  assuming  laminar  conditions  (this  point  is  not  established  in  the  literature), 
the  bulk  of  the  combustion  will  take  place  sooner,  and  high  combustion  efficiency,  that  is,  high 
degree  of  completion  of  the  burning,  may  be  obtained  with  shorter  distances.  This  latter  situation 
is  typical  of  high-duty  combustors. 

It  is  clear  that  the  study  of  the  effective  flame  speed  under  turbulent  conditions,  or  of 
"turbulent  flame  speed",  to  fix  the  relative  position  of  the  flame,  and  the  study  of  the  total  thick¬ 
ness  of  the  flame  under  these  conditions,  are  both  of  great  practical  importance.  Historically, 
two  approaches  have  been  used.  One  of  these  concerns  itself  with  the  mechanism  involved  in  the 
increase  of  apparent  flame  speed  by  turbulence,  This  leads  to  various  mathematical  expressions 
to  describe  the  mechanism.  The  other  approach  is  purely  empirical  and  concerns  itself  with 
experiments  on  various  types  of  burner  equipment  having  known  amounts  of  turbulence  present, 
and  with  the  direct  or  indirect  correlation  of  turbulent  flame  speed  with  decign  characteristics. 

Such  a  separation  of  the  available  information  is  followed  in  this  chapter.  In  the  theoretical 
section,  the  cases  in  which  the  scale  of  turbulence  is  smaller  than,  or  about  the  same  size  as,  or 
larger  than  the  flame  thickness  are  considered  separately.  The  associated  topic  of  flame  instability 
is  covered  immediately  after  the  theoretical  discussion  of  flame  turbulence,  to  afford  further  back¬ 
ground  for  the  discussion  of  the  test  data.  The  third  section,  on  the  test  data  reported  in  the  liter¬ 
ature,  is  followed  by  a  section  in  which  the  problems  of  the  turbulent  flame  are  discussed  more 
generally. 


THEORY  OF  TURBULENT  FLAMES 


Small-Scale  Turbulence 


ShelkinnS-l)  presented  the  first  turbulent  flame-speed  equations  which  would  reduce  to  the 
proper  form  when  there  was  no  turbulence.  For  this  study,  he  presupposed  two  general  types  of 
turbulence,  one  in  which  the  scale  of  turbulence  is  much  smaller,  and  one  in  which  the  scale  is 


WADC  TR  56-344 


15-1 


i 


much  larger  than  the  thickness  of  the  laminar  flame  front.  He  also  discussed  the  transition  regions 
between  these  two  types. 

In  the  first  region,  where  the  Taylor  scale  based  on  length*,  is  much  less  than  5,  the 
laminar  flame  thickness,  Shelkin  assumes  that  the  only  effect  is  an  increase  in  the  transfer  rates. 
As  turning  a  thermal  theory  of  flame  propagation  (the  argument  is  the  same  for  a  diffusion  theory), 
the  new  transport  term  becomes  T  +  ae,  where  T  is  the  thermal  diffusivity,  e  is  the  turbulent 
transport  coefficient,  and  a  is  close  to  1;  a  is  not  included  in  most  treatments,  but  is  included  here 
so  that  easier  comparisons  may  be  made.  Since,  as  shown  in  Chapter  14,  the  various  theories  of 
flame  propagation  indicate  that  the  transport  term  enters  under  a  square  root,  the  ratio  of  the 
turbulent  burning  velocity  to  the  normal  burning  velocity  is 


£t_  s  /  r  +  ae  „ 

f  n/  r 


(15-1) 


This  equation  satisfies  the  limiting  condition  of  no  turbulence,  and  for  high -turbulence  intensity 
becomes 


i 


! 


Ft  n  /ae 

f  V  r 


(15-2) 


The  approximation  expressed  by  Equation  (15-2)  was  derived  earlier  by  Damkohler^-^,  who  used 
Prandtl' s  turbulence  arguments  as  a  basis  for  his  derivation.  Damkohler  also  used  Prandtl's  mix¬ 
ing  coefficient,  1  |  u'l  ,  for  £,  where  1  is  the  Prandtl  mixing  length  and  l  u '  i  is  the  time  average 
value  of  the  absolute  fluctuating  velocity. 

Whereas  Shelkin  concludes  that  the  presence  of  small-scale  turbulence  is  implausible  be¬ 
cause  of  the  small  thickness  of  the  flame  front,  Wohl(^-3)  considers  that  small-scale  turbulence 
might  occur  in  association  with  large-scale  turbulence.  Whether  this  factor  should  be  considered 
would  depend,  first,  on  the  initial  turbulence  spectrum,  second,  on  the  time  available  for  the 
small-scale  turbulence  to  decay,  and  third,  on  the  thickness  of  the  laminar  flame,  6,  which  may 
be  quite  large  at  lower  pressures. 

Wohl  assumes  that  the  probability,  w,  of  the  occurrence  of  a  scale  1'  j  <  6,  in  turbulence  of 
an  average  scale  lj,  is  given  by 


w  =  1  -  e  =  6/1 !  .  (15-3) 

Thus,  the  exchange  coefficient  of  Shelkin' s  equation,  Equation  (15-1),  should  be  reduced  by  this 
probability,  so  that 


Li  n  ll  +  ± 

F  v  r  i. 


(15-4) 


A 3  e  may  be  defined  as  the  product  of  the  Taylor  time-based  length  lj,  and  the  root  mean  square 
fluctuating  velocity**,  u' ,  Equation  (15-4)  becomes 


(15-5) 


r 


*An  extensive  discussion  of  the  various  turbulence  parameters  used  in  this  chapter  is  given  in 
Chapter  12. 

**Tbc  derivation  of  this  relation  is  given  in  the  section.  Turbulent  Diffusion,  in  Chapter  12, 
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It  is  shown  by  WohlO^-^),  jrriedman05-4),  and-others  that  6  =  r/F,  so  that  Equation  (15-5)  may  be 
written  as 


(15-6) 


For  small-turbulence  intensities,  this  reduces  to 


Ft'  =  F  +  (a/2)u'  (15-7) 

while  for  high  intensities, 

Ft'  =  Vau'F  .  1  (15-8) 

In  summation,  for  small-scale  turbulence  by  itself,  an  improbable  case,  Equation  (15-1)  is 
available.  For  correcting  the  burning  velocity  for  the  small-scale  component  of  normal  turbulence, 
Equation  (15-6)  can  be  used. 


Large-Scale  Turbulence 


Moderate  Intensity 


The  second  type  of  turbulence  considered  by  Shelkin  is  that  in  which  the  characteristic 
length  of  the  turbulence  is  much  greater  than  the  thickness  of  the  flame  front.  In  this  case,  the 
effect  is  assumed  to  be  only  one  of  distorting  the  flame  front,  and  thus  increasing  the  product  of  the 
burning  velocity  and  the  burning  area. 

Figure  15-1  shows  a  time  exposure  and  an  instantaneous  schlieren  photograph  of  a  turbulent 
flame  made  by  Karlovitz,  et  al,'15-5)  That  the  concept  of  the  earlier  workers  regarding  large- 
scale  turbulence  was  justified,  is  clearly  shown  by  the  instantaneous  schlieren  photograph. 


a.  Time  Exposure  b.  Instantaneous  Schlieren 


FIGURE  15-1.  PHOTOGRAPHS  OF  A  TURBULENT  NATURAL 
GAS  -  AIR  FLAME 

Re  ■  10,000;  Burner  Tube  Radius  =  15.8  mm 
(Karlovitz,  Dcnniston,  and  Wctls)^-’"^) 
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This  picture  of  the  effect  of  turbulence  is  similar  to  that  observed  earlier  by  Markstein^-^) 
in  his  studies  of  the  effect  of  acoustical  oscillations  on  flames.  He  found  that  the  flame  speed 
computed  from  the  visible  upstream  surface  was  greater  than  the  laminar  burning  velocity,  while 
the  burning  velocity  computed  from  the  area  of  the  distorted  front,  shown  by  instantaneous  photo¬ 
graphs,  agreed  with  the  laminar  burning  velocity.  Because  of  the  periodicity  of  the  acoustic 
disturbance  and  the  resulting  orderliness  of  the  distorted  front,  Markstein  could  make  this  compu¬ 
tation. 

Figure  15-2  shows  a  laminar,  uniform  flame  front,  distorted  locally  in  conical  surfaces, 
that  is  ordinarily  used  in  the  development  of  an  equation  for  turbulent  flame  speed  based  on  the 
concept  outlined  above.  The  depth  of  penetration,  h,  of  these  cones  is  assumed  to  be  proportional 
to  (u' t),  where  _t  is  the  time  available  for  penetration.  The  time,  t,  is  of  the  order  of  the  time 
taken  for  the  flame  to  spread  from  both  sides  to  the  center  of  the  base  of  the  cone.  Thus  t  v  1  j/2F. 
Damkohler  used  1  for  1  j,  and  Shelkin  used  for  1  However,  since  the  entire  argument  is 
qualitative  in  nature,  this  makes  no  real  difference.  The  depth  of  penetration,  therefore,  varies 
with  (u'1j)/(2F).  The  total  area  of  a  cone  is 


7T  Oi/2)  */ Cl/2)2  +  h2  , 
the  ratio  of  the  cone  surface  to  base  area  is 

J  1  +  4  (h/lj)2  . 


Burned 


FIGURE  15-2.  SCHEMATIC  DIAGRAM  OF  DISTORTED  FLAME  FRONT 
(ShelldnjO5-1) 

Therefore,  since  the  product  of  laminar  burning  velocity  and  total  area  equals  the  product  of  the 
turbulent  burning  velocity  and  the  projected  area, 

F t/F  a  +  4  (h/1  j)2  =  J  1  +  P2  (u1  /F)2  ,  (15-9) 

where  (3  is  about  1.  For  the  case  where  u'  >>  F,  this  reduces  to 

Ft  =  /S  u'  (15-10) 

which  corresponds  to  Damkohler' s  equation  for  tills  region.  For  u'  <<  F, 

Ft/F  =  1  +  (j32/2)  (u*  /F)2  .  (15-11) 

Wohl  has  indicated  that  it  is  equally  satisfactory  to  use  a  cylinder,  instead  of  a  cone,  ns  a 
model  of  the  distorted  froht.  This  leads  to  the  relation 

Ft/F  =  1  +  4  h/1j  =  1  +  2  £  u'  /F  .  (1 S-12) 
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Further  consideration  indicates  that  some  of  the  flat  region  surrounding  the  cylinder  or  cone 
should  be  included;  however,  this  correction  can  be  included  in  /3  by  reducing  its  value. 

Wohl  considered  that  the  time  required  to  destroy  the  cylinder  might  be  that  time  required 
for  the  turbulent  flame  to  sweep  the  cylinder  base.  Thus,  the  depth  of  penetration  would  vary  with 
u'll/Ft  instead  of  with  u'lj/F,  and 


Ft/F  =  1  +  2  a'  /Ft 


(15-13) 


Solving  for 


Ft/F  =  1/2  (1  +  VI  +  8  fi  u'/F) 


(15-14) 


For  small  values  of  u'  /F, 


Ft/F  =  1  +  2  u'  /F  ,  (15-15) 

which  is  identical  with  Equation  (15-12),  while  for  large  values  of  u’  /F, 

Ft  =  -y/  2  a  u’F  .  (15-16) 

If  the  conical  shape  is  considered,  rather  than  the  cylindrical  shape,  the  smaller  limit  is  the 
same  as  Equation  (15-11),  whereas  the  larger  limit  is  of  the  same  form  as  for  that  of  the  cylinder. 

One  further  step  may  be  taken  at  this  time;  Wohl'  s  small-scale  turbulence  correction  to  the 
burning  velocity  given  by  Equation  (15-8)  may  be  made.  This  means  that  the  burning  velocity  of 
Equation  (15-16)  should  be  corrected  for  small-scale  turbulence.  Therefore, 

Ft  =  V2  £  u*  Ft‘  *  (2|3)1/2  (a)1/4  u'3/4  F1/4  .  (15-17) 

In  a  later  paper,  Wohl,  et  al.,  also  considers  the  possibility  that  the  time  available  for  propa¬ 
gating  a  distortion  might  bi  determined  by  the  rate,  U,  at  which  an  eddy  passes  through  the  mean 
flame  front;  thus  the  depth  of  penetration  would  vary  with  u'lj/U,  and,  in  place  of  Equations 
(15-12)  or  (15-13),  (based  on  cylindrical  distortion),  one  has 

Ft/F  a  1  +  2  P  u'  /U  .  (15-18) 

The  corresponding  modification  for  Equation  (15-9)  (based  on  conical  diatortion)  is 

Ft/F  =  *jl  +  (/3  u'  /U)2  .  (15-19) 

Because  u'  is  normally  considerably  less  than  U_,  and  £  is  of  the  order  of  one,  it  is  seen  that  Ft/F 
would!  not.be. larger  than,  say,  about  5.  This  much  is  in  agreement  with  observations  made  on 
uniform,  open-flow  systems, 

Karlovits  developed  a  turbulent-flow  speed  theory  as  a  result  of  observing  the  instantaneous 
photographs  of  a  turbulent  Bunsen  flame,  which  shows  a  highly  distorted  but  continuous  front,  as 
shown  in  Figure  15-1, 

Basically,  Karlovitz  starts  with  Wohl' s  Equation  (15-12),  However,  since  the  depth  ot 
penetration,  h,  varies  linearly  with  time  for  only  small  intervals  of  time,  and  some  recession 
takes  place  at  longer  intervals  of  time,  for  most  of  the  time  the  depth  of  penetration  is  less  than 

r=r 

(u1 1).  To  determine  the  variation  of  h,  or  as  redefined,  the  root  mean  square  displacement,  y  X^, 
with  time,  Karlovitn  starfZLwith  the  turbulence  equations  of  Taylor,  uses  the  correlation  coefficient, 
Rt,  which,  as  discussed  in  Chapter  12,  is  on  a  Lagrangien  basis.  The  scale  of  turbulence  is, 
therefore,  given  by 
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00 


ll  = 


=  u'  j*  Rtdt 


(15-20) 


and  the  characteristic  time  is 


GO 


•c=  Jr, 

o 


dt  . 


(15-21) 


The  variation  of  the  root  mean  square  displacement  is  given  by 

t 

d(X2)/dt  *  2  u*2  j*  Rt  dt  .  (15-22) 

o 

For  small  intervals  of  time,  t  <<  tc,  Rt  =  1,  and 

7P=u,  ,  (15-23) 

t 

whereas,  for  large  intervals  of  time,  t  >  >  tc,  ^  Rt  at  reaches  a  definite  limiting  value,  tc,  and 


(X2)  =  2  u'2  tc  t  =  2  12  u*t  . 

Assuming  the  form  of  e"^tc  for  Rt,  for  intermediate  values,  where  t  -v  tc, 


(15-24) 


X2  =  2  lj  u't  jl  -  (tc/t) 


e”t(,tc 


}  • 


(15-25) 


The  time,  £,  over  which  a  given  element  existB  is  of  the  order  of  Ij/F,  It  is  realized  that  this  F 
should  be  corrected  for  small-scale  turbulence  if  any  such  effect  exists;  Equation  (15-8)  as 
developed  by  Wohl  can  be  used.  However,  in  the  subsequent  treatment,  this  factor  is  omitted. 

The  additive  flame  speed  caused  by  the  turbulence,  Ft",  is 

Ft"  =  J  (X2)/t  .  (15-26) 

By  means  of  Equation  (15-25)  and  the  definition  of  tc  as  given  by  combining  Equations  (15-20)  and 


(15-21),  V  (X1*)  and  t  may  be  eliminated  from  the  equation  defining  Ft".  Adding  Ft",  as  just 
defined,  to  the  burning  velocity,  F,  and  rearranging  terms,  yields 


Ft/F  =  1  +  |  2  u' /F  J-  1/2  jl  -  (F/u')  [l  -  e"u'  /F]}1/2  >  (15-27) 

in  the  general  case. 

For  u'  /F  <<  1,  Equation  (15-27)  reduces  to 

Ft/F«l  +  u’/F  ,  (15-28) 

and  in  the  case  of  very  strong  turbulence,  u'  /F  >>  1, 
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Ft/F  =  1  +  uT  /F  =  V  2  u'  /F 


(15-29) 


Figure  15-3,  showing  the  advance  of  the  flame  in  a  distorted  front,  was  used  by  Karlovitz 
to  point  out  that,  while  the  turbulence  tends  to  increase  the  distortion  to  the  front,  the  normal 
type  of  flame  propagation  tends  to  eliminate  the  distortion,  in  the  maimer  illustrated. 

Finally,  it  may  be  seen  that  Wohl’  s  cylinder -based  derivation  and  Karlovitz'  derivation  lead 
to  the  same  results  at  the  two  limits  of  very  weak  and  very  intense  turbulence.  It  follows  that,  if 
Wohl' s  correction  for  small-scale  turbulence  is  made  to  either  equation,  the  identity  of  form  is 
still  retained. 


FIGURE  15-3.  ADVANCE  OF  FLAME  IN  DISTORTED  FRONT 
(Karlovitz,  Denniston,  and  Wells)(15-5) 

Wohl,  et  al,  points  out  that  in  most  combustors,  the  flame  is  held  in  a  small  region,  and 
the  distortion  of  the  flame  increases  as  the  flame  spreads  out  from  the  holding  region.  Scurlock 
and  Grover(^-7)  elaborate  on  Karlovitz’  result  to  take  account  of  this  fact.  To  do  this,  they 
retain  the  correlation  coefficient  R{  and  introduce,  also,  the  correlation  coefficient  Ry.  Although 
the  use  of  these  coefficients  is  not  technically  correct,  the  resulting  form  of  equation  is  reasonable. 
As  a  consequence  of  this  treatment,  Karlovitz’  Equation  (15-25)  is  modified  by  replacing  (note 
that  tc  b  1  j/u' )  by  1  j' ,  where 


ll/ll'  =  1  +  F/2u'  (15-30) 

It  may  be  noted  that  Scurlock' s  later  use  of  the  time  term  as  determined  by  the  flame -propagation 
rate  along  the  mean  flame  front  indicates  that  F  of  Scurlock'  •  Equation  (15-30)  should  be  replaced 
by  Ft. 


Scurlock  and  Grover  also  made  a  more  exact  computation  of  the  effect  of  the  advancing  flame 
front  than  did  Karlovitz,  and  thus  allow  for  the  tendency  of  the  front  to  decrease  the  total  flame 
area.  The  final  equation,  however,  is  so  complicated  that  a  numerical  solution  is  necessary  for 
each  set  of  conditions. 

Figure  15-4  shows  the  result  of  these  computations,  with  reasonable  values  assumed  for  the 
ratio  of  1 1  and  some  other  arbitrary  constants  of  the  formulated  equations.  It  is  seen  that  the 
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ratio  of  turbulent  to  laminar  burning  velocity  increases  with  time*  to  a  maximum  depending  on  the 
ratio  of  rms  fluctuating  velocity  to  the  laminar  burning  velocity.  An  increase  of  scale,  ^  in¬ 
creases  the  time  to  reach  the  maximum. 


u'.'F  •  16.00 


u */F  «  8.00 

u’/F  •  4. 0C 

u’/F  «  2.00 
u’/F  «  I.  00 
u’/F  »  0.50 
u'/F  s  0*25 


FIGURE  15-4.  COMBINED  EFFECT  OF  EDDY  DIFFUSION  AND 
FLAME  PROPAGATION 

(Scurlock  and  Grover)(15-7) 

Before  passing  on  to  the  considerations  of  high  intensity  turbulence,  one  other  point  con¬ 
sidered  by  Scurlock  and  Grover  might  well  be  mentioned.  They  computed  the  distortion  of  the 
flame  produced  by  a  single  eddy  passing  through  the  flame  front. 

Figure  15-5  shows  the  result  of  this  computation.  As  the  ratio  of  eddy-spin  Velocity  to 
burning  velocity  increases,  the  amount  of  distortion  increases.  At  the  highest  rotiry  velocity, 
the  flame  spirals  in  on  itself.  It  is  not  clear  in  this  figure, __  but  is  noted  by  M^rkstein  that  the 
distortion  caused  by  the  eddy  propagates  along  the  flame  front  even  after  the  eddy  has  passed 
through  and  beyond  the  front;  and,  in  an  actual  flame  the  distortion  may  not  only  propagate  along 
the  front,  but  may  even  expand  in  size. 


High-IntcnBity  Turbulence 


In  considering  the  turbulent  flame  as  a  distorted  laminar  front,  some  thought  must  be  given 
to  the  possibility  that  the  flame  will  be  distorted  so  rapidly  that  the  front  will  break.  This  will 
partially  destroy  the  continuity  of  the  flame,  and  allow  unburned  gases  to  pass  through,  at  least 
temporarily. 


♦Time  is  computed  from  the  flame -propagation  rate  along  the  front  from  the  region  of  holding;  thus 


where  L  is  the  distance  along  the  front,  is  the  stream  velocity  at  any  point  £  on  the  front,  and  0 
is  the  angle  between  the  front  and  the  stream  direction. 


WADC  TR  56-344 


15-8 


FIGURE  15-5.  DISTORTION  OF  STABILIZED  FLAMES  DURING 
PASSAGE  OF  SINGLE  EDDIES 

(Scurlock  and  Grover)(^-7) 


FIGURE  15-6.  SCHEMATIC  DIAGRAM  OF  HIGHLY  TURBULENT  FLAME 

(Shclkin)^5-1) 


t 


I 


,1 
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Figure  1 5  —6s  shows  the  idea  that  Shelkin  uses  as  a  basis  for  his  discussion  of  the  range  of 
1 1  >>  6  and  u'  >>  F,  in  which  he  assumes  that  the  turbulence  would  be  so  violent  that  the  front 
would  be  broken.  Shelkin  considers  flame  speed  to  be  proportional  to  the  square  root  of  the 
exchange  coefficient  divided  b/  a  reaction  time;  in  the  case  of  the  discontinuous  front,  the  exchange 
coefficient  is  £  or  1  j  u1 , 

An  elementary  volume  (1  will  break  upt  over  the  duration  of  time,  1  j/F,  that  the  flame 
takes  to  traverse  the  distance  1  j  at  normal  burning  velocity.  In  this  time,  the  total  path  traveled 
at  the  fluctuating  velocity  is 

L  =  (1  x /F)  u«  .  (15-31) 

The  ratio  L/1  j  indicates  the  number  of  traverses  of  th-  front  through  the  volume  (1  so  that  the 
flame -front  area  per  unit  volume  is 


(L/li)  l^/lj3  nu'/Flj  (15-32) 

and  the  time  of  combustion  of  the  unit  volume  is  F  1  j/u'  divided  by  F,  or  1  j/u' .  Combining  this 
time  with  the  exchange  coefficient  in  the  manner  previously  indicated, 

Ft  Wlj  u'  /Ij/u'  =  u'  .  (15-33) 

This  is  the  same  as  Shelkin' s  relation  for  thr  continuous,  disturbed  flame  front  (Equation  (15-10)). 
It  may  also  be  noted  that  this  is  the  same  basic  idea  as  in  Wohlenberg'  s(^-9)  paper  (cf  Chapter 
19). 


Shelkin  assumes,  among  other  things,  that  the  time  to  burn  an  elemental  volume  is  the  same 
as  the  travel  time  through  the  front;  that  is,  that  every  elemental  volume  starts  to  burn  at  the 
front.  Wohl(15“l®)  makes  a  somewhat  different  approach  to  the  high-turbulence  intensity  problem. 
If  a  mass  is  followed  through  the  front,  starting  at  time  t  =  0  at  the  front,  new  eddies  are  assumed 
to  be  generated  in  the  mass  at  a  frequency  v  ~  u'  /l  j.  Therefore,  the  number  of  eddies  generated 
by  the  time  t_,  is  kt(u'  /I  i),  and  the  total  surface  of  the  eddies  is  k' t  (u'  /I  j),  where  k  and  k'  are 
assumed  to  be  independent  of  the  time  elapsed  since  a  unit  mass  has  entered  into  the  combustion 
zone.  The  rate  of  burning  at  time  t_  is,  therefore,  the  product  of  the  burning  velocity  and  the 
surface  area  or  Fk't(u'  /I  i).  The  average  distance,  d6,  that  the  flame  propagates  during  the  time, 
dt,  is  Fk'  t(u'/1  i)dt.  Integrating,  the  time,  tc,  to  travel  the  thickness  of  the  flame,  6',  and  thus 
complete  combustion,  is  given  by  the  relation 

6'«  (Fk'u'/Ji)  (tcZ/2)  .  (15-34) 

However,  the  turbulent  flame  speed  is  also  given  by 

Fte6'/tc  .  (15-35) 

so  that,  eliminating  6', 

tc  =(Ft/F)(2l!/u'k')  .  (15-36) 

Using  the  approximate  general  formula,  previously  used  by  Shelkin,  that 

Ft  •x.  (15-37) 


and  substituting  u'li  for  e,  yields 


♦This  model  may  also  be  representative  of  the  region  of  a  turbulent  flame  away  from  the  holder, 
where  the  continuous  front  has  been  largely  torn  apart.  This  tearing  is  discussed  later. 


WADC  TR  56-344 


15-10 


Jk< 


(u')ZF/2Ft 


(15-38) 


or,  taking  all  Ft  to  one  side, 

Ft^  (k1)1/3  (u1)2/3  F1/3  .  (15-39) 

One  point  open  to  question  here  is  the  assumption  of  k'  as  invariant.  Some  consideration 
of  the  problem  of  defining  k'  more  exactly  indicates  that  it  is  conceivable  that  it  would  vary  with 
the  time  that  a  unit  mass  has  been  in  the  combustion  zone,  especially  if  the  flame  itself  acts  as  a 
turbulence  generator.  Further  elaboration  of  this  equation  would  appear  profitable  after  obtaining 
test  data  of  a  type  needed. 

Karlovitz,  et  al.,05-11,  12)  approached  the  problem  of  the  turbulent  flame  in  a  region  of 
high  intensity  turbulence  by  first  considering  a  laminar  flame  propagating  into  a  stream  of 
changing  velocity.  Based  on  the  ignition  temperature  concept  an  increase  in  the  flow  velocity 
across  the  stream  causes  the  burning  velocity  to  decrease  in  order  to  allow  time  for  the  increased 
flow  of  gases  to  come  to  the  ignition  temperature*.  Karolovitz'  resulting  equation  is  not  integrablc 
in  a  closed  form,  but  he  calculates  some  particular  values. 


d(yF/T) 

FIGURE  15-7.  BURNING  VELOCITY  OF  STRETCHED  FLAME  AS  A 
FUNCTION  OF  VELOCITY  GRADIENT 


•With  uniform  flow  velocity,  each  streamline  can  be  considered  in  self-equilibrium,  but  in  a  region 
of  changing  velocity,  heat  must  be  treated  as  being  supplied  from  each  stream  to  the  adjacent  one. 
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Figure  15-7  shows  Karlovitz'  results.  The  ratio  of  reduced  burning  velocity,  Fa,  to  the 
normal  burning  velocity,  F,  is  a  function  of  the  rate  of  change  of  the  log  stream  velocity  with 
respect  to  the  dimensionless  distance  across  the  stream.  The  decrease  in  Fs  may  be  interpreted 
to  mean  that  the  flame  front  becomes  less  stable  and  more  apt  to  break. 

Karlcvitz(^-12)  extends  this  result  to  the  turbulent  flame  by  considering  the  rate  of  the 
stretch  of  the  flame  front  in  a  segment  of  a  turbulent  flame.  Essentially,  the  abscissa  of 
Figure  19-7  becomes 

a(u'/F)(r/lxF) 

where  a  is  the  order  of  magnitude  of  1.  Thus,  as  the  intensity  increases,  or  the  scale  or  burning 
velocity  decreases,  the  flame  front  will  be  more  likely  to  develop  holes.  Such  holes  have  been 
observed  by  Karlovitz  using  ionization  probes. 


Summary  of  High  Intensity  Turbulence  Equations 

For  turbulence  of  high  intensity,  four  expressions  have  been  derived,  which  are  expressible 
in  the  general  form 

Ft*  (u')1-mFm,  0  <  m  <  1/2  ,  (15-40) 

and  a  fifth  expression  is  given  approximately  by 

Ft  =  u'F/U  .  (15-41) 

These  expressions  may  indicate  general  relations  to  be  sought  in  experimental  work. 

Transition  Region  of  Turbulence 


Shelkin  also  discusses,  in  a  qualitative  manner,  the  transition  region  between  small-scale 
turbulence  and  large-scale  turbulence.  Again  using  the  ratio  of  exchange  coefficient  to  reaction 
time  as  a  basis,  (Equation  (15-37))  and  assuming  the  Arrhenius  law  for  reaction  time, 

t  ~  exp  (E/RT)  ,  (15-42) 


Shelkin  indicates  that,  with  a  mixing  length  of  the  order  of  size  of  the  flame-front  thickness,  in  any 
one  region,  gases  are  pulled  in  from  distances  ±1?,  so  that,  with  turbulence 


t  -x  1/2 


|  exp  E/R(T  +  12  dT/dx)  +  exp  E/R(T  -  12  dT/dx)  J  J- 


(15-43) 


When  (Tc  -  T0)/6  is  substituted  for  dT/dx,  it  is  seen  that  T  and  (1g/6)  (Tc  -  T0)  are  of  the  same 
order  of  magnitude.  Thus,  the  second  part  of  Equation  (15-43)  becomes  more  dominant  than  the 
first,  because  of  the  relative  magnitude  of  the  difference  and  sum  terms,  and 

t-exp{E/R  [t-(12/6)(Tc-1^)JJ.  ,  (15-44) 

and  becomes  larger  as  i i  increases.  The  increase  of  1 2  is  more  than  balanced  by  the  increase  in 
£  (in  the  ratio  (1 2 /t),  and  thus  the  reaction  rate  decreases. 

However,  the  time  magnitude  of  the  effect  must  also  depend  on  the  velocity  of  mixing,  and 
eventually  the  time  will  depend  only  onl/u',  as  Indicated  for  large-scale  turbulence,  rsther  than 
the  relation  given  by  Equation  (15-44), 
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Delbourg'  sO^-13)  treatment  is  difficult  to  classify  in  terms  of  the  previous  discussion.  The 
direct  addition  of  laminar-  and  turbulent-transport  coefficients  is  used  when  these  transport  terms 
are  believed  to  be  of  similar  nature,  as  in  Shelkin' s  Equation  (15-1)  for  small-scale  turbulence. 
However,  Delbourg  apparently  believes  that  since  the  thickness  of  the  front  will  increase  with  tur¬ 
bulence,  such  a  treatment  is  valid  as  long  as  the  sccle  is  smaller  than  the  turbulent  flame  thick¬ 
ness,  which  may  be  considerably  larger  than  the  laminar  flame  thickness;  thus,  Delbourg' s 
treatment  may  be  considered  to  refer  definitely  to  the  transition  region,  and  also  to  the  large  scale 
turbulence  region  if  the  scale  involved  is  sufficiently  greater  than  the  laminar  flame  thickness. 

Delbourg  uses  a  classical  one -dimensional  derivation  of  flame  speed,  replacing  the 
laminar -transport  coefficients  with  turbulent-transport  coefficients.  The  reaction  considered  is 
monomolecular,  although  he  indicates  that  similar  results  are  obtained  from  other  orders  of 
reaction.  The  ignition  temperature,  a  controversial  term  to  begin  with,  is  considered  constant, 
even  under  the  turbulent  conditions;  this  assumption  perhaps  requires  justification. 

The  fuel  concentration  is  first  determined,  neglecting  laminar  diffusion;  second-order  and 
higher  terms  in  the  expansion  are  dropped.  Also,  a  dimensionless  group  containing  a  distance 
term  apparently  is  lost  from  the  first-order  term.  The  solution  for  fuel  concentration  as  a  function 
of  distance  is  used  in  the  determination  of  the  temperature  distribution.  In  this  case,  the  trans¬ 
port  term  is  the  sum  of  the  laminar  and  turbulent  coefficients. 

The  final  step  is  to  apply  Nikuradse'  s  classical  data  on  pipe  turbulence  to  the  computation  of 
the  variation  of  flame  speed  across  a  pipe  section.  The  average  turbulent  flame  speed,  on  a 
volume  flow  basis,  is  found  to  be  given  by 

Ft/F  =  0. 128Re0.4,  Re  >  3000  .  (15-45) 

Because  the  laminar -diffusion  terms  were  dropped  at  certain  stages  in  the  analysis,  this 
solution  is  not  applicable  to  small  intensities  of  turbulence.  However,  if  the  picture  presented  is 
correct  for  some  types  of  turbulent  flames,  and  the  assumptions  mentioned  can  be  shown  to  be 
reasonable,  the  general  form  of  the  resulting  equation  should  be  valid  for  large  intensities,  even 
though  the  numerical  constants  are  incorrect. 

A  similar  treatment  for  the  secondary,  vapor -phase  reaction  in  a  solid  fuel  fired  rocket  is 
given  by  Corner(15”^), 


FLAME  INSTABILITY 


Any  flame  instability  of  a  laminar  flame  will  cause  an  increase  in  surface  area  and  an  in¬ 
crease  in  apparent  flame  speed,  and,  at  the  same  time,  will  cause  a  deviation  of  the  accelerated 
flow  of  the  burning  gases  from  the  usually  considered  one -dimensional  case  for  laminar  flow. 

If  the  damping  is  not  sufficient,  a  flame  may  act  to  increase  its  own  speed  and  thickness,  both 
directly,  through  increasing  the  surface  of  burning,  and  indirectly,  by  generating  turbulence.  It 
follows  that  the  stability  of  the  flame,  in  itself,  deserves  consideration. 

Landau(^-^)  and  Darrieus(15-16)  independently  derived  a  criterion  for  the  instability  of  a 
laminar  flame  front,  assuming  (1)  that  the  characteristic  size  of  instability  was  much  larger  than 
the  flame  thickness,  (2)  that  the  burning  velocity  was  much  smaller  than  the  speed  of  sound,  (3) 
that  viscous  forces  could  be  neglected,  and  (4)  that  the  burning  velocity  was  invariant  with  curvature 
of  the  front.  The  result  is  that,  if  the  gaseB  expand  upon  burning,  which  they  normally  do  for 
deflagration  flames,  the  flame  is  unstable  for  all  perturbations.  This  result  does  not  disagree 
with  observations  on  turbulent  flames,  since  in  high-velocity  or  turbulent  regions,  where  viscous 
effects  can,  in  a  certain  sense,  be  neglected,  the  observed  flame  front  is  definitely  unstable. 
However,  the  question  is  not  answered  as  to  whether  the  observed  instability  is  caused  by  the 


turbulence  already  present,  or  by  the  flame.  It  also  does  not  give  an  explanation  for  such 
phenomena  as  the  rotating  pyramids  of  rich  propane  flames  on  a  Bunsen  burner*. 

Markstein(15"l®)  refines  Landau' s  approach  by  assuming  that  the  burning  velocity  and  the 
temperature  at  the  front  varies  with  the  curvature  of  the  front.  The  derivation  of  the  equation 
defining  the  unstable  regions  is  presented  for  the  case  where  only  the  burning  velocity  varies  with 
curvature,  that  is,  where 


F  =  Fq  (1  +  ft  L/R)  ,  (15-46) 

where  L  is  a  characteristic  length  of  the  order  of  the  thickness  of  the  combustion  zone,  R  is  the 
radius  of  curvature,  and  the  parameter  p  is  normally  considered  positive;  that  is,  the  flame  speed 
is  considered  to  increase  as  the  flame  becomes  concave  toward  the  unburned  gases.  It  may  be 
noted  that  the  term  p  brings  in  the  chemical  aspects  of  the  problem,  as  well  as  transport  effects, 
notably  differential  diffusion.  The  expansion  ratio,  {_,  and  the  ratios 

Tb0/^,0,  ub°/uu°,  p^/p b° 

are  all  assumed  to  be  equal.  The  pressure  drop  across  the  flame  is  given  by 

Pu°  -  Pb°  =  Pu°  K°)2  (f  “  0  •  (15-47) 

Also,  for  a  steady  flame  condition, 


uu°  =  Fo>  ub°  =  ^O  •  (15-48)  - 

In  these  expressions,  u  denotes  velocity,  £,  pressure,  p,  density,  and  the  subscripts  u  and  b  refer 
to  unburned  and  burned  gas  regions,  respectively. 


On  these  steady-state  conditions  are  imposed  the  small  time -dependent  perturbations  denoted 
by  primes.  Neglecting  second-order  terms,  the  momentum  find  continuity  equations  for  the  pertur¬ 
bations  become  ) 


du'u 

+  F0 

au'u 

i 

5Pu' 

at 

dx 

pu° 

Sx 

> 

av'u 

+  F0 

dv1 

U 

1 

aPu' 

at 

f?X 

pu° 

,ly 

y 

and 


du'u  dv'u 
Sx  dy 


(15-49) 


for  the  unburned  gas**,  A  similar  set  of  equations  is  obtained  for  the  burned  gas  region. 


The  paiticular  solution  is  sought  that  will  satisfy  the  boundary  conditions  that  the  perturbation 
amplitudes  approach  zero  at  x  -*  ±  oo,  and  be  periodic  in  £  and  exponential  in  t ,  The  latter  con¬ 
ditions  are  met  by  the  form 


g(y,  t)  =  exp  (  i  27iy/X  +  0t  ] 


(15-50) 


•Reference  15-17  contains  a  review  of  the  literature  relating  to  such  flame  phenomena. 
♦  •These  may  be  derived  easily  from  Equations  (1 1  -7)  and  (1 1  - 19). 


WADC  TR  56-344 


15-14 


where  X  is  the  wavelength  of  the  perturbation.  If  the  real  part  of  |S  is  positive,  it  is  seen  that  the 
disturbance  grows  and  the  system  is  unstable.  Since  Equation  (15-49)  has  constant  coefficients,  the 
solution  must  also  be  exponential  in  x.  A  substitution  of  such  a  form  into  Equation  (15-49)  leads  to 
the  result  that  the  expression  in  x  will  take  one  of  the  forms 

eZirx/X  ^  e-27T x/X  }  ore-£x/uO 

Only  the  first  form  will  satisfy  the  boundary  conditions  at  x  =  -«  in  the  unburned  gases, 
whereas  the  last  two  forms  satisfy  the  boundary  conditions  at  x  =  +oo  in  the  burned  gas*. 

The  solution  to  Equation  (15-49)  can  now  be  written  as 

u'u/Fq  =  Aj  fj(x)  g(y,  t) 

vui  /iF 0  =  A i  f^x)  g(y,  t) 

Pu'  /PU°F o2  =  -(“  f  +  A)  *l(x)  g(y>  t) 

(15-51) 

u'  b/F 0  =  [  A2  f2(x)  +  A3  f3(x)]  g(y,  t) 
vb'/iFo  =  [“  A2f2(x)  -  a  A3  f3(x)]  g(y,t) 

Pb'/pu°F02  =  (a  -  1)  A2  f2(x)  g(y,t) 

where 

a  =  pX/27rfF0 
fj(x)  = 

f2(x)  =  e-‘,7rx/^ 
f3(x)  =  e-27Tax/X 

Figure  15-8  is  a  sketch  of  the  lsminar,  unstable  flame  front  considered  by  Markstein.  The 
movement  of  the  flame  front  in  the  x-direction,  at  the  point  (4 ,  q),  is  given  by 

d£/dt  =  uu  -  F  cos  0  =  up  -  fF  cos  0  (15-53) 

where  0  is  the  angle  between  the  disturbed  and  average  flame  fronts.  Similarly,  the  movement  in 
the  y  direction  is  given  by 

dq/dt  a  vu  +  F  sin  0  =  v^  +  fF  sin  0 

For  small  values  of  0, 

sin  0  a  0  =  <?4/dy 

Since  4  is  dependent  on  £  and  _t_  in  the  same  manner  as  the  other  perturbations, 
defined  by 

4  =  (XA4/2tt)  g(y,t)  .  (15-56) 


(15-54) 

(15-55) 
4  may  be 


(15-52) 


*Markstcin(il''20)  has  pointed  out  that  "it  is  really  not  necessary  to  require  this  term  (cxp(-/3x/u°) 
to  vanish  at  +  «,  since  it  corresponds  to  vorticity  generated  in  the  flame,  that  can  reach  +  ®  only 
after  an  infinite  time.  On  the  other  hand,  in  the  stable  case,  <  0,  the  boundary  conditions  also 
would  permit  the  term  to  be  included  in  the  unburned  gas,  but  physically  this  would  not  make  sense 
for  the  stability  analysis.  It  is,  however,  of  interest  in  the  corresponding  analysis  of  a  turbulent 
flame,  where  the  upstream  vorticity  is  essential", 
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FIGURE  15-8.  SCHEMATIC  DIAGRAM  OF  LAMINAR  UNSTABLE 
FLAME  FRONT 

(Marks  tein)(  1 5-18) 

Solving  for  d2£/dy2,  noting  that  the  radius  for  curvature  of  the  flame  front,  R,  is  approximately 
•l^d^/dy *)t  and  substituting  into  the  Equation  (15-46)  for  F  yields 

F=F0[l+c  A4  g(y/t)]  ,  (15-57) 

where 


0  =  27 T/i  (L/X) 


(15-58) 


The  final  boundary  condition  for  the  boundary  between  the  unburned  and  burned  gases  comes 
from  the  generalized  version  of  Equation  (15-47),  which,  upon  expansion  and  dropping  of  the 
second-order  terms,  becomes 


Pu'  “  Pb'  =  Pu°  Fo2  (f  "  l)  [Za  A4  8(y>  *)]  •  (15-59) 

At  the  flame-front  position,  where  x  =  0,  Equations  (15-53),  (15-54)  and  (15-59)  now  become  a 
set  of  linear  homogeneous  equations  in  Aj  (  2,  3,  4  : 

Al  -  (a  f  +  o  )  A4  =  0,  , 

A2  +  A3  -  f  (a  +  0 )  A4  =  0  , 

(15-60) 


Aj  +  A2  +  a  A3  -  (f  -  1)  A4  =  0  , 

(a  f  +  1)  Al  +  (a  -  1)  A2  +  2o  (f  -  1)  A4  =  0 


A  nontrivial  solution  for  the  system  may  be  obtained  for  the  two  values  of  a  given  by 


a  =  [  1/(1  +  f)]  [-(1  +  0)  -  (1  +  f  -  1/f  +  o2  -  2of)l/2] 
a  c  [  1  (1  +  f)]  [-(1  +  0)  +  (1  +  f  -  1/f  +  o2  -  2of)1/2] 


(15-61) 


For  a  =  1,  f3(x)  =  f2(x)  from  Equation  (15-52),  and  the  solution  is  trivial. 


As  indicated  earlier  for  0,  which  Is  proportional  to  a,  (Equation  (15-52)),  a  negative  value 
of  a  indicates  a  stable  solution;  therefore,  the  solution  of  a  with  the  negative  sign  on  the  square 
root  is  discarded  as  a  possible  unstable  solution.  This  leaves  only  the  term  with  a  positive  sign 
on  the  square  root  to  be  considered.  When  the  entire  term  is  positive,  an  unstable  condition  exists. 
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It  follows  from  Equation  (15-61)  that  the  condition  for  instability  is  satisfied  whenever 


(f  -  l)/f  >  2a  =  4tt  p(L/X 


(15-62) 


or  whenever 

X  >  [f/(f  -  1)]  47T/I  L  .  (15-63) 

This  indicates  that  whenever  y.  is  positive,  the  normal  condition,  disturbances  of  wavelengths 
below  some  certain  value  will  not  increase  in  amplitude.  From  Equation  (15-63),  for  Landau' s 
condition  of  p  s  0,  all  wavelengths  are  unstable.  This  is  to  be  expected,  since  the  solution  reduces 
to  Landau' s  for  such  a  condition. 

The  value  of  X  at  which  the  maximum  instability  occurs  is  obtained  by  setting  da /do  equal  to 
zero.  As  a  result  of  maximizing  Equation  (15-61)  one  obtains 

a3  _  [(9f-l)/4]o2+[(f+l)(3f-2)/2f]o  -  (f-l)(f2  +  f-l)/4f2  =  0  .  (15-64) 

t 

For  an  expansion  ratio,  f,  or  5,  a  is  about  0,2,  or 

10  ir  fi  L/X  =  1  ,  (15-65) 

Markstein  shows  that,  for  equal  diffusion  coefficients,  including  thermal  diffusivity, 

i* »  r  /fg  , 

where  T  is  the  diffusion  coefficient;  thus  the  wavelength  of  maximum  instability  is 

X  3  10  nr/F0  .  (15-67) 

Markstein  ran  tests  on  combustible  mixtures  of  several  different  molecular-weight  fuels 
over  a  wide  range  of  pressures.  By  controlling  the  amount  of  nitrogen  added  to  any  fuel  mixture, 
cellular  flames  could  be  stabilized  in  a  vertical  tube  at  400  <  Re  <  600*.  These  cells  were  convex 
toward  the  unburned  gases,  with  the  joining  portion  of  the  cell  edges  pointing  downstream.  It  was 
found  that  the  size**  of  the  cell  varied  roughly  with  the  reciprocal  pressure  and  with  the  cube  root 
of  the  reciprocal  molecular  weight  of  the  fuel.  The  observed  deviations  from  these  approximate 
variations  appear  to  be  explicable  from  (1)  the  variation  of  F0  with  molecular  weight  and  pressure, 
(2)  the  exact  variation  of  T  with  molecular  weight,  and  (3)  the  edge  corrections  when  cells  are  not 
small  compared  to  the  tube  diameter.  Thus,  the  experimental  results  and  the  theory  appear  to 
check  quite  well. 

FriedmanU5-22)J  comparing  his  results  on  quenching  distance  with  the  cellular-flame 
results,  points  out  that  they  are  similar  in  several  ways,  namely;  the  dimensionless  group  obtained 
from  Equation  (15-67)  correlates  the  quenching  distance  data  very  well;  quenching  distance  and  cell 
diameter  are  of  the  same  order  of  magnitude;  their  variation  with  pressure,  diluent,  and  mixture 
ratio  appear  to  be  the  same, 

Markstein  also  points  out  that  his  flames  were  only  unstable  on  the  rich  side,  unless  hydrogen 
was  added.  In  this  instance,  unstable  flames  were  obtained  on  the  lean  side.  No  cells  were  ob¬ 
tained  for  methane.  These  results  are  similar  to  those  of  Manton,  et  al(l 5 -23)f  others. 

Manton,  in  flame-speed  tests  by  the  bomb  method,  found  nonisotropic  (distorted)  propagation  of  the 
flame  with  a  fuel-rich  mixture  when  the  fuel  had  a  diffusion  rate  less  than  that  of  oxygen,  and  with 
a  fuel-lean  mixture  when  the  fuel  had  a  larger  diffusion  rate  than  that  of  oxygen. 


(15-66) 


♦An  apparatus  for  studying  "cells"  above  a  slot  burner  is  described  in  Reference  15-21.  This  is 
adjusted  to  give  traveling  and  vanishing  cells  whose  smallest  sice  is  to  be  correlated  with 
Equation  (15-63). 

♦  ♦Square  root  oi  cross-sectional  area  of  combustion  tube,  divided  by  number  of  cells. 
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These  observations  might  be  explained  on  the  following  basis:  consider  a  stable  flame  from 
a  fuel-rich  mixture  with  a  low  fuel  diffusion  rate;  if  the  flame  front  advances  slightly,  the  relative 
time  for  diffusion  is  reduced  and  the  mixture  at  the  critical  point  of  burning  (say,  the  ignition  tem¬ 
perature)  becomes  relatively  more  lean,  with  a  resulting  increase  in  flame  speed.  Such  an  in¬ 
crease  in  flame  speed  would  lead  to  a  further  acceleration  of  the  flame  and  an  unstable  condition. 
Similarly,  an  initial  deceleration  would  lead  to  further  decreases  and  instability.  If  the  rates  of 
diffusion  are  reversed,  by  the  same  line  of  reasoning,  the  process  becomes  stabilizing. 

Once  some  curvature  has  been  imparted  to  the  flame  front,  preferential  diffusion  leads  to 
a  segregation  of  the  faster  and  slower  diffusing  gases.  For  instance,  for  the  rich,  heavy  hydro¬ 
carbon  flames,  the  flame  tends  to  be  leaner  at  the  upstream  point  of  the  flame  (when  the  higher 
flame  speed  is  required  to  maintain  the  cups)  and  richer  in  the  interstices  of  the  cups.  For  some 
flames,  this  leads  to  smoke  streamers  from  the  cup  interstices. 

Another  possible  stabilizing  effect  is  that  of  flame  propagation  itself,  as  discussed  previously 
in  reference  to  Figure  15-3.  However,  Markstein(^“M)  ghows  that  this  effect,  by  itself,  cannot 
stabilize  a  flame. 

Markstein  also  carried  out  the  solution  for  the  effect  of  gravity  on  the  stability  of  the  flame. 
For  a  downward  propagating  flame  in  a  vertical  tube,  the  effect  is  stabilizing,  increasing  with 
decreasing  burning  velocity.  It  not  only  increases  the  lower  limit  of  the  unstable  region,  but  also 
puts  an  upper  limit  on  the  size  of  the  cells. 

Einbinder(  15-25)  use(j  this  gravitational  phenomenon  in  interpreting  Markstein1  s  experi¬ 
mental  observations  on  the  presence  or  absence  of  cells  as  follows*  the  combustion  process  is 
assumed  to  be  thermal  for  rich,  slowly  burning  hydrocarbon  flames;  this  leads  to  a  relatively  thin 
flame,  to  small  cells,  and  to  a  relatively  small  gravity  effect;  these  cells  were  observed  in  the 
experimental  equipment.  On  the  lean  side,  the  combustion  mechanism  changes  to  the  radical  type; 
this  leads  to  a  relatively  thick  flame,  to  large  cells,  and  to  a  large  damping  effect  of  the  gravi¬ 
tational  forces.  For  the  flow  velocity  used  in  Markstein' s  tests,  the  gravity  effect  was  sufficient 
to  eliminate  the  cells  completely  for  lean  hydrocarbon  flames. 

Einbinder  also  points  out  that  experiments  should  be  made  over  a  much  greater  range  of 
variables,  particularly  flow  velocity,  in  order  to  provide  convincing  experimental  confirmation 
of  his  theory,  or  any  alternate  theory,  and  also  to  provide  basis  information  on  the  mechanism  of 
flame  propagation.  _ 

It  may  be  that  for  a  large  enough  system,  or  a  flow  already  unstable,  insufficient  stabilization 
will  take  place  at  any  composition.  Thus,  this  sort  of  flame  generated  disturbance  may  always  be 
present  in  high  duty  combustion  systems, 

Markstcin(^“26>  27)  has  extended  his  theory  to  explain  the  alternate  appearance  and  dis¬ 
appearance  of  the  cells  when  an  organ-pipe  type  oscillation  is  set  up  in  the  combustion  system. 

The  new  cells  grow  from  the  boundary  interstices  of  the  old  cells,  and  the  frequency  of  repetition 
of  the  cell  pattern  is  half  that  of  the  oscillation.  The  occurrence  of  such  phenomena,  if  not 
recognized,  can  considerably  complicate  turbulent  flame  speed  experiments, 

Einbinder  has  extended  Markstein' s  theoretical  treatment  of  cellular  flames  by  including  'he 
effect  of  viscosity,  using  the  Navicr-Stokes  Equation  (11-7),  and  by  setting  up  the  boundary 
conditions  between  the  burned  and  unburned  gases  for  a  finite  flame  thickness,  then  allowing  the 
thickness  to  approach  zero.  Viscosity  is  found  to  decrease  the  computed  cell  size  by  approxim.  tely 
30  per  cent.  Markstein^®-^®)  points  out  that  this  result  not  only  is  contrary  to  expectations,  tat 
is  contrary  to  some  unpublished  results  obtained  with  a  less  involved  analysis.  He  indicates  th  it 
the  difficulty  may  be  connected  with  the  assumed  boundary  conditions. 

TsicnO^-28)  and  BallO®“29)  ahow  that  the  curves  flame  front  generates  vorticity.  Some 
indication  of  thia  process  is  given  by  the  pictures  of  actual  vortex  generation  taken  by  Williams, 
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et  alpS-30)*.  Near  the  flame  holder  the  vertices  curl  downstream  and  inward  towards  the  locally 
retarded  region  behind  the  flame  holder,  while  at  greater  distances  from  the  flame  holder,  where 
the  burned  gases  are  moving  at  higher  velocity,  the  direction  of  rotation  of  the  generated  vortices 
reverses. 

Tsien' s  equation  gives  the  generated  vorticity  as  approximately  equal  to  (V/R)  [  (f- 1) /f ] , 
where  Vis  the  stream  velocity  and  R  is  the  radius  of  curvature  of  the  streamline  at  the  front.  In 
the  distorted  front  present  in  a  turbulent  stream,  R  can  be  small  and  also  vary  in  sign.  This 
could  lead  to  the  production  of  eddies  of  the  scale  of  the  original  distortion,  and  thus  to  a  mainten¬ 
ance  of  the  turbulence  in  the  stream  in  the  vicinity-  of  the  front. 

Karlovitz  approached  the  problem  of  flame  instability  from  a  different  point  of  view,  along 
the  lines  first  mentioned  by  SemenovU^-Sl),  When  the  flame  front  is  distorted,  the  burned  gases 
are  accelerated  away  from  the  front  in  various  directions,  depending  on  the  instantaneous  surface 
positions.  Over  some  distance  and  time,  these  directions  are  random,  and  may  be  interpreted  as 
turbulence.  The  fluctuations  of  intensity  and  of  direction  of  the  jets  of  burned  gas  lead  to  con¬ 
tinuous  distortion  of  the  front,  and  may  thus  be  self-perpetuating. 

Figure  15-9  sho^s  the  front,  with  the  unburned  gas  considered  as  stationary.  The  forward 
component  of  the  velocity  is  (f-1)  F  cos  $,  and  the  average  value  of  this  component,  u,  is  given  by 

u  =  (f-l)  f1  cos'<$  =  (f-1)  F  cos  <f 

fA 

J  cos  <f)  dA 

=  (f-l)  F  -2 - =  (f-1)  F  S/A  , 

A 

where  A  is  the  actual  area  and  S  is  the  projected  area.  Since 

SFt  =  AF  ,  (15-69) 

then 

u  =  (f-1)  Fz/Ft  .  (15-70) 

It  should  be  noted  that  the  value  of  u  that  Karlovitz  obtains  is  the  average  along  the  line  of  the  front 
and  not  downstream  from  the  front. 

Karlovitz,  still  considering  the  unburned  gases  stationary,  divides  the  kinetic  energy  of  the 
burned  gases  into  two  portions,  that  going  to  supply  the  average  velocity  of  the  gas,  V,  and  the 
remainder  to  be  considered  as  generating  random  turbulence.  Thus,  assuming  the  generated 
turbulence  to  be  isotropic,  it  follows  that 

3u'2  +  [(f-1)  F2/Ft]2  =  [  (f-l)Fj  (15-71) 


(15-68) 


For  large  values  of  F^/F, 


u'  =  ( 1  / nTT) (f - 1 )  F 

is  the  intensity  of  the  generated  turbulence. 


(15-72) 


♦The  possibility  cannot  be  ignored  that  these  vortices  are  only  vortices  generated  at  the  flame 
holder,  expanding,  and  moving  downstream. 
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FIGURE  15-9.  SCHEMATIC  DIAGRAM  OF  TURBULENT  FLAME  FRONT 
(Karlovitz,  Denniston,  and  WellsjO®"^) 

It  might  be  preferable  to  base  the  derivation  on  a  fixed  position  of  the  distorted  laminar 
flame  front,  rather  than  on  a  stationary  condition  for  the  unburned  gas.  Although  the  front  is 
constantly  moving,  owing  to  the  turbulence,  its  average  position,  in  the  system  where  the  flame  is 
held,  is  fixed,  and  it  appears  that  the  front  may  be  considered  as  distorted,  £ut  in  an  average 
stationary  position. 

Scurlock  and  Grover(l5-7)  carry  out  this  type  of  derivation,  in  which  the  average  position 
of  the  flame  front,  rather  than  the  unburned  mass  of  gas,  is  considered  stationary.  Other  of  their 
assumptions  also  differ  from  those  of  Karlovitz.  They  obtain  the  result 

u  =  [(Km/3)f(f-l)  (U2  -F2)]l/2  ,  (15-73) 

where  Kjjj  is  a  function  of  £,  and  U  is  the  velocity  of  the  unburned  stream;  for  an  unconfined  flame, 
U  is  identified  as  Ft,  while  for  a  confined  flame,  U  is  the  stream  velocity  and  is  greater  than  F^. 

It  is  readily  seen  that  this  result  differs  considerably  from  that  of  Karlovitz,  essentially  in  the 
approximate  replacement  of  F  of  Equation  (15-72)  by  lWkm. 

Figure  15-10gives  Km  as  a  function  of  the  expansion  ratio,  f,  as  computed  by  Scurlock^ 
for  another  use.  It  should  be  noted  that  the  computation  strictly  applies  to  Ft/F  =  oo.  Scurlock 
and  Grover  indicate  that  these  values  of  Km  are  the  maximum  possible  for  a  given  value  of  f ,  and 
the  fact  that  Fj/F  ^  oo  has  been  compensated  for  by  including  F2  in  Equation  (15-73),  However, 
Fj/F  is  rarely  over  5,  and  this  correction  factor  may  not  be  assumed  to  be  even  approximately 
correct  without  further  justification.  Furthermore,  there  is  no  evidence  given  that  the  K^  of 
Figure  15-10  is  a  maximum.  That  this  entire  treatment  deserves  expansion,  clarification,  and 
close  comparison  with  that  of  Karlovitz  is  well  illustrated  by  the  comment  in  Reference  15-8. 

From  cither  Karlovitz1  s  equation  or  that  of  Scurlock  and  Grover,  it  appears  that  the  flame¬ 
generated  turbulence  may  far  exceed  the  turbulence  initially  present.  Thus,  the  only  function  of 
the  initial  turbulence  might  be  cither  to  start  the  process  or  to  indicate  that  conditions  arc  such 
that  flame -generated  turbulence  can  start  and  grow.  However,  neither  of  these  models  seems 
quite  realistic.  It  would  appear  that  by  the  time  the  jets  from  the  distorted  flame  have  degenerated 
into  turbulence,  the  turbulence  would  be  in  the  order  of  a  mixing  length  from  the  front.  With  the 
turbulence  at  this  distance  behind  the  flame  front,  it  is  difficult  to  see  how  the  flame  front  could 
any  longer  be  affected. 

On  the  other  hand,  if  the  jets  are  to  be  considered  as  generating  vortices  (which  should  tie 
in  with  Tsien' s  work  mentioned  above),  then  the  term  u',  used  as  characterizing  homogeneous 
turbulence,  is  not  the  proper  term  to  characterize  vorticity. 

After  considering  the  difficulties  produced  by  attacking  the  problem  of  flame -generated 
turbulence  on  the  basis  of  an  energy  balance,  it  is  well  to  consider  the  extension  which 
Markstein(15-33)  is  making  to  his  theory,  treated  in  the  first  part  of  this  section.  Markstcin  uses 
only  mass  and  momentum  balances  in  his  study  of  unstable  flames.  In  Reference  15-33  he  con¬ 
siders  this  system  subjected  to  a  sinusoidal  shear  wave.  For  the  steady  state  solution,  the 
equations  fail  for  wavelengths  above  the  critical  size  (sec  Equation  15-63).  For  wavelengths 
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above  about  half  the  critical  size,  the  shear  wave  is  amplified.  Below  this  size,  it  is  not  amplified 
Although  the  potential  flow  disturbances  may  be  large  in  the  front,  they  die  off  rapidly.  The  tran¬ 
sient  solution,  more  applicable  to  the  actual  case  in  which  flames  are  held  from  boundary,  has  not 
been  obtained. 


FIGURE  15-10.  PLOT  OF  AS  A  FUNCTION  OF  f 
(Scurlock  and  Grover)^-^ 


EXPERIMENTS  ON  TURBULENT  FLAMES 


Experimental  studieo  of  turbulent  flames  have,  in  general,  shown  little  relation  to  the 
theoretical  predictions.  Only  recently  have  attempts  been  made  to  explain  the  differences,  both  by 
observing  flames  instantaneously  rather  than  on  a  time  average,  and  by  formulating  theories  to 
conform  to  the  observations.  Thus,  far  more  experimental  work  is  required  for  a  complete  under¬ 
standing  of  the  processes  involved  in  turbulent  flames. 

Coward  and  Hartwell (15-34)f  ^  1932,  presented  a  set  of  data  for  the  speed  of  uniform  move¬ 
ment  of  various  methane-air  flames  ignited  at  the  open  rnd  of  long  tubes  of  various  diameters. 

For  diameters  up  to  10  cm,  the  flame  fronts  had  the  normally  observed  parabolic  shape,  and  the 
speed  of  uniform  movement  was  found  equal  to  the  product  of  the  normal  burning  velocity  and  the 
ratio  of  flame-front  area  to  tlje  cross-sectional  area  of  the  tube.  However,  for  tube  diameters  of 
20  cm  and  over  (with  one  possible  exception  at  20  cm)  the  front  was  formed  for  multitudinous  cups 
of  the  type  observed  by  Markstein  in  his  studies  of  flame  stability.  The  cup  diameters  appear  to 
agree  with  those  Indicated  by  an  extrapolation  of  Markstein'  a  data  on  other  fuels. 

\ 

The  two  types  of  results  described  may  also  be  separated  at  a  Reynolds  number,  based  on  the 
speed  of  uniform  movement  of  the  flame,  of  Re  ■  7500.  Thic  indicates  that  a  turbulence  phenome¬ 
non  is  present.  The  speed  of  uniform  movement  in  the  turbulent  region  appears  to  vary  with  the 
square  root  of  the  product  of  the  diameter  and  the  laminar  burning  velocity. 
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Unger(15"35)  enlarged  upon  Coward  and  Hartwell'  s  method  by  measuring  the  difference 
between  flash-back  velocity  and  stream  velocity,  with  continuous  flow,  in  tubes  of  2,  3,  and  4  cm 
diameter.  The  tests  were  conducted  with  city  gas-air  mixtures  for  Re  from  1000  to  13,  000.  For 
those  tests  of  Re  >  2400,  at  which  a  definite  break  occurred  in  the  data,  Unger  found  that  the 
results  could  be  expressed  in  the  form 


Ft-d°*4Re0-6  .  (15-74) 

Small  second-order  terms  have  been  dropped  from  Unger's  original  expression.  Unger  also  gives 
a  similar  equation  for  the  results  with  Re  <  2400,  but  this  is  not  pertinent  to  the  discussion. 

Unger  notes  two  other  differences  between  the  laminar  and  turbulent  regions.  The  photograph  of 
the  laminar  flame  showed  smooth,  though  curved,  flame  s-irfaces,  while  the  flames  from  the 
photographs  in  the  turbulent  region  appeared  rough  and  distorted.  The  response  of  an  ionization 
probe  as  the  laminar  flame  passed  was  smooth,  as  compared  with  an  irregular  response  when  a 
turbulent  flame  passed. 

Damkohler  0  3  2)  studied  flames  held  on  the  ends  of  long  pipes,  with  fully  developed  pipe 
turbulence  present.  Turbulent  burning  velocities  of  propane -oxygen  mixtures  were  obtained  by 
the  area  method  for  both  the  inner  and  outer  flame  surfaces.  It  was  noted  that  the  burning  velocity 
computed  from  the  outer  surface  agreed  quite  well  with  the  laminar  burning  velocity  in  most 
instances;  therefore,  the  ratio  of  outer  to  inner  surface  area  was  assumed  to  be  the  same  as  the 
ratio  of  turbulent  to  laminar  burning  velocity.  As  will  be  discussed  later,  there  is  no  apparent 
reason  for  this  observation  to  be  generally  true. 

Damkohler  shows  his  rather  limited  data  in  two  separate  plots;  one  with  Ft/F  plotted  against 
Re  gives  a  straight  line  at  high  Re;  one  with  F t/F  plotted  against  VRe  gives  a  straight  line  at  low 
Re.  From  these  plots,  several  deduction's  have  been  made  in  the  past.  However,  all  the  data  on 
the  0.  1385-cm  and  the  0.  218-cm-diameter  tubes  were  for  900  <  Re  <  5000,  while  the  data  on  the 
0.2 72 -cm -diameter  tube  were  for  13,  000  <  Re  <  18,  000;  thus,  the  two  sets  do  not  overlap. 
Furthermore,  the  plots  show  that  the  curves  representing  the  two  lower  sets  of  data  are  displaced, 
relative  to  each  other. 

Figure  15-11  shows  the  ratio  of  burning  velocities  plotted  against  the  product  of  the  diameter 
squared  and  the  stream  velocity,  which  product,  incidentally,  is  proportional  to  the  volume  flow 
rate.  The  data  still  do  not  overlap  on  this  plot,  but  the  fit  to  a  straight  line  is  excellent,  with  no 
consistent  deviations.  The  corresponding  equation  is  of  the  form 

Ft/F’vV1^^2^  .  (15-75) 

Since  this  equation  is  not  dimensionally  correct,  it  is  apparent  that  all  the  pertinent  factors  have 
not  been  included. 


FIGURE  15-11.  DAMKOHLER' S  TURBULENT  BURNING  VELOCITY  DATA 
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Again,  no  exactly  corresponding  theoretical  equation  is  found,  although  there  is  some 
similarity  to  Damkohler' s  small-scale  equation  and  Delbourg1  s(15-13)  equation  in  that  Equation 
(15-75)  predicts  variation  of  turbulent  flame  speeds  with  diameter.  In  fact,  Delbourg,  in  his 
treatment,  notes  that  Damkohler' s  data  may  be  fitted  by  his  derived  Equation  (15-75)  with  only  a 
change  in  the  multiplying  factor.  He,  also,  qualitatively  explains  the  difference  in  the  values  of 
the  multiplying  factors.  However,  as  noted  before-  the  data  plotted  in  this  manner  show  a 
definite  deviation  with  diameter,  indicating  a  more  powerful  influence  than  postulated  by  Delbourg. 


Manson(*5-36)  reported  tests  on  a  mixture  of  one-half  acetylene  and  one-half  oxygen  dis¬ 
charged  through  orifices  from  1  to  1.4  mm  in  diameter,  at  Re  from  3000  to  12000,  The  turbulent 
flame  speeds,  measured  by  the  area  method,  fit  the  curve, 


F+  ~ 


V^V'^Re1'4 


(15-76) 


with  small  scatter.  There  was  no  apparent  additional  effect  of  diameter,  but  the  range  of  diameter 
used  was  small.  Manson  also  stated  that  photographs  of  the  flame  front  showed  a  uniform  flame 
thickness  up  to  Re  of  7000,  but  a  badly  defined  surface  at  Re  >  9000.  Not  only  does  the  equation 
agree  in  form  with  Delbourg' s  theory,  with  the  exponent  of  1/4  not  being  too  far  from  Delbourg' s 
exponent  of  0.4,  considering  that  Delbourg  developed  his  theory  for  pipe  turbulence,  but  the 
comments  on  flame  thickness  are  those  one  might  expect  from  Delbourg' s  theory. 

Williams  and  Bollinger (15-27)  carried  out  tests  similar  to  those  of  Damkohler,  but  varied 
the  Re  over  the  much  wider  range  of  2000  to  35,000.  Four  tube  diameters,  from  1/4  in.  to  1-1/8 
in.,  and  three  fuels,  acetylene,  ethylene,  and  propane,  were  used,  all  with  air.  Because  of  the 
difficulty  of  defining  either  the  minimum  or  maximum  surface  areas,  the  flame  speed  was  com¬ 
puted  from  the  area  of  the  mean  surface  through  the  flame.  The  equation  obtained,  giving  the  best 
fit  to  all  the  data,  is 


Ft/F  =  0.  176  d0*256  Re0*238  ^  V1/4d1/2  .  (15-77) 

This  equation  is  very  similar  to  the  equation  found  to  fit  Damkohler' s  data,  with  1/4  powers  re¬ 
placing  the  1/3  powers.  And  again,  it  is  seen  that  there  is  an  influence  of  diameter  greater  than 
that  given  by  Re  alone. 

Scurlock  and  Grover  attempted  to  use  their  theory,  including  the  effect  of  eddy  diffusion, 
flame  propagation,  and  flame  generated  turbulence,  to  explain  the  result  obtained  by  Williams  and 
Bollinger.  Although  they  computed  values  of  Fj/F  of  the  correct  order  of  magnitude,  they  could 
not  explain  the  strong  effect  of  burner  diameter. 

Wright^ S"2?) used  the  Mache-type  burners,  with  dimensions  1x12  cm,  2x12  cm,  3x12  cm, 
and  2x2  cm,  rather  than  a  Bunsen  type.  This  allowed  for  variation  of  the  scale  and  intensity  of 
turbulence  by  the  installation  of  various  grids  ahead  of  the  converging  section,  whereas  other 
investigators  had  confined  their  work  to  fully  developed  pipe  turbulence.  Furthermore,  since  the 
suppression  of  the  component  of  turbulence  parallel  to  the  stream  was  almost  inversely  pro¬ 
portional  to  the  contraction  ratio,  while  the  component  normal  to  the  stream  direction,  v' ,  was 
little  affected  by  the  contraction,  the  relative  influence  of  the  two  turbulence  components  could  be 
determined. 

Wright  presents  three  conclusions  as  the  result  of  tests  on  propane-air  mixtures,  over  a 
range  of  velocities  of  150  to  500  cm/sec.  First,  the  ratio  of  turbulent  to  laminar  burning  velocity 
is  a  function  only  of  the  ratio  of  v'  to  the  laminar  burning  velocity.  It  may  also  be  noted  that  the 
v1  component  of  turbulence  is  closely  normal  to  the  flame  front. 

Second,  the  effect  of  low-level  turbulence  is  relatively  more  important  than  that  of  high  level 
turbulence.  Third,  within  the  accuracy  of  the  data,  there  is  no  distinction  in  the  effect  between 
different  kinds  of  grids  or  different  sizes  of  burners. 

Wright  shows  two  sets  of  data.  One,  for  one  grid  and  nozzle,  and  two  velocities,  is  closely 
fitted  by  the  function 
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for  v'  /F  varying  from  0.4  to  5.  The  second  set  includes  all  the  data,  without  distinction.  Wright 
suggests,  for  these  data  in  which  the  scatter  is  large,  an  average  curve  of  Ft/F  against  v'  /F,  for 
v'  /F>~  0.  3,  which  may  be  expressed  as 

Ft/F  -  1.2  =  1.04  v'/F  .  -  (15-79) 

This  latter  curve,  at  higher  values  of  v'  /F  where  1.  2  may  be  considered  to  be  essentially  the 
same  as  1,  agrees  in  form  with  She  Ikin'  s  large-scale  equation  based  on  cylindrical -flame  dis¬ 
tortion.  However,  a  somewhat  better  fit  to  the  data  may  be  obtained  by  Karlovitz' s  Equation 
(15-27),  if  u'  of  Equation  (15-27)*  is  increased  by  a  factor  of  1.8.  From  the  excellence  of  the  set 
of  data  for  the  one  nozzle  and  grid,  and  the  wide  scatter  for  all  the  data  when  grouped  together, 
it  appears  that  some  factor  or  factors  not  eliminated  from  consideration  by  Wright1  s  conclusions 
must  be  present;  the  equations  given  above,  therefore,  probably  do  not  include  all  the  pertinent 
variables. 

Bowditch's^^-^)  approach  is  the  same  as  Wright's.  However,  he  used  only  a  2  x  6-in. 
accelerating  nozzle  and  a  stoichiometric  mixture  of  propane  and  air.  Turbulence  generating  grids 
of  from  two  to  six  mesh  were  placed  in  the  throat,  rather  than  upstream  of  the  throat,  and  vari¬ 
ous  lengths  of  downstream  extensions  were  employed  to  change  the  intensity  of  turbulence  at  the 
front.  Pilot  flame  holders  along  the  edges  permitted  the  study  of  velocities  from  30  to  70  fps. 


Like  Wright,  Bowditch  found  no  effect  of  scale.  However,  Bowditch' s  turbulent  flame  speed 
data,  when  converted  to  the  form  of  F^/F  as  a  function  of  u’  /F,  gives  values  of  Ft/F  about  three 
times  those  given  by  Wright  for  corresponding  values  of  u'  /F.  This  may  possibly  indicate  that  the 
higher  Re  of  Bowditch' s  data  permits  less  relative  damping  of  flame-induced  oscillations,  and 
thus  a  greater  effect  of  these  oscillations. 

Bowditch  made  measurements  on  contorted  fronts  pictured  by  high-speed  shadowgraphs  and 
found,  for  the  low-intensity  turbulence  of  a  six-mesh  grid,  a  ratio  of  distorted  to  mean  area  of  1.  6, 
whereas,  for  the  high  intensity  from  a  two-mesh  grid,  the  ratio  was  1,  5  for  the  same  total  flow 
rate.  Since  the  turbulent  flame  speed  had  increased  by  25  per  cent,  this  indicated  a  decrease  in 
distorted-surface  area  of  25  per  cent;  this  is  contrary  to  what  would  be  predicted  for  an  increased 
turbulent  burning  velocity,  by  the  distorted  flame -front  theory.  Bowditch  ascribes  this  to  the 
increase  of  flame  speed  on  curved  surfaces  of  the  type  encountered  at  the  tip  of  the  Bunsen  flame. 
This  seems  to  touch  upon  ideas  advanced  by  Delbourg  in  obtaining  Equation  (15-45),  and  also  upon 
ideaB  of  Wohl  in  deriving  Equation  (15-39).  However,  it  is  questionable  whether  shadowgraphs 
including  a  six-in.  section  have  sufficient  sharpness  to  permit  such  a  computation  as  Bowditch 
makes,  and  it  is  not  considered  that  the  distorted- surface  theory  is  disproved  by  these  observations. 

Hottel,  et  al,(15"W)generated  varj0UB  sizes  and  degrees  of  turbulence  in  a  one-in,  jet  of 
natural  gas  and  air,  by  destroying  the  pipe  turbulence  with  fine-mesh  screen  and  generating  the 
desired  turbulence  by  grids  at  various  distances  upstream  of  the  exit  and  downstream  of  the  fine 
mesh.  The  scale  of  turbulence,  in  general,  was  smaller  than  that  used  by  Wright  in  his  tests,  but- 
did  not  become  so  small  as  to  be  less  than  the  thickness  of  the  laminar  flame.  Since  the  flow  was 
aspirated  by  a  steam  ejector,  the  noise  level  was  high  and  the  measurements  of  turbulence  in¬ 
tensity  had  tc  be  corrected  for  the  component  of  the  unidirectional  sound  waves  in  the  average 
plane  of  the  flame  front. 

Hottel,  et  al.  ,  measured  the  minimum  and  maximum  areas  of  long-exposure  flame  photo¬ 
graphs,  and  the  depth  of  penetration  and  diameter  of  the  distortions  in  instantaneous  photographs, 
which  look  much  like  Karlovitz'  photographs.  From  the  instantaneous  pictures,  they  found  that  the 
average  diameter  of  perturbations  equaled  roughly  five  times  the  turbulence  probe  separation  at  a 
correlation  coefficient,  Ry,  of  1/2.  The  correlation  with  the  usual  scale,  1  £ ,  which  includes  the 
effect  of  the  negative  correlation  region,  was  not  as  good. 


*u'  and  v'  arc  not  distinguished  ir  Equation  (15-27). 
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For  one  turbulence  generator,  with  0.  1-in.  -diameter  drilled  holes,  at  two  burning  velocities, 
the  depth  of  the  perturbations  was  found  to  be  proportional  to  the  ratio,  u' /F.  Hottel,  et  al.,  from 
a  comparison  of  these  tests  and  others  with  8-mesh  screen  and  0.  05-in.  -diameter  drilled  holes, 
inferred  that  the  scale  of  turbulence  did  not  affect  the  depth  of  penetration.  However,  a  close 
inspection  of  the  data  shows  that  curves  through  the  later  mentioned  data  are  not  of  the  same 
shape  or  slope  as  those  for  the  data  for  0.  1-in.  drilled  holes,  and,  thus,  the  conclusion  that  scale 
does  not  affect  the  penetration  distance  is  not  justified. 


Hottel,  et  al.,  found  that  the  turbulent  burning  velocity  measured  from  the  time  exposures 
could  not  be  correlated  in  the  form  of  F*/F  as  a  function  of  u'  /F,  as  found  by  Wright.  Therefore, 
they  substitute  into  Shelkin' s  Equation  (15-9)  their  results,  that  h  varies  only  with  u'/F,and  that 
the  diameter  of  the  perturbation  is  five  times  their  turbulence  scale.  The  final  equation,  after 
some  manipulation,  is 


J 


(Ft/F)2  -  1  =au'/l3F 


(15-80) 


where  13  is  the  probe  separation  at  Ry  =  1/2.  From  the  turbulent  burning-velocity  test,  the  value 
of  the  left-hand  side  was  computed.  Hottel,  et  al.,  shows  this  term  plotted  against  u'  /I3F;  no 
value  of  a  in  Equation  (15-80)  gives  a  satisfactory  fit;  a  right-hand  side  of  the  form  a  (u1  /I3F)  + 

0.  55  gives  a  somewhat  better  fit,  but  the  scatter  is  still  large.  Furthermore,  these  data  seem  to 
follow  separate  curves  for  each  scale,  and  the  curves  tend  to  fall  off  at  higher  values  of  u'  /13F. 
The  one  conclusion  that  may  possibly  be  drawn  from  the  tests  is  that  they,  like  the  data  of  Wright, 
seem  to  indicate  a  larger  than  expected  effect  of  the  turbulence  in  the  oncoming  stream  at  low- 
turbulence  levels. 


Hottel,  et  al.,  also  indicate  that  the  burning  velocities  computed  from  the  outer  flame 
boundary  are  near  to,  but  slightly  less  than,  the  corresponding  laminar  burning  velocities. 

Karlovitz  studied  natural  gas-air  and  acetylene-air  flames  at  the  end  of  pipes,  with  fully 
developed  pipe  turbulence  present.  Provision  was  made  for  a  small  piloting  flame  around  the 
rim  of  the  tube,  and  for  a  protective  air  mantle  moving  with  the  speed  of  the  tube  gases.  The 
flame  front  was  defined  as  being  along  the  line  of  greatest  density  of  exposure  on  time  exposure 
films.  From  the  angle  of  this  line  with  the  oncoming  stream,  the  turbulent  burning  velocity  was 
computed  as  a  function  of  radial  distance.  In  general,  the  turbulent  velocity  rose  rapidly  from 
the  laminar  burning  velocity  near  the  wall,  and  finally  leveled  off  near  the  axis.  Whereas  Hottel, 
et  al.,used  instantaneous  photographs  to  determine  the  parameters  to  substitute  into  the  classical 
turbulent -burning  velocity  equations,  Karlovitz  used  his  instantaneous  photographs  as  a  guide  in 
developing  new  equations.  However,  the  measured  burning  velocity  turns  out  to  be  far  greater 
than  those  predicted  by  the  derived  expressions. 


Karlovitz,  therefore,  reversed  the  usual  procedure  and  calculated  the  turbulence  intensity 
required  by  Equation  (15-27)  to  produce  the  maximum  observed  burning  velocity.  The  maximum 
value  of  the  turbulent  intensity,  in  the  region  of  the  axis,  was  found  to  agree  qualitatively  with  that 
computed  from  Equation  (15-72),  In  fact,  the  intensity  derived  from  the  data  varied  from  40  per 
cent  to  140  per  cent  of  the  value  given  by  Equation  (15-72),  as  Re  varied  from  10,  000  to  50,  000, 


In  a  subsequent  paperO^-12^  Karlovitz,  et  al,,  reports  the  development  of  an  ionization 
probe  to  measure  the  number  of  times  the  flame  front  of  a  turbulent  flame  sweeps  a  given  point, 
and  also  the  per  cent  time  the  probe  is  within  the  flame.  The  number  of  passes  as  a  function  of 
the  flame  penetration  of  the  probe  had  a  Gaussian  distribution.  From  this  distribution, 

Karlovitx(15-4l)  computed  v  for  his  bunsen-type  flame  at  Re  =  25,  000.  With  a  3.  15  cm  burner 

tube,  *fx^  increased  from  0.  071  cm  at  2. 5  cm  above  the  burner  rim  to  0.  15  cm  at  5.  0  cm,  and 


0.25  cm  at  9.0  cm.  Defining  v  as  (F(  —  F)/F  (sec  Equation  15-26),  the  corresponding  values 
of  were  0. 23,  0.13,  and  0.  10  cm.  This  indicated  a  decreasing  scale  with  increasing  height  of 
flame.  This  does  not  seem  to  agree  with  the  photographs.  Furthermore,  if  Wohl1  s  criticisms  on 
the  use  of  £  as  the  time  to  sweep  the  distance,  with  a  laminar  flame  is  valid,  a  turbulent  burn¬ 
ing  velocity  should  be  used  to  determine  the  sweep  time.  This  would  lead  to  a  value  of  1 2 »  little 

different  from  This  is  a  more  reasonable  result. 
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Scurlcck  and  Grover,  in  comparing  their  theory  with  Karlovitz1  s  test  results  on  turbulent 
burner  velocity,  found  that  the  predicted  variation  of  Ft/F  as  a  function  of  radius  was  invariably 
low  when  only  eddy  diffusivity  and  flame  propagation  were  taken  into  account.  When  they  also 
included  the  effect  of  their  flame  induced  turbulence,  the  agreement  was  good  up  to  about  one -half 
the  distance  in  from  the  wall.  They  showed  no  computed  results  for  the  critical  core  region,  but 
the  trend  of  the  theoretical  curves  seemed  to  be  to  fall  low  by  about  40  per  cent. 

These  results  would  be  most  promising  if  it  were  not  for  the  fact  that  Karlovitz,  et  al,  and 
Scurlock  and  Grover,  give  explanations  of  the  observed  values  of  Fj  based  on  two  dissimilar 
equations  for  predicting  the  magnitude  of  the  flame  generated  turbulence.  In  view  of  this  fact, 
however,  one  realizes  that  any  reasonable  theory  of  flame  turbulence  will  put  one  in  the  "right 
field";  ^rith  a  sufficiency  ox  arbitrary  parameters,  a  good  fit  may  be  obtained. 

Kleder,  et  al(l5-42);  using  an  apparatus  patterned  after  that  of  Hottel,  studied  by  the 
achlieren  method  propane-air  flames  from  Re  of  1,  800  to  41,  000  and  pressures  from  6  in.  Hg  to 
26  in.  Eg.  They  conclude  that,  in  the  region  away  from  the  tip  of  the  flame,  the  flames'  main 
action  in  tc  provide  a  temperature  interface  to  show  up  the  turbulence  in  the  oncoming  stream. 

Some  iniications  of  flame  smoothing  were  seen,  in  the  sense  that  small  grain  turbulence  did  not 
show  up  with  the  flame  present. 

Kleder,  et  al,  imply  that  the  correct  way  to  consider  the  turbulent  flame  might  be  to  consider 
first  the  stream  turbulence  (and  large  vortices,  if  they  are  present).  This  flame  is  assumed  to  be 
a  front  of  small,  bat  finite,  thickness.  This  limits  the  minimum  curvature  which  the  flame  can 
follow.  Otherwise,  the  flame  merely  waves  like  a  flag  in  the  breeze.  Complications  are  produced 
by  possible  jet  action  on  elements  concave  toward  the  burned  gases,  and  some  tearing  in  high 
velocity  gradient  regions,  but  these  factors  might  be  treated  by  perturbation  techniques.  Prefer¬ 
ential  diffusion  effects  might  also  be  treated  as  a  perturbation  on  the  "grain"  of  turbulence  present. 

Wohl,  et  al,  studied  butane  flames  burning  from  long  tubes  1. 01  and  2.  55  cm  inside  diameter. 
A  small  annulus  of  pilot  flames  of  a  stoichiometric  mixture  of  butane  and  oxygen  was  used  to 
hold  the  main  flame.  Screens  of  100  mesh,  10  mesh,  and  4  mesh  were  placed  at  5  cm  from  the 
tube  end.  The  system  was  also  used  with  no  screens  present  which  gave  high  turbulence.  As 
found  by  previous  investigators,  the  turbulent  burning  velocity,  obtained  from  the  mean  area  of 
maximum  luminosity  surface,  varied  roughly  in  the  same  manner  as  the  laminar  burning  velocity. 
However,  the  composition  of  maximum  flame  velocity  was  shifted  significantly  to  the  rich  side  for 
the  butane-air  flame.  Since  Wohl  also  found  a  shift  to  the  lean  side  for  tests  made  with  methane 
as  a  fuel,  he  concludes  this  is  evidence  of  a  strong  effect  of  the  Markstein  instability  phenomenon. 
Increased  intensity  of  turbulence  had  the  usual  effect  of  increasing  the  turbulent  burning  velocity, 

Wohl  expressed  his  test  result  in  a  form  similar  to  his  theoretical  Equation  (15-18),  that  is, 
in  the  form 

Ft/F  -  1  =k[(u’/U)  +  7]  .  (15-81) 

However,  although  7  was  only  0.  01 

k  =  2.8  a  (U/540)P  , 

where  a  increased  from  1  to  9.  6  and  /3  decreased  from  1.  6  to  0,  5  in  changing  the  per  cent  theo¬ 
retical  fuel  from  80  to  130.  The  change  in  the  value  of  a  might  be  explained  on  the  basis  of  the 
Markstein  instability  effect,  but  it  is  difficult  to  justify  the  value  of  0  of  about  1,  if  the  original 
equation  is  the  proper  one  to  use  in  this  instance. 

Scurlock  and  Grover,  using  their  theory,  computed  turbulent  burning  velocities  to  correspond 
to  Wohl'  0  data.  The  theoretical  curves  all  peaked  nearer  stoichiometric  than  the  experimental 
curves.  Neglecting  flame  generated  turbulence  gave  a  theoretical  result  in  fair  agreement  with 
measured  average  burning  velocities  at  540  cm/sec  flow  velocity  for  pipe  turbulence,  10  mesh 
screen  turbulence,  and  100  mesh  screen  turbulence.  Including  their  flame  generated  turbulence 
In  the  computation  gave  better  predictions  in  the  first  instance,  higher  but  about  as  good  predictions 
In  the  second  Instance,  and  predicted  turbulsnt  burning  velocities  much  too  high  in  the  third  Instance. 
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At  an  average  velocity  of  1495  cm/sec,  including  the  flame  generated  turbulence  improved  the 
agreement  for  the  pipe  turbulence;  with  a  four  mesh  screen  the  theoretical  predictions,  with  or 
without  the  effect  of  flame  generated  turbulence  included,  were  close  together  and  much  too  low. 

In  a  later  report  on  his  work,  Wohl  showed  that  Ft,  for  a  butane -air  flame,  first  increased 
extremely  rapidly  with  average  flow  velocity,  and  then  increased  in  a  slow  linear  manner  with 
flow  velocity.  Ff  also  increased  from  100  mesh  screen  to  no  screen  to  4  mesh  screen  as  reported 
before.  This  result  is  in  line  with  the  reports  of  other  experimenters  that  the  effect  of  the  initial 
stream  turbulence  seems  to  be  much  greater  than  expected. 

Williams,  et  ai.,  studied  the  turbulent  flame  in  a  1  in.  x  3  in.  rectangular,  closed  system, 
with  a  flame  holder  across  the  1  in.  width.  Using  a  0,  1SS  in.  diameter  rod  9  inches  from  the 
accelerating  nozzle  and  turbulence  generating  grid  for  a  flame  holder,  and  Cambridge  city  gas  as 
a  fuel,  they  found  no  significant  effect  of  approach  stream  turbulence  (no  screen,  3  mesh,  8  mesh) 
on  the  flame  width.  However,  with  a  0.  038  in.  flame  holder  two  inches  from  the  chamber  entrance 
and  turbulence  generating  grid,  Scurlock  found  a  definite  increase  in  flame  width  (nearly  a  factor 
of  two)  as  the  turbulent  intensity  increased  from  2.  8  per  cent  to  6.  5  per  cent.  These  tests 
indicate  that  only  when  approach  stream  turbulence  is  below  a  certain  level  can  it  be  neglected,  as 
compared  to  other  factors  in  a  closed  combustion  system. 

In  the  tests  on  the  0.  186  in.  rod,  Williams,  et  al.  ,  measured  the  flame  width  four  inches 
from  the  holder.  Usually  the  width  increased  with  velocity.  However,  at  very  lean  mixtures  the 
velocity  effect  reversed.  As  will  be  discussed  later,  this  is  probably  related  to  a  low  burning 
velocity,  which  results  in  the  influence  of  the  holder  and  holding  process  predominating  to  a 
greater  distance  downstream. 

Figure  15-12  shows  a  turbulent  flame  speed  Williams,  et  al. , calculated  from  their  measured 
flame  widths,  using  a  relation  derived  on  the  basis  of  a  line  flame  holder.  Tests  at  50  fps  with 
rod  sizes  from  0.026  inches  to  0.498  inches  showed  no  effect  of  rod  size  on  the  width,  except  at 
very  rich  and  very  lean  mixtures,  as  just  mentioned.  This  indicates  that  either  the  rod  was  not 
producing  the  turbulence  which  affected  the  flame  or  that  the  effects  produced  by  the  rod  were  not 
critical  as  to  size.  The  latter  possibility  may  be  related  to  the  absence  of  scale  effects  in  some 
of  the  theorieo  of  turbulent  burning  velocities. 

The  calculated  flame -speed  curves  for  turbulent  burning  velocity  are  of  the  general  shape  of 
the  laminar  burning  velocity  curves.  However,  their  order  appears  strange;  the  50  fps  curve  was 
more  peaked  than  the  others,  and  reached  the  same  maximum  as  the  220  fps  curve,  at  Fj  =  10  fps. 

It  is  also  shown  by  Williams,  et  al,  that  values  of  turbulent  burning  velocity  calculated  from 
Equation  (15-9)  (with  |3  =  1/2)  did  not  go  above  4  fps,  as  compared  with  the  maximum  value  computed 
from  flame  width  data  of  13  fps.  This  may  be  the  result  of  using  the  outer  flame  boundary  rather 
than  the  line  of  most  intense  luminosity  to  compute  burning  velocity. 

Williams,  et  al.,  indicate  another  possibility,  however.  They  point  out  that  near  the  holder, 
in  an  enclosed  stream,  the  cold  gases  move  faster  than  the  hot  gases;  this  produces  a  vortex  street 
with  rotation  inward  at  the  downstream  side.  Away  from  the  holder,  the  hot  gases  eventually  reach 
the  higher  velocity;  the  generated  vortices  then  rotate  in  the  oppoeitc  direction.  Since  the  turbulent 
burning  velocities  are  larger  with  an  enclosed  flame  than  an  open  flame,  in  general,  and  this 
rotational  factor  is  a  main  difference  between  tfic  two  types  of  systems,  it  is  possible  that  the 
flame  stretching  caused  by  the  vortex  street  is  an  Important  factor  in  determining  the  turbulent 
burning  velocity  in  a  closed  system.  This  idea  can  explain  the  high  value  of  burning  velocities 
computed  from  the  data.  It  also  makes  the  very  lean  flame  results  shown  In  Figure  15-12  at  least 
appear  possible,  since  as  the  velocity  increases,  the  relative  influence  of  the  two  types  of  vortex 
generation  would  change  at  a  given  distance  from  the  flame  holder, 

In  studying  turbulent  flames  in  an  enclosed  system,  Wohl,  et  al.,  used  a  1,  5  x  2.  0  in.  cross 
aection  duct.  The  plate  holder  was  across  the  2  Inch  width.  The  fuel  was  propane.  For  a  0.  247 
in.  width  holder,  the  turbulent  burning  velocity,  given  by  the  upstream  visible  surface  of  the  flame, 
was  found  to  be  represented  by 

Ft/F  -  1  =  26.2  (u' /U)  +  1.40  (U/24)1- 12  ,  (15-82) 
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FIGURE  15-12.  TURBULENT  FLAME  VELOCITIES  CALCULATED 
FROM  MEASURED  FLAME  WIDTH 

(Williams,  Hottel,  and  Scurlock)(**"^®) 

using  two  different  valuea  of  100  u'  /U  of  <  0.4  and  9.  0.  The  spreading  of  the  flame  by  the  high 
degree  of  turbulence  is  clearly  evident  in  the  photographs  taken  at  a  stream  velocity  of  about  50  fps. 
With  a  small  amount  of  turbulence,  the  upstream  front  is  sharp  and  the  downstream  front  nearly 
so;  with  nine  per  cent  turbulence,  the  flame  becomes  funny  and  spreads  out  in  both  directions. 

Wohl' s  results  agree  in  essential  details  with  Scurlock' s,  as  to  what  occurs  in  a  turbulent 
confined  stream.  As  seen  from  the  equation,  u*  /U  has  little  effect,  compared  to  the  term  con¬ 
taining  U  alone,  when  it  is  small,  but  an  increasing  effect  as  u'  /U  increases. 

In  a  later  paper,  Wohl  points  out  that  the  line  of  the  most  intense  luminosity  and  the  line  of 
50  per  cent  consumption  of  oxygen  did  not  coincide  in  the  enclosed  flame,  although  they  did  coincide 
in  an  open  flame.  Uning  the  50  per  cent  consumption  line  to  define  the  mean  flame  front,  Wohl 
found  that  the  turbulent  burning  velocity  first  increased  with  an  Increase  in  flow  velocity  and  then 
decreased.  This  he  suggests  is  a  result  of  disruption  of  the  front  (as  per  Karlovits'  holes). 

Kumagai  and  KimuraO5-43)  report  the  most  encouraging  daU  on  turbulent  burning  velocities, 
as  far  as  agreement  with  theory  is  concerned.  They  forced  two  different  meshes  through  a  town 
gas-air  mixture  at  various  velocities,  and  ignited  the  mixture  after  the  passage  of  the  mesh.  Their 
data  on  turbulent-burning  velocity  fit  the  curves  given  by  Shclkin's  Equation  (15-9)  with  little 
scatter.  When  u'  was  computed  from  the  mesh  velocity  as  the  average  velocity  through  the  grid, 

P2  was  found  to  be  approximately  1  for  the  smaller  mesh,  of  0.  11  mm  wire  spaced  on  0.46  mm 
centers,  and  about  2  for  a  grid  about  four  times  larger.  Both  values  are  reasonable  for  02,  ac¬ 
cording  to  Shelkin' s  theory.  Kumagai  and  Kimura  explained  the  lesser  value  of  turbulent-burning 
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velocity  obtained  with  the  smaller  grid  at  the  same  mesh  velocity,  on  the  basis  of  a  more  rapid 
decay  of  smaller  scale  turbulence.  This  appears  quite  reasonable,  since  an  approximate  cal¬ 
culation  shows  that  the  intensity  will  decay  about  50  per  cent  in  the  smaller  grid  in  the  same  time 
as  it  decays  30  per  cent  in  the  larger  grid;  using  these  decayed  intensities,  a  constant  value  of  0^ 
of  about  4  is  obtained.  This  is  again  quite  reasonable..  Of  course,  this  explanation  requires  that 
the  time  for  decay  is  of  the  correct  value,  and  thus  there  is  no  positive  proof  that  there  is  not 
another  effect  of  scale. 

This  interpretation  of  the  work  of  Kumagai  and  Kimura  paints  up  the  necessity  of  knowing  the 
scale  and  intensity  of  turbulence  in  the  region  the  flame  is  traversing  at  the  time  it  passes.  (This 
same  fact  is  pointed  out  clearly  by  Fehling(15-8), )  However,  this  apparatus  does  eliminate  the 
effects  of  boundaries  and,  with  this  done,  the  results  start  to  compare  closely  with  theory. 

Lea#on(15-44)  use(j  ^  apparatus  similar  to  that  of  Unger  in  order  to  eliminate  the  possibility 
of  flame-generated  turbulence.  Various  tuabulence-generating  screens  were  placed  about  half 
way  in  a  vertical  5, 4-cm-dia2aeter  by  125-cm-long  tube.  Combustible  mixtures  of  propane  or 
ethane,  and  air  were  flowed  up  through  the  tube  at  low  Re;  thus,  the  turbulence  generated  by  the 
screens  could  be  expected  to  fade  out  rapidly,  and  in  a  manner  calculable  from  the  literature. 

The  flame  was  flashed  downward  in  the  tube  and  the  rate  of  the  propagation  was  measured.  Photo¬ 
graphs  showed  flames  in  the  region  immediately  behind  the  screen,  that  appeared  like  those  of 
Coward  and  Hartwell  for  Re  >  7500,  and  showed  smooth  front  flames,  also  like  those  of  Coward 
and  Hartwell  at  Re  <  7500,  in  the  region  far  downstream  from  the  grids. 

Leason  assumed  that  the  turbulent  and  the  smooth  propagation  rates  were  in  the  same  ratio 
as  the  turbulent  and  laminar  burning  velocities;  that  is,  that  the  relative  shape  of  the  parabolic 
front  remained  the  same.  For  low  values  of  u' ,  an  area  ratio  based  on  the  distortion  of  a  flame 
front  by  a  vortex  was  used,  but. at  higher  u' ,  Leason  used  Equation  (15-9)  with  0  =  2.  However,  he 
found  that  his  data  could  not  be  fitted  by  these  equations. 

Leason  next  assumed  a  statistical  distribution  of  turbulence  scales,  and  assumed  that  flame 
speed  was  changed  by  the  small-scale  components  in  the  manner  indicated  by  Equation  (15-2), 

With  a  suitable  distribution  function,  and  making  this  correction,  Leason  was  able  to  fit  his  data. 
Further,  some  later  data  on  another  type  of  equipment  were  also  matched.  From  this,  Leason 
concluded  that  small  scale  turbulence  did  have  an  effect  and  could  be  accounted  for. 

Some  comments  should  be  made  on  this  work.  There  is  an  indication  that  only  part  of  the 
data  are  shown;  however,  for  this  part  of  the  data,  an  equally  satisfactory  fit  may  be  obtained  by 
using  Equation  (15-9),  with  a  value  of  0  =  4,  or  Equation  (15-12),  with  a  value  of  0  =  5/8.  Either 
value  is  reasonable.  Other  equations,  such  as  that  developed  by  Karlovitz,  may  be  equally  satis¬ 
factory.  On  the  other  hand,  Wohl' s  simple  correction  term  for  small-scale  turbulence,  given  by 
Equation  (15-6),  which  is  a  correction  similar  to  that  made  by  Leason  and  gives  another  variable, 
allows  a  better  fit  of  the  data.  Finally,  it  appears  from  the  photographs  that  there  is  large-scale 
distortion,  which  may  be  a  normal  characteristic  of  flame  instability, 

Buttner,  et  al(^“^^),  conducted  experiments  on  a  propane-air  mixture,  using  a  converging- 
jet  noznle  of  0. 422-in,  diameter.  Togenerateturbulcr.ee,  an  axially  mounted  rod,  0.  086-in, 
diameter,  extending  downstream  to  the  burner  throat,  was  rotated  at  speeds  up  to  about  8000  rpm, 

As  the  speed  of  rotation  was  increased,  the  flame  front  was  observed  to  become  more  diffuse 
and  somewhat  changed  in  shape.  The  increase  in  flame  speed  was  somewhat  greater  than  the 
square  of  the  rpm. 

From  a  consideration  of  all  the  turbulent-burning  velocity  tests  as  a  whole,  several  remarks 
can  be  made.  First,  in  every  instance,  the  scale  of  the  turbulence  at  the  flame  front  was  at  least 
twice,  and  usually  much  more  than  twice,  the  laminar  flame  thickness  of  the  mixture  considered. 
Thus,  there  are  no  results  corresponding  to  small-scale  turbulence  theory,  and  it  is  only  barely 
possible  that  transition  region  turbulence  was  encountered.  However,  if  Oelbourg  is  correct  in 
assuming  that  comparison  should  be. made  between  scale  and  turbulent  flame  thickness,  his  theory 
might  be  applicable  to  some  test  results.  On  the  other  hand,  all  the  instantaneous  photographs  of 
turbulent  flames  that  have  been  taken  show  a  distorted  flame  front  of  the  type  Idealised  in 
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Figure  15-2  and  shown  in  the  photograph  of  Figure  15-1.  Thus  the  evidence  to  date  is  that  the 
increase  of  flame  speed  by  turbulence  is  brought  about  by  a  distortion  of  the  normal  flame  surface, 
with,  possibly,  a  contribution  to  the  normal  burning  velocity  through  the  small-scale  components 
of  the  turbulence,  although  the  possibility  that  other  types  of  turbulent  flames  exist  is  given  some 
support  and  cannot  be  excluded. 

The  data  on  turbulent -burning  velocity,  with  fully  developed  pipe  turbulence,  indicate  a 
dependence  of  the  turbulent-burning  velocity  on  pipe  diameter  which  is  at  least  as  great  as  that 
due  to  velocity,  and  in  the  tests  over  the  widest  range  of  diameters,  a  variation  of  flame  speed 
with  pipe  diameter  that  is  twice  that  due  to  velocity.  Stating  this  another  way,  this  burning 
velocity  appears  to  vary,  not  with  velocity,  but  perhaps  with  Re,  and  more  likely  with  volume -flow 
rate.  The  usual  treatment  of  the  distorted  front  gives  no  variation  with  scale,  or  indirectly,  with 
diameter;  Delbourg'  a  theory  gives  a  variation  with  only  Re:  and  no  theory  gives  a  variation  with 
volume-flow  rate;  therefore,  it  appears  that  there  is  complete  disagreement  between  theory  and 
tests.  This  may  be  related  entirely  to  the  interpretation  of  stream  turbulence,  as  far  as  the 
flame  is  concerned,  and  the  absence  of  consideration  of  boundary  effects. 

In  the  tesis  with  turbulence  generators  such  that  uniform  turbulence  of  a  measurable  scale 
is  generated  across  the  stream,  Wright,  Leason,  and  Bowditch  indicate  no  variation  of  flame 
speed  with  scale,  and  Hottel  indicates  some  depresing  effect  as  the  scale  increases.  Considering 
the  scatter  of  the  data  in  all  cases,  it  may  be  concluded  that  there  may  be  some  variation  of 
flame  speed  with  scale  in  these  tests,  but  certainly  not  the  large  variation  indicated  by  the  pipe 
turbulence  tests.  Furthermore,  the  distorted-flame -front  equations  appear  to  be  the  most  suit¬ 
able  for  interpreting  these  data. 

There  is  little  in  the  tests  that  refers  to  the  problem  of  flame  thickness.  Two  investigators 
noted  that  the  burning  velocity,  determined  from  the  downstream  surface  of  the  flame,  was  very 
close  to  the  laminar  burning  velocity;  however,  the  position  of  this  surface  is  greatly  dependent 
on  the  time  of  exposure.  There  is  an  indication  in  the  tests  that  the  burning  velocity  measured  at 
the  mean  surface  varies  with  a  higher  power  of  scale  or  diameter  than  those  measured  at  the  up¬ 
stream  surface;  this  would  indicate  that  flame  thickness  increases  less  rapidly  than  expected 
from  a  simple  scaling  of  the  thickness  with  diameter.  This  observation  is  somewhat  akin  to 
Hottel' s  result,  that  the  depth  of  penetration,  which  should  be  related  to  flame  thickness,  did  not 
increase  with  scale  in  his  tests,  as  expected  from  the  simple  theory.  It  may  be  concluded  that 
even  less  is  known  experimentally  about  turbulent  flame  thickness  than  about  turbulent  flame  speed. 


CONCLUDING  REMARKS 


The  theory  and  test  results  which  have  been  discussed  separately  may  now  be  considered 
from  a  more  general  viewpoint.  This  will  allow  some  deductions  to  be  made  as  to  the  cause  of  the 
differences  and  discrepancies,  and  enable  one  to  plan  better  for  future  studies.  In  the  first  place, 
Markstein  showed  self -induced  instability  of  a  flame,  both  theoretically  and  in  tests.  Tsien  and 
Ball  proved  that  conditions  of  the  front  would  Induce  vorticity.  Karlovitz  and  Scurlock  derived  an 
equation  for  the  flame-generated  value  of  u'  .  Karlovitz'  tests  indicated  that  turbulent  flame  speed 
could  not  be  explained  by  the  pre -flame  stream  turbulence,  but  agreed  qualitatively  with  the 
velocity  expected  for  the  flame-induced  u'  .  Wright  indicated  that,  at  low  values  of  stream  tur¬ 
bulence,  there  appeared  to  be  another  source  of  turbulence.  Bowditch' s  tests  at  higher  Re  shtw 
this  even  more  strongly.  Furthermore,  to  include  the  effect  of  Fon  u'  in  the  general  Equation 
(15-40),  which  sums  up  most  of  the  theories  of  large-scale  turbulence,  would  increase  the  exfonent 
of  F  and  decrease  that  of  the  pre-flame  u' ,  and  bring  the  theory  into  better  agreement  with  th- 
observations.  The  evidence  is,  then,  that  flame-induced  turbulence  is  a  very  important  facte  r  in 
the  turbulent  flame  phenomenon,  especially  at  the  lower  values  of  stream  turbulence.  Therefore, 
future  work  should  include  not  only  the  study  of  high-intensity  uniform  turbulence  in  the  oncoi  ting 
stream,  generated  by  grids  and  the  like,  but  also  the  effect  of  flame-induced  turbulence,  frot  i 
the  range  where  the  stream  turbulence  is  small,  up  to  the  range  where  flame -induced  turbulence 
becomes  of  less  importance. 
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Hottel  and  others  observed  that  the  flame  front  grows  in  thickness  as  the  distance  from  the 
wall  increases.  Karlovitz'  pictures  show  that,  at  least  for  the  type  of  turbulence  in  which  the 
instantaneous  front  is  highly  distorted  but  apparently  of  the  laminar  type,  the  flame  is  fixed  at  one 
edge  and  the  distortions  grow  from  this  edge,  much  like  a  flag  waving  in  the  breeze.  After  a 
certain  distance,  the  distortions  become  so  great  and  irregular  that  no  more  conclusions  may  be 
drawn  as  to  growth.  It  appears  that  this  region  of  regular  distortion  constitutes  a  type  of  boundary 
layer,  which  may  be  treated  separately  from  the  core  of  the  gases.  The  existance  of  such  a  layer 
may  also  permit  an  explanation  of  the  difference  between  results  with  pipe-generated  and  screen¬ 
generated  turbulence,  since  the  scale  of  the  pipe-generated  turbulence  increases  gradually  from 
the  wall  to  the  axis  of  the  tube,  -whereas  the  screen-generated  turbulence  is  constant  nearly  to  the 
wall ,  r 


There  is  an  interesting  possibility  in  the  matching  of  Markstein' s  natural  wave  lengths  of 
instability  with  the  scale  of  stream  turbulence  produced  by  grids,  or  similar  turbulence  generators. 
That  such  a  matching  may  occur  is  indicated  by  Wohl' s  tests  on  the  flame  from  the  end  of  a  pipe, 
in  which  a  trend  of  size  of  distortion  with  mixture  ratio  was  observed.  Such  matching  may  lead  to 
an  amplifying  of  the  turbulence  above  normally  expected  values,  and  an  increase  in  turbulent  burn¬ 
ing  velocity.  At  the  same  time,  because  the  grid  position  could  be  controlled,  the  intensity  of 
turbulence  could  also  be  minimized  at  the  region  of  flame  holding,  so  that  the  unstabilizing  effects 
of  turbulence  on  flame  holding  could  be  minimized. 

When  the  flame  is  enclosed,  the  shear  forces  between  the  confined  hot  and  cold  gases 
generate  vorticity.  These  vortices  stretch  the  flame  front  by  a  large  amount,  and  thus  increase 
the  turbulent-burning  velocity.  This  phenomenon,  which  appears  to  be  a  principal  factor  in  deter¬ 
mining  the  turbulent -burning  velocity  of  the  confined  flame,  is  nearly  absent  in  the  unconfined 
flame.  Though  this  phenomenon  might  be  considered  flame  generated  turbulence,  it  is  not  the 
same  as  that  considered  in  Markstein'  a  treatment.  It  also  does  not  appear  that  It  should  be 
treated  by  the  mathematics  used  in  describing  and  investigating  homogeneous  turbulence.  It  would 
appear  that  this  flame  stretching,  resulting  from  shear  forces  between  the  hot  and  cold  gases,  is 
a  separate  and  distinct  problem,  and  should  be  dealt  with  as  such. 

In  many  of  the  treatments  of  turbulence,  the  Re  number  is  used.  However,  the  effect  of 
only  two  terms  in  this  dimensionless  group  has  been  studied,  diameter  and  velocity,  There  has 
been  little  study  of  diffusivity  and  kinematic  viscosity,  which  are  affected  greatly  by  pressure  and 
temperature.  In  fact,  this  comment  ie  not  confined  to  the  use  of  the  Re  number;  it  is  applicable 
to  the  study  of  turbulent  flames  in  general,  With  pressures  and  temperatures  varying  considerably 
in  the  usual  type  of  air-Bupplied  combustors,  and  increasing  to  very  large  values  in  rockets, 
these  factors  need  considerable  study. 

In  the  theoretical  work,  almost  all  the  emphasis  has  been  placed  on  turbulent-burning 
velocity;  in  the  experimental  work,  although  emphasis  has  also  been  on  burning  velocity,  there 
haa  been  some  indirect  comments  on  observed  flame  thicknesB.  These  arc  the  two  most  obvious 
properties  of  pre-mixed  flame,  but  they  may  not  be  the  most  fundamental.  Thus,  some  con¬ 
sideration  should  be  given  as  to  whether  the  study  of  the  turbulent  flame  should  not  include  other 
factors. 

In  the  laminar,  one-dimensional  approach  to  flame  theory,  the  mass  velocity  from  cross 
section  to  cross  section  of  the  flow  stream  remains  constant.  Thus,  if  the  cross-eectional  area 
of  the  flame  is  known,  the  mass  velocity  of  the  flame  is  equal  to  the  mass  flow  through  the  section 
divided  by  the  sectional  area,  and  it  makes  no  difference  how  or  where  the  area  is  measured.  This 
reasoning  has  led  to  the  wide  use  of  burning  velocity  as  an  important  parameter. 

However,  in  any  actual  aystem,  some  region  of  the  flame  surface,  ana  usually  most  of  the 
flame  front,  will  have  some  curvature.  This  leads  to  three  sources  of  error.  First,  the  cross- 
sectional  area,  parallel  to  the  flame  front,  of  the  stream  tube  will  vary  with  distance  into  the 
flame;  thus,  the  proper  area  to  use  is  indeterminate.  Second,  the  burning  velocity  depends  on  the 
curvature  of  the  Qame  front,  and  thus,  the  supposedly  constant  characteristic  of  the  combustible 
mixture  becomes  a  function  of  the  configuration  and  gas  dynamics  of  the  apparatus.  Third,  the 
variable  curvature  leads  to  selective  diffusion  of  the  fuel  and  oxygen,  and  a  variation  of  com¬ 
position  over  the  flame  surface. 
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The  thickness  of  the  laminar  flame  cannot  be  measured  accurately.  Here,  the  points  at 
which  to  start  and  to  stop  the  measurement  of  the  thickness  must  be  defined.  Next,  the  measure¬ 
ment  itself  must  be  made,  and  finally  the  thickness  is  also  a  function  of  the  flame  parameters  that 
were  found  to  influence  burning  velocity. 

In  the  turbulent  case,  these  difficulties  are  magnified.  Instead  of  a  relatively  thin  laminar 
front,  the  front  becomes  thick  and  diffuse.  Thus,  Damkohler  was  lead  to  measuring  the  upstream 
and  downward  surface  area  of  the  flame,  while  Williams  and  Bollinger  measured  a  mean  area. 

The  connection  of  either  of  these  measurements  with  the  fundamental  properties  of  the  gas  and 
system  is  vague.  If,  instead  of  the  time  picture,  the  instantaneous  picture  of  those  flames  is 
considered,  the  front  appears  to  be  composed  of  highly  distorted  laminar  flame  surfaces.  Com¬ 
puting  the  average  value  of  the  enveloping  upstream  and  downstream  areas,  and  the  degree  of 
combustion  through  the  average  front,  becomes  a  statistical  problem.  Furthermore,  the-laminar- 
burning-velocity  problem  is  revived  when  the  distorted  surface  itself  is  considered. 

On  the  other  hand,  if  Delbourg' s  type  of  turbulent  flame  exists,  or  if  the  small-scale  com¬ 
ponent  must  be  separately  treated,  as  by  Leason,  the  instantaneous  picture  will  not  be  helpful,  but 
the  same  type  of  problems  as  in  fundamental  studies  of  burning  velocity  will  be  encountered. 

Turbulent  flame  thickness,  on  the  distorted  laminar  flame  basis,  also  is  a  statistical  prob¬ 
lem.  On  the  basis  of  Delbourg' s  theory,  the  treatment  would  follow  that  for  the  laminar  front. 
Some  statements  have  been  made  to  the  effect  that  the  area  computed  from  the  downstream  extent 
of  the  flame  is  about  the  same  as  that  computed  using  laminar  burning  velocity.  This  should 
allow,  with  the  measurement  of  turbulent  flame  speed,  a  computation  of  average  flame  thickness. 
However,  as  mentioned  before,  it  seems  very  improbable  that  such  a  simple  connection  between 
the  downstream  extent  of  the  turbulent  flame  and  the  laminar -burning  velocity  should  be  a  funda¬ 
mental  phenomenon. 

Thus,  it  may  be  concluded  that  both  turbulent-burning  velocity  and  turbulent  flame  thickness, 
as  now  measured,  are  not  fundamental  properties  of  the  mixture  and  its  turbulence,  but  are  af¬ 
fected  greatly  by  the  configuration  of  the  system.  The  method  of  computing  the  position  and  extent 
of  the  turbulent  flame  in  a  combustion  system  is  not  known.  The  interaction  of  flow  turbulence, 
flame-generated  turbulence,  unstable  wavelengths  of  the  flame  front,  and  wall  effects  must  be 
studied.  Several  possible  types  of  turbulent  flames  have  been  outlined;  tests  in  the  future  should 
definitely  indicate  which  type  is  occurring.  Instantaneous  (spark)  as  well  as  time  exposures  should 
be  studied.  Turbulence  should  be  measured  in  the  flame. 

With  the  results  of  such  tests,  it  should  be  possible  to  redefine  or  rederive  the  necessary 
equations  to  describe  observed  phenomenon. 
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CHAPTER  16. 


THE  STABILITY  LIMITS  OF  THE 
PREMIXED  FLAMES 


ABSTRACT 


Three  conditions  are  considered  in  the  discussion  of  the 
stability  limits  of  premixed  flames.  The  flammability  limits  of 
a  static  mixture  are  considered  first  because  they  would  appear  to 
be  limiting  cases.  These  limits  are  affected  by  composition, 
pressure,  and  chamber  size  in  a  manner  that  seems  related  to 
certain  phenomena  observed  in  studies  of  flame  stability.  The 
stability  of  flames  in  low  velocity  streams  is  next  examined, 
both  from  an  experimental  and  theoretical  point  of  view.  Related 
phenomena  such  as  quenching  are  also  discussed.  Finally,  flame 
stability  in  a  high-velocity  Btream  is  covered;  it  appears  to 
depend  on  a  different  mechanism  than  stability  in  a  low-velocity 
stream.  However,  because  of  the  limited  amount  of  variables, 
the  various  theories  of  high-velocity  flame  stability,  and  of  low- 
velocity  flame  stability,  all  lead  to  similar  correlation  terms. 

t 


WADC  TR  56  -  54  4 


CHAPTER  16 


THE  STABILITY  LIMITS  OF  THE 
PREMIXED  FLAME 


by 


Arthur  Levy  and  A.  Putnam 


In  the  preceding  two  chapters  the  principal  topics  have  been  the  propagation  of  laminar  and 
turbulent  premixed  flames.  Little  mention  has  been  made  of  the  limits  that  other  properties  of  the 
combustible  mixture,  and  the  combustor  itself,  places  on  the  possibility  of  maintaining  a  stable 
propagating  flame  front.  The  present  chapter  will  cover  these  factors. 

Regardless  of  how  large  a  volume  of  quiescent  mixture  of  fuel  an^  oxident  is  present,  a 
propagating  flame  cannot  be  produced  beyond  certain  limits  of  composition  of  this  mixture.  Even 
in  a  quiescent  mixture,  such  limits  are  reduced  as  the  size  of  the  confining  chamber  becomes 
small.  The  effects  of  mixture  composition  and  chamber  size  will  be  discussed  first. 

,C 

In  low  velocity  burners,  such  as  the  Bunsen  type,  the  flame  may  blow-off  if  the  velocity  is 
too  high,  flash  back  if  the  velocity  is  too  low,  or  just  go  out  if  the  velocity  is  reduced  and  the 
burner  is  below  a  minimum  size.  This  minimum  size  for  flash-back,  the  quenching  distance,  has 
been  found  to  be  relative  to  the  size  effect  in  the  extinction  of  the  quiescent  mixture.  The  stability 
limits  of  the  low  velocity  burners  will  be  the  second  topic  for  consideration. 

For  burners  with  high  flow  velocities,  the  flames  are  held  by  obstacles  in  the  stream.  Blow- 
off  of  this  type  of  flame  will  be  covered  in  the  later  sections  of  this  chapter. 


FLAMMABILITY  LIMITS  OF  STATIC  MIXTURE 


Absolute  Limits 


Numerous  investigations  have  been  made  using  static  mixtures  of  various  compositions  of  fuel 
and  oxidant  to  determine  the  limiting  compositions  within  which  a  flame  will  maintain  itself  and 
continue  to  propagate.  An  excellent  review  of  this  subject  with  special  emphasis  on  the  more  recent 
progress  was  made  by  Sir  Alfred  Egerton  in  his  Fourth  Symposium  survey  paperU6-l)t 

Coward  and  JonesU^-^)  have  reviewed  the  majority  of  the  results  of  flammability  limits  up 
to  1952,  and  present  a  great  deal  of  the  limit  data  in  tabular  form.  Their  review  includes  a 
bibliography  of  368  references. 

Coward  and  Jones  have  also  defined  a  "standard-limit  procedure":  In  the  procedure,  the 
mixture  is  placed  in  a  vertical  glass  tube  at  least  Z  in.  in  diameter,  54-in.  long,  and  closed  at 
both  onds.  Just  prior  to  ignition,  the  lower  end  is  opened.  The  mixture  is  then  ignitod  by  a  naked 
coal-gas  flame  about  one  inch  long.  A  mixture  is  judged  to  be  flammable  when  the  mixture  flame 
will  traverse  the  entire  length  of  the  tube  under  repeated  tests. 

For  the  purposes  of  this  discussion,  it  will  be  aseumed  that  the  procedure  gives  essentially 
the  absolute  limits  for  most  combinations  of  fuel  and  oxidant. 
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Recent  studies  on  the  flammability  limits  of  hydrocarbon-air  mixtures  have  been  made  in 
this  country  by  Zabetakis,  Scott,  and  Jones^^-^).  In  England,  Burgoyne  and  co-worker s(  16-4) 
have  made  similar  studies. 

Table  16-1  presents  a  portion  of  the  data  obtained  by  the  latter  group. 

It  is  well  known  today  that  the  walls  may  exert  an  influence  on  the  branching  and  recombination 
processes  occurring  in  propagation.  However,  WhiteO^-S)  has  shown  in  his  early  studies  that  for 
most  conditions,  at  atmospheric  pressure,  a  tube  having  a  diameter  of  five  cm  will  have  no  visible 
effect  on  the  upward  propagation,  and  that  a  tube  one  and  a  half  meters  long  is  sufficient  to  allow 
the  products  to  ccol  behind  the  flame  front  and  to  allow  the  criteria  of  continued  propagation  to  be 
determined. 

Egerton  and  Powling(l6-6)  have  studied  the  ignition  limit  problem  in  the  light  of  present-day 
knowledge  of  the  :*ole  of  free  radicals  in  combustion  processes.  They  have  investigated  the 
problem  from  two  points  of  view:  (1)  the  role  of  a  promoter  and  (2)  the  influence  of  changes  in 
physical  properties  of  the  mixtures.  It  was  felt  that  since  flame  speed  is  low  at  the  limits,  there 
might  be  reactions  occurring  in  the  preflame  period  which  would  promote  or  inhibit  combustion. 
There  would  be  a  considerable  advantage  in  the  use  of  a  promoter  if  it  would  widen  the  limits  of  a 
fuel,  increase  flame  speed,  and  thus  permit  complete  combustion  in  a  smaller  volume.  Some  of 
the  additives  tried  were  dielhyl  peroxide,  ethylnitrate,  nitrogen  peroxide,  acetaldehyde,  methyl 
iodide,  ozone,  and  ethyl  alcohol. 

TABLE  16-1.  FLAMMABILITY  LIMITS  OF  VARIOUS  FUELS 
(Burgoyne  and  Williams-Leir)^-^ 


Combustible 

Supporter 

Limit, 

Lower 

per  cent 

Upper 

h2 

Air 

4.19 

74.6 

h2 

o2 

'4.65 

93.9 

ch4 

Air 

5.26 

14.  3 

C2H6 

Air  +  N2 

3.1 

12.  5 

c3h8 

o2 

2.  4 

57 

n-butane 

Air 

1.  93 

9.  05 

Isobutane 

Air 

1.  80 

8.44 

n-pentane 

Air 

1. 62 

-- 

Isopentane 

Air 

1.  61 

-- 

n-hexrjie 

Air 

1.46 

-- 

n-heptane 

Air 

1.  26 

-- 

n-octane 

Air 

1.12 

-- 

C2H4 

°2 

3.10 

79.9 

C3H6 

Air 

2.  40 

10.  3 

c3h6 

o2 

2. 10 

52.8 
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Table  16-2  gives  the  data  for  methane-air  mixtures.  These  data  are  typical  also  of  the  effect 
of  promoters  on  other  hydrocarbon  and  hydrogen  mixtures  with  air.  Except  in  the  case  of  methyl 
iodide,  there  appears  to  be  a  reduction  in  the  lower  limit,  and  no  effect  on  the  upper  limit.  The 
results  obtained  with  the  iodide  are  consistent  with  its  chain-breaking  characteristics.  The  fact 
that  there  is  not  a  significant  change  in  the  limits  seems  to  indicate  that  the  promoter  introduces 
active  centers  into  the  mixture  at  lower  temperatures  without  changing  the  manner  of  propagation. 

It  might  be  concluded  that  the  promoters  are  able  to  extend  the  lower  limit  values  slightly  because 
these  limits  will  be  determined  by  the  minimum  number  of  chains  available.  Thus  an  inhibitor 
would  be  expected  to  affect  both  limits,  but  a  promoter  would  be  expected  to  affect  only  the  lower 
limit,  in  agreement  with  the  data  in  Table  16-2. 

TABLE  16-2.  FLAMMABILITY  LIMITS  FOR  METHANE-AIR 
MIXTURES  WITH  ADDITIVES 

(Egerton  and  Powling)^-^) 


Additive 

Additive, 
per  cent 

Lower  Limit, 
per  cent 

Upper  Limit, 
per  cent 

None 

0.0 

5.26 

14.  3 

(C2H5>2°2 

0.5 

4.16 

13.9 

(C2H5)0N02. 

0.5 

4.47 

14.1 

NO 

0.5 

4.93 

14.9 

O3 

0.47 

5.07 

14.5 

C2H5OH 

0.53 

4.54 

-- 

ch3i 

0.5 

6.29 

12.3 

More  recently,  ColcmanU6-7)  j.ao  0j,own  that  small  additions  of  fluorinated  and  brcminated 
hydrocarbons  exerted  more  than  a  dilution  effect  near  the  limits.  Larger  additions,  however,  had 
only  the  normal  dilution  effect.  1 

Egerton  and  Powling(  after  the  above  study,  replaced  the  nitrogen  in  the  air  with  other 

inert  diluents,  such  as  carbon  dioxide,  argon,  and  helium.  It  has  generally  been  agreed  by  other 
workers  that  the  order  of  decreasing  extinguishing  power  is  CO£  >  N£  >  A.  The  position  of  the 
helium  varies.  Coward  and  HartwellU 6-9;  place  helium  before  argon,  Posthumust  1 6- 10)  places 
helium  before  the  CO,,  and  HeiningenU6-l  0  places  the  helium  after  the  CC>2.  The  data  of 
Posthumus  are  probably  of  limited  value  here  since  his  experiments  were  made  in  a  1. 6-cm  tube. 
Heinlngen  used  a  2.  2-cm  tube  and  Coward  and  Hartwell  used  a  5-cm  tube.  Egerton  and  Powling 
also  used  a  5-cm  tube  and  obtained  the  result,  COg  >  >  A,  in  agreement  with  the  results  of 

Coward  and  Hartwell.  The  results  indicate  that  the  flame  is  propagated  only  if  a  certain  minimum 
temperature  can  be  reached  in  the  flame  boundary.  The  specific  heats  of  the  mixture  and  the  heat 
of  combustion  are  used  to  determine  whether  the  flame  propagates;  the  effect  of  heat  conductivity 
remains  uncertain.  Only  in  the  case  of  helium  is  heat  conductivity  high  enough  to  show  a  strong 
influence;  with  CO2,  N2,  and_A_thc  thermal  conductivity  decreases  slightly  in  the  same  order,  but 
the  change  is  fairly  small.  The  evidence  lends  support  to  the  view  that  the  limits,  although  deter¬ 
mined  by  a  minimum  temperature,  represent  a  minimum  rate  of  oxidation  at  the  flame  front  and 
that  the  flame  is  propagated  mainly  by  active  centers. 

The  effects  of  inert  gas  arc  apparent  in  all  phases  of  combustion  work,  and  will  be  referred 
to  later  in  this  chapter  with  respect  to  flame  stabilisation  and  quenching.  Mcllish  and  Linnettl  *  1 2) 
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have  studied  these  effects  in  detail  and  have  shown  that  in  most  instances  the  CO 2—  N2  —  A  order 
holds. 


The  flammability  limits  of  pure  hydrocarbon-air  mixtures  have  been  measured  at  reduced 
pressures  for  several  hydrocarbons  for  the  purpose  of  determining  some  systematic  change  as  a 
function  of  the  molecular  structured 6-13},  a  series  of  18  pure  hydrocarbons  were  investigated 
in  a  Coward-Jones  type  of  apparatus.  The  results  with  the  paraffins  show  that  all  the  lean  limits, 
when  expressed  as  per  cent  of  stoichiometric  fuel,  are  about  the  same,  while  the  rich  limits  occur 
in  the  following  order;  hexane  >  pentane  >  butane  >  propane'  >  ethane  >  methane.  The  effect  of 
branching  appears  to  be  minor  except  in  the  cases  where  2,2-dimethyl  butane  is  compared  to  n- 
hexane.  In  these  instances,  the  rich  limit  on  the  unbranched  paraffin  is  greater,  but  the  lean 
limits  are  practically  identical.  The  limit  data  for  unsaturated  hydrocarbons,  such  as  propene-1, 
butene-1,  and  pentene-1,  are  confusing  in  that  they  do  not  seem  to  behave  in  any  ordered  manner. 
Butene  and  pentene  show  wider  limits  than  their  parent  paraffins,  but  propane  and  hexene  show 
narrower  limits  than  their  parent  paraffins.  To  explain  such  anomalous  results  would  require 
knowledge  of  the  chemical  kinetics  of  the  specific  reactions.  It  is  observed  that  the  odd-number- 
membercd  chains  behave  differently  from  the  even-numbered  chains;  further  study  might  show 
some  difference  in  the  point  of  breakage  of  the  CH  bond  in  each  case. 

Due  to  the  lack  of  knowledge  on  the  processes  involved,  there  has  been  no  successful  kinetic 
application  to  the  calculation  of  the  flammability  limits  for  mixtures  of  gases  in  these  static 
systems.  Coward(l6-15)  has  extended  LeChatelier's  rule  for  calculating  limits  of  mixtures.  The 
rule  states  that  knowing  the  limits  1  j,  1  2  >  etc. ,  for  the  individual  gases  in  a  mixture  and  the  per 
cent  Pj,  P^,  etc. ,  of  each  gas  present,  the  limits  for  the  mixture  (upper  or  lower)  are  expressed 
as 


L  = 


100 


(16-1) 


Burgoyne  and  Williams-LeirU6-16)  have  applied  this  rule  in  their  study  on  the  effect  of  methyl 
bromide  as  an  extinguisher.  Their  results  may  be  summarised  by  saying  that  methyl  bromide 
reduced  limits  in  the  following  order  of  increasing  susceptibility,  H£>  C2H4>  cyclo¬ 

hexane  >  n-hexane  >  CO>  CH4.  Application  of  the  LeChatelier  rule  to  the  methyl  bromide-coal 
gas-air  system  gives  reasonable  agreement,  within.  10  per  cent.  It  would  be  expected  that  this 
rule  would  hold  fairly  well  for  gases  With  Similar  properties,  but  not  well  for  gases  that  exhibit 
effects  such  as  cool  flames.  In  the  case  of  the  analysis  above,  the  coal  gas  contains  mostly 
methane  and  hydrogen  plus  some  nitrogen,  carbon  dioxide,  and  air,  The  CO  and  present, 

which  do  not  behave  like  hydrogen  and  methane,  total  about  15  per  cent,  Therefore,  the  10  per  cent 
error  in  the  limit  rule  is  reasonable. 

Cassan(16-17)  has  examined  the  LeChatelier  principle  to  determine  if  the  principle  could  be 
used  to  calculate  the  effect  of  inert  gases.  In  effect  the  method  merely  divides  the  inert  gases 
among  the  other  gases. 

Generally  all  applications  of  this  principle  hold  as  long  as  effects  are  additive,  For  this 
reason  the  behavior  of  mixtures  of  gases  on  the  lean  side  is  readily  Interpreted;  on  the  rich  Bide, 
however,  the  principle  becomes  somewhat  clouded  due  to  interactions  wh'ch  occur  in  the  com¬ 
petition  for  the  insufficient  oxygen  supply, 

Table  16-3  shows  how  the  flame-tone  temperatures  and  the  Ignitlpn  temperatures  vary,  at  the 
lower  limit,  for  several  hydrocarbon-air  mixtures. 
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TABLE  16-3.  IGNITION  AND  FLAME  TEMPERATURES  FOR  SEVERAL 
PARAFFIN  HYDROCARBONS  AT  THE  LOWER  LIMIT 

(Townend  and  Maccormac)U6-18) 


Hydrocarbon 

Lower  Limit, 
per  cent 

Flame 

Temperature,  C 

Ignition, 
Temperature,  C 

Methane 

5.26 

1255 

650 

n-butane 

1.93 

1445 

480 

n-pentane 

1.62 

1485 

470 

n -hexane 

1.46 

1568 

275 

n-heptane 

1.26 

1569 

255 

n-octane 

1.  12 

1575 

245 

It  is  apparent  that  the  ignition  temperature  of  the  n-paraffins  decreases  with  increasing  chain 
length,  and  that  the  temperature  in  the  flame  zone  increases  slightly  with  chain  length.  Since  the 
flames  of  the  paraffins  of  higher  molecular  weight  are  progressively  more  difficult  to  propagate,  it 
appears  that  the  conditions  for  propagation  do  not  depend  so  much  on  ignition  temperature  or 
stability  characteristics  as  they  do  on  the  ability  to  provide  reaction  centers  into  the  unburned 
mixture. 

An  interesting  question  raised  by  much  of  the  recent  work  on  the  flat-flame  burner  is  whether 
this  flat-flame  method  will  eventually  supersede  the  "standard  tube  method".  As  Egerton  shows  in 
his  review(lk“l)  the  flat-flame  method  yields  lower  flame  temperatures  at  the  lower  limit  than  the 
tube  method.  The  almost  constant  flame  temperatures  by  the  new  method,  in  contrast  to  the 
increasing  temperatures  for  higher  hydrocarbons  by  the  tube  method,  may  indicate  that  the  flat- 
flame  method  yields  results  more  consistent  with  the  oxidation  properties  of  hydrocarbons.  More 
results  by  the  flat-flame  method  are  required  to  substantiate  this  hypothesis,  however. 


Limiting  Effect  of  Chamber  Size 


It  was  noted  previously  that  test  chambers  below  a  certain  size  have  a  deleterious  effect  on 
the  flammability  limits.  As  the  pressure  is  reduced  below  atmospheric,  this  effect  of  size  becomes 
increasingly  apparent. 

Figure  1  shows  this  effect  of  chamber  size,  as  obtained  by  Simon,  Belles,  and 
Spakowski(^_^),  As  expected,  the  larger  the  tube  diameter,  the  lower  the  minimum  pressure  at 
which  the  flame  can  propagate.  By  use  of  a  proportionality  factor  on  the  diameter,  these  investi¬ 
gators  found  that  their  data  could  be  correlated  with  the  data  of  other  investigators  on  the  variation 
of  minimum  quenching  distance  with  pressure.  Since  flammability  limits  represent  the  limit  of 
flame  propagation  processes,  the  authors  attempt  to  correlate  their  results  in  terms  of  the  Tanford- 
Pease  diffusion  mechanism.  However,  as  in  all  these  arguments,  diffusion  and  heat  conduction  are 
practically  inseparable,  and  although  a  good  correlation  was  obtained,  the  argument  cannot  be 
resolved. 
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Propon*  h  Air,  per  cent  by  volume 


FIGURE  16-1.  EFFECT  OF  TUBE  DIAMETER  ON  PRESSURE 

FLAMMABILITY  LIMIT  (LOW  CONCENTRATION 
PART  OF  TOTAL  CURVES) 


Simon,  Belles,  and  Spakowski^^"^) 


Zabetakis  and  co-workera  at  the  Bureau  of  Mines  have  also  investigated  low-pressure  flam¬ 
mability  limits.  A  concise  report  of  test  results  with  methane,  ethane,  propane  n-butane,  and  iso¬ 
butane  at  pressures  of  400,  200,  100,  and  70  mm  Hg,  indicates  the  regions  of  flammability  of 
these  hydrocarbon-air  mixtures.  0  6-20)  Zabetakis  and  Richmond  have  also  considered  the  impor¬ 
tance  of,  and  difference  between,  ignitability  and  propagation  at  low  pressures. (16-21)  At  extremely 
low  pressures,  25  mm  Hg  and  less,  the  energy  of  the  ignition  source  can  be  important  in  deter¬ 
mining  whether  the  flame  will  propagate  part  way  or  all  the  way  up  the  tube.  DiPiarra,  Gerstein, 
and  Weast(^"13)  observed  a  similar  result  in  their  studies. 


Figure  16-2  shows  another  characteristic  feature  of  the  limits  of  ignition  of  hydrocarbon 
mixtures  at  reduced  pressures.  There  is  a  normal  lean  lobe  characterised  by  a  blue  flame  which 
fills  the  tube,  while  the  rich  lobe  shows  a  green-to-yellow  flame  which  does  not  fill  the  tube.  The 
nature  of  the  two  lobes  has  been  investigated  by  Spence  and  and  TownendUb-14),  in  earlier  studies 
Townend  postulated  that  two  processes  were  occurring  and  associated  one  lobe  (on  the  rich  side) 
with  the  cool  flame  and  the  other  lobe  with  the  normal  flame.  Under  suitable  pressure  conditions 
he  was  able  to  obtain  a  cool  flame  in  the  normal,  hot-flame  region.  Townend' s  cool-flame  postu¬ 
lation  is  further  borne  out  by  the  fact  that  methane,  which  does  not  have  any  cool  flame,  has  only 
one  lobe;  also,  the  flames  in  the  rich  lobe  propagate  up  the  tube  very  slowly  whereas  the  lean 
flames  propagate  up  the  tube  at  a  faster  and  more  definite  rate. 

Delbourgo  and  Laffitte(  16-22)  have  studied  this  doublfc-lobe  phenomenon  in  ethane,  propane, 
butane,  and  pentane  flames,  using  electrical  ignition  to  start  the  flame.  Except  for  ethane,  they 
observe  the  characteristic  two-lobe  pressure  effect.  Although  these  earlier  studies  showed  no 
double-lobe  effect  for  ethane,  a  later  study  did  show  the  start  of  an  irregularity  in  ethane 
flameD.I^"^)  The  latter  results  are  consistent  with  Gerstein's  earlier  findings. I *3) 

An  interesting  feature  of  Delbourgo  and  Laffitte's  study  is  the  choking-off  of  the  second,  rich 
side  lobe  as  the  mixture  is  diluted  with  nitrogen.  This  is  shown  by  Figure  1 6-3. 
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FIGURE  16-2.  LIMIT  CURVE  FOR  PROPANE-AIR  AS 
A  FUNCTION  OF  PRESSURE 

DiPiazza,  Geretein,  and  WeaBtU6-13) 


a  =9 


FIGURE  16-3.  FLAMMABILITY  REGION  OF  PROPANE 
(02  +  aN2)  MIXTURES 

Laffittc  and  Delbourgo(l6-23) 
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LOW  VELOCITY  LIMITS  OF  STABILITY 


The  principal  contributions  to  the  work  on  low  velocity  flame  stability  in  this  country  have 
been  made  by  Lewis  and  von  EibeO^-24  thru  31)  an^  their  associates  at  che  Bureau  of  Mines.  In 
Europe,  large  contributions  have  come  from  the  British  workers,  Garside,  Forsyth,  and  Townend. 
(16-31,32)  The  following  discussion  will  draw  heavily  on  the  contributions  of  these  workers. 

The  flash-back  of  a  mixture  through  a  small  space  and  the  minimum  size  of  space  through 
which  such  flash-back  may  occur  are  closely  related.  The  minimum  energy  required  to  ignite  a 
mixture  and  the  measured  space  within  which  a  mixture  can  be  ignited  are  also  related.  And 
finally,  the  minimum  ignition  space  is  related  to  the  minimum  quenching  distance.  When  blow-off 
is  considered,  it  is  found  that  an  additional  factor  of  diffusion  with  the  surroundings  enters  the 
problem;  however,  there  is  still  a  close  relation  with  the  mechanisms  involved  in  the  other  limiting 
phenomena.  For  this  reason  it  is  difficult  to  separate  the  discussion  of  the  theories  of  flame 
stability  according  to  the  limit  involved.  Therefore,  the  theories  will  be  discussed  in  a  group. 

This  will  be  followed  by  a  discussion  of  the  test  result  pertaining  to  the  various  limits. 


Theories  of  Flame  Stability 


Figure  16-4  shows  the  three  positions  of  a  flame  front  which  must  be  considered  in  the 
analysis  of  flash-back  (and  blow-off).  Curve  1  shows  the  conditions  where  the  combustion  wave 
gets  close  to  the  rim  of  the  burner.  When  this  occurs  the  gas  velocity  exceeds  the  burning  velocity 
and  tends  to  drive  the  front  back  to  the  equilibrium  position,  Curve  2.  Curve  3  is  the  reverse  case, 
and  the  opposite  effect  tends  to  occur  here;  that  is,  the  burning  velocity,  which  is  now  in  excess 
both  because  quenching  effects  are  less  and  because  the  flow  velocities  are  somewhat  less,  drives 
the  front  back  to  the  equilibrium  position.  At  the  equilibrium  position,  the  burning  velocity  equals 
the  gas  velocity  at  one  point  along  the  front. 


FIGURE  16-4.  STABILIZATION  OF  A  COMBUSTION  WAVE 
IN  LAMINAR  FLOW 

Lewis  and  Von  Elbc(*k-29)  _ 

The  laminar  gas-velocity  profile  in  a  pipe  is  described  by  the  Poiseuille  equation 

U  *  2  V(R2  -  r2)/7r  R4  ,  (16-2) 

where  Vis  volume  flow  rate,  R  the  radius  of  the  tube,  and  r  the  variable  distance  from  the  axis  of 
the  tube.  The  slope  of  this  curve  near  the  wall  is  called  the  critical  velocity  gradient  £  and  given 
by 
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4V/7TR3.  . 


(16-3) 


g  *  lim 

r—R 


dU 

dr 


Conditions  leading  to  flash-back  and  blow-off  are  related  to  the  boundary  velocity  gradient.  If  V 
is  reduced,  £  is  decreased  so  that  the  equilibrium  position,  Curve  2,  moves  nearer  to  the  burner 
exit.  A  condition  is  eventually  reached  on  reducing  £  where  the  burning  velocity  becomes  greater 
than  the  gas  velocity,  U,  and  flash-back  occurs.  Blow-off  occurs  similarly  but  in  the  opposite 
direction  of  the  above  effects.  As  £  increases,  the  flame  moves  farther  from  the  rim  until  even¬ 
tually  dilution  from  surrounding  air  becomes  too  great  and  the  flame  is  blown  off  the  burner. 


Figure  16-5  is  the  model  used  by  Lewis  and  von  Elbe  to  develop  the  relations  between 
quenching  and  flash-back,  A  combustion  wave  is  considered  to  be  propagating  in  a  quiescent  gas 
between  two  parallel  plates,  whose  separation  is  only  slightly  greater  than  the  critical  quenching 
distance.  In  line  with  the  treatment  of  stationary  flames,  the  wave  is  considered  at  rest  and  the 
unburned  gas  moves  forward  into  this  wave.  The  unburned  gas  enters  at  a  rate  equal  to  the  flame 
speed  under  the  above  conditions.  Tu  is  the  temperature  isotherm  of  the  unburned  gas.  Tj  and  TQ 
are  the  temperature  isotherms  at  the  beginning  and  end  of  the  reaction  zone.  To  obtain  an  equation 
of  the  heat  flow  across  the  dead  space  y0,  the  heat  flow  in  front  of  the  reaction  zone  is  considered. 
This  is  obtained  through  the  standard  heat-balance  equation  used  in  computing  burning  velocity 
(Cf  Chapter  14), 


d£T 

dx3 


42  +  3.  .  0 

dx  X 


(16-4) 


F  . 

(max) 


FIGURE  16-5. 


TEMPERATURE  PROFILES  BETWEEN 
CbOLING  SURFACES 


Lewis  and  Von  ElbeUk-29) 


To  make  the  problem  tractable,  however,  the  authors  assume  (a)  from  Tu  to  Tj,  q  *  0,  and  (b), 
from  Tj  to  T0,  q  is  constant  while  the  left  hand  term  of  Equation  1 6-4  is  zero.  To  account  for  the 
loss  of  heat  to  the  walls,  a  loss  occurring  at  right  angles  to  the  flow  direction,  they  derive  the 
equation 

dJTb  ,  IT,  -T„)(Tj  -Tb) 

- -  i  -  ,  (16-5 

dy2  (Tj-T^T,  -T0) 

where  f^,  denotes  the  flame  temperature  and  the  maximum  flame  temperature,  respectively 
and 


a  =  cp  pFA  . 

By  assuming  that  Tj  —  T®  ■  T^  —  T^,  T^  can  be  determined  as  a  function  of  distance  from  the 
wall.  Along  a  streamline,  then,  the  net  heat  release  can  be  determined  from  the  value  of  T^,  and, 
by  use  of  Eq.  16-4,  the  burning  velocity  near  the  wall,  F' ,  can  be  obtained  as  •  function  of  y.  The 
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final  equations  relate  a  dimensionless  burning  velocity,  a  dimensionless  distance,  and  a  dimension¬ 
less  temperature.  For  the  axially  symmetric  system  (a  tube),  this  result  for  the  two-dimensional 
system  can  be  suitably  modified. 


Numerical  calculations  are  found  to  be  necessary  in  using  these  equations  to  determine 
either  the  minimum  flame  propagation  distance  between  the  walls  (quenching  distance)  or  the 
critical  velocicy  gradient  for  flash-back.  For  example,  to  determine  the  flash-back  gradient,  the 
ratio  of  burning  velocity  at  the  dimensionless  distance,  from  the  wall  to  the  normal  burning 
velocity  is  plotted  against  the  distance.  The  slope  of  a  straight  line  through  (0,  0  which  just 
contacts  this  curve  is  the  critical  gradient. 

From  this  critical  gradient  and  the  burning  velocity,  a  critical  distance  for  flash-back  can 
be  computed. 

Table  16-4  gives  calculated  and  observed  values  for  these  distances.  It  is  noted  that  the 
agreement  is  good  on  the  lean  side,  but  progressively  poorer  on  the  rich  side. 

TABLE  16-4..  COMPARISON  OF  EXPERIMENTAL  AND  THEORETICAL  VALUES  OF  I  LASH- 
BACK  AND  QUENCHING  DISTANCES  FOR  PROPANE-AIR  MIXTURES 


(Harris,  Grumer, 

Lewis,  and  von  Elbe)(*^-30) 

Propane 

Concentration, 

Fraction 

of 

Stoichiometric 

_ 

Exp.  * 

105  Cal. 

Calc. 

Minimum 

Value 

F/gf, 

cm. 

d, 

cm. 

2R, 

cm. 

Exp. 

Calc. 

Exp. 

Calc. 

Exp. 

Calc. 

0.70 

53 

88 

0.20 

0.22 

0.55 

0.40 

0.85 

0.94 

0.75 

37 

78 

0.  17 

0.26 

0.41 

0.46 

0.  66 

1.  1 

0.90 

14 

52 

0.  10 

0.  18 

0.  24 

0.  33 

0.31 

0.78 

1.00 

9.2 

38 

0.081 

0.  14 

0.  21 

0.  27 

0.  28 

0.  64 

1.  10 

6.8 

35 

0.071 

0.  14 

0.20 

0.  26 

0.28 

0.  62 

1.  28 

5.9 

99 

0.  058 

0.  19 

0.  21 

0.  37 

0.  37 

0.  88 

1.40 

6.  2 

370 

0.  058 

0.36 

0.24 

0.  65 

0.49 

1.5 

1.  50 

7.0 

1100 

0.068 

0.  57 

0.28 

1.  0 

0.  66 

2.  3 

+M.  V.  Blanc.  P.  D.  Guest,  G.  von  Elbe,  and  B.  Lewis,  Third  Symposium  on  Combustion,  Flame, 
and  Explosion  Phenomena,  Madison,  Wisconsin,  p.  363. 


Before  considering  other  flash-back  studies,  it  is  well  to  note  that  Lewis  and  von  Elbe(l6-29) 
have  also  presented  a  theory  of  blow-off,  using  a  similar  development  to  that  above.  Heat  flow  is 
assumed  to  occur  only  in  the  direction  of  stream  flow.  Considering  a  streamline  of  Figure  1 6-4 
passing  through  a  point  where  the  flow  velocity  and  burning  velocity  are  equal, 

CppF|T-Tu).lg_Ej  ,  (16-6) 

where  the  integration  constant,  E,  is  the  temperature  gradient  at  x  ■  0.  This  equation  can  be 
integrated  between  x  =  0  and  x  ■  xj,  giving  a  relation  for  xj.  The  minimum  value  of  xj,  for  which 
the  equation  is  satisfied  is  the  stable  condition.  Carrying  out  this  minimizing  process  and  making 
.some  rubstitutions  yield 

2*ln  1(2(1  ♦  t)-A)/(1-A)J  ■  A(1  +  2r)/(l-A)  L2(l  ♦  T)-A]  ,  (16-7) 
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where  A_  is  the  ratio  of  the  burning  velocity  at  the  point  of  holding,  Fj,  to  the  normal  burning 
velocity,  F,  and 


r=  (Tf  -  TU)/(T§  ~T°  )  . 

If  data  are  available  for  F  and  the  T'n  are  functions  of  the  mole  fractions  of  fuel,  it  is  only 
necessary  to  account  for  the  diffusion  of  secondary  air  into  the  mixture  as  it  approaches  blow-off. 

If  it  is  assumed  that  diffusion  occurs  only  in  the  ^  direction,  and  that  a  molecule  will  travel  a 
distance  equal  to  \l  Dtj  in  the  time  tj,  where  tj  is  given  by  Fj /xj,  then  the  change  in  the  fuel  con¬ 
centration  will  be  a  function  of  Fj/g  V  Dt j.  The  gradient,  £,  can  now  be  computed  by  numerical 
processes  as  a  function  of  the  diluted  concentration,  and  the  maximum  value  of  the  gradient,  which 
occurs  at  blow-off,  can  be  obtained.  The  authors  have  applied  their  theory  to  some  methane-air 
data.  The  computed  curve  is  of  the  same  shape  as  the  experimental  curve,  but  lower  by  a  factor 
of  about  three.  This  is  probably  caused  by  the  expansion  and  slowing  down  of  the  stream  as  it 
emerges  from  the  tube.  This  has  the  effect  of  giving  a  larger  and  slower  moving  stream,  which 
would  not  blow-off  as  soon  as  calculations  based  on  the  flow  velocity  in  the  tube  and  tube  diameter 
would  indicate. 

WohlO°L34)  considers  a  fundamental  distance,  A,  associated  with  the  combustion  process. 

He  then  discusses  in  some  detail  the  manner  in  which  A  is  related  to  each  of  the  observables,  dead 
space,  quenching  distance,  penetration  distance  (calculated  from  flash-back  data),  and  a  distance 
calculated  from  blow-off  data. 

Putnam  and  Smith(l6“35)  considered  the  extinction  region  where  the  flame  over  a  port  smaller 
than  the  critical  quenching  diameter  goes  out  as  the  flow  velocity  is  reduced.  In  this  case,  the 
predominant  loss  of  heat  is  not  to  the  walls  but  to  the  volume  of  gas  around  the  combustible  mixture. 
Essentially,  they  obtain  the  result  that,  at  extinction, 

Qcp  p/6\ 

is  constant  for  a  given  mixture.  is  the  volume  flow  rate  of  combustible  and  6  is  a  critical 
distance  similar  to  quenching  distance.  The  limited  amount  of  data  avilable  appear  to  confirm  this 
relation. 


Experimental  Results 


Garsidc,  Forsyth  and  Townend^ ^ 6—32,  33)(  jn  their  studies  on  cthylene-air  mixtures,  show 
that  the  normal  burning  velocity  for  any  concentration  remains  constant  down  to  pressures  as  low 
as  20  cm  of  mercury.  The  dead  space,  however,  which  they  define  as  the  distance  between  the 
burner  wall  a.id  the  luminous  boundary  of  the  flame,  was  shown  to  vary  with  flame  area,  pressure, 
temperature,  mixture  composition,  and  burner  size.  The  dead  space  is  not  quite  constant  with 
change  in  the  rate  of  flow  of  mixture,  so  that  dead  space  Increases  with  increase  In  sise  of  flame, 
more  so  at  lower  pressures.  It  is  necessary  therefore  to  refer  all  comparisons  of  dead  space  to 
a  standard  flame  area.  The  dead  space  was  also  found  to  increase  as  the  pressure  decreased,  and 
to  decrease  as  the  temperature  was  raised.  At  constant  pressure  the  effect  of  an  increase  in 
diameter  of  burner  is  to  cause  some  decrease  in  dead  space. 

Before  it  was  even  realized  that  dead  space*  was  important  in  flash-back  studies,  it  was 
realized  from  the  similarity  of  the  shapes  of  flame-speed  curves  and  flash-back  curves  (as  plotted 
against  fuel-air  compositions),  that  these  two  were  closely  related.  As  a  consequence  of  the  low- 
pressure  ethylene  studies,  the  role  to  dead  space  (or  a  similar  measurement)  became  more 


♦It  has  been  brought  to  the  attention  of  the  authors  that  Garside  confused  dead  space  with  depth  of 
penetration  of  quenching.  Dead  space,  as  defined  by  Garside  is  not  directly  Involved  at  the  flash¬ 
back  limit  and  only  becomes  directly  applicable  at  blow-off  when  the  ambient  atmosphere  is 
entrained  into  the  flame.  (The  author  it  grateful  to  J.  Grumer,  Bureau  of  Mines,  for  bringing 
forth  this  point). 
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apparent.  If  a  plot  is  made  of  the  reciprocal  of  dead  space  against  concentration  of  ethyiene  at 
various  values  of  pressure,  a  series  of  curves  similar  to  the  flash-back  curves  is  obtained.  The 
author's  conclusions  may  be  summarized  by  saying  that  the  tendency  toward  flash-back  is  pro¬ 
portional  to  the  ratio  of  burning  velocity  to  dead  space;  that  is,  at  constant  burning  velocity,  the 
mixture  with  the  smaller  dead  space  will  flash  back  more  easily  and  at  constant  dead  space,  the 
faster  burning  gas  will  flash  back  first. 

These  workers  have  studied  the  problem  of  blow-off  also,  and  although  their  study  is  not  so 
complete  as  the  flash-back  study,  they  note  that  the  blow-off  tendency  decreases  as  the  burner 
diameter  is  increased.  They  note,  without  comment,  that  above  a  certain  diameter  (not  given) 
blow-off  appears  independent  of  diameter.  This  may  only  be  an  illusion  caused  by  the  smaller 
improvement  at  larger  diameters.  It  might  also  be  related  to  a  change  in  flow  pattern  as  the 
Reynolds  number  increases. 

The  velocity  gradient  theory  has  also  been  the  basis  of  a  development  which  permits  a  cor¬ 
relation  of  blow-off  and  flash-back  data  in  terms  of  dimensionless  parameters(lk-36).  in  this  case 
the  dimensionless  parameter  is  the  Reflet  number,  DVpCp/X,  based  on  burning  velocity  and  on  jet 
velocity,  where  either  velocity  is  represented  by  the  quantity  V,  D_  is  the  diameter  of  the  burner, 
and  p,  Cp  and  \  refer  to  the  unburned  gas.  The  advantage  of  such  a  development  is  that  a  repre¬ 
sentation  of  flash-back  data  may  be  accomplished  for  several  burner  pressures  and  fuels.  In  this 
manner  the  Peclet  number  for  the  jet  is  found  to  vary  as  the  square  of  the  Peclet  number  for  the 
flame  for  high  flow  velocities. 

This  development  in  terms  of  dimensionless  parameters,  and  that  of  Lewis  and  von  Elbe, 
also  hold  for  the  case  of  laminar  flow  where  the  flame  is  held  from  the  end  of  an  axially  symmetric 
rod,  but  has  blown-off  at  the  outer  stream  boundary. 

It  has  also  been  shown  that  the  velocity  gradient  principle  may  be  applied  to  turbulent 
flame sU 6-37 ),  The  blow-off  of  seated  propane-air  flames  has  been  obtained  as  a  function  of  fuel/ 
air  ratio,  Reynolds  number,  and  tube  diameter.  In  the  region  studied,  with  Re  varying  between 
1000  and  20,  000,  the  blow-off  tendency  is  shown  to  decrease  as  the  diameter  of  the  tube  is  in¬ 
creased,  which  agrees  with  the  studies  made  in  the  laminar  rangc(  1 6-32),  The  velocity  gradient 
at  the  wall  correlates  with  the  fuel/ air  ratio  for  blow-off  in  fully  developed  flow  in  pipes,  whether 
laminar  and  turbulent.  Similarly  a  new  velocity  term,  Uw,  called  the  velocity  at  the  inner  boundary 
of  the  laminar  film  is  introduced  from  the  theory  of  turbulent  flow;  the  velocity  gradient  at  the 
wall  Is  given  by  Uwz/N^v,  where  N  is  a  constant  equal  to  10  and  v  is  the  kinematic  viscosity.  The 
authors  correlate  this  velocity  term  in  a  similar  manner  to  the  velocity  gradient  term.  However, 
although  interesting,  the  new  velocity  term  Uw  does  not  add  anything  to  the  general  picture  and  is 
limited  to  conditions  of  blow-off  in  the  turbulent  region,  whereas  the  velocity  gradient  correlation 
covers  both  laminar  and  turbulent  flow,  even  though  the  theoretical  development  haB  been  for 
laminar  flow.  Probably  such  a  correlation,  above  Reynolds  number  =  2300,  is  just  fortuitous, 
since  the  velocity  profile  changes  so  markedly  between  Re  =  2000  and  Re  *  3000. 

Reiter  and  Wright^-32)  have  studied  the  stability  of  mixtures  of  propane  plus  hydrogen  with 
air  in  the  laminar  region.  Their  work  is  to  be  compared  with  that  of  Bollinger  and  Williams(^-37) 
For  the  case  of  only  propane  and  air,  the  velocity  gradient  correlations  of  the  two  groups  fall  very 
close  to  one  another  (See  Figure  16-6).  This  helps  to  confirm  further  the  theory  of  Lewis  and 
von  Elbe,  since  Reiter  and  Wright  used  different  size  tubes,  made  of  different  material  (Pyrex)  and 
with  different  cooling  (air  cooling  instead  of  water  cooling)  than  other  workers.  Using  a  *ubc  0.  57 
cm  in  diameter,  the  comparison  is  good  up  to  a  critical  velocity  gradient  of  6000  second"^;  above 
this  the  blow-off  data  of  these  workers  tend  to  depart  from  those  of  Bollinger  and  Williams.  This 
occurs  at  Re  =  2200,  so  the  departure  is  not  astonishing  and  probably  represents  the  rule  rather 
than  the  exception,  even  though  the  Bollinger  and  Williams  data  hold  at  such  hirh  Reynolds  numbers. 

The  effect  of  adding  hydrogen  to  propane  is  nonlinear  both  for  flash-back  and  blow-off.  The 
effect  of  hydrogen  is  to  extend  the  velocity  gradient  over  which  the  burner  will  operate  satisfactorily. 
Although  the  authors  call  this  effect  a  "marked  effect",  if  one  considers  that  a  small  amount  of 
propane,  10  per  cent  of  the  fuel,  can  reduce  the  velocity  gradient  at  blow-off  as  much  as  80  per 
cent,  it  would  appear  that  the  more  marked  effect  is  that  the  small  amount  of  propane  can  quench 
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the  reaction  as  much  as  it  does.  In  general,  the  effects  noted  are  more  pronounced  in  flash-back 

1.1 — _ - f f 

*******  U1  U1UW  OX X  | 


Wrightt^-^,40)  has  followed  this  work  with  stability  studies  on  methane-CO  and  propane- 
CO  flames.  Grumer,  et  al./^“**)  have  also  investigated  these  mixtures  in  their  stability  studies 
on  mixed-fuel  combinations. 


Wohl(l6-42)  and  his  associates  have  studied  the  stability  of  butane-air  flames  above  tubes 
and  nozzles.  They  obtain  the  same  type  of  curves  of  velocity  gradient  as  a  function  of  fuel  con¬ 
centration  as  other  investigators.  Also  as  the  turbulent  region  is  approached  their  blow-off  curve 
tends  to  flatten  out  in  the  same  manner  as  Reiter  and  Wright  show  for  propane  flames.  Since  the 
velocity  gradient  at  the  nozzle  wall  will  be  greater  than  at  the  tube  wall,  it  would  be  expected  that 
flash-back  and  blow-off  would  require  smellier  flow  velocities  for  the  nozzle.  This  was  confirmed 
in  the  study.  It  was  also  shown  that  lifted  flames  (held  in  a  position  of  one  to  two  diameters  above 
the  exit  port)  were  more  stable  when  held  above  a  nozzle  than  above  a  tube.  The  stability  of  flames 
burning  off  a  nozzle  was  extended  toward  both  the  high  and  low  velocities  and  toward  lower  fuel  con¬ 
centrations.  More  detailed  analysis  of  these  flames  is  given  in  Wohl's  Fourth  Symposium 
paper. (16-34) 


Figure  16-6  is  a  compilation  of  the  stability  data  of  the  several  investigations  reported  above 
on  methane,  propane,  and  butane.  That  a  relation  exists  between  velocity  gradient  and  fuel/air 
ratio  is  evident. 
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FIGURE  16-6.  CRITICAL  VELOCITY  GRADIENTS  FOR 
METHANE,  PROPANE,  AND  EUTANE 

Clusins  and  Schumacher^* 6-42)  have  also  studied  lifted  flames  above  burner  tubes.  They 
studied  the  lifted  butane  flame  in  terms  of  the  effect  that  hydrogen  or  oxygen  had  as  an  additive) 
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they  observed  that  the  flame  drops  back  to  the  burner  tube  as  soon  as  the  burning  velocity  was 
increased. 

One  of  the  practical  uses  of  flame  stability  studies  is  to  determine  whether  various  fuels  can 
be  interchanged,  and  what  effects  they  have  on  each  other.  Grumer,  Harris,  and  SchultzO  6-41) 
have  been  concerned  with  this  type  of  problem  at  the  Bureau  of  Mines.  Their  work  applies  the 
velocity-gradient  theory  to  a  mixture  of  fuels.  By  comparing  the  stable  regions  of  the  mixed  fuels 
to  those  of  the  standard  fuels  (i.  e.  propane),  the  limits  within  which  fuels  may  be  interchanged  are 
readily  established. 

Kurz^1^-^)  has  studied  the  effect  of  various  hydrocarbon  mixtures  such  as  isobutane- 
ethylene  under  varying  Cow  velocities;  he  observed  that  on  the  lean  side  (with  respect  to  the  total 
fuel  concentration)  the  blow-off  and  flash-back  limits  are  readily  predicted  from  a  knowledge  of 
these  limits  for  the  two  fuels  burning  alone,  and  a  use  of  the  Le  Chatelier  principle.  Kurz's  and 
Grumer' s  general  result  3  are  quite  similar,  in  that  they  both  show  that  fuels  are  compatible  on 
the  lean  side,  but  are  not  compatible  on  the  rich  side.  In  the  case  of  hydrogen  sulfide  mixtures 
the  fuels  are  not  compatible  under  any  circumstance;  but  this  is  to  be  expected  because  of  the 
inhibiting  power  of  sulfur  in  chain  propagating  reactions.  06-45) 

The  stability  of  flames  burning  off  short  ports,  or  odd-shaped  ports,  is  complicated  by  the 
change  in  the  velocity  profile  of  gasss  passing  through  the  ports.  As  a  result  the  critical  velocity 
gradient  is  more  difficult  to  determine.  Wilson  and  Hawkins(  16-46)  have  correlated  the  blow-off 
of  ethylene  and  propane  flames  from  short  circular  ports  with  some  success,  while  Grumer  and 
co-workers^  ^-47)  have  made  successful  correlations  on  non-circular  ports. 

The  stability  of  the  flat  flame  has  been  investigated  by  Holland.  (16-48)  since  flame  stability 
has  been  shown  to  be  dependent  on  the  burner  orifice,  it  is  to  be  expected  that  the  stability  of  flat 
flames  would  depend  upon  the  degree  of  spread  in  the  gas  stream.  Holland  has  also  shown  that  the 
flat  flame  is  rather  unstable  while  streamline  flow  is  maintained,  but  is  rather  stable  if  slight 
turbulence  is  introduced. 

Putnam  and  Smith,  <16-35),  Qalcote,  (16-49)  and  Calcote  and  Pease^-SO)  have  made  studies 
of  the  effect  on  various  flame  stability  parameters  of  applying  an  electric  field.  Putnam  used  the 
field  as  a  means  of  extending  the  extinction  region  discussed  previously.  Calcote  made  a  more 
detailed  study  of  the  various  effects.  However,  a  quantitative  answer  has  not  been  given  to  the 
question  of  whether  the  effects  are  a  result  of  the  back  pressure  produced  by  the  ion  current,  or  an 
increase  in  burning  velocity  as  a  result  of  the  localized  ion  current. 


Quenching  Distance 


As  becomes  evident  in  Wohl's  discussion  of  the  problem  of  flame  stability,  ^ 6-34)  quenching 
distance  is  probably  a  fundamental  parameter  important  to  the  development  of  a  generalized  theory 
of  flame  stability.  However  the  relation  of  quenching  to  blow-off  is  not  as  yet  entirely  clear.  The 
Lewis  and  von  Elbe  treatment  does  show  the  possibility  of  such  a  relation  and  as  has  been  shown 
the  blow-off  data  can  be  correlated  fairly  well  using  the  velocity  gradient.  However,  the  added 
difficulty  of  the  diffusion  of  secondary  air  into  the  flame  is  more  than  a  minor  problem  and  tends 
to  blur  the  relation  of  qucnchirg  distance  to  blow-off  data, 

From  the  Btudiea  mentioned,  four  methods  of  measuring  quenching  distance  or  a  similar 
distance  have  developed  These  are:  (1)  measurement  of  the  dead  epacc  between  the  base  of  the 
flame  and  the  burner  rim,  {Z)  determination  of  the  minimum  tube  diameter  or  minimum  diotance 
between  two  parallel  plates  when  flash-back  occurs,  (3)  determination  of  minimum  diotance 
between  parallel  plates  at  which  spark  ignition  will  occur,  and  (4)  determination  of  the  ratio  of 
normal  burning  velocity  to  velocity  gradient. 

Friedman^ 6-51 )  and  Johnstont  16-52)  have  studied  the  quenching  problem  on  oxyhydrogen 
flames  and  on  propane-air  flames  using  the  second  method  of  plane-parallel  plates.  By  applying 
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a  simplified  picture  of  the  heat  generation  and  heat  flow  in  this  gap  to  the  Mallard-LeChatelier 
equation,  Friedman  expressed  the  quenching  distance  X  as 


X  = 


J. .  'SjlS.  'I 


1/2 


Ti  -  To  y 


(16-8) 


where  £  is  a  dimensionless  geometrical  ratio  with  values  between  0  and  1  and  the  other  symbols 
take  on  their  usual  meanings  (See  Chapter  14).  The  critical  gaps  for  stoichiometric  oxyhydrogen 
mixtures  with  varisrus  amounts  of  nitrogen  vary  from  0.  2  mm  to  1.16  mm  as  the  nitrogen  increases 
from  15  to  68  mole  per  cent.  In  order  to  calculate  the  heat  flow  to  the  wall,  it  is  necessary  to 
assume  a  certain  flame  thickness,  d,  so  that  before  the  flame-speed  equation  is  introduced  the 
critical  distance  X  is  expressed  as 


X  = 


d  . 


(16-9) 


This  equation  suggests  a  method  of  determining  the  reaction-zone  thickness  experimentally  where 
the  variation  of  the  flame  speed  of  a  mixture  with  pressure  is  known.  As  in  all  these  procedures, 
of  course,  the  accuracy  will  be  limited  by  the  precision  with  which  the  geometrical  factor  f  is 
known. 

Friedman  also  suggests  a  free-radical  analogue  of  Equation  l6-8r  he  has  applied  it  to  the 
case  described  above  of  inert  gases  in  an  oxyhydrogen  mixture.  This  mixture  does  not  turn  out 
to  be  the  best  choice,  however,  since  the  possibility  of  gae-phase  quenching  is  introduced  which 
further  complicates  the  diffusion  problem.  The  work  of  L.  Seig06-53)  on  the  narrowing  of  the 
limits  of  oxyhydrogen  mixtures  with  combustible  and  noncombustible  additives  establishes  the  fact 
quite  well.  However  to  use  a  radical  diffusion  analogue  in  the  quenching  distance  problem  demands 
a  greater  knowledge  of  the  kinetics  of  the  effects  reported  by  Seig  and  others.  In  this  sense  the 
state  of  knowledge  on  quenching  is  about  like  that  of  all  flame  propagation.  It  is  quite  likely  that 
radical  diffusion  must  exisF,  but  it  will  require  a  concentrated  effort  to  handle  the  complicated 
mathematical  problems  of  chemical  kinetics,  diffusion,  and  heat  transfer  simultaneously. 

Friedman  and  Johnston  find  that  the  minimum  quenching  distance  for  propane  flame  is  1.  2  in. 
at  35  mm  mercury  pressure.  On  the  basis  of  Figure  5  in  Reference  16-24,  this  would  correspond 
to  a  diameter  of  1.  6  in.  in  a  tube.  GereteinU6-I3)  in  his  study  of  the  effect  of  pressure  on  the 
flammability  limits  of  various  hydrocarbons  reports  a  low-pressure  limit  for  propane-air  of  34  mm 
Hg  in  a  2-in.  diameter  tube^^”®^.  Thus  it  appears  that  quenching  must  have  an  important  effect 
on  the  flammability  limits  at  low  pressures.  SimonU6_55)  has  attempted  to  correlate  all  these 
facts,  Table  16-5  shows  the  results  of  her  study.  Although  the  calculated  pressures  do  not  agree 
with  experimental  ones  at  smaller  quenching  distances,  results  suggest  rather  definitely  that  wall 
quenching  limits  propagation  In  a  tube. 

TABLE  16-5,  APPLICATION  OF  QUENCHING  THEORY 
TO  MINIMUM  PRESSURE  FOR  IGNITION 

(Slmon)^  1 6-55) 


Tube  Diameter, 
mm 

Plane  Parallel 
Distance,  mm 

Minimum  Pressure 
Expt'l 

,  mm  Hg 
Calc. 

10 

7.4 

500-700 

160 

18.  3 

13.  5 

170-200 

83 

33 

24.4 

49 

44 

58 

43.0 

25 

23 

89 

66. 

12 

14 

WADC  TR  56-344 


16-15 


HIGH  VELOCITY  FLAME  STABILIZATION 


High-duty  combustion,  under  conditions  of  steady  flow,  is  dependent  upon  flow  velocity  and 
the  flame-holding  system.  The  main  interest  in  flame  holders  lies  in  their  ability  to  permit  stable 
combustion  over  wide  limits  of  air  flow  and  fuel  concentrations.  Under  conditions  where  the  flow 
velocity  may  be  as  high  as  600  fps  it  is  necessary  to  anchor  a  stable  pilot  flame  at  some  point, 
whereupon  the  stable  flame  front  will  originate  from  this  point.  A  common  method  is  to  place  a 
suitably  designed  object  in  the  stream,  the  result  being  that  the  gas  mixture,  in  the  wake  of  this 
object,  is  slowed  down  to  a  velocity  which  will  support  a  stable  flame.  Flame  holders  may  have  a 
variety  of  shapes:  flat  plates,  rods,  wedges,  cylinders,  tubes,  etc.  The  important  point  is  that 
they  provide  regions  of  low  velocity  from  which  the  flame  may  be  held. 

It  is  of  interest  to  note  how  the  use  of  flame  holders  came  about.  Work  was  in  progress,  at 
the  Bureau  of  Standards,  for  the  investigation  of  the  use  of  hot  objects  to  serve  as  a  point  of 
ignition  in  high-velocity  combustion06"56).  wag  observed  that  the  flame  sometimes  left  the  hot 
object  and  stabilized  itself  at  a  point  downstream.  The  stabilization  occurred  at  a  point  of  sudden 
enlargement  in  the  piping.  This  enlargment  had  not  been  intended  to  serve  any  special  purpose. 

In  this  section,  the  various  test  results  on  flame-holding  will  be  discussed  first.  This  will 
be  followed  by  a  review  of  research  on  problems  related  to  flame  stability.  Finally,  the  various 
theories  of  flame  stability  will  be  considered  briefly. 


Experimental  Studies 


Scurlockf1^--^)  Btu<jied  homogeneous  mixtures  of  propane  and  air  and  of  city  gas  and  air  in  a 
rectangular  combustion  chamber  of  a  3  x  1-in.  cross  section,  at  flow  velocities  of  30  to  350  ft/ sec, 
at  atmospheric  pressure,  and  at  300  to  340  K.  Scurlock  used  rods,  wedges,  and  flat  plates  as 
baffles,  which  extended  across  the  full  width  of  the  combustion  chamber.  The  rod  diameters  were 
varied  from  1/1 6  to  1/2  in. 

To  explain  his  results  he  postulated  a  theory  of  blow-off  (to  be  discussed  later)  which 
indicated  a  correlating  equation  of  the  form 

V/Wn  *  <p  (composition)  ,  (16-10) 

where  Vie  the  velocity  at  blow-off,  W is  the  width  of  the  flame  holder,  n  is  a  constant  parameter, 
and  0  is  a  function  of  composition.  Scurlock  found  n  to  be  about  0.45  for  his  data. 

Figure  16-7  shows  the  rough  correlation  obtained  by  Scurlock  for  propane-air  mixtures  with 
various  sizes  of  flame  holders.  He  has  also  attempted  to  correlate  the  data  of  Longwell06"58)  and 
of  Lewis  and  von  ElbeU6-24)  on  this  basis,  with  poor  results.  This  is  not  surprising,  since 
Longwell  shows  an  excellent  correlation  of  his  own  data  with  n  n  1.  Moreover,  the  correlation  of 
Lewis  and  von  Elbe's  data  which  pertain  to  the  laminar  flow  range  given  in  Reference  16-39  also 
indicates  that  n  *  1. 

The  term  V/\V®*^®  in  Equation  16-10  is  dependent  on  the  type  of  fuel  as  noted  in  tests  with 
propane  and  with  city  gas. 

DcZubay(  1 6-60)  makes  some  attempt  to  determine  the  effect  of  this  dependence.  Table  6  is 
taken  from  DcZubay' s  discussion  of  Longwell1 8  review  of  the  topic  of  flame  stabilization^"^). 
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Air/Fuel  Ratio,  lb  per  lb 

FIGURE  16-7.  CORRELATION  OF  BLOWOUT  DATA  FOR 
PROPANE  AND  AIR 


Scurlockl  1 6-57) 


TABLE  16-6.  THE  VARIATION  OF  STABILITY  PARAMETER, 

V/D",  WITH  DIFFERENT  FUELSU6-61) 


Fuel 

Stability  Parameter 

Naphtha 

V/D 

Propane 

V/ D'  85 

Hydrogen 

V/D-  74 
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Scurlock  found  that  heating  the  stabilizer  extends  the  stability  limits  and  cooling  narrows 
them.  Similar  effects  have  been  noted  with  respect  to  quenching  distances.  He  also  found  that  the 
stability  limits  are  unaffected  by  the  outer  walls  within  a  range  of  ratios  of  duct  width  to  stabilizer 
dimension  of  about  10  to  80.  However,  smaller  ratios  of  duct  to  holder  size  have  been  used  by 
many  investigators,  and  may  have  considerable  effect  on  the  correlation  between  holder  size  and 
blow-off  velocity.  Because  of  the  interaction  of  the  flame  on  the  holder  and  the  spreading  of  the 
flame  in  a  confined  system,  the  length  of  the  combustion  chamber  is  also  of  importance.  It  should 
also  be  noted  that  the  stability  limits  decrease  with  increase  in  intensity  of  initial  turbulence. 

Haddock^  ^“^2)  used  a  nonleaded  gasoline  of  wide  distillation  range,  116  to  308  F,  and  high 
vapor  pressure.  The  flame  was  stabilized  on  cylindrical  rod  flame  holders  and  on  an  equilateral 
triangle  arrangement  of  three  2-in.  disks  in  a  plane  perpendicular  to  the  air  stream.  The  air 
velocities  were  as  high  as  300  ft/sec. 

Haddock  related  the  parameters  of  chamber  velocity,  mixture  temperature,  and  fuel  con¬ 
centration  to  blow-off  conditions.  Because  he  used  a  three -disk -type  of  flame  holder,  it  is  difficult 
to  compare  his  data  with  other  work.  This  holder  has  20  per  cent  area  blockage.  In  terms  of  a 
one-disk  holder  in  the  7.  75-inch  duct,  this  would  be  equivalent  to  a  3-1 /2-inch  flame  holder.  The 
ratios  of  duct  width  to  stabilizer  dimension  is  only  about  2.  3,  and  as  Scurlock  has  shown  above, 
below  a  ratio  of  10  the  walls  influence  the  results.  Haddock  reports  no  appreciable  change  in  flame 
stability  over  a  200  F  temperature  range.  He  finds  also  that  on  a  qualitative  basis,  longer 
chambers  are  needed  to  contain  the  flames  from  the  leaner  mixtures,  whereas  shorter  ones  suffice 
for  stoichiometric  mixtures.  This  of  course  is  in  agreement  with  all  flame-propagation  data 
which  indicate  that  the  slightly  richer  than  stoichiometric  mixtures  always  exhibit  maximum  flame 
speeds. 

In  a  latter  investigation,  Haddock06-63)  investigated  blow-off  using  an  apparatus  more  like 
that  of  Scurlock,  He  studied  the  blow-off  characteristics  of  a  completely  vaporized  and  mixed 
hydrocarbon  fuel  in  a  1  x  4-in.  combustion  chamber,  using  cylindrical  flame  holders  varying  in 
diameter  from  0.  127  to  0.494  in. ;  the  flame  holders  were  made  of  steel  and  were  cooled  by  water. 
He  finds  that  cooling  the  flame  holder  influences  results  only  slightly,  but  that  confining  the  flame 
to  a  constant-area  channel  tends  to  reduce  blow-off  velocities.  Blow-off  velocity  was  found  to  vary 
with  the  1.  2  power  of  the  initial  gas  temperatures  and  with  the  square  root  of  the  diameter  of  the 
flame  holder.  The  latter  point  agrees  with  Scurlock' s  correlation  on  city  gas  and  propane  flames. 

Russi,  Cornet,  and  CornogOk-64)  varied  flame-holder  temperature  from  500  to  2000  F.  Gas 
velocities  were  only  up  to  60  fps.  Their  results  showed  a  widening  of  the  stable  flame  region  (in 
terms  of  air-fuel  ratios)  as  the  temperature  was  raised.  However,  at  the  lowest  velocities  of  20 
feet  per  second  the  heat  effect  was  not  as  clear;  at  this  velocity  there  was  virtually  no  effect  on 
stability  over  the  entire  temperature  range.  Williams(  16-65)  covere£i  a  range  of  velocities  up  to 
350  fps ,  The  results  of  both  of  these  studies  indicate  that  the  higher  the  flame-holder  temperature, 
the  wider  the  stability  limits. 

Longwell(  16-58)  used  axially  symmetric  baffleB  of  various  shapes.  These  baffles  varied 
from  0.  75  to  2.  87  inches  in  diameter  and  the  flow  velocities  were  as  high  as  900  fps.  The  fuel  was 
petroleum  naptha.  The  limits  were  not  changed  much  unless  the  downstream  side  of  the  baffle  was 
rounded.  This  effect  was  observed  by  Scurlock,  too,  and  indicates  the  role  of  the  eddy  region  in 
flame  holding.  Longwell  also  found  that  whether  the  baffle  was  open  or  closed  at  the  downstream 
end  was  not  important.  Longwell  has  correlated  his  blow-off  data  by  plotting  the  ratio  r/V,  radius 
of  holder  to  velocity  of  stream,  against  the  air/fucl  ratio.  He  bases  his  analysis  on  the  mixing 
time  as  the  limiting  factor  and  says  that  this  should  be  proportional  to  the  volume  of  critical 
reaction  zone  and  inversely  proportional  to  the  velocity. 

By  introducing  sodium  into  the  flame  at  several  positions  downstream  from  the  flame  holder, 
Longwell  has  been  able  to  determine  the  approximate  length  of  the  reverse  eddy  zone.  The  length 
of  the  eddy  zone  is  found  to  extend  out  about  1.7  baffle  diameters  .downstream  from  the  baffle. 

An  investigation  of  the  effect  of  pressure  has  been  carried  out  by  DeZubay.  His  tests  were 
run  in  a  2-3/4-in.  duct  with  flat  disks  1/4  in.  to  1  in.  in  diameter.  Propane-air  mixtures  were 
used  at  flow  velocities  varying  from  40  to  550  fps,  and  at  pressures  of  3,  5,  7,  and  15  psia.  The 
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blow-off  velocity  was  found  to  vary  as  P®*  98d®*  85.  consequently,  the  fuel/air  ratio  at  blow-off 
is  a  function  of  VQJ  p0.  95d0.  85>  This 

is  in  close  agreement  with  Longwell' s  analysis  (air/fuel 
ratio  proportional  to  the  ratio  of  radius  to  blow-off  velocity). 

Figure  16-8  relates  the  results  of  these  four  investigations.  Also  included  are  some  data 
taken  from  Lewis  and  von  Elbe's  investigation  16-24)  0f  the  blow-off  properties  of  propane-air 
mixtures.  The  solid  line  is  taken  from  DeZubay' s  study  (Figure  4,  Reference  16-66).  The  other 
curves  on  this  plot  have  been  obtained  by  converting  the  various  test  results  to  DeZubay' s  cor¬ 
relation  factor  VQ/P®*  98d9,  85. 


FIGURE  16-8.  CORRELATION  OF  BLOW-OFF  DATA  FOR  VARIOUS  FUELS 
USING  THE  DEZUBAY  FACTOR,  V/d- 85p- 95 

In  a  later  paper  DeZubayi  1 6-67)  presents  further  propane  data  and  also  includes  some  data 
on  hydrogen-air  mixtures.  He  finds  the  blow-off  velocity  varies  less  rapidly  with  pressure  and 
diameter  of  holder  with  hydrogen  air  mixtures  than  with  propane. 

Barrc're  and  Ivlestre(  16-68)  present  some  excellent  data  on  a  series  of  flame  holders  in  a  con¬ 
fining  duct.  The  holders  vary  from  3  to  8  mm  in  diameter,  and  have  the  shape  of  disks,  spheres, 
hollow  hemispheres,  and  hollow  cones.  The  results  arc  similar  to  those  of  other  investigators. 
They  also  show  an  increase  in  stability  limits  by  a  change  in  temperature  of  the  oncoming  stream 
from  551*K  to  873*K,  and  a  decrease  in  stability  limits  by  an  increase  of  the  downstream  length 
of  the  combustion  chamber. 

Weir,  et  al,  ( 16-69)  ancj  KutE^0(  1 6-70)  investigated  the  blow-off  limits  of  spheres  and  disks, 
respectively,  in  an  open  system,  using  propane  as  the  fuel.  Both  investigations  show  that  the 
distance  of  the  flame  holder  above  the  nozzle  could  be  neither  too  high  nor  too  low  without  intro¬ 
ducing  extraneous  effects.  Kutzko  indicates  that  the  size  of  flame  holder  must  be  less  than  3/8  the 
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jet  diameter  to  prevent  interaction  of  the  holding  region  with  the  air  surrounding  the  jet.  It  should 
be  noted  that  corresponding  difficulties  have  been  observed  in  studies  in  closed  systems. 

These  tests  show  that  the  size  of  flame  holder  is  unimportant  in  determining  blow-off  limits 
at  low  velocities  on  the  rich  side.  This  result  is  probably  caused  by  preferential  diffusion.  As 
the  Reynolds  number  increases,  the  effect  of  preferential  diffusion  becomes  less,  and  the  stability 
curves  more  toward  the  lean  side.  The  stability  curves  for  the  smaller  diameter  holders  may 
contact  or  even  overlap  the  stability  curves  for  the  larger  holders,  on  the  rich  side.  On  the  lean 
side,  the  curves  are  correspondingly  spread  farther  apart.  It  should  be  noted  that  Spalding  and 
TallO6"71),  in  obtaining  their  excellent  correlation  of  blow-off  data  from  many  sources,  made 
such  a  shift  adjustment  in  processing  the  data. 

Kutzko  also  shows  that  when  the  flame  holder  becomes  so  small  as  to  approach  the  quenching 
distance  in  size,  the  ratio  of  the  flame  holder  size  to  the  quenching  distance  becomes  an  important 
factor.  Therefore  results  obtained  from  the  study  of  very  small  holders  are  of  little  value  for 
extrapolation  to  full  scale. 

PutnamU6-72)  p0jnts  out  that  as  the  angle  of  the  flame  at  the  line  of  flame  holding,  relative 
to  the  axis,  increases,  the  limits  of  stability  are  extended  for  a  given  diameter  of  flame  holder. 

He  also  indicates  that  the  boundary-layer  thickness  at  the  downstream  end  of  the  flame  holders, 
where  the  flame  is  held,  apparently  is  not  an  important  factor  in  determining  blow-off  limits. 

Hottel,  et  al^^-73)^  made  a  study  of  stabilization  of  flames  in  air-fuel  spray  mixtures  on 
rod  flame -holders.  The  results  of  this  study,  which  are  discussed  in  detail  in  Chapter  18,  can  be 
interpreted  in  terms  of  the  previous  results  pertaining  to  homogeneous  mixtures. 

Wakelin,  et  al,^^*”7^  injected  fuel  in  a  series  of  radial  jets  from  an  obstruction  on  the  axis 
of  the  1-inch  diameter  combustion  chamber.  The  air  received  an  intense  swirl  just  before  it 
passed  this  region.  This  created  an  intense  mixing  and  a  uniform  composition  in  the  combustion 
region.  The  swirl  probably  increased  the  holding  ability  of  the  obstruction,  also. 

With  this  equipment,  they  studied  the  flame -stability  characteristics  of  vaporized  fuels  in  an 
attempt  to  determine  the  fuel  properties  that  are  important  in  combustion  chamber  analysis  and 
design.  They  investigated  the  following  fuels:  isobutane,  SPBZ,  iso-octane,  neohexane,  benzene, 
toluene,  xylene,  cumene  and  cyclohexane.  Their  results  show  that  there  is  no  systematic  effect 
of  chain  length  or  aromatic  structure  on  flame  stability.  Also  there  was  found  to  be  no  correlation 
with  the  ease  of  oxidation  of  the  fuels  as  measured  by  spontaneous  ignition  tests,  and  equally  absent 
was  the  evidence  of  any  effect  due  to  additives. 

For  most  of  the  fuels  tested,  the  stability  limits  obtained  in  the  quartz  tube,  at  air  flows  of 
2500  cc/sec  for  lean  mixtures,  and  1000  cc/sec  for  rich  mixtures,  correlated  well  with  the  static 
ignition  limits.  But  this  good  correlation  does  not  establish  that  the  ignition  limit  is  the  controlling 
feature,  since  the  factors  of  flame  temperature  and  flame  speed  are  also  related  to  ignition  limits. 
Acetylene  was  also  studied,  and  the  correlation  here  was  not  as  good,  suggesting  that  flame  speed 
must  be  an  important  factor  also. 

Mlkol^k-75)  studi ed  the  problem  of  burning  of  propane  and  cf  city  gao  in  the  wake  of  cylinders 
in  a  system  in  which  the  gas  entered  through  a  slot  in  the  downstream  side  of  a  cylindrical  flame 
holder.  The  flame  holder  was  set  transverse  to  the  air  stream  and  all  mixing  and  combustion 
occurred  downstream.  Blow-off  data  were  obtained  on  flame  holders  1/2,  3/4,  and  1-1/2  in.  in 
diameter,  and  it  was  observed  that  stability  could  be  attained  over  a  100-fold  variation  in  gas  flow. 
Quantitatively  this  type  of  set-up  is  so  different  from  other  arrangements  that  results  can  not  be 
compared.  High-speed  pictures,  taken  of  the  burning  gases,  indicate  discrete  and  discontinuous 
masses  of  burning  gas.  Although  it  is  possible  that  the  burning  is  continuous  and  that  the  dis¬ 
continuous  regions  represent  discontinuities  in  luminosity,  it  appears  more  probable  that,  due  to 
the  manner  of  fuel  injection,  mixing  was  not  efficient  with  the  result  that  "ribbons  of  gas"  peeled  at 
the  proper  concentrations  for  combustion  and  only  these  tones  were  burning.  The  pictures  indicate 
recirculation  regions  three  to  five  diameters  long.  This  is  appreciably  higher  than  the  value 
reported  by  Longwcll  and  is  probably  due  to  the  action  of  the  gas  jet  in  extending  the  eddy  region  by 
reducing  the  reverse  flow  about  the  cylinder. 


WADC  TR  56-344 


16-20 


The  author  has  attempted  to  correlate  these  data  by  means  of  Scurlock' e  correlation  but  was 
unsuccessful.  The  data  likewise  do  not  correlate  with  DeZubay' s  work.  The  reason  for  this  is  that 
the  rich  limit  blow-off  is  strictly  a  mixing  phenomenon.  Therefore,  as  the  fuel  rate  is  increased, 
blow-off  becomes  dependent  upon  the  velocity  of  the  gas  jet  as  well  as  on  the  usual  factors  of 
flame-holder  dimension  and  gas  temperature. 


Related  Experimental  Studies 


Williams  and  Shipman^  6-7  6)  have  studied  propane-air  flames  in  a  1  x  3-in.  rectangular  duct. 
Flame  holder  size  was  varied  from  0.  1  to  0.  5  inches  diameter,  and  gases  were  analyzed  in  the 
wake  of  the  flame  holder  both  for  the  total  pressure  variation  and  for  concentration  changes.  The 
authors  note  that,  although  a  minimum  concentration  of  active  species  may  be  necessary  to  main¬ 
tain  a  flame,  other  factors  are  equally  important  in  determining  stability  limits.  From  pictures 
and  measurements  of  the  flames,  they  present  the  additional  argument  that  blow-out  occurs  from 
turbulent  decay  of  the  flame,  caused  when  the  recirculating  gases  are  replaced  by  cool  gases. 

These  investigators  also  showed,  from  their  measurements  of  composition,  that  preferential 
diffusion  takes  place  between  the  oncoming  stream  and  the  recirculation  zone  behind  the  holder. 
This  argument  serves  as  a  logical  basis  for  the  explanation  previously  mentioned  for  the  com¬ 
position  shift  of  the  stability  limits  with  flame -holder  size. 

Wilkerson  and  Fenn(l6-77)  investigated  the  ability  of  various  cone-shaped  flame  holders  to 
mix  the  heat  from  the  pilot  zone  with  the  fresh  gases.  This  was  accomplished  by  making  thermo¬ 
couple  traverses  in  the  gas  stream  and  determining  from  this  a  mixing  factor,  K  =  q/47TxT,  wher^i 
£  is  the  rate  of  heat  input,  x  is  a  distance  along  the  burner  axis  downstream  from  the  igniter,  and 
T  is  the  temperature  measured  at  this  distance.  The  mixing  factor  was  then  correlated  with  the 
pilot  heat  and  with  an  Arrhenius-type  reaction  rate  to  obtain  a  combustion  efficiency,  defined  by 
the  geometry  of  the  system. 

Wright  and  BeckerU6-78)  8tudied  the  ignition  of  a  stream  of  combustible  composition  by  a 
central  core  of  hot  gases.  They  showed  that  the  stream  could  be  ignited  in  this  manner.  There 
were  two  zones  apparent  in  the  flame,  an  initial  zone  with  a  weak  flame  confined  to  the  mixing 
region,  and  a  zone  containing  the  propagating  flame.  The  position  of  the  initial  flame  showed  little 
dependency  on  the  fuel/air  ratio  or  stream  velocity;  however,  the  flame  rapidly  moved  closer  to 
the  beginning  of  the  interfaces  as  the  temperature  of  the  hot  core  increased. 

The  intense  propagating  flame  moved  rapidly  upstream  with  increasing  richness  of  mixture, 
decreasing  velocity,  and  increasing  core  temperature. 

There  is  no  doubt  that  these  phenomena  are  related  to  the  process  that  occurs  between  the 
oncoming  gas  stream  and  the  recirculating  region  behind  a  flame  holder.  However,  a  correlation 
of  the  results  from  the  two  types  of  tests  has  not  yet  been  made. 

A  mathematical  study  of  the  reaction  interface  between  a  hot  gas  stream  and  a  cold  combusti¬ 
ble  mixture  has  been  carried  out  by  Marble  and  AdamsonU  6-79),  Although  a  comparison  of  these 
results  with  the  results  of  Wright  and  Becker  is  not  given,  the  conclusions  appear  to  be  compatible. 
These  studies  border  on  the  classical  studies  of  ignition  delay.  Because  of  this,  and  because  of 
the  spontaneous  ignition  theories  of  combustion  stability  advanced  by  Lloyd  and  Mullins,  ( 1 6-80,  81) 
it  is  necessary  to  review  some  of  the  work  on  ignition  lag. 

One  of  the  older  investigations  of  ignition  is  that  of  Wullmer  and  LehmanU6-82)  who  streamed 
the  gas  mixture  over  a  heated  wire  and  showed  that  ignition  occurred  more  readily  at  lower  flow 
velocities,  and  at  large  diameter  wires  when  the  flow  velocity  was  kept  constant,  Silvcr(  16-83) 
showed  that  ignition  in  a  static  system  could  be  achieved  by  shooting  small  heated  spheres  into  the 
gas  mixture.  He  showed  that  the  larger  the  diameter  of  the  spheres,  the  lower  the  surface  temp¬ 
erature  necessary.  PatersonO 6-84)  extended  the  study  from  the  low  velocity  of  12  fps  to  200  fps, 
and  found  that  sb  the  velocity  was  increased  it  was  necessary  to  raise  the  surface  temperature.  Ln 
a  more  recent  study  the  ignition  problem  has  been  examined  in  the  velocity  range  50-500  fps  for 
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heated  cylindrical  rods*  Most  of  the  data  taken  by  Mullen  and  his  associates  was  on  pentane-air 
mixtures  at  the  stoichiometric  fuel  concentration.  (16-85)  The  system  was  set  up  in  such  a  way 
that  obstacles  could  be  placed  in  the  stream  to  cause  a  turbulent  effect.  However,  no  measure¬ 
ments  of  the  turbulence  were  made.  The  results  were  expressed  in  terms  of  the  surface  temp- 
perature  of  the  rod  Tr  necessary  for  ignition.  Their  results  may  be  summarized  as  follows: 

(a)  Insertion  of  screens . Tr  raised 

(b)  Increasing  inlet  temperature  of  gases  . . . ; .  Tr  reduced 

(c)  Increasing  rod  diameter  .....  Tr  reduced 

(d)  Increasing  pressure . Tr  reduced 

(e)  Use  of  platinum  rod  instead  of  stainless  steel . Tr  raised 

(f)  Polished,  as  against  dull  rods . no  change 

(g)  Increasing  humidity . Tr  raised. 

In  comparing  the  effect  of  fuel  types  it  was  found  that  the  ease  of  ignition  based  on  the  surface 
temperature  of  the  rod  measurement  occurred  in  the  following  order  among  some  of  the  fuels  in¬ 
vestigated:  (1)  hydrogen,  (2)  acetylene,  (3)  carbon  disulfide,  (4)  ethylene  oxide,  (5)  propylene 
oxide,  (6)  pentane,  (7)  methanol.  This  order  was  obtained  at  a  flow  velocity  of  160  fpa. 

An  upward  concavity  exists  in  all  of  the  curves  of  surface  temperature  as  a  function  of 
stream  velocity  which  Mullen  and  his  group  obtained.  Mullen  explains  this  concavity  on  a 
"chemical  basis",  as  he  terms  it,  such  that  the  ignition  temperature  iB  related  to  an  ignition  lag, 
the  higher  the  ignition  temperature  the  shorter  the  ignition  lag.  This  relationship  may  be  ex¬ 
pressed  by  an  Arrhenius-type  rate  equation, 

tpne-E/RTig  .  extant,  (16-11) 

where  t  is  the  time  required  for  ignition  under  the  conditions  of  pressure,  P,  and  ignition  temp¬ 
erature  Tjg.  The  exponent,  n,  is  a  constant,  generally  between  zero  and  two. 

The  lag  time  in  the  ignition,  following  reasoning  similar  to  that  used  by  LongwellU6"58)  to 
explain  blow-off,  is  proportional  to  the  size  of  the  critical  reaction  zone  and  inversely  proportional 
to  the  feed  rate,  V, 


t  « 


(  rod  arca  )  *  ('•!')  . 

\  rod  perimeter/  \  V/ 


(16-12) 


This  becomes  then 

t  «  J2  ,  (16-13) 

where  D  is  the  diameter  of  the  ignitor  rod.  The  ignition  temperature  is  proportional  to  D/V,  and 
to  the  temperature  difference  between  the  rod  and  the  gas,  as  shown  by 

Tig  *  £  (Tr-Te)  .  (16-14) 

According  to  Equation  16-11  a  plot  of  log  t  against  I/T  is  linear,  everything  else  remaining  con¬ 
stant;  therefore  a  plot  of  log  (D/V)  against  V/D(Tr  -  T0)  should  be  linear,  Mullen’s  plot  gives 
good  linear  correlations  for  each  rod  diameter,  but  there  appears  to  be  a  further  influence  of  rod 
diameters  which  causes  a  change  in  slope  from  one  diameter  to  another.  Differences  found  for 
the  various  fuels  can  be  explained  fairly  well  by  their  reactivity  which  is  reflected  in  the  ex¬ 
ponential, 
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e-E/RT 

However,  the  influence  of  the  thermal  properties  of  the  fuels  must  also  be  considered,  otherwise 
the  behavior  of  hydrogen  can  not  be  explained. 

Strickland-Conatable(  16-86)  considers  the  ignition  delay  time  to  be  related  to  the  steady 
state  combustion  process.  He  uses  a  thermal  mechanism  which  assumes  no  reactions  before  the 
ignition  temperature  is  reached,  although  a  similar  result  could  probably  be  obtained  using  a 
radical  mechanism. 

The  delay  period,  P,  at  constant  temperature,  is  expressed  as 


P  *  ke-^'/^-'^ 


(16-15) 


In  a  time  dt  only  a  fraction  of  the  delay,  dt/P,  is  completed.  For  both  the  constant  temperature 
case  of  an  ignition  study,  and  the  varying  temperature  case  of  a  propagating  flame 


(16-16) 


From  this  point,  the  thermal  flame-speed  equations  are  applied.  Two  equations  are  obtained, 
one  being  Equation  1 6-1 6  in  terms  of  the  distance  x  along  the  reaction  path  and  another  in  terms  of 
temperatures  as  a  function  of  this  distance,  x.  By  a  trial  and  error  procedure,  a  value  of  Tj,  the 
ignition  temperature,  is  chosen;  T  is  obtained  as  a  function  of  x  and  this  is  substituted  into  an 
equation  of  the  form  of  Equation  1 6- 1 6.  When  the  area  integrates  to  unity,  the  conditions  arc  cor¬ 
rect,  under  the  assumptions  of  the  development. 

Using  data  of  Coward(  16-87)  and  0f  Lloyd(  16-88)  on  methane  and  kerosene,  respectively, 
ignition  temperatures  of  1180  C  and  1420  C  are  obtained.  These  temperatures  appear  quite  high. 
The  conditions  of  the  development  must  dictate  this,  for  if  some  reaction  had  occurred  before  the 
ignition  temperature  was  reached,  the  temperature  would  be  lower.  It  is  difficult  to  see  how  they 
could  be  lowered  much,  however,  in  a  strictly  thermal  development,  whereas  the  inclusion  of 
radical  diffusion  into  this  treatment  could  result  in  more  reasonable  values. 

A  generalized  extension  of  this  development  can  be  worked  out  in  terms  of  dimensionless 
parameters.  The  general  expression  used  is 


F 


2 


(16-17) 


where  k  iB  the  delay  constant  in  the  delay  period  given  by  Equation  16-15.  The  treatment  is  similar 
to  the  above  in  that  the  data  must  be  correlated  in  terms  of  the  k,  E,  and  Tj  values.  However,  it 
haB  the  advantage  over  the  preceding  treatment  in  that  a  trial  and  error  solution  is  not  necessary, 
and  the  variation  of  the  term  (c p/\)  with  temperature  through  the  flame  front  can  be  included,  Such 
a  treatment  for  methane  results  in  T{  =  1200  C,  which  is  comparable  to  the  value  obtained  by 
Strickland-Constable.  It  should  be  mentioned  that  the  reverse  process,  where  burning  velocity  is 
computed  from  ignition  temperature  data,  is  necessarily  very  inaccurate, 

Mullins(  16-89)  has  made  a  rather  thorough  study  of  the  ignition  of  fuels  under  conditions 
where  the  fuel  is  injected  into  a  duct  through  which  are  passed  the  hot  exhaust  gases  from  a  com¬ 
bustion  chamber.  The  effects  of  fuel  atomization  arc  readily  reproduced  and  the  chemical 
characteristics  of  many  liquid  fuels  may  be  examined.  Ignition  delays  of  the  order  of  those  experi¬ 
enced  in  gas  turbine  combustion  (0.  5  to  30  milli-seconds)  were  determined  for  many  fuel  sprays, 
including,  ethers,  alcohols,  esters,  cyclo-compounds,  kerosene,  and  others.  In  general  alr/fuel 
ratio  and  air  velocity  had  only  minor  effects  on  ignition  delay;  spray-particle  sice,  fuel  temperature 
and  air  turbulence  had  some  noticeable  effect.  Pre-heating  of  the  fuel  reduced  ignition  delay; 
Mullins  believes  that  this  reduction  exceeds  that  due  to  change  in  physical  properties.  In  tests  with 
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additives,  ethyl  nitrate  was  reported  as  the  only  additive  which  appreciably  reduced  ignition  delay. 
On  ascending  the  homologous  series  of  normal  alcohols,  Mullins  reports  an  increase  in  ignitability. 
These  studies  are  related  to'  Mullins’  other  work  on  vitiated  air  flames,  and  are  also  of  general 
importance  in  droplet  combustion  (Chapter  18). 


Theories  of  Flame  Holding 


Spalding  and  Tall(  1^-71)  have  presented  an  excellent  review  of  the  various  theories  and  ex¬ 
perimental  results  pertaining  to  flame  holding;  this  review  is  used  as  a  basis  for  the  following 
comments. 


Two  basically  different  theories  have  been  advanced  to  explain  the  flame  holding  action  of 
high  velocity  flame  holders.  The  more  recent  of  these  theories,  advanced  by  Longwell^ 6-90)  an(j 
DeZubayU6-67)>  is  that  of  the  homogeneous  reactor.  It  is  assumed  that  the  mixing  is  so  intense 
in  the  reaction  zone  that  the  mixture  is  homogeneous.  Equilibrium  is  at  the  point  where  the  dif¬ 
ference  in  mass  of  fuel  entering  and  leaving  the  zone  equals  the  rate  of  consumption  by  chemical 
reaction.  These  investigators  obtain 

A/vPn  =  0  (composition,  temperature)  ,  (16-18) 

where  A  is  the  entering  gas  mass  flow  rate,  v  is  the  reactor  volume,  P  is  the  pressure,  n  is  a 
constant  equal  to  two  for  a  bi-molecular  reaction,  and  0  i3  a  function  of  the  composition  and  temp¬ 
erature. 

Spalding  and  Tall,  however,  by  identifying  the  reaction  zone  with  the  thin  reaction  zone  in  a 
laminar  flame,  are  able  to  obtain  the  relation 

(Vd/D  =  K  (Fd/D2  ,  (16-19) 

where  V  is  the  blow-off  velocity,  d  is  the  characteristic  distance,  T  •  X/c^p,  and  K  is  a  constant. 

In  a  previous  paper,  Spalding^^-^!)  had  considered  three  models  of  the  general  type 
advanced  by  earlier  investigators.  In  the  first,  continuous  recirculation  of  the  burned  and  unburned 
gas  is  assumed  within  the  reaction  zone.  Extinction  occurs  when  the  supply  of  fresh  gases  reduces 
the  temperature  of  the  mixture  to  a  point  that  the  reaction  can  no  longer  keep  pace  with  the  supply. 

For  the  second  model,  the  reaction  zone  is  treated  as  a  pair  of  standing  vortices.  These 
are  fed  with  unburned  combustible  by  turbulent  diffusion.  When  the  temperature  profile  is  such 
that  the  reaction  rate  cannot  keep  up  with  the  turbulent  diffusion,  extinction  occurs. 

In  the  third  model,  Spalding  considers  a  jet  of  burned  gas  mixing  with  the  fresh  gas.  Again 
extinction  is  assumed  to  occur  when  the  mixing  becomes  too  intense  relative  to  the  reaction  rate. 

It  should  be  pointed  out  that  this  third  model  is  also  considered  in  detail  by  Lees^^"^2^.  The 
connection  of  the  model  with  other  work  at  C. Iv  T. ,  covered  in  the  previously  discussc  1  References 
16-78  and  16-79,  is  clear. 

Similarities  in  these  approaches  can  be  seen,  and,  indeed,  the  same  mathematical  relation 
comes  out  of  each  model.  It  is  also  not  surprising  that  the  relation  is  the  same  as  that  obtained 
by  Spalding  and  Tall  for  the  homogeneous  reactor. 

Spalding  and  Tall  finally  point  out  that  a  dimensional  analysis  is  sufficient  to  arrive  at 
Equation  16-19.  Since  there  arc  only  a  limited  number  of  relevant  variables,  this  result  also  had 
to  follow. 


Before  continuing  with  the  review  of  the  work  by  Spalding  and  Tali,  other  methods  of  ap¬ 
proach  to  this  same  problem  by  other  investigators  will  be  outlined.  Scurlock^ ^-57)f  to  explain 
his  results,  postulated  the  mechanism  of  flame  stabilization  as  follows.  The  cold  unburned  gases 
approach  the  rods,  separate  on  their  way  around  the  rod  and  then  come  in  contact  with  hot  gases 
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in  the  eddy  region.  A  rapid  transfer  of  heat  and  chain  carriers  occurs  along  this  contact  surface; 
ignition  temperature  is  reached  and  burning  takes  place.  The  chain  carriers  resulting  from  this 
combustion  then  move  into  the  eddy  region  where  they  become  available  to  continue  the  cycle.  The 
recirculating  hot  gases  in  the  eddy  region  are  thus  the  continuous  source  of  ignition.  The  rate  of 
heat  supply,  H,  necessary  for  continuous  ignition  should  be  a  function  of  the  same  properties  that 
hold  in  the  case  of  laminar  flames;  thus  the  following  expression  is  considered 

H  or  — (Tig-To)  ,  (16-20) 


where  VQ  is  the  average  stream  velocity  raised  to  an  arbitrary  power,  e,  and  the  other  symbols 
have  their  usual  meanings.  If  the  eddy  region  is  assumed  to  be  at  the  final  reaction  temperature, 
Tf,  one  can  expect  the  heat  tranfer  to  increase  as  (T£  —  T  )  increases  and  as  the  length  of  the 
heat-transfer  surface  increases.  This  latter  surface  is  proportional  to  the  characteristic 
dimension,  d,  of  the  stabilizer.  The  rate  of  heat  transfer  to  unburned  gas  in  the  eddy  region,  Htr, 
is  expressed  as 

lit,  a  (22o.)gX(Tf- TP©)  ,  (16-21) 

where  v  is  the  kinetmatic  viscosity,  and  g  is  an  exponent.  On  the  basis  that  at  blow-off  the  two 
rates  are  equal,  the  two  expressions  are  equated  to  give  the  following  equation: 


_k  igj-y. 

d«  ( Tj  —  T0) 


(16-22) 


where  Vjjq  is  the  chamber  velocity  at  blow-off,  e  and  g  are  exponents,  and  <0  (f)  is  a  function  of  the 
air/fuel  ratio. 

Scurlock  postulates  the  condition  of  blow-off  on  the  basis  of  these  thermal  equations.  Ab  the 
air /fuel  ratio  increases  more  energy  >b  required  for  ignition  and  the  eddy  region  then  becomes 
cooler,  until  the  region  cannot  transfer  enough  heat  from  the  burned  gases  to  ignite  the  oncoming 
mixture.  1 

Putnam  and  Carrier^ 6-93)  assumed  a  model  of  the  flame  holding  mechanism  in  which  the 
heat  transfer  to  the  unburned  gases  near  the  holder  was  balanced  againBt  the  heat  transferred  to  the 
recirculation  gases  farther  downstream,  after  the  gases  had  ignited  and  were  burning.  Following 
the  indications  of  photographs  that  the  interface  between  the  unburned  gases  and  the  recirculation 
zone  appeared  smooth  and  thin,  they  assumed  that  the  process  iB  controlled  by  laminar  diffusion. 
Modifications  to  this  assumption  are  possible  in  considering  the  final  results.  This  development 
shewed  that 


(F/V)  (FL/D  (16-23) 

is  essentially  constant,  with  only  slight  variations  resulting  from  variations  in  the  composition. 
Here  L  is  the  length  of  the  recirculation  zone.  This  result  is  the  same  as  that  given  in  Equation 
16-19. 


Following  their  analysis  of  the  various  theories  of  blow-off,  Spalding  and  Tall  correlate  other 
available  data  on  blow-off.  The  effects  of  preferential  diffusion  arc  accounted  for  by  shifting  the 
blow-off  curves  so  that  peak  values  occurred  at  values  corresponding  to  maximum  burning 
velocities.  After  this  transformation  (Vd/T)  was  plotted  against  (Fd/T). 

Figure  16-9  shows  the  resulting  plot.  The  axially  symmetric  holders  fall  on  one  curve  and 
the  two-dimensional  holders  fall  on  a  parallel  curve.  At  the  high  end,  the  slope  is  2:1  as  predicted 
by  their  theory.  At  the  lower  end,  the  slope  is  about  1.4:1,  which  corresponds  to  0.4  for  the 
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exponent  in  Scurlook  relation.  A  simple  qualitative  explanation  of  tb-.  1 ,4  values  is  based  on  the 
fact  that  d  should  not  be  the  diameter  of  the  obstacle  but  a  value  related  to  the  length  of  the  re¬ 
circulation  zone.  Below  a  certain  Reynolds  number  (which  varies  directly  with  the  vertical  co¬ 
ordinate),  the  length  of  the  recirculation  zone  gradually  increases.  This  leads  to  a  change  in  the 
slope. 
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Three  dimensional 

configuration _ 

0  Longwell;  axial  cylirt 
_  dare,  naptha 
♦  DeZuboy, disks,  pro 
pane 

a  Boddour  and  Carr; 
spheres,  prop 


Two  dimensional 
configuration 
•  Scurlock;  rods, 
city  gas 
►  Scurlock;  rods 
propane,  Baddcur| 
and  Carr;  rods, 
propane 

4  Scurlock;  gutters,-] 
city  gas 


I  10  100  1000 

Fd/T 

FIGURE  16-9.  CORRELATION  CURVES  FOR  FLAMES  STABILIZED 
BY  A  BLUFF  BODY  IN  A  PREMIXED  GAS  STREAM 

Spalding  and  TallU6-7i) 

Spalding  and  Tall  also  point  out  that  at  very  low  values  of  (Fd/T),  the  characteristic  value 
of  the  quenching  distance  is  approached.  This  will  result  in  another  break  in  the  curve,  this  time 
to  a  steeper  slope. 

Using  the  homogeneous  reactor  theory  as  a  basis,  Spalding  and  Tall  study  the  effects  of 
radiation  losses.  They  point  out  that  radiation  losses  result  in  a  lower  limit  to  the  stable  range  of 
operation.  Furthermore,  as  the  operating  pressure  decreases,  these  losses  become  more  import¬ 
ant  and  finally  result  in  a  lower  limit  to  the  pressure  at  which  the  reactor  may  be  operated.  These 
results  apply  not  only  to  the  recirculation  tone,  but  to  the  entire  combustor  considered  as  a  homo¬ 
geneous  reactor, 

Lloyd  and  Mullins^"®®'  ®  ^  advance  the  spontaneous  ignition  concept  as  being  the  important 
factor  in  flame  holding  as  contrasted  to  the  previous  terms  which  assume  a  steady  state  phenomena. 
Considering  that  the  factor  (V/d),  which  correlates  much  blow-off  data,  can  be  considered  as  a 
reciprocal  time,  that  the  homogeneous  reactor  concept  can  be  considered  on  a  sufficiently  small 
scale  to  be  isolated  islands  of  unburned  mixtures  being  ignited  by  temperature  effects,  and  that 
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ignition  delay  and  burning  velocity  can  be  related,  it  is  not  difficult  to  see  that  good  arguments  can 
be  advanced  in  favor  of  this  mechanism  proposed  by  Lloyd  and  Mullins.  Spalding,  in  his  discussion 
of  their  work,  points  out  that  two  characteristics  of  ignition  delay  times  are  an  exponential  vari¬ 
ation  with  temperature,  and  a  relation  independent  of  air/fuel  ratio;  these  two  characteristics  do 
not  appear  to  be  found  in  studies  of  flame  holding.  In  both  of  these  cases,  however,  the  mixing 
rate  maybe  the  controlling  rate  factor,  whereas  the  actual  ignition  of  the  "gases  would  still  be 
controlled  by  the  spontaneous  process  as  contrasted  to  the  continuous  propagation  of  other  theories. 

| 

Concluding  Remarks 

The  preceding  discussion  has  shown  that  there  may  be  limits  of  fuel/air  mixtures  beyond 
which  a  flame  will  not  propagate.  However,  the  effects  of  chamber  size  seem  to  prevail  in  most 
experiments  on  the  limits  of  combustion,  and  there  may  be  no  absolute  limit.  When  a  continuous  | 

flow  combustion  system  is  considered,  the  limits  of  combustion  are  found  to  depend  on  a  character¬ 
istic  velocity  of  the  fuel,  termed  burning  velocity,  and  a  characteristic  length,  such  as  quenching 
distance.  Using  these  concepts,  qualitative  explanations  of  the  observed  phenomena  are  possible, 
but  in  some  instances  quantitative  explanations  are  not  satisfactory. 

At  high  velocities,  where  flames  are  stabilized  by  bluff  bodies,  the  limits  depend  on  the 
velocity  and  size  of  the  stabilizer.  The  exact  dependence  is  a  function  of  many  variables,  several 
of  which  are  often  ignored  or  unrecognized.  There  is  considerable  evidence,  however,  that  the 
detailed  mechanism  of  flame  holding  may  change  as  the  Reynolds  number  increases.  At  the  lower 
velocities,  the  recirculation  region  is  longer.  A  long,  smooth,  thin  luminous  region  surrounds  ' 

the  upstream  side  of  the  recirculation  zone.  As  the  velocity  increases,  the  recirculation  zone 
tends  to  become  smaller.  The  thin  luminous  zone  also  tends  to  shorten.  It  has  been  observed  in 
some  cases  that  blow-off  is  preceded  by  a  rapid  destruction  of  this  zone  from  the  downstream  end. 

However,  there  is  some  evidence  that  the  entire  zone  can  be  turbulent  and  the  flame  will  still 
persist.  A  detailed  study  of  the  characteristics  of  the  flame  holding  mechanism  itself  as  a  function 
of  size  of  holder,  fuel  composition,  stream  velocity,  and  stream  turbulence  is  definitely  needed. 

On  the  theoretical  side,  the  various  theories  all  seem  to  lead  to  the  same  result;  however, 
this  is  not  surprising  since  only  a  limited  number  of  parameters  are  considered.  This  leads  to 
only  a  limited  number  of  dimensionless  groups  to  correlate  the  data,  regardless  of  the  actual 
theory  put  forth. 

Possibly  the  most  suitable  manner  in  which  to  conclude  the  discussion  of  the  flame  holding 
problem,  is  to  point  out  that  each  investigator  evaluates  the  various  aspects  of  the  problem,  and 
develops  a  model,  on  the  basis  of  his  own  background.  Thus,  each  model  may  contain  some 
aspects  of  the  true  picture,  but  none  is  entirely  correct. 
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CHAPTER  17.  IGNITION  OF  COMBUSTIBLE  MIXTURES 


ABSTRACT 


Spark  ignition  of  inflammable  gas  mixtures  has  been  the 
subject  of  extensive  experimental  and  theoretical  research  for 
over  a  hundred  years.  Weaknesses  in  early  research  tech¬ 
niques  resulted  in  conclusions  at  variance  with  present  knowl¬ 
edge.  Recent  workers  have  been  successful  in  correlating  igni¬ 
tion  test  data  with  significant  variables,  and  with  theories,  so 
that  the  factors  in  ignition  of  static  gas  mixtures  are  well  de¬ 
fined.  Important  variables  are:  (a)  properties  of  the  gas  mix¬ 
ture,  including  fuel  properties,  and  proportions  of  fuel,  oxygen, 
and  d'luentn,  (h)  imposed  conditions  of  pressure  and  tempera¬ 
ture,  and  (c)  spark  conditions,  including  energy  and  duration  of 
the  discharge,  and  shape  and  spacing  of  the  electrodes. 


WADC  TR  56-344 


A 

». 


CHAPTER  17 


IGNITION  OF  COMBUSTIBLE  MIXTURES 
by 

H.  R.  Hazard 


The  precise  sequence  of  events  leading  to  ignition  of  combustible  gas  mixture  by  an  electric 
spark  or  other  small  source  of  energy  is  not  yet  clearly  understood.  In  spite  of  sporadic  research 
in  spark  ignition  for  the  past  150  years,  the  known  variables  of  spark  ignition  were  related  em¬ 
pirically  for  the  first  time  in  the  work  of  Lewis,  von  Elbe,  and  associates,  published  in  1947.  In 
most  of  the  earlier  work  experimenters  observed  the  effects  of  one  or  more  variables,  but  failed 
to  consider  others  which  also  affected  their  data,  with  the  result  that  a  great  mass  of  confusing, 
contradictory,  and  incorrect  information  on  spark  ignition  is  widely  distributed  through  the  various 
technical  journals. 


As  an  ignition  source  for  studying  the  mechanism  of  ignition,  an  electric  spark  has  the  fol¬ 
lowing  advantages: 

1.  The  energy  interchange  from  electrical  circuit  to  gas  is  nearly  instantaneous;  the  dis¬ 
charge  duration  can  be  varied  from  about  0.  01  microsecond  upward  at  will. 


2.  The  energy  source  is  highly  concentrated;  a  large  amount  of  energy  can  be  introduced  into 
a  small  spark  gap. 

3.  Precise  measurement  of  the  rates  of  energy  discharge  and  the  total  energy  of  discharge 

can  be  made.  f 


4.  All  of  the  energy  measured  passes  into  the  gaB  to  be  ignited,  so  that  large  corrections  are 
eliminated. 


The  greatest  disadvantage  of  the  electrical  spark  for  ignition  research  is  the  uncertainty  as  to 
the  exact  mechanism  by  which  electrical  energy  causes  ignition,  and  how  electrical  factors  affect 
results.  This  objection  appears  minor  compared  to  the  advantages  of  spark  ignition  as  a  research 
tool. 


Ignition  sources  other  than  electric  sparks  have  been  used,  to  a  certain  extent,  for  study  of 
ignition  processes.  These  include  hot  particles  injected  into  the  explosive  mixture,  wires  or 
large  metal  strips  heated  to  known  temperatures,  and  fine  fuBible  wires.  In  general,  these  ignition 
sources  have  not  been  so  satisfactory  as  electric  sparkB,  because  the  rate  at  which  heat  was  added 
to  the  explosive  mixture  was  low,  the  corrections  involved  were  usually  much  larger  than  the  en¬ 
ergy  required  for  ignition,  and  interpretation  of  data  was  difficult. 

At  the  present  time,  the  most  comprehensive  and  authoritative  study  of  all  phases  of  ignition 
is  that  of  Lewis  and  von  Elbe  published  in  their  1951  edition  of  "Combustion,  Flames  and  Explo¬ 
sions  of  Gasea"^^”^).  In  thin  Chapter,  the  data  of  Lewis  and  von  Elbe  has  been  used  as  a  cri¬ 
teria  for  evaluation  of  the  data  of  other  experimenters. 


HISTORY  OF  RE5EARCHLPN  SPARK  IGNITION 


The  earliest  significant  research  on  spark  ignition  of  gases  was  that  of  Sir  Humphry  Davy, 
who  published  the  results  of  his  investigations  in  1816.  Ninety-six  years  later,  H.  F.  Coward'^”  ^ 
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remarked  that  "in  spite  of  the  interest  attaching  to  the  phenomenon  of  ignition  our  knowledge  of  the 
subject  has  not  increased  much  since  the  investigations  of  Sir  Humphry  Davy  were  published  in 
1816".  In  this  review,  the  ignition  research  which  took  place  before  1912  will  be  ignored,  as  the 
state  of  knowledge  at  that  time  was  not  sufficient  to  be  of  particular  interest. 

The  study  of  ignition  during  the  past  50  years  has  been  carried  on  through  the  efforts  of  a  few 
key  personalities,  with  the  help  of  more  numerous  collaborators.  Because  of  the  small  number  of 
research  investigations  for  which  results  have  been  published,  the  general  nature  of  each  of  them 
is  described  below  with  comments  on  the  value  of  the  test  data  and  the  general  conclusions  of  the 
experimenters.  Ignition  theories  are  discussed  separately. 


H.  F.  Coward,  1912-1927 


H.  F.  Coward  and  associates(17-2,  3,4)  determined  the  least  igniting  pressures  of  gas  mix¬ 
tures  using  both  inductance  sparks  and  capacitance  sparks.  The  use  of  least  Igniting  pressure  as  a 
criterion  of  ignition  requires  that  ignition  occur  under  quenching  conditions,  so  that  all  data  are 
limited  in  this  respect.  In  a  variety  of  experiments  it  was  found  that  optimum  spark  lengths  ex¬ 
isted  for  various  gas  mixtures  and  pressures,  that  the  amount  of  gas  burned  in  passing  a  spark 
under  conditions  which  did  not  cause  ignition  was  related  to  spark  energy,  that  ignition  was  inde¬ 
pendent  of  the  size  and  shape  of  the  container,  and  that  all  gas  burned  except  for  the  film  at  the 
wall.  The  work  was  performed  carefully  and  the  results  well  interpreted. 


W.  M.  Thornton,  191.2-1924 


Thornton^_5>  6,  7,  8)  8yfltematically  varied  electrical  and  chemical  factors,  publishing  a 
large  mass  of  data  on  the  effects  of  spark  parameters  and  gas  properties.  These  data  now  appear 
more  confusing  than  enlightening.  It  is  obvious  that  his  data  were  affected  to  a  variable  degree  by 
quenching  effects  in  small  spark  gaps,  making  them  useless  for  any  present  correlation  work. 


R.  V.  Wheeler,  1914-1924 

Wheeler(^_9>  12)  UB0(j  fixed  spark  gaps  to  determine  the  least  igniting  current  (in  the 

primary  of  an  inductance  coil)  for  mixtures  of  various  gases  at  various  pressures.  In  addition,  he 
used  "break  sparks  "( 1 1 3  )^  in  which  electrodes  in  contact  were  suddenly  separated,  determining 
the  ignition  energy.  His  energy  values  were  10  to  20  times  those  of  later  experimenters  because  of 
quenching  effects.  Finally,  Morgan  and  WheelerO^-^)  collaborated  in  experiments  in  which  me¬ 
thane-air  mixtures  were  ignited  by  inductance  sparks  using  variable  spark  gape.  It  was  found  that 
the  spark  length  for  minimum  ignition  energy  varied  with  methane  content.  Although  no  energy  val¬ 
ues  were  published,  the  spark  lengths  reported  were  similar  to  recent  values  U^-l).  The  signifi¬ 
cance  of  the  data  was  completely  misinterpreted  in  a  thermal  theory  in  which  the  effect  of  spark 
length  was  discussed  in  terms  of  the  concentration  of  heat  in  the  ignited  gas,  and  the  resulting 
temperature  gradients  through  the  gas,  involving  loss  of  heat  from  the  source.  Loss  of  heat  to 
the  electrodes  was  not  suspected.  Although  Wheeler's  results  and  techniques  were  superior  to 
those  of  previous  experimenters,  they  appear  to  have  little  current  importance. 


J.  D.  Morgan,  1916-1934 


Morgan^*^'  determined  minimum  ignition  energies  for  mixtures  of  coal  gas  and  air 
using  several  induction  colls  with  different  core  arrangements.  He  found  that,  although  input 
energy  to  the  coils  varied  considerably,  the  output  energy  for  ignition  was  identical  for  all 
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arrangements.  In  research  toward  verifying  a  thermal  theory  of  ignition^ 7-17)^  he  passed  a  rapid 
series  of  sparks  through  lean  mixtures  of  carbon  monoxide  and  air,  and  found  that  the  amount  of 
gas  burned  was  proportional  to  the  heating  effect  of  the  arc.  He  also  achieved  similar  results 
using  a  heated  wire.  The  work  was  crude  compared  to  that  of  later  experimenters,  and  appears  of 
little  value.  An  attempt  to  relate  thermal  and  electrical  theories  of  ignition^”*®)  was  inconclu¬ 
sive.  All  of  the  v/ork  of  Morgan  is  reviewed  in  a  book  published  in  1944(17-19). 


C.  C.  Patterson  and  N.  Campbell,  1918 


Patterson  and  Campbell  17-20)  ^id  a  iarge  amount  of  research  on. the  electrical  characteris¬ 
tics  of  spark  circuits  and  their  influence  on  ignition.  In  an  attempt  to  control  current  and  duration 
of  sparks  from  a  capacitor,  they  found  that  the  discharge  consisted  of  a  series  of  sparks  of  similar 
voltage  and  current  with  time  intervals  between.  Spark  duration  was  shown  to  be  below  50  micro¬ 
seconds.  (Values  of  0.01  to  1  microsecond  are  now  accepted. ) 

Experiments  with  induction  coils  showed  that  they  produced  a  aeries  of  "capacity  sparks" 
from  the  characteristic  capacitance  of  the  circuit.  Ignition,  if  obtained  at  all,  was  obtained  with 
the  first  spark,  which  had  somewhat  higher  voltage  than  successive  sparks.  Experiments  with 
spark  voltage,  capacitance,  electrode  geometry,  and  electrode  material  showed  variations  to  be 
expected  under  quenching  conditions.  In  a  final  application  of  their  results,  it  was  shown  that  the 
power  output  of  an  aircraft  engine  in  dynamometer  tests  was  exactly  the  same  using  spark  energy 
of  1.4  millijoules  per  spark  as  it  had  been  with  the  standard  ignition  system  supplying  90  milli- 
joules  per  spark. 

The  approach  of  Patterson  and  Campbell  to  the  ignition  problem  was  sound,  and  they  pub¬ 
lished  considerable  practical  information  on  spark  circuits,  but  the  actual  data  on  ignition  is  of 
little  value  because  it  was  obtained  under  quenching  conditions  which  mask  the  effect  of  other 
variables. 


Bone,  Frazier,  and  Witt,  1927 

Bone,  Frazier,  and  Witt^”^'  studied  the  effect  of  spark  energy  on  the  speed  of  flame  pro¬ 
pagation  from  a  spark  gap.  They  found  that  the  velocity  of  flame  propagation  was  independent  of 
spark  energy,  although  the  flame  following  a  high-energy  spark  was  much  brighter  than  that  from 
a  low-energy  spark. 


G.  I.  Finch  and  Associates,  1931-1937 


G.  I.  Finch  and  his  several  associates  conducted  an  extensive  research  program  to  determine 
the  effect  of  electrical  factors  on  spark  ignition.  From  this  work,  Bradford  and  Finch'1  “  ' 

arrived  at  their  excitation  theory  of  ignition,  which  is  of  interest  because  it  is  the  only  theory  which 
showed  that  specific  electrical  factors  could  be  more  important  in  determining  the  igniting  power 
of  a  spark  than  the  total  energy  discharged.  Careful  analysis  of  their  data  indicates  that  it  was  ob¬ 
tained  under  quenching  conditions  which  mask  the  effect  of  other  variables.  Although  they  have  de¬ 
monstrated  that  electrical  factors  such  as  discharge  current,  frequency,  and  duration  of  Inductance 
sparks  can  affect  igniting  power  slightly  when  large  quenching  effects  arc  present,  their  interpre¬ 
tation  of  the  data  appears  extremely  questionable. 

Finch  and  Tbompson(  17-23)  observed  that  the  frequency  of  a  capacitance  discharge  spark, 
controlled  by  variables  in  the  electric  circuit,  influenced  the  igniting  power  of  the  spark  to  a 
greater  degree  than  discharge  energy  or  duration.  They  concluded  that  specific  molecular  acti¬ 
vation,  rather  than  thermal  effects,  caused  ignition.  Ignition  energies  were  about  10,000  times 
as  great  as  those  of  recent  cxperimcntersU7-l)(  a  result  of  quenching  conditions. 
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Bradford,  Finch,  and  Priori  1  -24,25)  studied  the  effects  of  attenuation  of  the  capacitance 
and  inductance  components  of  coil  discharges  on  their  igniting  power.  They  found  that  the  capaci¬ 
tance  component  contributed  nothing  to  ignition,  but  that  any  attenuation  of  the  inductance  compo¬ 
nent  reduced  igniting  power.  Careful  analysis  of  the  data  for  these  tests  shows  that  the  ignition 
energies  observed  for  the  capacitance  component  of  the  spark  alone  were  not  much  higher  than  those 
found  by  recent  experimenters;  however,  as  inductance  energy  was  added,  the  ratio  of  discharge 
energy  to  present  accepted  values  of  minimum  ignition  energy  increased  from  about  10  to  about 
10,000,  indicating  that  the  inductance  energy  as  applied  under  the  test  conditions  was  not  effec¬ 
tively  used.  It  is  concluded  that  the  work  of  Finch  and  associates  contributes  little  to  current 
understanding  of  ignition,  except  that  it  re.ises  a  question  as  to  why  an  inductance  spark  will  some¬ 
times  cause  ignition  under  quenching  conditions  when  a  capacitance  spark  of  similar  energy  may 
not. 


H,  R.  Thompson,  1932 


Thompson^ 7"2^  used  least  igniting  pressure  as  a  tool  to  study  the  reaction  mechanism  of 
hydrogen  -oxygen  mixtures.  Mixtures  of  hydrogen  and  oxygen  were  diluted  by  12  gases  of  different 
physical  properties,  and  ignited  by  sparkt  from  an  induction  coil  in  a  fixed  spark  gap.  It  was 
found  that  the  partial  pressure  of  the  reactants  decreased  as  the  diffusion  coefficient  of  the  diluent 
decreased  and  as  the  proportion  of  the  diluent  increased.  These  data  were  taken  as  evidence  that 
combustion  took  place  by  a  chain  reaction  mechanism.  The  concept  of  least  igniting  pressures 
appears  satisfactory  for  the  type  of  comparisons  made  by  Thompson,  although  it  is  not  satisfactory 
for  determining  the  relation  of  minimum  ignition  energy  to  pressure. 


G,  Mole,  1936 

Mole<17“27)  proposed  a  theory  of  ignition  based  on  the  concept  of  a  local  ignition  source  con¬ 
taining  active  particles  which  increase  in  number  by  chain  branching  and  disappear  after  a  short 
life.  If  the  number  of  active  particles  increases  without  limit,  ignition  results. 


H.  G.  Landau,  1937 


Landau(17-28)  developed  a  theory  based  on  the  assumption  that  the  chemical  reactions  in  a 
small  volume  surrounding  an  ignition  source  are  of  the  chain  type.  He  assumed  that  the  ignition 
source  introduced  an  initial  concentration  of  active  particles,  which  increased  by  chemical  reac¬ 
tion  and  were  lost  by  diffusion.  If  the  reaction  proceeded  so  that  temperature  at  the  ignition 
source  increased  without  limit,  ignition  occurred.  In  an  extension  of  this  theory(^“29) ,  a  mathe¬ 
matical  treatment  for  ignition  from  ellipsoidal  sources,  having  as  limits  a  sphere  and  a  cylinder 
of  infinite  length,  was  developed.  Landau's  theory  appears  to  be  of  academic  interest,  as  the 
variables  used  cannot  be  measured  by  conventional  means. 


H.  Herzing,  1937 


Hcrring^7”'^  investigated  the  effects  of  spark  length,  Bpark  energy,  and  fuel-air  propor¬ 
tions  on  the  ignition  of  pentane,  heptane,  hexene,  and  air,  using  sparks  from  an  induction  coil 
to  determine  least  igniting  pressures.  He  was  able  to  plot  the  usual  U-shaped  curve  of  least 
igniting  pressure  against  mixture  ratio,  determine  an  optimum  spark  length,  measure  a  slight 
effect  of  initial  gas  temperature,  and  show  that  the  most  ignitablc  mixture  was  richer  for  higher 
molecular  weight  fuels.  Although  these  experiments  were  not  of  particular  significance,  they 
again  demonstrated  the  importance  of  spark  length  in  determining  ignition  energy. 
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R.  Viallard,  1938-1948 


Viallard^-'** '  ^  measured  the  minimum  energy  for  ignition  of  diethyl  ether  and 

air,  in  various  proportions,  at  atmospheric  pressure.  From  his  data,  he  observed  that  energy 
for  ignition  could  be  represented  by  the  relation:  H=CVX,  where  H  is  minimum  ignition  energy, 

C  is  capacitance,  V  is  voltage,  and  x  is  a  constant  for  each  shape  of  electrode.  Yiallard  concluded 
that  the  important  variable  in  ignition  was  not  energy,  because  discharge  energy  varies  with  CV-, 
while  his  constant,  x,  varied  from  2  to  9,  being  lowest  for  pointed  electrodes  and  highest  for  large 
spherical  electrodes.  Lewis  and  von  Elbe  (Ref  17-1,  p  425)  have  examined  the  work  of  Viallard 
closely  to  determine  the  reason  for  the  variable  nature  of  the  voltage  exponent,  and  have  concluded 
that  the  experiments  were  conducted  using  low  voltages  and  high  capacitances  in  such  a  way  that 
quenching  effects  caused  the  variation.  With  short  spark  length,  where  quenching  is  significant, 
pointed  electrodes  minimize  quenching  effects;  the  data  with  other  electrode  shapes  merely  show  the 
relative  quenching  effects  in  short  arcs.  Viallard’s  work  appears  to  contribute  little  toward  an 
understanding  of  theoretical  aspects  of  ignition. 

i  A,  Hayakawa  and  R,  Goto,  1941 
(  . 

j|  ^  *  V 

Hayakawa  and  Goto  {17- 35)  investigated  ignition  of  hydrogen-oxygen  and  hydrogen-air  mix¬ 
tures  by  electric  sparks,  relating  spark  voltage  to  ignition  pressure.  Their  work  does  not  appear 
to  be  significant. 


Y.  Toryama,  S.  Saito,  and  R.  Saito,  1942-1943 


Toryama,  Saito,  and  Saito{*7-36,  37,  38)  observed  that  energy  required  for  ignition  was  re¬ 
duced  when  a  suitable  inductance  was  included  in  the  discharge  circuit,  that  ignition  energy  was 
not  affected  by  electrode  material,  and  that  blunt  electrodes  required  more  energy  than  pointed 
electrodes.  These  data  are  all  typical  for  short  spark  gaps  in  which  quenching  is  a  factor.  In 
later  experiments  they  found  that  energy  required  for  ignition  depended  on  spark  length. 


J.  W,  Llnnett  and  Associates,  1945-1949 

Linnett{17-39,  40)  s tudied  the  effects  of  diluent  gases  on  the  limiting  igniting  preBBureu  of 
stoichiometric  mixtures  of  hydrogen  and  oxygen,  and  of  hydrogen  and  nitrous  oxide.  Diluent  gases 
were  selected  to  cover  a  range  of  diffusivities  and  thermal  conductivities  in  an  attempt  to  distin¬ 
guish  between  the  effects  of  diffusion  and  those  of  thermal  conduction.  From  data  with  hydrogen- 
oxygen  mixtures,  it  was  concluded  that  the  effect  of  email  quantities  of  diluent  gas  was  to  inhibit 
diffusion  of  chain  carriers  from  the  ignition  center,  Improving  ignition;  the  effect  of  large  quan¬ 
tities  of  diluent  waB  thermal,  extreme  dilution  lowering  the  temperature  resulting  from  the  initial 
ignition  processes,  stowing  the  reaction  and  making  ignition  more  difficult.  The  theory  developed 
by  LinnettU7-39),  which  is  based  on  the  previous  theory  of  Mole(^7-27))  appears  to  explain  the 
data  satisfactorily.  This  theory  is  based  on  the  assumption  that  ignition  occurs  if  the  rate  of  for¬ 
mation  of  chain  carriers  exceeds  the  rate  of  loss  of  chain  carriers  by  diffusion  to  surrounding  gas. 

From  the  data  on  nitrouB  oxide -hydrogen  mixtures  it  was  concluded  that  the  ignition  of  this 
mixture  was  thermal  in  character,  and  was  governed  largely  by  thermal  properties  of  the  mixture. 
In  comparing  the  results  with  different  diluents  it  was  found  that  the  relation  of  the  ratio  of  ignition 
energy /heat  capacity  to  heat  capacity  was  a  straight  line  for  mixtures  with  each  diluent  gas,  which 
was  in  accord  with  the  requirement  of  a  thermal  theory  of  ignition,  that  the  temperature  at  the  ig¬ 
nition  source  should  increase  without  limit.  Thermal  conductivity  appeared  to  outweigh  thermal 
capacity  in  importance.  The  data  and  conclusions  of  Linnctt  are  of  interest  because  of  his  success 
in  delineating  conduction  and  diffusion  effects  in  ignition. 


t 
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A.  R.  Boyle  and  F.  J.  Llewellyn,  1942-1947 


Boyle  and  Llewellyn07“41, 42)  attempted  to  clarify  the  effects  of  various  variables  influenc¬ 
ing  accidental  ignition  of  solvent  vapors  and  dusts  by  electric  sparks.  Their  results  were  of  good 
accuracy,  agreeing  quite  closely  with  the  most  recent  data,  and  their  conclusions  regarding  the  im¬ 
portant  ignition  variables  were  correct.  Variables  investigated  included  circuit  capacitance,  cir¬ 
cuit  resistance,  electrode  configuration  and  spacing,  and  initial  gas  temperature.  One  result  on 
which  other  experimenters  had  reported  little  was  the  effect  of  circuit  resistance  on  minimum  ig¬ 
nition  energy.  It  was  found  that  the  principle  result  of  adding  resistances  from  10,000  to  500,000 
ohms  was  to  slightly  raise  the  voltage  required  for  spark  discharge  raising  the  discharge  energy 
slightly.  Data  were  not  exact  enough  to  measure  the  effect  of  initial  gas  temperatures  up  to  200  F, 
although  later  experimenters  have  shown  an  effect(17-54)> 

Llewellyn^ reported  minimum  ignition  energies  for  dust  clouds  in  air.  It  was  found 
that  spark  duration,  varied  by  circuit  resistance,  greatly  influenced  ignition  energy;  minimum 
energy  was  obtained  with  a  spark  duration  of  about  2000  microseconds.  Values  of  minimum  igni¬ 
tion  energy  for  dusts  and  vapors  are  compared  in  Table  1.  Ignition  of  dusts  required  15  to  2500 
times  the  energy  required  for  the  least  ignitable  vapor.  The  experimental  method  used  for  these 
tests  may  have -resulted  in  quenching,  leaving  some  doubt  as  to  whether  the  values  tabulated  are 
actually  minimum  values. 

TABLE  17-1.  MINIMUM  IGNITION  ENERGIES  FOR  EXPLOSIVE 
DUST  CLOUDS  AND  VAPOR-AIR  MIXTURES 


Explosive 

material 

Particle  size, 
microns 

Ignition  energy 
millijoules 

Aluminum 

90 

55 

Magnesium 

40 

25 

Ferro-manganese 

100 

250 

Zinc 

100  . 

150 

Silicon 

50 

2500 

Acaroid  reBin 

20 

60 

Calcium  ailicide 

10 

700 

Methyl  methacrylate 

10-100 

17 

Carbon  disulphide 

(Vapor) 

0.  15 

Heptane 

(Vapor) 

1.  10 

B,  Lewis,  G,  von  Elbe,  P.  G.  Guest,  M.V.  Blanc,  and  W.  Roth,  1944-1952 


The  moat  comprehensive  and  authoritative  work  on  spark  ignition  yet  published  was  that  con¬ 
ducted  at  the  Bureau  of  Mines  under  the  direction  of  Lewis  and  von  Elbe.  This  work,  for  the  first 
time,  quantitatively  related  several  variables  of  spark  ignition  which  had  been  previously  observed 
in  qualitative  form  by  othor  experimenters.  A  complete  description  of  this  work  has  been  pub¬ 
lished  in  book  form{*^“l),  but  all  but  the  most  recent  of  the  several  different  investigations  have 
also  been  described  fully  in  technical  journals(^“^,.'44,45,46)#  the  information  it  already 
widely  available,  only  the  most  important  features  of  this  work  will  be  outlined  here. 

The  technique  and  apparatus  used  in  this  work  have  been  described  by  Blanc,  Guest,  von 
Elbe,  and  LewisU7-43, 44)^  and  by  Lewis  and  von  Elbe(l?-1).  The  apparatus  consisted  of  an 
explosion  bomb  containing  a  spark  gap,  a  bank  of  capacitors,  and  a  high-voltage  power  source 
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isolated  from  the  spark  gap  circuit  by  a  rotary  charge  conveyer  or,  interchangeably,  a  101  '-ohm 
resistor.  The  explosion  bomb  was  5  inches  in  diameter,  constructed  of  stainless  steel,  and  ar¬ 
ranged  so  that  gas  mixtures  at  any  selected  pressure  could  be  ignited.  The  spark  gap  had  one 
fixed  electrode  and  one  movable  electrode  which  could  be  accurately  positioned  with  a  micrometer 
screw.  For  measurement  of  quenching  distances  and  minimum  ignition  energy,  the  electrodes  were 
fitted  with  flush  1-in.  diam.  glass  flanges,  which  sharply  delineated  the  quenching  distance.  Elec¬ 
trodes  of  other  shapes  were  also  used  to  obtain  comparative  data.  The  electrical  circuit  included 
the  spark  gap,  a  bank  of  air  capacitors  continuously  variable  from  1  micro-microfarad  to  5000 
micro-microfarads,  and  a  voltmeter.  Provisions  were  made  to  insert  external  resistances  and 
inductances  in  series  with  the  spark  gap  for  a  few  tests.  For  the  smallest  capacitance  values  the 
electrodes  alone  served  as  the  capacitor. 

To  determine  the  minimum  ignition  energy  of  a  selected  gas  mixture,  the  test  bomb  was 
charged  to  the  test  pressure,  the  electrode  spacing  was  set  at  a  reasonable  value,  the  circuit 
capacitance  was  adjusted,  and  the  charge  in  the  capacitor  was  gradually  built  up  until  discharge 
occurred.  The  capacitance  was  varied  in  successive  tests  to  find  the  minimum  value  at  which 
ignition  could  be  obtained.  The  process  was  then  repeated  for  different  electrode  spacings  to  de¬ 
termine  the  optimum  spacing  at  which  ignition  energy  reached  a  minimum.  This  spacing  also 
corresponded  to  the  quenching  distance  when  glass-flanged  electrodes  were  used.  Using  this 
technique,  a  largermass  of  accurate  data  on  quenching  distances  and  minimum  ignition  energies 
for  many  gas  mixtures  over  a  wide  range  of  pressures  was  determined.  These  data  are  presented 
in  full  in  Reference  (17-1),  and  in  lees  detail  in  References  (17-43)  and  (17-44). 

Figure  17-1  shows  the  relation  of  ignition  energy  to  spark-gap  geometry  for  a  mixture  con¬ 
taining  8.5  per  rent  methane  in  air,  at  a  pressure  of  0.33  atmosphere.  The  values  of  ignition  en¬ 
ergy  for  the  glass-flanged  electrodes  were  constant  as  the  electrode  spacing  was  reduced  from 
0.  35  in.  to  0. 25  in. ,  but  at  0. 24  in.  the  mixture  could  not  be  ignited  with  any  energy  input.  For  a 
spark-gap  configuration  in  which  the  positive  electrode  was  tipped  by  a  1/16-in.  sphere,  and  the 
negative  electrode  had  a  glass  flange,  it  will  be  noted  that  ignition  was' obtained  with  electrode 
spacings  down  to  0. 15  in. ,  but  that  ignition  energy  increased  as  electrode  spacing  decreased,  be¬ 
cause  of  quenching  from  the  electrodes.  With  pointed  electrodes,  ignition  could  be  obtained  with 
still  smaller  spark  gaps,  and  the  rate  at  which  ignition  energy  increased  below  the  quenching  dis¬ 
tance  would  be  less.  However,  regardless  of  electrode  shape,  the  minimum  ignition  energy  would 
be  obtained  with  an  electrode  spacing  of  0.25  in.  The  value  of  minimum  ignition  energy  was  not 
affected  by  electrode  shape,  nor  were  the  values  of  ignition  energy  for  electrode  spacings  greater 
than  the  quenching  distance.  This  explains  why  some  experimenters  found  a  very  great  effect  of 
electrode  shape  on  ignition  energy,  while  others  found  no  effect,  and  also  why  published  values  of 
ignition  energy  for  specific  mixtures  und  pressures  vary  so  widely. 

Figure  17-2  shows  minimum  ignition  energies  and  quenching  distances  for  various  mixtures 
of  propane,  oxygen,  and  nitrogen  at  pressures  of  1  to  0.2  atmoepheren.  Ignition  energy  was  in¬ 
creased  by  reduction  of  pressure  or  by  diluting  a  propane-oxygen  mixture  with  nitrogen.  The 
curves  for  quenching  distances  are  similar  to  those  for  ignition  energy. 

Figuro  17-3  shows  the  relation  of  quenching  distance  to  absolute  pressure  for  methane,  pro¬ 
pane,  butane,  hexane,  heptane,  and  ethane  in  air, 

Figure  17-4  shows  the  relation  of  minimum  ignition  energy  to  absolute  pressure  for  methane 
and  other  gases  in  air.  In  general,  the  ignition  energies  for  the  hydrocarbon  compounds  are  simi¬ 
lar,  but  that  for  hydrogen  is  much  lower. 

Figure  17-5  shows  the  relation  of  minimum  ignition  energy  to  quenching  distance  for  hydro- 
carbonroilrogen-oxygen  mixtures  at  various  pressures.  It  appears  significant  that  the  minimum 
ignition  energy  should  be  proportional  to  the  square  of  the  quenching  distance  over  such  a  wide 
range  of  values,  and  with  so  little  deviation.  This  relation  was  used  as  the  basis  for  the  1951 
treatment  of  the  Lewis  and  von  Elbe  theory  of  minimum  ignition  energy. 

The  effects  of  circuit  resistance,  inductance,  and  discharge  voltage  on  ignition  energy  were 
investigated  over  a  narrow  range  of  values  and  found  negligible.  When  resistances  up  to  30  ohms 
were  placed  in  the  discharge  circuit,  no  effect  on  minimum  ignition  energy  could  be  measured. 
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Distonce  Between  Electrodes,  inches 


o  Both  electrodes  flanged  by  glass  plotos 
♦  Negative  electrode  flanged  by  glass  plote; 

positive  electrode  tipped  by  l/16-in.  sphere 
«  Same  with  charge  reversed 

FIGURE  17-1 .  RELATION  OF  MINIMUM  IGNITION  ENERGY  TO  SPARK-GAP  SPACING 
AND  SHAPE  FOR  MIXTURE  CONTAINING  8.  5  PER  CENT  METHANE 
IN  AIR,  AT  250  mm  Hg  ABSOLUTE. 


Lewis  and  von  Elbe(t7-l)|  p  395 


Propane,  per  cent 


FIGURE  17-2.  MINIMUM  SPARK  IGNITION  ENERGIES  IN  MILLI JOULES  OF  PROPANE,  . 

OXYGEN,  AND  NITROGEN  AT  ONE  ATMOSPHERE  PRESSURE  AND 
LOWER,  AND  QUENCHING  DISTANCES  BETWEEN  FLANGED  ELEC¬ 
TRODES  FOR  THE  SAME  MIXTURES.  CURVES  CORRESPOND  TO 
CONSTANT  RATIOS  OF  OXYGEN  AND  NITROGEN. 

Lewi*  and  von  Elbe^^"*),  p  412 
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FIGURE  17-3.  RELATION  OF  QUENCHING  DISTANCE  TO  STATIC  PRESSURE  FOR 
METHANE,  PROPANE,  BUTANE,  HEXANE,  HEPTANE,  AND 
ETHANF.  WITH  AIR 

* 

Lewis  and  von  Elbc(^"U,  p  408-413 
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FIGURE  17-5.  RELATION  OF  MINIMUM  IGNITION  ENERGY  TO 
QUENCHING  DISTANCE  FOR  HYDROCARBON- 
OXYGEN-NITROGEN  MIXTURES 

Lewi*  and  von  ElbeO?-!),  p415 
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Insertion  of  inductances  made  from  a  few  turns  of  heavy  copper  wire  also  resulted  in  no  measurable 
effect.  In  a  few  tests,  the  discharge  voltage  was  increased  above  the  breakdown  voltage  of  the 
spark  gap  by  using  a  quick-acting  switch  between  the  capacitors  and  the  spark  gap.  It  was  found 
that  very  small  increases  in  minimum  ignition  energy,  which  could  not  be  readily  duplicated,  oc¬ 
curred  with  high  voltages;  these  were  attributed  to  turbulence  in  the  spark  gap,  which  was  greater 
at  high  voltages,  and  which  would  affect  somewhat  the  shape  of  the  initial  flame  and,  consequently, 
the  energy  losses  from  the  flame.  A  much  more 'detailed  study  of  the  effects  of  electrical  factors 
on  spark  structure  and  ignition  characteristics  is  now  in  progress,  using  a  two-channel  oscillograph 
to  measure  voltage  and  current,  and  high-speed  (2500  frames  per  se'’.)  photography  to  show  spark 
configuration. 

Roth,  Guest,  Lewis  and  von  Elbe(17-1, 46)  made  calorimetric  measurements  of  the  heat  gen¬ 
erated  by  electric  sparks  and  the  rate  at  which  energy  was  absorbed  by  electrodes,  and  found  that 
all  of  the  energy  stored  in  the  capacitance  of  the  spark  circuit  was  available  for  ignition  in  the  spark 
gap  at  the  moment  of  discharge,  but  that  heat  loss  to  the  electrodes  occurred  at  an  appreciable  rate 
from  the  moment  of  discharge. 


H.  Morris,  1949 


Humbert  MorrisU?-^?),  in  a  discussion  of  the  data  of  Blanc,  Guest,  Lewis  and  von  Elbe, 
pointed  out  two  approximate  relations  not  discussed  by  Lewis  and  von  Elbe,  as  follows:  Fo~  the 
optimum  spark-gap  ’width,  the  number  of  gas  molecules  in  the  effective  part  of  the  spark  gap  is 
independent  of  pressure  and  characteristic  of  the  ga.s  mixture.  The  effective  part  of  the  minimum 
ignition  energy  per  molecule  of  gas  varies  with  the  square  of  the  partial  pressure  of  oxygen.  These 
relations  may  prove  of  interest  in  future  study  of  ignition  theory. 


R.  Friedman  and  E.  Burke,  1949 


In  discussing  the  1947  theory  of  spark  ignition  advanced  by  Lewis  and  von  Elbe,  Friedman 
and  BurkeO?-^®)  point  out  that  the  loss  of  energy  from  the  ignition  center  by  diffusion  can  be 
equal  to  or  even  greater  than  the  loss  by  thermal  conduction,  and  suggest  that  a  theory  which  con- 
aiders  only  thermal  mechanisms  of  energy  transfer  is  fundamentally  weak.  They  also  observe  that 
che  correlation  of  minimum  ignition  energy  with  the  square  of  the  measured  quenching  distance  is 
better  than  with  the  quenching  distance  calculated  by  the  Lewis  and  von  Elbe  theory.  In  the  1951 
treatment  of  their  theory  of  minimum  ignition  energy,  Lewis  and  von  Elbe  show  that  the  relation  of 
minimum  ignition  energy  to  the  square  of  the  quenching  distance  is  consistent  with  their  theory. 


C.  C.  Swett,  Jr.,  1948-1951 


Swett,  at  the  NACA  Lewis  Laboratory,  investigated  the  ignition  of  flowing  propane-air  mix¬ 
tures  at  low  pressures  and  temperatures.  His  work  included  a  study  of  sparks  in  high-velocity  air 
streams,  a  study  of  energy  required  to  ignite  flowing  propane-air  mixtures,  a  study  of  the  effects  of 
electrode  parameters  on  ignition  energy,  and  a  study  of  the  effects  of  turbulence  on  ignition. 

In  a  study  of  spark  discharges  in  an  air  stream^  ^"^9, 50)^  an  oscilloscope  was  used  to  mea¬ 
sure  energy,  average  po'  .  and  discharge  time  under  various  conditions  of  air  velocity,  electrode 
spacing,  electrode  diameter,  pressure,  temperature,  and  spark  duration.  It  was  found  that  aver¬ 
age  power  increased  with  pressure,  velocity,  and  electrode  spacing,  and  that  electrode  diameter 
and  air  temperature  had  negligible  effect.  Air  velocities  up  to  570  fps  were  used  with  pressures 
from  about  5  to  25  in.  Hg  and  temperatures  as  low  as  -70  F.  Spark  energy  varied  from  50  to  250 
millijoules  per  discharge,  and  discharge  time  varied  from  200  ttj  700  microseconds.  Air  velocity 
caused  the  discharge  to  blow  downstream  and  to  terminate  after  a  short  time. 
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In  a  second  investigation^  17-49, 5 1)^  Swett:  determined  the  minimum  energy  requirements  to 
ignite  flowing  combustible  mixtures  of  propane  and  air  in  the  pressure  range  of  2  to  4  in.  Hg. 

Spark  duration  was  varied  from  1.5  to  25,  000  microseconds,  gas  velocity  was  varied  from  5  to  54 
fps,  and  fuel /air  ratio  was  varied  over  a  wide  range.  At  a  pressure  of  3  in.  Hg,  the  minimum  ig¬ 
nition  energies  for  velocities  of  5  to  54  fps  occurred  at  fuel /air  ratios  of  0.08  to  0.095.  The 
energy  required  for  ignition  increased  almost  linearly  with  increasing  gas  velocity  in  the  range  of 
5  to  54  fps.  For  a  spark  duration  of  600  to  800  microseconds,  minimum  ignition  energies  for  a 
velocity  of  5  fps  and  pressures  of  2,  3,  and  4  in.  Hg  absolute  were  57,  32,  and  14  millijoul.es, 
respectively.  At  a  gas  velocity  of  54  fps,  corresponding  values  were  84,  58,  and  42  millijoules, 
respectively.  When  extrapolated  to  zero  velocity,  these  values  are  in  good  agreement  with  those 
of  Lewis  and  von  Elbe.  When  the  spark  duration  was  varied  from  25,000  microseconds  to  1.  5 
microseconds,  the  energy  required  for  ignition  was  lowest  for  sparks  lasting  125  to  1000  micro¬ 
seconds.  At  3  in.  Hg  and  54  fps,  ignition  energy  was  150,  35,  and  500  milli joules  for  spark 
duration  of  1.5,  125,  and  25,  000  microseconds,  respectively. 

In  a  third  investigation^ 1 7-5  2y,  the  effects  of  electrode  spacing,  configuration,  and  material 
on  the  energy  required  for  ignition  of  a  flowing  propane-air  mixture  were  determined.  In  addition, 
the  energy  distribution  along  the  spark  length  was  determined,  and  previous  measurements  of  the 
effect  of  spark  duration  were  confirmed.  Data  were  obtained  at  a  pressure  of  3  in.  Hg  absolute,  a 
temperature  of  80  F,  a  mixture  velocity  of  5  fps,  and  a  fuel /air  ratio  of  0.0835  by  weight.  It  was 
found  that  the  energy  required  for  ignition  decreased  as  the  electrode  spacing  was  increased,  with 
the  minimum  energy  at  a  spacing  of  0.65  in.  for  large  electrodes.  Small -diameter  electrodes  or 
pointed  electrodies  required  less  energy  for  ignition  than  large-diameter  electrodes  if  the  spacing 
was  less  than  0.65  in.  At  larger  spacings  no  difference  was  noted. 

Significant  effects  of  electrode  material  on  ignition  energy  were  ascribed  to  differences  in 
the  type  of  discharge  produced;  glow  discharges,  which  required  higher  energy  for  ignition  than 
arc-glow  discharges,  were  usually  produced  by  all  electrodes  except  those  coated  by  cesium  oxide. 
With  pure  glow  discharges,  the  ignition  energy  was  constant  for  electrodes  of  lead,  cadmium, 
brass,  aluminum,  and  tungsten. 

In  determining  energy  distribution  along  a  glow  discharge,  it  was  found  that  one-third  to 
one -half  the  spark  energy  was  concentrated  in  a  small  region  near  the  cathode  electrode,  and  the 
remainder  was  uniformly  distributed  across  the  spark  gap. 

A  detailed  comparison  of  long -duration  sparks  and  short -duration  sparks  showed  that  the 
ignition  energy  for  long-duration  sparks  was  much  less  than  that  for  short-duration  sparks.  At 
zero  stream  velocity,  and  with  a  spark  duration  of  about  1  microsecond,  22  to  24  millijoules  were 
required  for  ignition,  compared  with  a  value  of  22.7  published  by  Lewis  and  von  Elbe^“l).  For 
a  velocity  of  5  fps,  the  ignition  energy  for  a  1-microsecond  spdrk  was  34  to  36  millijoules.  For  a 
spark  duration  of  600  microseconds,  however,  the  ignition  energy  with  a  mixture  velocity  of  5  fps 
was  only  10.7  to  19.6  millijoules,  depending  on  whether  a  glow  or  arc -glow  discharge  was  formed. 
Photographs  showed  a  distinct  difference  between  long-duration  sparks  and  short-duration  sparks; 
with  short-duration  sparks,  fairly  large  luminous  zones  surrounded  the  spark  near  each  electrode, 
but  with  long -duration  sparks,  only  one  luminous  zone  appeared,  and  this  was  downstream  from  the 
spark.  This  appeared  to  indicate  that  the  energy  distribution  in  the  sparks  was  different,  but  there 
was  no  means  of  measuring  the  energy  distribution  in  the  i -microsecond  spark. 

In  a  later  publication^"!^),  swett  attempted  to  correlate  his  data  for  ignition  energy  as  a 
function  of  stream  velocity  by  assuming  that,  as  the  spark  was  blown  downstream,  only  that 
portion  of  the  total  energy  dissipated  in  a  length  equal  to  the  spark  gap  spacing  was  effective.  If 
the  rate  of  dissipation  in  the  spark  is  constant  and  uniform  across  the  gap,  this  leads  to  the  re¬ 
lation: 


where  AH  is  the  required  energy  for  ignihon,  HQ  is  the  ignition  energy  for  zero  stream  velocity, 
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V  is  the  stream  velocity,  9  is  the  discharge  duration  and  S  is  the  gap  spacing.  However,  the  cor¬ 
relation  appears  to  be  of  a  form  which  does  not  effectively  explain  the  data.  The  effects  of  velocity 
and  discharge  duration  appear  to  be  independent  to  at  least  a  first  approximation. 

In  an  investigation  of  the  effect  of  turbulence  on  ignition  energy  (17-53)^  Swett  found  that  the 
fluctuating  velocity  was  the  important  factor  and  that  the  integral  scale  had  no  measurable  effect. 
This  suggests  a  diffusion  mechanism  similar  to  that  given  by  Equation  (12-60). 

The  work  of  Swett  is  of  particular  interest  because,  for  the  first  time,  the  effects  of  flow 
variables  on  minimum  ignition  energy  ware  imrestigated  and  the  effect  of  duration  of  the  spark  dis¬ 
charge  was  explored.  The  fact  that  a  spark  may  take  more  than  one  form,  thus  requiring  more 
or  less  energy  for  ignition,  had  not  previously  been  demonstrated.  The  relations  of  electrode  size 
and  spacing  to  minimum  ignition  energy  under  flow  conditions  proved  similar  to  those  previously 
found  under  static  conditions. 


H.  F.  Galcote  and  Associates,  1949-1952 


Under  the  direction  of  H.  F.  Calcote,  determinations  of  minimum  ignition  energy  have  been 
made  for  a  large  number  of  chemical  compounds.  An  attempt  was  made  to  correlate  minimum  ig¬ 
nition  energy  with  molecular  arrangement  rather  than  physical  properties  of  the  gas  mixture,  with 
some  success.  The  data  are  in  good  agreement  with  the  1951  Lewis  and  von  Elbe  theory  of  minimum 
spark  ignition  energy. 

Calcote,  Gregory,  Barnet,  and  Gilmer(17-54)  ),ave  reported  minimum  ignition  energies  for 
74  chemical  compounds,  in  stoichiometric  proportions  with  air  at  atmospheric  pressure.  In 
addition,  they  have  reported  data  relating  minimum  ignition  energy  to  quenching  distance  for  16 
compounds,  and  the  effect  of  fuel  /air  ratio  for  12  compounds.  Comparative  data  showed  that  min¬ 
imum  ignition  energies  measured  using  flanged  electrodes,  as  described  by  Blanc,  Guest,  von  Elbe, 
and  Lewis^-^),  were  higher  than  those  measured  using  plain  electrodes  by  a  predictable  amount. 
Otherwise,  the  data  are  in  good  agreement  with  those  of  Lewis  and  von  Elbe  where  comparison  is 
possible.  Minimum  ignition  energy  varied  approximately  with  the  square  of  the  quenching  distance 
(actually  with  the  2. 48  power  over  a  relatively  narrow  band  of  values),  for  the  compounds  for 
which  quenching  distance  was  measured. 

Figure  17-6  shows  the  relation  of  minimum  ignition  energy  to  absolute  pressure  for  a  number 
of  compounds  in  air,  as  determined  by  Calcote,  et  al.  Some  data  from  Lewis  and  von  Elbe  are 
included  for  comparison.  In  comparing  minimum  ignition  energies  with  molecular  weight  and 
arrangement  of  compounds,  the  following  conclusions  were  drawn: 

1.  Hydrocarbon  ignition  energies  decreased  in  the  order:  alkanes,  alkcnes,  and  alkyneo. 

2.  An  increase  in  chain  length,  or  chain  branching,  increased  ignition  energy. 

3.  Conjugation  generally  lowered  the  ignition  energy. 

4.  For  long  chains,  the  effect  of  structural  variation  was  small,  but  for  short  chains  the 
effects  were  much  larger. 

5.  Negative  substitutent  groups  resulted  in  increasing  ignition  energy  in  the  order:  mer¬ 
captan,  alcohol,  chloride,  and  amine  group.  The  effect  of  chlorides  and  amine  groups  were  par¬ 
ticularly  large. 

6.  Primary  amines  increased  ignition  energy  more  than  secondary  or  tertiary  amines. 

7.  Ethers  and  thioethers  increased  ignition  energy. 

8.  The  peroxide  group  lowered  the  ignition  energy  greatly. 
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FIGURE  17-6.  RELATION  OF  MINIMUM  IGNITION  ENERGY  TO  STATIC 
PRESSURE  FOR  A  NUMBER  OF  COMPOUNDS  IN  AIR 

Experiment,  Inc.U^-54)^  Lowis  and  von  ElbeO?-!) 

9.  Esters  and  ketones  increased  ignition  energy  greatly,  but  aldehydes  raided  ignition 
energy  only  slightly. 

10.  Ignition  energies  for  three-cornered  rings  were  very  low,  particularly  with  the  oxygen 

ring. 


11.  Six-membcred  saturated  compounds  had  relatively  high  ignition  energies,  but  those  of 
fivo-membered  rings  were  about  average. 
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12.  Ignition  energies  for  aromatics  were  similar  to  these  for  linear  hydrocarbons  containing 
the  same  number  of  carbon  atoms. 

The  data  presented  appear  to  be  precise  and  reliable,  and  should  be  of  great  value  in  eval¬ 
uating  future  ignition  experiments  and  theories  because  of  the  wide  range  of  chemical  and  physical 
properties  of  compounds  for  which  data  were  obtained. 

Gregory,  King,  Calcote^-^)  have  reported  an  investigation  of  the  effect  of  initial  gas 
temperature  on  minimum  ignition  energy.  Ignition  energies  were  determined  for  hydrogen,  acety¬ 
lene,  carbon  disulphide,  propylene  oxide,  propane,  n-pentane,  n -heptane,  and  iso- octane,  at 
temperatures  from  -50  C  to  250  C.  In  ail  instances  ignition  energy  decreased  as  temperature  in¬ 
creased.  For  iso-octane,  ignition  energy  decreased  from  2.8  millijoules  to  0.46  millijoule  as 
temperature  was  raised  from  25  C  to  175  C.  When  ignition  energy  was  plotted  against  temperature 
on  semilogarithmic  coordinates,  the  data  fell  on  straight  lines  having  different  elevations  and  slopes 
for  different  compounds,  indicating  a  relation  of  the  form  H  =  Ae^I^  where  H  is  the  ignition  energy, 
A  and  B  are  constants  which  are  different  for  different  compounds,  and  T  is  initial  temperature. 

A  paper  . by  Fennt  17-56)  discusses  the  relation  of  lean  flammability  limit  to  minimum  spark 
ignition  energy. 


Y.  B.  Zeldovich  and  N.  N.  Simonov,  1949 


Zeldovich  and  Simonovna-57)^  working  at  the  Academy  of  Science,  USSR,  Moscow,  have 
developed  a  theory  of  ignition  based  on  original  data.  The  original  publication,  in  Russian,  has 
not  been  obtained,  but  the  following  information  is  available  from  Chemical  Abstracts:' 

If  a  gas  explosion  is  induced  by  a  spark  of  energy  E,  ignition  follows  the  law; 

E  a  Qk  X3  t)U3  C  p2  , 

P 

where  Q  is  the  heat  of  reaction,  k  is  a  constant,  rj  is  the  coefficient  of  utilization  of  the  ignition 
energy,  u  is  the  linear  velocity  of  flame  propagation,  Cp  is  the  heat  capacity,  X  is  the  thermal 
conductivity,  and  p  is  the  thermal  diffusivity  of  the  rea<  tion  products. 

The  coefficient  of  utilization  of  spark  energy  was  determined  by  discharging  condensers  at 
the  lowest  discharge  voltage  through  NH3  gas,  measuring  the  amount  of  NH3  decomposed,  and 
assuming  that  23,000  cai/mol  were  required  for  decomposition.  This  coefficient  was  independent 
of  the  number  of  sparks  and  of  the  length  of  the  spark  gap,  but  varied  with  the  capacitance,  being 
proportional  to  the  (-0.24)  power  of  capacity,  and  varied  slightly  with  pressures  from  40  to 
760  mm. 

The  equation  was  applied  to  data  for  mixtures  with  oxygen  of  CO,  H g,  and  CO-^.  The  min¬ 
imum  ignition  energy  of  these  mixtures  was  determined  at  pressures  of  50  to  760  mm,  and  the 
value  of  k  determined  ac  12,  which  infers  that  the  calculated  radius  of  the  sphere  raised  to  flame 
temperature  by  the  spark  was  larger  than  the  width  of  the  heated  zone  in  a  stationary  flame,  by  a 
factor  of  3.  This  factor  of  3  is  also  satisfied  by  the  experiments  of  Lewis  and  von  Elbe,  whose 
theory  Zeldovich  believed  to  be  incorrect.  Photographs  of  spark  ignition  show  radii  of  luminous 
spheres  to  be  1.3  times  the  calculated  radius  for  CO2-H2O  mixtures,  and  0.7  times  the  calculated 
radius  for  CO2-H2O  mixtures. 

From  the  above  information,  there  appears  to  be  considerable  room  for  question  about  the 
validity  of  the  theory.  Only  CO  and  Hg  in  O2  were  examined,  quenching  effects  from  the  elec¬ 
trodes  appear  to  have  been  ignored,  the  ignition  energy  varied  with  capacitance,  and  the  "min¬ 
imum  voltage  for  ignition"  was  used.  From  these  considerations,  the  theory  would  appear  to  be 
of  little  value.  However,  Zeldovich  is  an  experienced  worker  in  the  field  of  ignition  and  combus¬ 
tion  research,  and  was  familiar  with  the  work  of  Lewis  and  von  Elbe.  Consequently,  it  appears 
reasonable  to  reserve  judgement  of  this  work  until  it  can  be  evaluated  in  greater  detail. 
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H.  L.  Olsen  and  E.  L.  Gayhart,  1951 


Olsen  and  Gayhart(17-58,  59,  60)?  0f  the  Applied  Physics  Laboratory,  have  investigated  the 
use  of  high-speed-flash  schlieren  photography  for  study  of  the  early  stages  of  ignition  and  flame 
propagation  in  high-velocity  gas  streams,  and  the  use  of  explosive  grains  of  powder  as  ignition 
sources.  In  initial  qualitative  studies,  test  and  analytical  techniques  suitable  for  quantitative 
measurements  were  developed. 

The  technique  for  study  of  early  stages  of  ignition  was  based  upon  photographing  a  succes¬ 
sion  of  identical  sparks,  at  increasing  intervals  following  the  spark  discharge,  to  obtain  a  series 
of  pictures  showing  the  growth  of  the  small  "kernel"  of  heated  gas  formed  by  a  spark.  The  spark 
was  produced  by  the  discharge  of  a  condenser  through  the  spark  gap,  triggered  by  an  auxiliary 
spark  from  a  small  induction  coil.  The  schlieren  photographs  were  obtained  using  GE  FT-108 
flash  tube,  producing  a  light  flash  of  about  1  microsecond  duration.  A  timing  circuit  introduced  a 
preselected  time  interval  between  the  spark  discharge  and  the  light  flash.  In  a  typical  series  of 
pictures,  this  time  interval  was  increased  from  20  microseconds  to  65  microseconds  in  steps  of 
5  to  10  microseconds.  Steps  of  5  microseconds  would  produce  a  series  of  pictures  equivalent  to 
motion  pictures  of  a  single  spark  taken  at  200, 000  frames  per  sec. 

It  was  found  that  after  the  shock  wave  separated  from  the  heated  kernel  about  2  microseconds 
after  the  1/4-microsecond  discharge;  the  kernel  expanded  according  to  the  adiabatic  expansion  law. 
Four  microseconds  after  the  discharge,  the  pressure  behind  the  shock  wave  was  approximately 
2.5  atmospheres.  For  a  250  mill'ijoule  spark,  pressure  equilibrium  was  reached  in  about  16  micro¬ 
seconds.  Photographs  taken  at  intervals  longer  than  30  micorseconds  showed  that  the  kernel  de¬ 
veloped  into  a  torus,  with  the  volume  increasing  slowly.  Calculations  indicated  that  a  considerable 
portion  of  the  spark  energy,  as  high  as  30  per  cent,  was  dissipated  as  work  against  the  atmosphere 
by  the  expanding  kernel.  The  same  general  sequence  of  events  was  observed  for  sparks  in  air,  in 
oxygen,  and  in  a  propane -air  mixture. 

The  use  of  explosive  particles  as  ignition  sources  was  also  studied.  This  has  the  advantage 
of  eliminating  the  quenching  effects  of  spark  electrodes  from  consideration,  and  of  permitting 
variation  of  the  chemical  species  introduced  into  the  ignition  zone  by  the  ignition  source.  In 
preliminary  tests,  a  Bunsen  burner  was  ignited  using  small  grains  of  black  powder  suspended  by  a 
wire  of  0.0015-inch  diameter,  and  exploded  by  a  concentrated  light  beam.  In  tests  with  grains  of 
different  sizes,  it  was  found  that  powder  grainB  larger  than  25  micrograins,  providing  combustion 
energy  of  75  millijoules  or  more,  caused  ignition.  This  energy  is  probably  about  100  times  the 
minimum  ignition  energy  measured  using  spark  ignition,  but  the  technique  may  be  developed  to 
give  comparable  data. 


A.  J.  Metzler,  1952 


Metzler(^”kl), 

at  the  NACA  LewiB  Laboratory,  has  reported  minimum  ignition  energies  for 
ethanej  ethylene,  acetylene,  n-hexane,  cyclohexane,  and  benzene,  and  correlated  minimum  ignition 
energy  for  these  fuels  with  flame  speed.  Mixtures  of  fuel  vapor  in  air  were  ignited  in  a  bomb 
under  static  conditions  at  pressures  from  50  to  100  mm  Hg,  and  fuel /air  ratios  were  varied  over 
a  sufficient  range  to  determine  the  mixture  for  minimum  ignition  energy.  Data  were  for  a  temper¬ 
ature  of  100  F  and  a  spark  duration  of  1000  microseconds,  and  are  in  general  agreement  with  data 
of  Lewis  and  von  Elbe(l’<,-45)J  and  of  Calcote{17-54).  When  minimum  ignition  energy  was  plotted 
against  pressure  on  log-log  coordinates,  data  fell  on  straight  lines  having  a  slope  of  -1.76;  data 
of  Lewis  and  von  Elbe,  by  comparison  fell  on  lines  with  a  elope  of  -1.84. 

An  excellent  correlation  between  minimum  ignition  energy  and  flame  velocity  at  atmospheric 
pressure  was  found.  On  a  log-log  plot  all  data  fell  on  a  straight  line  having  a  slope  of  -0.6.  Fur¬ 
ther  correlation  of  data  along  these  lines  was  recommended. 
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H.  R.  Hazard,  1952 


Hazard^ ?-°2)  has  published  a  comprehensive  review  of  research  on  spark  ignition  which 
discusses  critically  all  important  published  results  of  research  on  spark  ignition  since  1900. 


A.  E.  Weller,  1953-1955 


Weller' has  in  progress  an  investigation  of  ignition  of  fuel  mists  by  electric  sparks. 

In  this  work  fuel  droplets  of  uniform  size  are  produced!  by  a  spinning-disc  atomizer,  entrained  in 
air,  and  passed  through  a  spark  gap  within  a  time  interval  of  the  order  of  10  milliseconds.  This 
minimizes  the  evaporation  of  liquid  fuel,  so  that  essentially  only  fuel  drops  and  air  are  present  in 
the  spark  gap.  Preliminary  data  indicate  that  the  energy  required  to  ignite  kerosine  drops  is 
very  much  greater  than  the  energy  required  to  ignite  kerosine  Vapor.  Occasional  ignition  could  be 
obtained  with  ignition  energy  of  20  mdllijoules;  increasing  ignition  energy  to  160  mdllijoules  raised 
this  frequency  to  25  per  cent,  and  energy  of  4  joules  was  required  for  ignition  frequency  of  100  per 
cent.  Tests  in  which  a  drop  of  kerosine  was  deliberately  placed  on  the  electrodes  showed  a  marked 
increase  in  ignition  frequency.  Following  considerable  refinement  of  equipment,  which  appears 
necessary,  it  is  planned  to  continue  this  investigation  to  obtain  data  on  effect  of  drop  size,  fuel  /air 
ratio,  electrode  spacing,  and  fuel  properties  on  energy  required  for  ignition. 


IGNITION  THEORIES 


The  relative  importance  of  mass  diffusion  and  of  thermal  Conductivity  as  mechanisms  for 
energy  transport  in  flame  fronts  has  been  a  controversial  subject  for  many  years.  Because  the 
laws  for  the  two  mechanisms  are  the  same,  and  the  diffusion  and  conduction  coefficients  for  in¬ 
dividual  materials  usually  vary  in  a  similar  manner,  it  has  proved  extremely  difficult  to  devise 
experiments  which  show  conclusively  the  extent  to  which  each  of  the  two  mechanisms  affects 
flame  propagation.  Since  ignition  IS  a  Special  case  of  flame  propagation,  ignition  theories  also  fall 
into  two  groups,  those  in  whifch  the  diffusion  mechanism  is  considered  as  the  important  considera¬ 
tion,  and  those  in  which  thermal  mechanisms  are  considered  most  important.  The  theories  of  Mole 
and  Linnett  represent  the  first  group,  and  the  theories  of  Taylcr-Jones,  Morgan,  and  Wheeler, 
Lewis  and  von  Elbe,  and  of  Fenn  fall  in  the  second  group.  The  theory  of  Landau  considers  both 
processes,  but  eliminates  diffusion  processes  in  the  derivations.  Both  the  Lewis  and  von  Elbe 
theory,  and  the  Linnett  theory  have  been  supported  by  test  data,  but  a  final  conclusion  regarding 
the  relative  importance  of  the  diffusion  and  conduction  processes,  and  their  proper  treatment  in  an 
ignition  theory,  does  not  appear  possible  at  this  time. 

The  empirical  correlation  of  minimum  ignition  energy  with  queuching  distance  is  excellent, 
and  it  now  appears  possible  to  predict  minimum  ignition  energies  for  gas  mixtures  under  any 
required  conditions,  either  by  use  of  the  empirical  correlation  or  by  use  of  the  Lewis  and  von  Elbe 
theory  of  minimum  ighltion  energy. 

At  the  present  time,  there  are  eight  theories  which  have  been  formulated  to  describe  ignition 
from  electric  sparks,  the  authors  of  these  theories,  and  their  dates  of  publication,  are  listed 
below: 


Date  of  Publication  Date  of  Publication 


1. 

1922 

Taylor-Jones,  Morgan, 

5. 

194? 

Lewis  and  von  Elbe 

and  Wheeler 

.6. 

1951 

Lewis  and  von  Elbe 

2. 

1936 

Mole 

7. 

1949 

Zeldovich  ar.d  Simonov 

3. 

1937 

Landau 

8. 

1952 

Fenn 

4. 

1945 

Linnett,  Raynor,  and  Frost 
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The  thermal  theory  of  Taylor-Jones,  Morgan,  and  Wheeler  is  based  on  the  assumption  that 
the  requirement  for  ignition  is  the  heating  of  a  critical  volume  of  gas  to  a  critical  temperature. 

The  most  effective  ignition  source  would  heat  only  this  volume  to  the  required  ignition  temperature 
with  no  loss  of  heat  to  surrounding  gas  before  ignition. 

The  activation  theory  of  Mole  describes  a  mechanism  in  which  a  local  source  of  ignition  in¬ 
troduces  into  a  small  volume  of  gas  a  number  of  active  particles,  and  assumes  that  if  these  active 
particles  multiply  without  limit,  ignition  results. 

The  Landau  theory  assumes  that  an  ignition  source  introduces  a  number  of  active  particles 
into  a  small  volume,  and  these  multiply  by  chain  branching  or  are  lost  by  diffusion.  A  heat-gener¬ 
ating  reaction  proceeds  at  a  rate  proportional  to  concentration  of  active  particles,  and  heat  is  lost 
by  conduction.  If  the  temperature  at  the  ignition  source  increased. without  limit,  ignition  results. 

Linnett  and  associates  obtained  qualitative  data  relating  the  effects  of  dilfusivity  and  thermal 
conductivity  of  gas  mixtures  to  the  relative  difficulty  of  ignition,  and  extended  the  general  method 
of  Mole  to  evaluate  these  data.  Equations  relating  ignition  to  diffusion  characteristics  of  gases 
appeared  to  explain  the  data  satisfactorily. 

The  1947  theory  of  Lewis  and  von  Elbe  attempted  to  relate  the  minimum  spark -ignition  energy 
to  the  physical  properties  of  the  gas  mixture,  including  conductivity,  flame  speed  density,  and 
quenching  distance.  The  correlation  of  minimum  ignition  energy  with  these  variables  was  good. 

Ihe  1951  theory  of  Lewis  and  von  Elbe  was  based  on  the  experimentally  determined  relation 
E  =  Cd2,  where  E.  is  the  minimum  ignition  energy,  Cl  is  a  constant,  and  d  is  the  quenching  distance. 
It  was  shown  that  this  empirical  relation  is  consistent  with  physical  properties  of  the  gas  mixture. 


The  Thermal  Theory  of  Taylor-Jones,  Morgan,  and  Wheeler 


The  thermal  theory  of  Taylor-Jones  ,  Morgan,  and  Wheeler  was  based  upon  the  premise  that 
the  fundamental  requirement  for  ignition  is  that  a  critical  volume  muBt  be  heated  to  a  critical  igni¬ 
tion  temperature.  An  attempt  was  made  to  relate  this  premise  to  experimental  data  by  analyzing 
the  temperature  gradients  around  ignition  sources  in  which  the  volume  of  heat  source  and  the  rate 
of  heat  supply  were  varied. 

In  comparing  this  theory  to  experimental  results,  qualitative  verification  was  assumed  from 
the  following  facts:  Ignition  energy  was  lowest  for  a  critical  spark-gap  length,  and  increased  when 
the  spark  gap  was  lengthened  or  shortened.  (The  increase  in  energy  when  the  spark  gap  was 
shortened,  however,  is  now  explained  as  resulting  from  lose  of  energy  to  the  spark  electrodes,  and 
not  as  the  reeult  of  an  overly  "concentrated"  energy  source.  The  dispersion  of  energy  over  a 
volume  larger  than  the  critical  volume  increases  ignition  energy  regardless  of  the  theory  assumed). 
Capacitance  sparks  of  extremely  short  duration  required  less  energy  than  inductance  sparks  of 
extremely  long  duration. 

It  is  now  possible  to  examine  the  theory  on  a  quantitative  basis,  rather  than  to  rely  on 
qualitative  observations.  If  we  apply  the  theory  to  the  data  of  Lewis  and  von  Elbe  (Reference  17-1), 
a  discrepancy  is  immediately  apparent.  These  data  show  that  the  minimum  ignition  energy  varies 
with  the  square  of  the  quenching  distance  (see  Figure  17-5),  which  may  be  assumed  to  be  a  linear 
function  of  the  diameter  of  the  critical  spherical  volume  of  the  thermal  theory.  The  variables  in  a 
thermal  theory  would  include  specific  heat,  ignition  temperature,  and  critical  volume,  which  would 
vary  with  the  cube  of  the  quenching  distance.  However,  the  quenching  distance  is  proportional  to 
the  thermal  conductivity  of  the  gas  in  the  spark  gap,  and,  therefore,  to  the  rate  of  heat  loss  from 
the  ignition  source.  In  order  for  the  thermal  theory  to  be  consistent  with  the  relation  of  ignition 
energy  with  the  square  of  the  quenching  distance,  it  would  be  necessary  that  the  variation  of  diam¬ 
eter  of  the  initial  sphere  be  lees  than  proportional  to  the  quenching  distance.  The  required  ignition 
temperature  might  also  be  increased  as  the  conductivity  increased,  as  the  rate  of  heat  loss  over 
the  "sufficient  time"  for  ignition  would  be  greatly  increased. 
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The  principal  objection  to  this  theory  is  the  fact  that  it  is  based  upon  the  idea  of  a  fixed  igni¬ 
tion  temperature,  which  is  not  in  accord  with  present  knowledge  of  chain-branching  mechanisms. 
For  nonchain-branching  reactions,  which  are  rare,  the  thermal  theory  may  be  adequate. 


Mole's  Activation  Theory  of  Spark  Ignition,  1936 


Mole's  "activation"  theory  of  spark  ignition(^“27)  is  an  attempt  to  express  mathematically 
the  views  of  Finch  and  his  collaborators  that  ignition  is  the  result  of  some  specific  activation 
of  molecules,  rather  than  a  mere  heating  of  the  gas  around  the  spark.  While  the  conclusions  of 
Bradford  and  Finch  were  fundamentally  unsound,  the  theory  developed  by  Mole  appears  to  be  of 
more  lasting  interest. 

Mole's  theory  assumes  that  an  ignition  source  introduces  active  particles  at  a  constant  rate 
into  a  small-yolume  of  gas  around  the  source.  Some  of  these  combine  and  produce  additional  active 
particles;  others  are  deactivated  by  an  unspecified  process.  The  concentration,  or  number  of  ac¬ 
tive  particles  at  any  time  depends  upon  the  rate  of  activation  from  the  ignition  source,  the  rate  of 
activation  from  combination,  the  rate  of  deactivation,  and  the  initial  level  of  activation.  A  critical 
activation  level  is  required  for  ignition.  It  is  shown  that  the  limits  of  inflammability  are  reached 
when  the  number  of  new  active  particles  produced  by  combination  become  less  than  the  number  of 
active  particles  combining,  so  that  the  concentration  of  active  particles  decreases  rather  than 
increases. 

In  a  further  analysis,  Mole  attempts  to  shew  why  a  low-frequency  discharge  would  be  more 
effective  than  a  high-frequency  ignition  source,  as  follows:  During  the  first  part  of  a  single  cur¬ 
rent  pulse,  active  particles  are  formed  from  the  discharge  effects  only.  These  particles,  however, 
contribute  energy,  by  combination,  at  a  rate  which  increases  with  time  so  that  the  longer  the  con¬ 
tinuous  discharge  proceeds,  the  more  rapid  is  the  increase  in  concentration  of  active  particles. 
Above  some  critical  concentration,  ignition  will  result.  When  a  current  pulse  ends,  the  concen¬ 
tration  of  active  particles  drops  off,  slowly  at  first,  then  more  rapidly.  If  the  current  pulses  are 
very  short,  as  in  high-frequency  discharges,  most  of  the  active  particles  must  come  from  the 
discharge  pulses,  as  they  are  terminated  before  combustion  contributes  a  major  proportion. 

With  lower  frequencies  and,  thus,  with  longer  current  pulses,  the  concentration  of  active  particles 
at  the  end  of  each  pulse  is  greater  because  of  the  added  concentration  from  combustion  after  the 
initial  part  of  the  current  pulse.  The  gerferal  level  of  activation  around  the  ignition  source  gradu¬ 
ally  builds  up  during  successive  pulses  until  one  pulse  finally  increases  the  level  above  the  criti¬ 
cal  value. 

The  work  of  Finch  and  Thompson(  17-23)  shows  an  effect  of  frequency  which  Mole  considered 
as  experimental  verification  of  his  theory.  Actually,  a  capacitance-discharge  spark  of  extremely 
short  duration  and  of  much  less  energy  than  that  used  by  Finch  and  Thompson  will  cause  ignition. 
Whether  the  slight  extension  of  the  quenching  limit  found  by  Finch  and  Thompson  can  be  explained 
by  Mole's  theory  is  open  to  question.  Mole's  treatment  would  predict  that  a  single  pulse  of  energy 
large  enough  to  cause  ignition  would  be  most  effective,  as  only  a  low  residual  excitation  level 
would  be  present  at  the  start  of  each  of  a  succession  of  pulses.  The  theory  does  not  consider  the 
effect  of  temperature  rise  from  the  reaction  on  the  rates  of  chain  branching  and  diffusion,  or  the 
diffusion  mechanism,  or  the  loss  cf  heat  by  conduction  from  the  ignition  center.  However, 
the  treatment  of  the  chain-branching  mechanism  appears  sound  and  of  interest  for  further  theoreti¬ 
cal  application.  Some  of  the  actual  variables  involved,  such  aB  the  rate  at  which  the  ignition 
source  produces  active  particles,  cannot  be  measured  by  present  experimental  techniques','  So  that 
experimental  proof  of  the  theory  is  difficult. 


Landau's  Theory  of  Ignition  by  Chain  Branching,  1937 


Landau's  ignition  thcory(^”^®>  i0  based  on  the  assumption  that  a  spark  introduces  both 
heat  and  chain  carriers  into  the  ignition  center,  and  that  if  the  chain  carriers  multiply  in  such  a 
manner  that  the  temperature  in  the  ignition  center  does  not  fall,  ignition  results. 


WADC  TR  56-344 


17-20 


In  order  to  treat  the  problem  mathematically,  the  following  physical  assumptions  were  made: 
In  a  combustible  gas  mixture  contained  in  a  large  vessel,  there  is  an  arrangement  for  rapidly 
releasing  energy  within  a  small  volume  at  a  distance  from  the  walls,  as  by  passing  an  electric 
spark.  It  is  assumed  that  this  energy  instantaneously  heats  a  small  spherical  volume  and  also 
creates  active  particles.  A  heat-generating  reaction  follows,  which  is  assumed  to  proceed  at  a 
rate  proportional  to  the  concentration  of  active  particles;  this  concentration  varies  with  distance 
and  with  time,  because  the  active  particles  are  diffusing  through  the  gas  and  are,  in  addition,  in¬ 
creasing  in  number  at  a  rate  proportional  to  their  concentration,  through  chain  branching.  Since 
the  theory  is  concerned  with  the  resulting  temperatures,  the  chemical  reaction  enters  the  picture 
only  insofar  as  it  generates  heat;  the  mechanism  of  reaction  is  of  importance  only  in  that  the  reac¬ 
tion  proceeds  at  a  rate  proportional  to  the  concentration  of  active  particles. 


The  small  sphere  surrounding  the  ignition  source  loses  heat  by  conduction  and  gains  heat 
through  chemical  reaction.  Both  the  rate  of  the  heat-generating  reaction  and  the  rate  of  chain 
branching  increase  with  increasing  temperature,  so  that  any  decrease  in  temperature  would  slow 
them  down,  resulting  in  a  further  decrease  of  temperature,  and  eventual  termination  of  the  process. 
Thus,  the  criterion  for  ignition  is  that  the  temperature  at  the  center  of  ignition  shall  not  fall. 

In  deriving  the  equations  to  describe  this  process,  it  is  assumed  that  the  diffusion  coefficient 
of  the  active  particles  is  equal  to  the  thermometric  conductivity  of  the  gas  through  which  they 
diffuse;  this  is  not  exact,  but  does  not  introduce  a  large  error  and  greatly  simplifies  the  derivation. 
The  effects  of  pressure  changes,  the  presence  of  burned  combustion  products,  and  the  effect  of 
temperature  changes  on  the  rates  of  chain  branching  and  on  the  heat-releasing  reaction  are  not  con¬ 
sidered,  on  the  basis  that  they  would  not  greatly  change  the  conclusions,  but  would  complicate  the 
derivation. 

The  critical  ignition  condition,  as  derived,  is: 

•  '*  I 

4(Ti  -  T  )k  aC 

_  _  > 

Qn0  R4  D 

where  T0  is  initial  temperature  of  the  gas,  Tj  is  the  initial  temperature  of  the  sphere  after  spark 
discharge.  R  is  the  radius  of  the  critical  sphere,  nQ  is  the  number  of  active  particles  per  unit  vol¬ 
ume  produced  by  the  ignition  source,  Q  is  the  heat  generated  per  reaction  of  one  active  particle 
per  unit  time,  k  is  the  thermal  conductivity,  a  is  the  branching  coefficient,  D  is  the  diffusion  co¬ 
efficient,  and  C  is  the  constant. 


The  physical  interpretation  of  this  equation  is  difficult, 
exponentially  with  temperature,  then  the  equation  becomes: 


Q,  and  L  are  assumed  to  vary 


*1  'To 


Landau  found  that  if  Tj  was  chose  as  the  minimum  temperature  of  a  solid  spherical  particle 
which  would  just  cause  ignition,  then  log  Tj  -  TQ/R^  plotted  against  1/T  yielded  straight  lines.  He 
interpreted  this  as  a  confirmation  of  his  theory.  Comparison  of  Landau's  theory  with  modern  spark 
Ignition  data  does  not  seem  possible. 


Correlations  of  Ignition  Data  by  Llnnett,  Raynor,  Frost,  and  Nutbourne. 


Experiments  by  Linnett,  Raynor,  and  Frost^-^)  8howed  that  the  minimum  igniting  pressure 
of  a  stoichiometric  oxygen-hydrogen  mixture  was  lowered  by  the  addition  of  small  amounts  of 
chemically  inert  gas.  The  effectiveness  of  inert  gases  in  lowering  the  ignition  pressure  was  cor¬ 
related  with  the  diffusion  coefficients  of  the  inert  gases,  those  with  small  diffusion  coefficients 
being  most  effective  in  lowering  the  minimum  Ignition  pressure.  It  was  concluded  that  the  Inert 
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gases  promoted  ignition  by  reducing  the  diffusion  of  active  particles  from  the  ignition  source,  and 
thus  aiding  the  increase  of  activation  level  in  this  region.  It  was  also  found  that  larger  additions 
of  inert  gases  raised  the  ignition  pressure,  and  that  the  order  of  this  effect  for  the  different  gases 
was  in  the  order  of  their  heat  capacities.  Thus,  for  greatly  diluted  mixtures,  thermal  factors 
outweighed  other  considerations. 

The  correlations  of  data  were  based  upon  the  Mole  treatment  of  the  chain-branching  mech¬ 
anism,  plus  clever  manipulation  of  diffusion  equations  to  compare  relative  effects  of  different  di¬ 
luent  gases.  The  result  indicated  that  at  equal  hydrogen  and  oxygen  pressures  the  slowest  reaction, 
which  controls  the  rate  of  chain  branching,  was 

H  +  02  - - *-OH  +  O 

In  experiments  in  which  various  gases  were  added  to  a  stoichiometric  oxygen-hydrogen  mix¬ 
ture,  the  rates  at  which  hydrogen  atoms  and  oxygen  atoms  would  diffuse  from  the  small  sphere 
surrounding  the  spark  were  examined.  The  diffusion  rates  of  hydrogen  atoms  and  oxygen  atoms 
were  found  to  be  similar  and  in  fair  agreement  with  observed  data.  It  was  not  possible  to  decide 
what  diffusing  particle  limited  the  process.  The  general  conclusion  regarding  the  ignition  of 
hydrogen  and  oxygen  was  that  the  minimum  igniting  pressure  in  the  presence  of  small  amounts  of 
nitrogen,  argon,  carbon  dioxide,  hydrogen,  and  oxygen  can  be  interpreted  approximately  by  a 
modification  of  the  theory  of  Mole,  and,  therefore,  that  this  theory  contains  the  essential  features 
of  the  problem.  However,  in  detail,  there  were  some  anomalies  which  resulted  from  the  simpli¬ 
fications  introduced,  such  as  the  ignoring  of  the  temperature  level  in  the  zone  of  ignition.  However, 
the  fact  that  the  temperature  could  be  ignored  suggests  that  the  changes  in  temperature  resulting 
from  the  introduction  of  small  amounts  of  inert  gases  were  of  secondary  importance  compared  to 
other  factors.  When  large  quantities  of  diluent  gases  were  added,  the  least  igniting  pressure  was 
increased,  the  increases  caused  by  various  gases  being  related  to  thermal  conductivities  rather 
than  to  diffusion  characteristics,  indicating  that  the  ignition  mechanism  had  changed  and  was  ther¬ 
mal  in  nature. 

Mixtures  of  nitrous  oxide  and  hydrogen  with  inert  gases  were  used  by  Linnett  and  Nutbourne 
(17-40)  to  Btudy  the  mechanism  of  ignition  for^ases  which  react  by  a  nonbranching -chain  mech¬ 
anism.  Using  a  constant  value  of  ignition  energy,  the  least  ignition  pressures  of  stoichiometric 
mixtures  of  nitrous  oxide  and  hydrogen  to  which  helium,  carbon  monoxide,  nitrogen,  and  argon 
were  added  was  determined.  It  was  found  that  addition  of  any  diluent  gas  raised  the  least  igniting 
pressure,  and  that  the  effect  varied  with  the  thermal  conductivity  and  heat  capacity  of  the  mixture. 
The  data  were  correluted  to  show  that  the  relation  of  the  ratio,  ignition  energy /heat  capacity,  to 
heat  capacity  was  a  straight  line  for  each  diluent  gas,  and  that  the  slopes  of  these  lines  were  pro¬ 
portional  to  the  thermal  conductivities  of  the  gas  mixtures.  From  this,  it  was  concluded  that  ig¬ 
nition  of  gases  which  react  by  a  nonbranching  chain  mechanism  is  thermal  in  nature  and  can  be 
explained  in  terms  of  thermal  properties  of  the  gas  mixture. 

Since  ignition  and  combination  of  many  hydrocarbon  fuels  are  known  to  proceed  by  chain¬ 
branching  processes,  the  conclusions  of  Linnett  that  the  diffusion  coefficients  of  the  fuel-oxidant 
mixture,  and  not  the  thermal  conductivity,  correlate  with  the  incidence  of  ignition  appears  of 
fundamental  importance.  Because  the  equations  for  conduction  are  Bimilar  to  those  for  diffusion, 
it  is  only  by  comparisons  of  mixtures  in  which  diffusion  and  conduction  coefficients  vary  differ¬ 
ently  that  the  effects  of  each  can  be  separated.  The  work  of  Linnett  and  associates  appears  to  be 
the  only  conclusive  comparison  between  conduction  effects  and  diffusion  effects.  However,  they 
also  show  that  thermal  effects  can  predominate  if  the  fuel  and  oxidant  mixture  is  greatly  diluted, 
or  if  the  chemical  reaction  proceeds  by  a  nonbranching -chain  mechanism.  Although  proof  of  the 
Mole  or  Landua  theories  docs  not  appear  possible,  they  provide  a  basis  for  data  correlations 
such  as  those  of  Linnett. 


The  Lewis  and  von  Elbe  Theory  of  Minimum  Ignition  Theory;  The  1947  Theory 


The  1947  ignition  theory  of  Lewis  and  von  Elb*U?-45)  is  ?  special  case  of  their  wave  theory 
of  flame  propagation.  A  thermal  combustion  wave  from  an  instantaneous  point  source  of  heat  is 
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assumed,  and  diffusion  processes  are  neglected  on  the  basis  that  they  can  be  excluded  to  permit 
study  of  such  transitory  states  as  ignition,  though  this  would  not  be  permissible  for  study  of  a 
6teady-state  combustion  process.  This  ignition  process  is  described  by  Lewis  and  von  Elbe  as 
follows: 

"When  a  mass  element  passes  through  a  combustion  wave,  it  at  first  gains  heat 
by  conduction  from  preceding  hotter  elements  and  later  loses  heat  by  conduction 
to  succeeding  cooler  elements.  Correspondingly,  the  sum  h  of  the  thermal  and 
chemical  energy  per  unit  mass  at  first  increases  above  the  level  h0  for  the  un¬ 
burned  or  adiabatically  burned  gas,  and  later  decreases  to  the  same  level.  It 
follows  that  in  a  unit-area  segment  of  a  plane  combustion  wave  the  excess  energy 

xb 

J  p(h  -  hQ)dx 
xu 

is  stored,  where  xu  and  xfo  denote  reference  points  before  and  behind  the  wave. 

This  energy  is  acquired  at  the  expense  of  the  energy  content  of  the  burned  gas  as 
the  flame  grows  from  a  small  sphere  to  its  final  size.  The  energy  that  is  thus 
lost  by  the  burned  gas  is  insignificant  except  at  the  flame  origin.  Here,  the  excess 
energy  must  be  furnished  by  the  ignition  source.  It  is  the  function  of  the  latter 
to  initiate  the  reaction  by  producing  a  high  local  concentration  of  heat  and  chain 
carriers,  and  to  furnish  at  least  as  much  energy  as  is  necessary  to  satisfy  the 
excess  energy  requirement  of  the  smallest  flame  that  is  capable  of  self -propagation. 

Such  a  flame  may  be  visualized  as  a  burning  sphere  of  the  smallest  volume  con¬ 
sistent  with  the  condition  that  the  rate  of  heat  production  should  equal  the  rate  of 
heat  conduction  to  the  surrounding  unburned  gas,  and  the  minimum  ignition  energy 
is  the  integral 

oo 

J  47Tr2  p(h  -  hQ)dr. 


The  calculation  of  this  energy  is  made  possible  by  assuming  a  simplified, 
partly  linear  temperature  gradient  in  the  combustion  wave.  This  approximate 
gradient  closely  circumscribes  the  actual  gradient.  The  resulting  temperature 
and  energy  distribution  can  be  calculated  numerically  from  data  on  the  flame 
diameter,  the  burning  velocity,  the  initial  and  flame  temperature,  the  heat 
conductivity,  density  and  specific  heat  of  the  unburned  gas.  In  a  calculation  of 
this  kind,  no  issue  arises  concerning  a  "thermal"  or  "kinetic"  theory  of  flame 
propagation.  The  issue  arises  only  when,  conversely,  an  attempt  is  made  to 
calculate  the  burning  velocity  and  the  width  of  the  reaction  zone  from  specula¬ 
tive  values  of  the  ignition  temperature  and  the  rate  of  the  chemical  reaction. 

No  data  are  available  for  the  diameters  of  the  smallest  self-propagating  flames; 
however,  they  are  smaller  than  the  readily  measurable  flame  quenching  distances 
between  plane  parallel  plates  by  a  factor  of  about  2." 


The  equation  derived  for  the  above  conditions  was: 


H  «  4nr 


z!w{t-)'U  |Tb  -Tir 


1  +  1.3  ar. 


1  +  a 


°r,  Jl  -  (3/ar,)1/3 


in  which  terms  are  as  follows:  H  is  the  minimum  ignition  energy;  rj  is  the  diameter  of  smallest 
self-propagating  flame;  pis  the  temperature  gradient;  S  is  the  burning  velocity  in  a  plane  wave; 

T  is  the  temperature; 


a  e 


cpPu^u 

P 
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where  Cp  is  the  specific  heat,  Puis  the  density,  pis  the  temperature  gradient;  Ta  is  the  tempera¬ 
ture  average  of  TQ  and  Tj;  subscript  b  refers  to  burned  gas  ;  subscript  u  refers  to  unburned  gas; 
and  superscript  o  refers  to  conditions  in  a  plane 'combustion  wave. 

This  equation  has  been  used  to  calculate  the  diameters  of  minimum  ignition  spheres.  The 
calculated  diameters  ware,  in  general,  in  agreement  with  the  assumption  that  the  diameter  is  half 
of  the  quenching  distance. 


The  1951  Lewis  and  von  Elbe  Theory  of  Minimum  Ignition  Energy 


As  shown  in  Figure  17-5,  the  correlation  of  minimum  ignition  energy  with  the  square  of  the 
quenching  distance  is  excellent  over  a  very  wide  range  of  energies  and  distances.  The  1947  Lew's 
and  von  Elbe  theory  does  not  predict  this,  but  the  authors  have  reconciled  the  general  form  of  the 
theory  with  the  data  correlation  in  the  following  manner:^?-!) 

The  final  equation  for  minimum  ignition  energy  was  derived  from  an  initial  equation: 

H  =  47Tr2  h  , 
min.  c 

which  shows  that  minimum  ignition  energy  is  proportional  to  the  critical  value  hc  of  the  excess 
enthalpy  per  unit  area,  and  the  surface  of  the  combustion  wave,  which  varies  with  r^m^n  ,  the 
minimum  flame  radius.  The  minimum  flame  radius  is  of  the  order  of  half  the  quenching  distance, 
so  that  the  right  side  of  this  equation  is  approximately  7td2hc.  Since  chemical  energy  must  be  re¬ 
leased  in  the  wave  for  ignition  to  occur,  the  value  of  hc  must  be  greater  than  that  of  hQ,  the  en¬ 
thalpy  of  the  temperature  wave  alone,  so  that  the  original  equation  can  be  modified  to  the  approxi¬ 
mate  form: 


H  =  7f  d2h°  =  7Td2  (  p/Su°)  (Tb°  -  Tu)  . 

t 


This  equation  has  been  checked  against  the  test  data  of  Lewis  and  von  Elbe  (Reference  17-1), 
and  those  of  Calcote^  and  a  very  good  correlation  found.  Lewis  and  von  Elbe  accept  this  as 

evidence  that  the  theory,  though  strongly  simplified,  is  basically  correct. 


The  Lewis  and  von  Elbe  theory  of  minimum  ignition  energy  permits  calculation  of  minimum 
ignition  energy  from  physical  properties  of  the  gas  mixture.  At  the  present  time,  it  is  the  only 
theory  which  permits  accurate  quantitative  prediction  of  any  of  the  fundamental  variables  of 
ignition  and,  thus,  is  probably  the  most  valuable  theory  for  any  practical  solution  of  ignition 
problems.  The  data  correlation  relating  minimum  ignition  energy  to  the  square  of  the  quenching 
distance  is  also  of  great  value  both  for  practical  applications  of  ignition  and  as  a  basis  for  future 
theoretical  treatment  of  ignition  mechanisms. 


Fcnn's  Reaction  Rate  Theory 


Fenn^^"^)  attempted  to  relate  all  of  the  known  factors  influencing  ignition  by  using  a  theory 
based  on  a  second-order  reaction  with  the  assumption  that  the  ignition  requirement  was  for  the  rate 
of  heat  generation  to  be  at  least  equal  to  the  heat  loss.  From  these  assumptions,  it  can  be  shown 
that  to  a  good  approximation  the  activation  energy  is  given  by 


E  =  a  Tf  (lean) 


where  E  is  the  activation  energy,  Tf  (lean)  is  the  adiabatic  flame  temperature  at  the  lean  limit  and  a 
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is  a  constant.  The  final  equation  for  ignition  energy  takes  the  form 


log 


HN03 
Tf  “  T0 


^  =  L  +  2  log  Tq  -  2  log  pQ  + 


0.65  ct  Tf  (lean) 
RTf 


where  H  is  the  minimum  ignition  energy,  N0  is  the  mole  fraction  of  oxygen,  Tf  is  the  adiabatic 
flame  temperature,  Tq  and  pQ  are  the  initial  temperature  and  pressure,  R  is  the  gas  law  con¬ 
stant,  L  is  an  undetermined  constant,  and  a  is  a  constant. 


Fenn  found  that  this  equation  gave  a  reasonable  correlation  of  the  data  with  a  =  16  and 
activation  energies  ranging  from  about  16  Kcal/mole  for  hydrogen  to  26  Kcal/mole  for  propane. 


The  Zeldovich  and  Simonov  Theory 


The  Zeldovich  and  Simonov  theory  of  ignition  is  based  on  original  data  on  ignition  of  mixtures 
of  oxygen  with  CO  and  H^.  If  a  gas  explosion  is  induced  by  a  spark  of  energy  E,  ignition  follows 
the  law: 


E  =  Qk  X3t)u3  C3pP3 

where  Q  is  the  heat  of  reaction,  k  is  a  constant,  rj  is  the  coefficient  of  utilization  of  ignition  energy, 
u  is  the  linear  velocity  of  flame  propagation,  Cp  is  the  heat  capacity,  X  is  the  thermal  conductivity, 
andp  is  the  thermal  diffusivity  of  the  reaction  products. 

The  value  of  k  was  determined  as  1 2 7T,  which  infers  that  the  calculated  radius  of  the  sphere 
raised  to  flame  temperature  by  the  spark  was  larger  than  the  width  of  the  heateu  tune  In  a  station¬ 
ary  flame,  by  a  factor  of  3,  This  factor  of  3  also  fits  the  data  of  LewiS'and  von  Elbe.  Photo¬ 
graphs  of  spark  ignition  show  radii  of  luminous  spheres  to' be  I.  3  times  the  calculated  radius  for 
CO^lg-Og  mixtures,  and  0.7  times  the  calculated  radius  for  CC^-H^O  mixtures. 


CONCLUDING  REMARKS 


Ignition  of  Gas  Mixtures 


Several  studies  of  ignition  of  gas  mixtures  are  currently  under  way.  The  general  objectives 
of  these  studies  are  to  learn  more  about  the  effects  of  electrical  variables  on  ignition,  to  observe 
photographically  the  very  early  stages  of  ignition  and  connect  these  observations  with  other  data, 
and  to  investigate  the  ignition  of  flowing  gas  streams. 

At  the  Bureau  of  Mines,  experiments  to  relate  electrical  factors  to  the  spark  structure  and 
the  minimum  ignition  energy  arc  in  progress.  Sparks  from  electrical  circuits  giving  widely 
different  discharge  characteristics  will  be  studied  using  a  two-channel  oscillograph  to  record 
discharge  voltage  and  current,  and  an  Eastman  high-speed  motion-picture  camera  (2500  frames 
per  sec.  )  to  take  schlicrcn  pictures  of  the  early  stages  of  spark  growth. 

In  a  second  project  at  the  Bureau  of  Mines,  ignition  in  flowing  gas  streams  is  under  study. 
The  effects  of  Reynolds'  number,  electrode  variables,  and  spark-dischargc  characteristics  will 
be  studied.  A  similar  project  has  been  carried  on  at  the  NACA  Lewis  Flight  Propulsion  Labora¬ 
tory  by  Swett.  From  these  two  projects,  an  understanding  of  the  effects  of  flow  on  ignition  of 
gases  can  be  expected. 


i 
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At  the  Applied  Physics  Laboratory  of  Johns  Hopkins  University,  the  early  stages  of  ignition 
are  under  study  using  spark-schlieren  photography  in  a  system  by  which  successive  sparks  can  be 
photographed  at  intervals  corresponding  to  very  high-speed  motion  pictures.  The  success  of  this 
work  in  extending  present  knowledge  of  spark  ignition  will  depend  to  a  large  degree  on  how  closely 
it  can  be  correlated  with  past  work,  and  coordinated  with  other  work  such  as  that  at  the  Bureau  of 
Mines. 


Ignition  of  Liquid-Fuel  Mists 


The  problem  of  ignition  of  fuel  mists  is  complicated  by  the  wetting  of  electrodes,  the  energy 
absorbed  as  heat  of  vaporization  of  liquid  droplets,  the  partial  vaporization  of  droplets,  and  the 
extreme  heterogeneity  of  the  combustible  mixture  in  small  regions.  Such  variables  as  fuel  volatility, 
the  extent  of  fuel  vaporization,  the  droplet  size  consist  in  the  fuel  mist,  and  flow  conditions  will 
be  very  important.  It  is  probable  that  the  minimum  ignition  energy  for  fuel-air  mists  will  depend 
on  the  above  variables  to  ouch  a  degree  that  theories  or  empirical  data  correlations  suitable  for 
homogeneous  gas  mixtures  will  not  be  applicable. 

The  only  past  work  on  ignition  of  hydrocarbon-fuel  mists  is  that  done  in  combustion  systems 
of  turbojet  engines  and  ramjets.  Because  of  the  many  uncontrollable  variables  in  these  studies, 
information  of  theoretical  value  has  not  been  obtained. 

At  the  present  time  a  study  of  ignition  of  fuel  mists  is  in  progress  at  Battelle  Memorial  Insti¬ 
tute.  Preliminary  results  indicate  that  the  variables  important  in  ignition  of  fuel  mists  containing 
little  or  no  vapor  may  be  considerably  different  from  those  for  gases,  and  that  energies  required 
for  ignition  are  much  higher  than  for  gas  mixtures. 

It  appears  that  the  most  productive  and  potentially  useful  field  for  future  research  on  spark 
ignition  will  be  in  connection  with  study  of  ignition  of  fuel  mists,  in  experiments  planned  to  deter¬ 
mine  the  important  variables  and  correlate  them  on  an  empirical  or  theoretical  basis.  Although 
the  theoretical  aspects  of  this  work  appear  complex  and  difficult,  the  practical  usefulness  of  the 
results,  as  applied  to  engine  ignition  problems,  appears  to  be  large  enough  to  justify  research. 
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CHAPTER  18.  DROPLET  COMBUSTION 


ABSTRACT 


The  combustion  process  in  a  liquid  fuel-vaporized  fuel-air 
mixture  is  far  more  complex  than  that  in  a  homogeneous  fuel-air 
mixture.  Part  of  the  combustion  may  take  place  between  the 
vaporized  fuel  and  extremely  small  droplets,  and  the  air,  and 
proceed  in  the  manner  of  a  premixed  flame.  On  the  other  hand, 
fuel  in  large  droplet  form  may  burn  as  individual  diffusion- type 
flamelets.  The  discussion  of  the  burning  of  droplets  is  therefore 
introduced  by  a  short  review  of  the  information  in  Chapters  4  and 
10  on  some  of  the  effects  of  the  size  distribution  of  the  droplets. 
The  various  theories  of  droplet  combustion,  which  are  closely 
related  to  theories  of  evaporation,  are  then  considered.  The 
chapter  is  concluded  with  a  review  of  the  experimental  results  on 
flammability  limits  and  propagation  rates  in  fuel  mists,  and  the 
effect  of  the  physical  properties  of  fuel  sprays  in  flame  stability 
limits  in  high  velocity  streams. 


CHAPTER  18 


DROPLET  COMBUSTION 


by 


A,  Levy 


Most  of  the  work  in  fundamental  combustion  research  has  been  done  with  homogeneous  gas 
mixtures.  This  type  of  combustion,  as  compared  to  the  combustion  of  a  heterogeneous  mixture, 
is  more  amenable  to  theoretical  analysis,  is  less  complex  on  an  experimental  basis,  and  gets 
results  more  readily  interpreted.  But  many  common  forms  of  combustion  do  not  occur  in  homo¬ 
geneous  systems.  The  combustion  chamber  of  jet  planes,  for  example,  utilizes  a  heterogeneous 
mixture  of  liquid  fuel,  vaporized  fuel,  and  air,  the  fuel  being  carried  and  supplied  in  liquid  form. 
It  is  therefore  necessary  to  understand  the  burning  process  of  heterogeneous  systems. 

The  new  combustion  problems  which  arise  when  liquid  fuels  are  burned  result  from  the 
necessity  of  vaporizing  the  fuel  and  bringing  it  into  intimate  contact  with  the  oxidant.  There  is 
little  doubt  but  that  combustion  can  occur  only  in  the  gas  phase,  and  then  vaporization  may  occur. 
However,  the  optimum  method  of  obtaining  this  vaporization  and  then  of  obtaining  the  desired  mix¬ 
ing  of  the  vapors  is  dependent  on  the  geometry  of  the  combustion  chamber. 

As  will  become  apparent  in  the  subsequent  discussion,  the  number  of  variables  encountered 
in  heterogeneous  combustion  is  far  larger  than  the  number  encountered  with  homogeneous  com¬ 
bustion.  Yet  the  number  of  results  available  are  far  less.  As  a  consequence,  it  is  extremely 
difficult  to  bridge  the  gap  between  the  fundamental  work  in  thiB  phase  of  combustion  and  the  appli¬ 
cation. 


THE  EFFECT  OF  SIZE  DISTRIBUTION 


The  more  specific  details  of  the  processes  of  atomization,  evaporation,  and  mixing  were 
covered  in  earlier  chapters.  The  application  of  these  studies  to  combustion  will  be  investigated 
in  this  chapter.  In  agreement  with  the  chronological  sequence  of  the  life  of  the  fuel  droplets  in 
the  combustion  chamber,  the  effects  of  atomization  and  of  size  distribution  are  covered  first. 
Theory  and  experiments  in  homogeneous  gas  systems  show  that  combustion  is  supported  within 
a  certain  range  of  fuel-to-air  ratios.  It  is  therefore  necessary  to  introduce  the  liquid  fuel  into 
the  system  in  such  a  manner  that  such  ratios  may  be  easily  achieved.  The  two  ways  in  which 
this  can  be  done  are  by  vaporization  and  by  atomization.  In  the  former  process,  the  liquid  fuel 
would  be  completely  vaporized  and  the  combustion  process  is  reduced  to  the  simple,  homogeneous 
problem.  In  the  latter  case,  the  fuel  must  be  broken  up  into  small  enough  droplets  that  a  hetero¬ 
geneous  mixture  of  fuel  drops,  fuel  vapor,  and  air  iB  obtained.  The  first  method  would  be  prac¬ 
tical  if  the  fuels  used  for  combustion  were  of  high  quality,  so  that  no  solid  residue  was  left  behind 
to  coat  or  obstruct  the  vaporizing  chamber.  But  with  the  heavier  grades  of  liquid  fuels  that  art 
used,  this  may  be  impractical.  Therefore,  liquid  fuels  arc  introduced  into  the  combustion  cham¬ 
ber  by  means  of  spray  nozzles  or  atomizers.  The  purpose  of  these  devices  is,  of  course,  to 
break  up  the  liquid  stream  into  many  fine  drops. 

No  atomizer  produces  a  strictly  uniform  distribution  of  droplets;  but  more  important,  in- 
'  vestigation  of  droplet  combustion  suggests  that  a  uniform-sized  spray  may  not  be  desirable,  for 
it  has  been  shown  that  the  spread  of  drop  sizes  in  a  spray  depends  upon  the  number  of  small  drops 
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required  to  produce  enough  vapor  for  ignition  purposes.'  '  Then,  if  there  are  a  sufficient 
number  of  small  drops  to  propagate  a  stable  gas  flame,  the  larger  drops  vaporize  and  support 
combustion.  How  large  the  larger  drops  should  be  is  determined  by  the  heat  necessary  to  vapor¬ 
ize  the  fuel  in  the  time  available,  by  the  number  of  small  drops  present,  and  by  the  length  of  the 
combustion  chamber.  The  vaporization  of  large  drops  cools  the  flame,  so  that  the  small  drops 
must  he  present  to  feed  sufficient  fuel  to  the  flame  until  the  larger  ones  produce  enough  vapor. 

The  oil-fired  open-hearth  steel  furnace  is  a  good  example  where  a  large  size  of  drop  is  desirable, 
that  combustion  may  be  maintained  over  a  large  distance.  In  the  case  of  the  turbojet  combustion 
chamber,  the  fuel  droplet  would  necessarily  be  much  smaller  since  the  chamber  is  much  shorter 
and  the  flow  velocity  is  much  higher. 


The  computation  of  the  combustion  volume  of  a  flame,  as  this  may  be  related  to  size  of 
drop,  is  too  complicated  to  perform  with  any  accuracy.  In  the  absence  of  better  data,  Gibbs'  ”  ' 
has  taken  data  by  Houghton  from  Perry's  Handbook  “  '  and  has  related  the  combustion  volume 
to  the  degree  of  atomization,  by  assuming  that  the  fuel  will  react  at  a  rate  faster  than  the  rate 
of  vaporization.  From  the  data  used,  a  nominal  distribution  of  large  drops  of  10  microns  to  500 
microns  in  diameter  gives  a  surface  of  1. 52  sq  ft  per  cu  in,  of  oil.  A  drop  distribution  of  2  to  70 
microns  yields  56,  2  sq  ft  per  cu  in.  Knowing  the  time  rate  of  volume  formation  of  combustion 
products  and  the  vaporization  time  for  a  volume  of  oil,  it  is  found  that  the  coarse  atomization  re¬ 
quires  1,42  cubic  feet  of  combustion  space  compared  with  0.038  cubic  foot  of  space  for  the  fine 
spray.  Such  a  large  difference  in  size  of  combustion  chamber  is  an  important  consideration  in 
selecting  a  proper  fuel- injection  system. 


Probert  (18-4)  j^g  investigated  this  topic  in  more  detail  (see  Chapter  10).  His  analysis 
involves  the  burning  of  a  cloud  of  drops  whose  size  distribution  conforms  to  the  Rosin-Rammler 
relation 


(18-1) 


where  R  is  the  per  cent  residue  by  weight  or  volume  greater  than  diameter  x,  x  is  the  size  factor, 
that  is,  a  measure  of  the  degree  of  atomization  such  as  the  droplet  size  when  R  o  37  per  cent, 
and  n  is  the  diversity  factor,  that  is,  a  measure  of  the  range  of  size  distribution,  a  high  n  factor 
signifying  a  small  lispersion  of  sizes  about  the  mean. 

Probert  def'nes  the  best  spray  as  one  which  evaporates  the  fastest;  he  uses  a  mean  diameter 
term  which  is  representative  of  the  over-all  rate  of  evaporation.  A  volume  of  liquid  with  the 
smallest  drops  would  evaporate  the  fastest;  <~t  in  Probert's  terms,  if  all  the  drops  in  this  liquid 
were  laid  end  to  end,  they  would  give  the  longest  line.  Therefore,  the  mean  diameter  is  defined 
as  the  diameter  of  a  droplet  which  evaporates  at  the  same  rate  per  unit  volume  as  the  volume 
made  up  of  drops  of  that  size.  Now,  this  diameter  would  be  representative  of  a  spray  at  the 
moment  of  injection,  but  with  combustion  proceeding  simultaneously,  the  rate  of  evaporation  of 
the  dropt  would  be  different.  It  Btands  to  reason  that,  with  steady  burning,  the  fuel  is  being  in¬ 
jected  a.  the  same  rate  that  it  is  being  consumed  or  evaporated,  Probert  compares  this  volume 
of  fuel  to  the  volume  initially  injected  into  the  chamber  and  calls  this  ratio  the  specific  volume. 

The  specific  volume  and  mean  diameter  are  evaluated  in  terms  of  gamma  functions  and  are  ex¬ 
pressed  as 


and 


specific  volume^ 


(18-2) 


mean  diameter 


(18-3) 


X  i"  the  evaporation  constant.  It  is  apparent  that  t|ie  diversity  factor,  n  ,  has  very  little  influence 
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on  these  quantities  so  that  the  mean  diameter  can  be  expressed  as  x  /  \f2~. 

Figure  18-1  is  taken  from  Probert1  s  analysis  and  is  best  explained  in  his  words:  These 
curves  ’’clearly  show  how  misleading  it  is  to  rate  fuel  sprays  on  their  initial  rates  of  evaporation 
when  injected.  For  although  the  times  of  evaporation  of  a  given  quantity  are  much  more  sensi¬ 
tive  to  changes  in  x  than  in  n,  yet  the  distribution  constant  n  does  have  a  great  effect  on  the  time 
necessary  to  evaporate  the  last  few  per  cent  of  the  spray,  A  small  vahrg  of  n  gives  a  small  mean 
diameter  of  the  injected  spray  and  correspondingly  a  high  initial  rate  of  evaporation,  but  after 
about  75  per  cent  of  the  liquid  has  been  evaporated  the  effect  of  n- is  inverted.  It  is  now  seen  that 
x  should  be  as  small  as  possible,  and  n  large,  for  quick  evaporation  of  the  whole  spray,  even 
-  though  a  large  value  of  n  means  a  slower  initial  rate  of  evaporation". 


FIGURE  18-1.  THE  INFLUENCE  OF  THE  DISTRIBUTION  FACTOR  ON 
THE  EVAPORATIVE  PROCESS 

(Probert) (18-4) 


THEORY  OF  DROPLET  COMBUSTION 


The  theory  of  the  combustion  of  liquid  drops  has  not,  until  recently,  been  extensively  in¬ 
vestigated,  partly  because  of  the  complexities  of  the  heterogeneous  system  and  partly  because 
the  early  work  on  liquid-fuel  combustion  was  only  in  a  developmental  stage.  It  has  generally 
boon  concluded,  as  a  result  of  recent  studies^8"8’  18-6),  ^at  the  earlier  assumptions  tying 
together  the  burning  process  and  the  evaporative  process  are  good.  Godsavc,  at  the  National 
Gas  Turbine  Establishment,  in  England,  has  confirmed  tills  in  a  scries  of  preliminary  experi¬ 
ments  whereby  a  drop  of  hydrocarbon  fuel  was  suspended  from  a  fine  silica  wire  and  ignited. 

The  rate  of  decrease  of  the  drop,  followed  photographically,  was  found  to  vary  directly  with  the 
first  power  of  the  radius.  According  to  all  the  classical  theories  of  evaporation  (see  Chapter  8), 
the  rate  of  evaporation  in  unit  weight  per  second  of  a  drop,  into  still  air,  should  be  proportional 
to  the  first  power  of  the  radius  and  to  the  difference  in  the  vapor  pressure  at  the  surface  of  the 
drop  and  in  the  surrounding  air.  Godsavc's  “  '  experiments  confirm  the  proportionality  with 
radius  in  the  range  of  1000  to  2000  microns,  and  Kumagai  and  Isoda's  ( 18-6)  experiments  confirm 
the  results  in  the  range  of  300  to  1300  microns.  In  agreement  with  views  put  forward  earlier 
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by  Lloyd^®-^,  the  results  show  that  in  the  case  of  the  burning  drop  the  vapor  pressure  does  not 
exert  any  noticeable  effect  on  the  burning  rate.  As  a  result  of  this,  Lloyd  has  suggested,  and 
many  others  have  agreed,  that  the  burning  rate  for  liquid-fuel  droplets  depends  upon  the  transfer 
of  heat  required  to  raise  the  temperature  of  the  drop  to  the  boiling  point  and  to  supply  the  heat 
of  vaporization. 

Figure  18-2  gives  a  schematic  presentation  of  the  distribution  of  the  vapor  around  the  drop 
according  to*  Gudkov- Belyakov  (18“8),  wj1Q  uges  model  in  refuting  all  the  old  theories  which 
claimed  that  combustion  of  liquid  droplets  could  possibly  take  place  in  the  liquid  phase.  He  does 
this  by  comparing  the  heating  qualities  of  colliding  molecules  in  the  liquid  phase  with  those  in 
the  vapor  phase,  and  shows  how  rapidly  the  vapor-phase  molecules  receive  their  energy  and  are 
ready  to  react  with  oxygen. 


FIGURE  18-2.  THE  DISTRIBUTION  OF  VAPOR  SURROUNDING  A  DROP 
(Gudkov-Belyakov) 


In  Figure  18-2  the  Droplet  1  is  at  the  lowest  temperature,  and  molecules  leave  its  surface 
to  move  out  into  the  surrounding  environment.  At  Boundary  2,  the  surface  is  almost  entirely 
vapor  molecules,  but  at  Boundaries  3,  4,  5,  and  6,  air  is  rapidly  diffusing  in  and  mixing  with 
the  vapor.  According  to  the  author 's  picture,  the  vapor  and  air  are  within  the  combustion  limits, 
so  that  for  a  "still-air"  system  spontaneous  ignition  could  occur  between  Boundaries  3  and  6. 
Although  this  representation  is  probably  accurate  before  ignition  in  the  "still-air"  system,  any 
relative  velocity  will  distort  the  pattern.  After  combustion  the  pattern  is  not  correct  for  at 
least  two  reasons.  First,  even  with  a  stationary  droplet,  bouyancy  effects  produced  by  the  com¬ 
bustion  will  create  a  relative  air  velocity.  Second,  combustion  will  not  occur  over  such  a  wide 
range  of  inflammability  limits,  but  instead  will  occur  at  the  stoichiometric  fuel-air  concentration. 

Some  early  experiments  of  K.  Neuman^®'^,  who  was  a  proponent  for  liquid-phase  com¬ 
bustion,  arc  of  interest  in  contrasting  the  early  lines  of  reasoning  to, what  is  known  today,  Neuman 
studied  the  delay  of  spontaneous  ignition  in  still  and  in  turbulent  air  as  a  function  of  the  temperature 
of  the  liquid.  He  reported  that  turbulence  heated  the  liquid  fuel  more  Rapidly  and  the  delay  period 
was  shorter.  Consequently,  "the  preliminary  vaporization  of  fuel  was  not  imperative".  However, 
below  382  C  he  reports  that  the  ignition  delay  was  even  greater  than  that  for  still  air,  thereby 
refuting  his  own  theory. 

Before  going  into  the  various  developments  of  the  theory  of  heat  transfer  to  the  drop  during 
the  combustion  process,  the  work  of  another  Russian  worker  will  be  discussed.  G.  N. 

Khudyakov  (18-10)  ha8  atudied  the  combustion  of  liquid  fuel  while  in  simulated  flight.  To  do 
this,  a  drop  was  attached  to  a  filament  in  a  stream  of  air.  However,  it  was  found  necessary  to 
keep  the  drop  spherical  during  thi3  process;  consequently,  a  metal  sphere,  15.7-mm.  diameter, 
was  attached  in  such  a  way  that  fuel  could  continually  be  supplied  to  its  surface.  In  this  manner 
the  drag  on  a  drop  was  obtained  during  combustion  and  without  combustion  by  measuring  the  de¬ 
flection  of  the  filament.  Defining  the  drag  coefficient  C  as 
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C  =  _ 

S'pV2  (18-4) 

where  F  is  the  drag  on  the  drop,  V  is  the  velocity  of  the  air  stream,  p  is  the  density  of  the  air, 
and  S  is  the  projected  area  of  a  drop,  it  was  found  that  the  coefficient  was  reduced  from  the 
range  0.  54  to  0.62  without  combustion,  to  the  range  0.48  to  0.52  with  combustion.  In  other  words, 
everything  else  being  equal,  the  burning  drop  will  travel  farther  than  the  nonburning  one. 

It  .was  found  that  combustion  takes  place  behind  the  drop  in  the  form  of  a  burning  tail,  in 
much  the  same  manner  as  the  tail  behind  a  flame  holder.  Even  at  24  meters  per  second,  the 
burning  tail  does  not  break  away  from  the  drop.  Another  similarity  to  the  flame  holder  is  that 
experiments  show  that  eddies  exist  behind  the  drop;  also,  although  the  pressure  behind  the  drop 
decreases,  it  decreases  less  for  the  burning  drop  because  of  the  presence  of  combustion  pro¬ 
ducts,  which  explains  the  decreased  drag  on  the  burning  drop.  Because  of  the  flame-holder  type 
of  action,  the  evaporation  of  the  fuel  will  not  occur  in  the  same  manner  for  all  sides  of  the  drop. 
The  eddies  behind  the  drop  form  a  low-pressure  reverse-flow  region  where  the  fuel  vapors  be¬ 
come  concentrated  and  are  mixed  with  air  and  burn.  Since  burning  occurs  on  this  side,  more  in¬ 
tensive  evaporation  also  occurs  here.  Khudyakov  has  presented  a  good  physical  picture  of  the 
burning  drop  with  air  rushing  past  it.  However,  it  must  be  realized  that  for  most  of  the  drops 
in  the  air  stream  of  the  combustion  chamber,  the  drops  are  so  small  (less  than  50  microns)  that 
they  rapidly  assume  the  air-stream  velocity. 

Lloyd^®“^>  18-11)  jjaa  reviewed  the  relation  of  fuel  properties  to  burning  processes  in  gas 
turbines,  and  comes  to  the  conclusion  that  basic  information  on  droplet  combustion  is  too  meager 
for  exact  analysis. 

Wolfhard  and  Parker ( 1®“  *2)  have  investigated  the  burning  of  a  kerosene  in  air.  When  a  fine 
kerosene  spray  was  projected  from  a  nozzle,  it  was  found  that  the  ignited  spray  held  a  stationary 
position  at  some  distance  from  the  nozzle.  Since  schlieren  photographs  were  not  very  helpful  in 
studying  these  flames,  the  authors  resorted  to  a  theoretical  treatment  of  the  heat  transfer  to  the 
spray.  By  applying  Stokes'  law  to  the  droplets  and  considering  the  drops  to  range  in  size  from  10 
to  100  microns  in  diameter,  the  authors  show  that  the  smallest  drops  quickly  come  to  rest,  relative 
to  the  air,  and  then  move  with  air  velocity.  In  tests  that  were  run,  the  flame  front  was  held  about 
2.  5  cm  from  the  nozzle.  If  the  air  velocity  is  about  25  cm  per  sec  at  the  flame  front,  this  means 
that  the  small  drops  must  reach  this  position  within  0.  1  second.  Can  a  10-micron  drop  evaporate 
in  this  time?  From  Frossling's  calculations  (see  Chapter  9),  a  water  drop,  which  has  a  much 
higher  vapor  pressure  than  kerosene,  would  have  a  decrease  in  diameter  of  only  about  10  per  cent 
during  this  time.  Also,  there  would  be  no  significant  increase  in  evaporation  due  to  the  radiation 
from  the  flame  front.  Therefore,  it  appears  that,  since  the  drop  cannot  evaporate  in  the  relatively 
long  trip  to  the  flame  front,  processes  occurring  at  the  flame  front  must  be  important. 

The  authors  then  assume,  for  kerosene,  a  thickness  of  reaction  zone  of  about  2.  1  mm.  The 
drops  must  be  able  to  vaporize  and  diffuse  in  the  short  time  corresponding  to  this  narrow  zone. 
Assuming  that  the  kerosene  goes  through  this  zone  at  about  20  cm  per  sec,  the  authors  show  that 
there  is  sufficient  heat  conducted  to  the  drops  to  evaporate  them  completely  in  this  small  zone. 

If  one  considers  a  cubic  centimeter  of  air  with  sufficient  100-micron  drops  to  support  com¬ 
bustion,  then  the  situation  can  be  described  as  a  single  droplet  in  a  cube  of  air  0.  135  cm  on  a  side. 
To  find  the  time  necessary  for  a  molecule  to  diffuse  to  the  edge  of  this  cube,  the  familiar  Einstein 
diffusion  equation  is  applied, 


x2  =  2Dt  . 


(18-5) 
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Assuming  D  a  1  in  a  flame, 

t -  (°’068>  2  =  0. 0023  second.  (18-6) 

2 

This  would  be  more  than  sufficient  time  for  the  evaporation  to  take  place,  since  the  drop  cannot 
pass  through  the  flame  front  this  fast.  Therefore,  it  is  concluded  that  small  droplets  can  vapor¬ 
ize  directly  in  the  narrow  preheating  zone  of  the  flame  front. 

The  authors  show  this  to  be  true  by  mixing  kerosene  spray  with  butane.  With  no  combus¬ 
tion  the  drops  are  readily  visible  in  the  entire  gas  stream  leaving  the  burner  tip.  During  com¬ 
bustion  the  drops  are  visible  only  in  the  inner  cone,  and  on  the  other  side  of  the  cone  the  product 
gases  are  entirely  free  of  drops. 

A  similar  study  has  been  made  of  the  burning  of  fuel  mists  off  a  hemispherical  flame 
holder  (18-13).  ^  Btudies  where  a  low  flash  point,  kerosene-type  fuel  MIL-F-5624,  formerly 
called  ANF-58,  was  used,  it  was  observed  by  high-speed  motion  pictures  of  the  inverted  flame 
that  a  large  number  of  drops  do  go  through  the  flame  front,  presumably  because  they  are  too 
large  to  evaporate  in  the  flame  front. 

In  this  study  an  attempt  was  made  to  relate  an  apparent  flame  speed  to  the  burning  mist. 
This  is  a  most  difficult  problem,  however,  because  one  is  working  with  an  inverted  flame,  so 
that  the  simple  laminar  flow  lines  no  longer  exist.  Also,  in  such  a  situation  a  varying  fuel/air 
ratio  exists.  Since  the  mist  is  introduced  several  diameters  upstream,  the  fuel/air  ratio  at  the 
flame  holder  becomes  a  function  of  the  drop-size  distribution.  Likewise,  the  heat  removed  from 
the  flame  is  also  a  function  of  the  size  of  the  drops  that  are  large  enough  to  pass  through  the 
front. 


A  similar  example  of  a  study  with  fuel  mists  which  becomes  very  complicated  as  a  result  of 
the  role  of  the  drop-size  distribution  is  the  experiments  of  Lloyd's  where  the  variation  of  ignition 
lag  was  Btudied(18“  14),  ^  spray  was  injected  into  a  chamber  and  was  carried  forward  by  heated 

air.  The  ignition  lag  was  measured  as  a  function  of  the  air  temperature  and  the  drop  size.  In 
such  a  process  two  delays  are  involved,  the  physical  delay  ox  evaporation  and  mixing  and  the 
chemical  delay  associated  with  preflamo  reactions.  Three  combustion  zones  occur  in  such  a 
process: 

(a)  There  is  the  preflame  zone  where  intermediate  oxidation  products  are  formed.  Cool- 
flame  radiation  from  the  activated  formaldehyde  occurs  here  also. 

(b)  There  is  the  flame  front  where  tho  fast  reaction  occurs.  The  delay  here  is  a  function 
of  the  temperature,  proesure,  and  reaction  mechanism. 

(c)  There  is  the  main  flame  where  the  unevaporated  fuel  eventually  vaporizes  and  ignites. 
This  flame  region  depends  upon  the  drop-size  distribution  for  its  total  flame  length.  To  date, 
there  has  not  been  sufficient  effort  placed  on  tho  burning  in  this  last  region, 

A  general  theory  for  the  conduction  of  heat  in  a  moving  medium  has  been  developed  by 
Godsave  (18-15)  along  with  his  experimental  study  on  single-drop  evaporation.  The  development 
has  been  used  to  derive  general  equations  for  the  temperature  distribution  and  heat  transfer  in 
the  preflame  region.  Tho  solutions  to  these  equations  are  then  applied  to  the  case  of  the  burning 
of  a  single  fuel  droplet. 

Two  cases  of  burning  drops  are  considered.  There  is  the  linear  case  where  reference  is 
made  to  the  premixed  stream  of  vapor  and  air  that  is  burning;  and  there  is  the  spherical  case 
where  reference  is  made  to  the  flame  formed  about  each  drop  of  liquid  fuel.  In  the  ideal  case 
the  drop  is  surrounded  symmetrically  by  the  spherical  flame  front.  The  latter  case  is  more 
nearly  a  direct  application  of  Godsave's  experimental  study,  and  the  former  case  is  more  nearly 
an  application  of  Lloyd's  and  Pilcher's  studies. 
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The  analyses  are  interesting  in  their  similarity  to  the  approach  of  Tanford  and  Pease  (18-16) 
in  their  development  of  flame-propagation  equations  (see  Chapter  14).  Although  the  linear  case 
refers  to  the  premixed  flame  and  the  spherical  case  refers  to  the  diffusion  flame,  the  temperature 
distribution  in  the  two  cases  will  depend  upon  the  three  basic  processes  of  conduction,  gas  motion, 
and  local  energy  changes;  the  difference  in  the  two  cases  will  result,  of  course,  from  the  extent 
of  the  dependence  on  each  process. 

The  three  factors  which  determine  the  temperature  distribution  are: 

(1)  The  conduction  of  heat  due  to  the  instantaneous  temperature  gradient  at  any  point. 

(2)  The  motion  of  the  gas,  which  successively  removes  a  layer  of  gas  and  replaces  it  at 
any  point  by  an  adjacent  layer  at  a  different  temperature. 

(3)  The  heat-energy  changes  due  to  (a)  chemical  reaction,  and  (b)  radiation  effects. 

Two  situations  exist,  (a)  the  simple  case  where  thermal  conductivity,  X,  is  constant,  and 
(b)  the  case  where  X  is  not  constant  in  the  space  concerned.  For  the  simple  case,  the  ordinary 
equation  of  heat  conduction,  relating  temperature  to  time,  holds, 

—  v^2'T  +  dZT  dZ7\ 

3t  W  TF  +  JFJ  (18-7) 


where  k  =  X  /  (cp),  c  and  p  are  the  heat  capacity  and  density,  respectively,  and  where  x,  y,  and 
z  are  the  space  coordinates. 

When  X  is  not  constant  and  the  medium  is  in  motion,  and  there  is  a  local  source,  F, 
supplying  a  unit  quantity  of  heat  in  time  d  t,  the  generalized  equation  is 


cp 


'£T  dx£T  djr£T_  dz  £T\ 
d  t  dt  d  x  dt  <5  y  dt  dz  / 


d_  XdT_  +  _d_  XdT  +  _d_  \d T 
,<3x  t?x  <Jy  dy  dz  dz 


+  F. 


(18-8) 


At  equilibrium, 


(18-9) 


For  the  linear  case  where  conduction  occurs  along  one  axis  only,  Equation  (18-8)  becomes 


isiI.kS!T  +  ±r 

dt  dx  dx2  cp 


(18-10) 


For  the  spherical  case  where  the  vapor  is  flowing  symmetrically  outward,  the  equation  in 
polar  coordinates  may  be  written 


dZT 

dr2 


/2k  dr\  dT  1  „ 

+  (  —  -  —  )  - +  —  F  n  0. 

\  r  dt  /  dr  cp 


(18-11) 


If  e  iB  defined  as  the  fraction  of  reaction  completed,  that  is,  c  =  1  at  the  flame  front,  and 
e  a  0  infinitely  far  away  from  the  flame  front,  and  then  F  may  be  expressed  in  terms  of  the  total 
heat  release,  Q,  and  the  linear  gas  velocity,  u, 


F  .  -  Q  ^  p„ 


(18-12) 


WAQC  TR  66-344 


18-7 


When  this  is  applied  to  the  linear  case,  Equation  (18-10),  the  same  relation  arrived  at  by  Tanford 
and  Pease  results, 


d^T  cpu  dT  _  Qpu  de 
dx“  X  dx  X  dx 


(18-13) 


The  solutions  are  obtained  by  using  the  same  assumptions  as  suggested  by  Tanford  and 
Pease.  The  rate  of  heat  transfer,  H,  in  the  flame  region,  0  <  x  <  6;  for  example,  is 


H  =  cpu  (T  -  TQ)  +  —  (x  -  6)  pu  . 


(18-14) 


As  shown  in  Chapter  14,  this  implies  that  T  and  dT/dx  are  continuous  at  x  =  6. 

In  the  spherical  case,  where  no  dilution  of  the  vapor  is  assumed  as  the  drop  approaches  the 
flame  front,  the  radial  mass  flow  of  vapor,  dm/dt,  is 


dm  .  ?  dr 

- —  =  4ttt  p  — 
dt  r  dt 


(18-15) 


In  the  case  of  a  diffusion,  flame  about  each  drop,  the  simple  analysis  is  complicated  by  diffusion  of 
fuel  and  air  to  stoichiometric  concentrations  before  burning,  and  by  the  occlusion  of  combustion 
products  with  the  fresh  gases.  The  effect  of  this  is  to  change  the  value  of  the  constants  in  Equation 
(18-11),  so  that  they  no  longer  represent  values  for  pure  gases.  Instead  of  noting  this  change  with 
primes,  the  symbols  will  be  used  unchanged,  although  it  must  be  recognized  tl  at  this  limitation 
exists.  For  steady-state  conditions,  material  and  heat  balances  exist  for  the  diluent  gase3.  Now 
if  fuel  is  passing  through  the  volume  element,  4rrr2dr,  the  amount  of  heat  released  in  time  dt  will 
be 


J^47rr2 


de 

Qd7  dr  ’ 


Hence  F,  which  is  the  heat  release  per  unit  volume,  will  be 


where  M  a  dm/dt.  Equation  (18-11)  becomes 


d2T  +  fz  _  _Mc_\  dT  _  Q  M  de 
dr2  47rr2X'dr  4rrr2X  dr 


(18-16) 


This  is  analogous  to  the  linear  equation. 

The  solution  depends  upon  the  assumption  that  all  the  heat  is  released  at  the  flame  surface, 
that  is,  that  de/dr  vanishes  everywhere  but  at  the  flame  front.  The  temperature  distribution  is 
given  as 


T  = 


T 2  -  T! 

e-D/r2  .  c-D/ri 


e"D/r  ♦ 


Tlc-P/r2  -  T2c"D/rl 
0-D/r2  .  e-D/ri 


(18-17) 


where  the  Subscripts  1  and  Z  refer  to  equilibrium  conditions  on  the  surface  of  the  drop  and  at  the 
flame  front,  respectively,  and  D=Mc/47T>. 


The  heat-flow  balance  at  the  drop  surface  is 


M  _  H  = 


(18-13) 


WADC  TR  56-  ^44 


18-8 


M  A  H  = 


i 


(18-19) 


exp 


4  7T  X  D  A  T 


1 


where  AH  is  the  amount  of  heat  necessary  to  raise  the  fuel  to  the  liquid  surface  equilibrium  tem¬ 
perature  and  to  evaporate  it.  The  importance  of  the  temperature  gradient  at  the  surface  is  appar¬ 
ent  in  Equation  (18-18).  The  rate  of  evaporation  is  proportional  to  the  temperature  gradient  there; 
however,  it  must  also  be  pointed  out  that  as  M  increases  with  an  increase  in  dT/dr,  the  result  is 
an  eventual  decrease  in  dT/dr  so  that  an  equilibrium  state  is  reached.  In  Equation  (18-18),  there¬ 
fore,  the  values  are  equilibrium  values. 


Equation  (18-19)  is  then  the  burning  rate  as  normally  defined.  After  substituting  for  D,  the 
final  burning-rate  equation  is 


dm 

dt 


(18-20) 


It  has  been  mentioned  earlier  that  the  heat-release  term  includes  radiation  effects  besides 
the  chemical  effects.  However,  this  has  been  omitted  in  this  development  since,  besides  being  an 
additional  complicating  factor,  it  is  not  a  large  effect  until  the  temperature  riseB  to  a  high  value. 
Also,  the  radiation  that  might  be  absorbed  by  hydrocarbons  in  the  vapor  phase  is  not  significant 
until  the  flame  front  is  approached. 


The  change  in  size  of  the  drop  has  not  been  included  in  this  investigation,  but  it  can  be  as¬ 
sumed  that  the  evaporation  rate  determined  by  a  steady-state  process  cannot  be  too  different  from 
the  process  where  the  drop  is  continuously  decreasing  in  size.  The  effect  of  gas  motion  relative 
to  the  drop  has  been  excluded  also  because  of  its  complications.  To  include  this,  it  would  be 
—necessary  to  apply  the  Navier-Stokes  equations  for  viscous  flow  in  a  form  appropriate  to  the 
boundary  conditions. 


In  the  light  of  all  these  approximations,  the  relations  expressed  by  the  final  burning-rate 
equation  can  be  summarized  by  stating  that  to  increase  the  burning  rate  it  is  necessary,  alterna¬ 
tively  or  simultaneously,  to 

(a)  Increase  flame  temperature. 


(b)  Decrease  reaction  zone  thickness,  that  is,  increase  diffusion  rate  of  the  fuel,  or 
increase  reaction  rate,  or  decrease  rg. 

(c)  Increase  thermal  conductivity. 

(d)  Decrease  latent  heat  of  evaporation  of  the  fuel. 

If  Equation  (18-20)  is  written  in  the  form 


dm 

dt 


k  (r^r i ) 

=  - : -  , 

r2  "  rI 


(18-21) 


(18-22) 
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rj  +  x 
d 


and  if  Tj  +  x  is  substituted  for  rp,  then 


dm 

dt 


=  kr, 


(18-23) 


where  x  is  the  distance  over  which  the  vapor  diffuses  to  the  flame  front.  The  relation  is  thus  ob¬ 
tained  that  the  burning  rate  becomes  proportional  to  the  radius  as  r  becomes  small  compared  to 
the  reaction-zone  thickness  while,  for  relatively  large  sizes  of  drops  (rj  =  1000  microns),  the 
proportionality  does  not  hold.  This  latter  point  is  in  contradiction  to  the  experimental  results  ob¬ 
tained  by  Godsave,  where  he  observed  the  burning  drops  to  evaporate  at  a  rate  proportional  to  the 
radius  for  drops  as  large  as  2000  microns.  (1®"  *  A  way  out  of  this  difficulty  is  to  assume  that  x 
varies  with  r,  which  seems  to  be  the  case.  The  constant  of  population  apparently  varies  with  the 
fuel.  (18-18)" 


Godsave  observes  in  his  studies  in  which  he  attempts  to  analyze  the  experimental  results  in 
terms  of  his  heat-transfer  development  that  the  life  of  the  drop  is  determined  by  an  evaporation 
constant,  A.  This  evaporation  constant  is  identical  with  that  used  by  ProbertU®-^)  jn  general, 
Godsave's  studies  bear  out  the  fact  that  burning  of  the  single  fuel  drop  is  in  principle  a  physical 
problem  in  which  sufficient  heat  is  supplied  to  the  drop  to  cause  evaporation,  and  the  chemical 
reaction  occurs  at  a  distance  relatively  far  removed  from  the  drop  surface.  [A  good  summary  of 
these  studies  is  presented  by  Godsave  in  his  Fourth  Combustion  Symposium  paper(*®“  19),  ] 

Goldsmith  and  PennerU®"20)  have  also  examined  the  problem  of  single-drop  combustion. 
Their  analysis  is  an  extension  and  generalization  of  Godsave's  work.  However,  it  differs  by  the 
fact  that  integrated  forms  of  the  energy  and  continuity  equations  are  used,  thereby  removing  the 
necessity  of  using  the  rather  invalid  approximations  of  constant  thermal  conductivity  and  specific 
heat  of  the  fuel.  The  analysis  also  yields  expressions  for  the  temperature  and  the  radius  of  the 
combustion  surface  which  were  not  obtainable  by  Godsave's  approach. 

Details  of  the  analysis  are  omitted  here.  However,  it  is  of  interest  to  note  that  the  theory 
predicts  that  rc/re  (combustion  radius  divided  by  drop  radius)  Bhould  be  constant  for  fixed  values 
of  the  physico-chemical  parameters;  as  sqen  in  the  table  below  such  appears  to  be  the  case,  where 
the  fuels  are  similar.  That  the  calculated  ratios  are  all  too  high  is  ascribed  to  the  strong  con¬ 
vective  currents  for  the  large  drops  actually  tested. 


TABLE  1.  COMPARISON  OF  CALCULATED  AND  OBSERVED  COMBUSTION 
RADII  (Goldsmith  and  Penner}(  18-20) 


Fuel 

Observed,  rc/re 

Calculated,  rc/re 

Benzene 

2.97 

11.8 

n-Heptanc 

3.  03 

10.  3 

Toluene 

2.59 

11.5 

Further  experimental  confirmation  of  the  constancy  of  rc/re  is  shown  in  Hall  and 
Diederichsen's  studies.  (18-21)  These  investigators  observed  the  combustion  of  suspended  drops 
with  a  continuous  drum  camera  trace  and  report  an  approximately  constant  distance  between  drop 
and  flame.  They  also  studied  this  as  a  function  of  pressure  and  report  that  the  distance  varies  as 
in  the  region  1  to  20  atmospheres.  The  mass  burning  rates  varied  in  proportion  to  the  first 
power  of  the  drop  diameter  in  this  work,  which  is  in  accord  with  other  investigators,  and  as  P 

Spalding(*®"^)  has  also  studied  the  combustion  of  liquid  fuels  in  a  gas  stream.  His  reasons 
for  such  a  study  are  aptly  stated  ". . ,  conceptions  proper  to  homogeneous  combustion,  such  as 
flame  speed,  mixture  formation  and  flame  temperature  are  often  wrongly  applied  to  the  heterogene¬ 
ous  conditions  obtained  in  burning  fuel  sprays.  "  Spalding  has  applied  the  film  concopt  of  heat  and 
nfatter  transfer  to  the  combustion  of  fuel  drops. 
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Figure  IC-  3  shows  the  appropriate  temperature  and  partial  pressure  curves  &t>  they  appear 
in  the  double-film  concept.  Although  the  kinetics  of  hydrocarbon  oxidations  reveal  many  slow, 
rate-determining  steps,  the  same  assumption  prevails  here  as  for  all  diffusion-flame  studies,  the 
reaction  is  assumed  to  proceed  at  a  rate  such  that  it  offers  no  resistance  to  the  over-all  process. 
In  other  words,  as  soon  as  the  fuel  and  air  are  in  the  proper  proportions,  reaction  occurs.  The 
reaction  surface  is  located  at  B  in  the  Figure.  Fuel  diffuses  between  A  and  B,  while  oxygen  - 
diffuses  between  B  and  C.  As  Zeldovich  proves  in  his  study  (see  Chapter  19),  the  partial  pres¬ 
sures  of  the  two  reactants  are  zero  at  B.  The  heat  of  the  reaction  at  B  must  be  dissipated  by  con¬ 
duction  "assuming  that  radiation  is  negligible",  and  this  is  done  in  heating  the  fuel  and  the  main 
gas  stream.  When  the  temperature  and  concentration  curves  are  known  and  the  two  distances,  AB 
and  BC,  can  be  approximated,  the  burning  process  can  be  explained  by  means  of  four  equations: 

(a)  the  relation  for  diffusion  across  CB,  (b)  the  number  of  molecules  of  fuel  and  oxygen  reaching 
B,  and  (c)  and  (d)  the  two  heat- conductivity  equations  across  A.B  and  CB.  The  four  equations, 
after  the  analysis  of  G.  Ackerman(l®"23),  for  diffusion  of  gases  and  for  heat  transfer,  are: 

(a)  Diffusion  of  oxygen  from  C  to  B, 


C  DP 
J  RT  ‘ 


(18-24) 


,  x  m 


film  ''S'  rgq« 
B  C 


FIGURE  18-3.  THE  TEMPERATURE  AND  CONCENTRATION 
GRADIENTS  IN  THE  DOUBLE  LAYER  FILM 


(Spalding) 


(18-22) 


(b)  The  stoichiometric  relation, 


Gq  Gp 

G  ■  —  . 

1  ro  rp 


(18-25) 


(c)  Heat  conduction  from  B  to  C 


L.  f 

<n  J 


H-Q-J1 


(18-26) 


cp  -  c0  dT 


(d)  Heat  conduction  from  B  to  A 


2i(_ L  _  _L 

4n\xA  xD 


M 


1 A  L  + 


Q4  cf  dT 


(18-27) 
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where  the  following  nomenclature  applies: 


G  matter-transfer  rate 
D  diffusion  coefficient 
T  absolute  temperature "  • 

\  thermal  conductivity 
R  univer  sal  gas  constant 
P  total  pressure 
p  partial  pressure 
H  calorific  value  of  liquid 
L  latent  heat  of  vaporization 
Q  heat  used  for  heating  up  drop 
x  distance  from  center  of  drop 
Cp  specific  heat,  constant  pressure 
r  number  of  mols  per  mol  of  fuel 

and  suffixes  A,  B,  and  C  refer  to  positions  of  Figure  18-3  and  o,  p,  and  f  refer  to  oxygen,  com¬ 
bustion  products,  and  fuel,  respectively. 

The  procedure  is  to  calculate  the  flame  temperature,  Tg,  from  Equations  (18-24,  18-25, 
and  18-26)  for  various  values  of  Tq  and  partial  pressure  of  oxygen.  Then  for  a  value  of  Tg,  the 
burning-rate  equation  iB 

„  tb  Tb 

_2L=  f  »I  t  f  _ (18-28) 

4itxa  J  pX  J  p  T _ 

tA  L+Q+\  cfdT  TC  H-Q-  \  cp  -  c0  dT 

The  rate  of  burning  according'to  this  equation  is  proportional  to  the  radius  of  the  drop.  It  has  been 
pointed  out  by  the  NACA  staff  (private  communication)  that  when  a  mean  heat  capacity  is  introduced 
into  Spalding's  equation  (18-27),  Godsave's  equation  (18-20)  is  obtained. 

Returning  to  the  combustion  surface,  B,  in  Figure  18-3,  one  finds  that  B  must  take  on  a 
finite  thickness  in  practice  due  to  interdiffusion  of  the  reactants,  and  this  in  turn  reduces  the  rate 
of  reaction.  Spalding  uses  this  fact  to  determine  the  stability  of  burning  droplets  on  a  theoretical 
basis. (18-24)  As  he  states,  there  is  a  maximum  intensity  of  reaction  which  a  flame  may  possess, 
and  if  the  rate  of  mass  transfer  exceeds  this  quantity,  the  flame  is  extinguished.  The  rate  of  mass 
transfer,  as  developed  in  his  more  recent  paper ( 18-24)^  jB  dependent  only  on  the  Transfer  Number, 
which  Spalding  defines  as  the  temperature  or  concentration  gradient  between  the  fuel  surface  and  an 
infinite  distance  into  the  gas  stream, 

Spalding  checks  his  theory  with  experiments  on  burning  fuels  from  the  surface  of  spheres 
under  conditions  of  natural  and  forced  convection.  (18-25)  He  observes  that  the  flame  around  the 
leading  face  of  the  sphere  of  liquid  fuel  is  extinguished  when  the  air  velocity  exceeds  a  critical 
value  which  ir  proportional  to  the  diameter  of  the  sphere.  This  is  in  accord  with  his  theoretical 
development.  The  temperature  dependence  of  the  extinction  velocity  yields  a  heat  of  activation  of 
40.000  kcal/mole.  This  agrees  well  with  Dugger's  values  for  propane-air  flame  speed  mixtures^" 
but  disagrees  with  Fcnn's  lower  activation  energy  values!  14-25), 
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It  was  shown  in  Chapter  16  (see  Table  16-3)  that  a  certain  minimum  temperature  has  to  be 
maintained  in  a  reaction  zone.  (18-26)  This  minimum  varies  from  1255  C  for  methane  to  1575  C 
for  n-octane.  Spalding  has  shown  that  the  minimum  temperature  for  kerosene  is  just  below 
2000  £,-(18-27)  At  this  point  tftc  diffusion  process  probably  is  no  longer  rate  determining  because 
the  chemical  process  becomes  too  slow.  Accordingly,  all  points  below  Tg  =  1800  C  are  assumed 
to  signify  extinction. 

Figure  18-4  illustrates  this,  and  also  brings  forth  another  point  which  is  often  misinter¬ 
preted.  It  is  often  said  that  when  cold  dilution  air  is  introduced  too  early  into  the  chamber,  com¬ 
bustion  is  stopped  by  chilling.  However,  the  curve  shows  that  air  at  0  C  will  only  exert  a  "chilling" 
effect  if  the  oxygen  content  is  reduced  below  16  per  cent.  In  other  words  thtfc&illing  phenomenon 
is  a  combined  effect  of  temperature  and  composition. 

One  other  effect  that  becomes  apparent  in  this  treatment  is  that  of  the  dissociation  of  COg  at 
the  flame  surface.  In  the  case  of  solid-particle  combustion,  this  effect  is  enough  to  double  the 
rate  of  burning.  With  liquid  fuels,  however,  two  effects  counteract  each  other. 


Fractional  Partial  Pressure  of  °2  at 
Infinity,  P^/P 

FIGURE  18-4.  THE  COMBUSTION  RATE  OF  KEROSENE  SPRAYS 
(Spalding)  (18’22) 

The  diffusion  distance  for  oxygen  to  the  carbon  monoxide  is  reduced  from  what  it  is  to  the  regular 
flame  surface  (see  Figure  18-3);  however,  the  reduced  temperature  resulting  from  the  dissociation 
greatly  reduces  the  rate  of  the  vaporization  process  so  that  the  net  increase  in  burning  rate,  for 
liquid  fuel*,  is  actually  small.  With  solid-particle  combustion,  there  is  obviously  no  vaporization 
to  be  affected  by  the  reduced  temperature. 

Hew  can  one  relate  these  rate  equations  to  the  practical  burning  problems?  Figure  18-4 
shows  that,  even  though  some  oxygen  is  used  up,  as  long  as  the  temperature  of  the  main  gas 
stream  is  raised,  combustion  will  proceed.  In  turbojet  applications  the  air  will  be  heated  to  about 
1000  C  so  that  the  oxygen  content  can  fall  almost  to  8  per  cent  before  extinction  would  occur. 

The  effect  of  a  large  unevenness  in  drop-size  distribution  (low  n  value  in  the  Rosin-Rammler 
expression)  is  that  the  large  drops  may  have  insufficient  air  surrounding  them.  This  may  cause 
smoke  due  to  hydrocarbon  cracking  and  formation  of  cs-ber.  particles. 

The  effect  of  turbulence  on  droplet  combustion  would  probably  be  to  increase  the  rate  of 
combustion  due  to  additional  heating  by  convection.  However,  in  the  case  of  small  droplets,  turbu¬ 
lence  would  not  be  likely  to  have  a  large  effect,  since  the  relative  velocity  of  the  air  would  not  be 
very  much  greater  than  that  of  the  drop,  and  would  tend  to  move  the  drop  with  it. 

By  applying  the  foregoing  equations,  the  burning  time  for  a  kerosene  drop,  tj,,  is  expressed 
by  the  equation 


tb  *  146  d20  sec  , 


(18-29) 
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where  dQ,  the  initial  droplet  diameter,  is  expressed  in  cm. 

It  follows,  if  a  chamber  is  two  feet  long  and  is  sweeping  air  through  at  50  fps,  that  a  drop 
must  burn  within  0.  04  second.  Therefore,  any  drop  greater  than  20(T  microns  will  not  be  com¬ 
pletely  burned  in  such  a  chamber  and  combustion  efficiency  will  be  reduced.  This  combustion 
time  may  possibly  be  increased  due  to  reverse-flow  conditions,  although  ignition  delay  will  affect 
the  combustion  time  adversely.  This  suggests  that,  for  a  kerosene-type  of  fuel,  the  upper  size 
limit  of  the  drops  should  be  about  200  microns.  This  of  course  is  only  an  approximate  value,  and 
for  other  fuels  with  lower  vapor  pressures,  a  smaller  size  drop  is  probably  necessary  for  the 
upper  limit. 

Figure  18-5  compares  the  times  for  complete  evaporation  of  kerosene  sprays  using  Spalding's, 
and  Wolfhard  and  Parker's  analyses.  The  calculations  have  been  performed  only  for  drops  up  to 
200  microns  in  diameter.  For  drops  larger  than  10  microns  the  Spalding  calculations  yield  longer 
burning  times  by  a  factor  of  about  8.  Considering  the  approximations  of  both  developments,  this 
is  a  relatively  good  check  of  the  theories. 

Actually  these  curves  serve  as  a  means  of  defining  the  upper  limits  of  complete  burning 
times  for  kerosene  droplets.  The  curves  may  also  be  applied  to  the  studies  of  Pilcher(18"13) 
where  it  was  observed  that  a  large  number  of  drops  passed  through  the  flame  front  not  completely 
burned.  The  fuel  used  in  this  investigation  was  a  kerosene-type  fuel;  if  the  same  burning  velocity 
is  assumed  for  the  vaporized  fuel  as  for  kerosene,  a  flame-front  thickness  of  about  2  mm  can  be 
estimated.  The  droplets  coming  from  the  nozzle  had  a  velocity  of  approximately  470  cmps;  there¬ 
fore  they  passed  through  the  flame  zone  in  about  0.  004  second.  From  the  curves  of  Figure  18-5, 
it  can  be  estimated  that  the  drops  passing  through  the  flame  front  were,  on  the  average,  larger 
than  80  microns  in  diameter. 

Topps  substantiates  Spalding's  studies  by  showing  that  when  drops  of  the  size  300-500  mi¬ 
crons  fall  through  an  atmosphere  at  temperatures  greater  than  the  boiling  point  of  the  drops  (400  to 
950  K),  the  rat;  of  evaporation  is  mainly  dependent  upon  the  heat  transfer  to  the  drops08-26)t  rn 
terms  of  simple  heat-transfer  theory  his  studies  suggest  that  in  gas-turbine  practice  there  is  less 
advantage  to  be  gained  from  fine  atomization  than  expected, 

Topps  data  on  combustion  rate  do  not  agree  with  the  theoretical  derivations  made 

considering  evaporating  moving  drops  without  combustion  (see  Chapter  7);  however,  if  the  1/2 
power  of  the  Reynolds  number,  given  by  theory,  is  changed  to  1.  2,  an  equation  in  line  with  Topps' 
results  would  be  obtained.  When  it  is  conjidered  that  the  heat  effects  due  to  combustion  change 
not  only  the  flow  pattern  around  the  droplet  but  also  the  drag,  this  change  in  power  is  not  unreason¬ 
able.  Thus,  it  may  be  concluded  that  no  radical  disagreement  has  been  found  yet  between  theory 
and  tests  in  this  phase  of  combustion  work,  but  considerably  more  work  is  required  to  tie  the 
theory  and  testa  together. 


THE  STABILIZATION  OF  FLAMES  IN  MISTS  AND  SPRAYS 


As  for  the  burning  of  single  drops,  there  are  two  cases  to_be  considered:  (a)  the  case  where 
the  rucl  spray  is  completely  volatilized  by  the  time  it  reaches  the  flame  front,  and  (b)  the  case 
where  the  drops  remain  liquid  until  they  reach  the  flame  front.  The  former  case  is,  for  the  most 
par  ,  similar  to  the  stability  of  homogeneous  gas  mixtures,  A  limiting  factor  however  may  be  the 
degreo  of  mixing  of  fuel  vapor  and  air  by  the  time  the  mixture  reaches  tho  flame  front. 

In  the  second  case,  numerous  factors  will  influence  the  stability  of  the  fuel-mist  flame. 

So  nc  of  these  are:  (a)  spray  drop  size  and  distribution,  (b)  fuel  volatility,  (c)  air/fuel  ratio, 

(d  air-stream  velocity,  (c)  flame-holder  size  and  temperatur e,  (f)  combustion-chamber  dimen¬ 
sions  and  temperature,  (g)  air-streem  temperature,  and  (h)  total  pressure.  These  arc  probably 
he  more  important  factors,  although  several  others  may  be  indirectly  related  to  the  above.  It  is 
almost  impossibl  to  determine  the  individual  effect  of  each  of  these  variables  but,  as  more 
studies  are  carri  d  out,  it  is  hoped  that  relations  may  eventually  be  obtained  among  all  of  them. 
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From  a  theoretical  standpoint,  since  combustion  occurs  in  the  gas  phase,  the  same  parameters  as 
determined  the  stability  in  the  gas  phase  determine  the  limits  of  combustion  for  a  heterogeneous 
mixture. 


FIGURE  18-5.  COMPARISON  OF  THE  SPALDING  AND  THE  WOLFHARD 
AND  PARKER  ANALYSES  FOR  THE  BURNING  RATES  OF 
KEROSENE  DROPLETS  1 


In  1923,  Haber  and  Wolff  reported  on  some  ignition  studies  of  mists^®"^®).  Their  study  at 
that  time  was  for  the  purpose  of  determining  whether  the  intensity  and  duration  of  combustion 
were  sufficient  to  vaporize  the  fuel  and  transform  the  mixture  into  a  homogeneous  one.  The  fuels 
used  were  petroleum  (160-200  C  fraction),  tetrahydronapthalene  (tetralin),  and  quinoline,  and  the 
drop  sizes  ranged  from  1  to  100  microns.  Their  observations  covered  the  lower  explosion  limit  of 
the  mist,  the  limiting  mist  for  complete  combustion,  and  the  rate  of  propagation  in  the  mist. 

The  lower  explosion  limit  proved  to  be  independent  of  the  homogeneity  of  the  mixture. 
Whether  the  fuel  was  completely  vaporized  or  whether  it  burned  as  a  liquid-gaseous  mixture,  the 
explosion  limit  was  the  same  for  petroleum  and  for  tetralin.  This  is  understandable  since,  at  the 
lower  limit,  the  rate  of  propagation  is  quite  low,  and  sufficient  time  exists  to  raise  the  drop  to  its 
vaporization  temporature  and  to  form  a  homogeneous  mixture  *ir;  hcr.cc,  a  homogeneous  gas 
n»r~-  t;  being  p. operated  near  the  lower  limit. 

The  heat  of  vaporization  absorbed  by  the  liquid  fuel  is  a  minor  part  of  the  heat  of  combustion 
of  the  vaporized  fuel.  Since  the  heat  of  vaporization  is  about  10,  000  calories  per  mole  for  low- 
boiling  fuels  (B.P.  around  200  C),  whereas  the  heat  of  combustion  of  the  high  molecular  weight 
hydrocarbons  is  as  much  as  1.4  x  10^  calories,  the  loss  duo  to  vaporization  is  less  than  one  per 
cent,  usually  less  than  the  experimental  error. 

In  homogeneous  combustion,  when  the  gases  are  present  in  stoichiometric  ratio,  reactions 
go  essentially  to  completion  to  form  carbon  dioxide  and  water  vapor.  In  heterogeneous  mists,  the 
reactions  are  not  as  efficient.  First,  it  is  not  practical  to  establish  a  stoichiometric  relation 
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between  total  fuel  and  air  since  the  fuel/air  ratio  only  has  significance  in  the  gas  phase  where  the 
burning  proceeds.  As  a  result,  the  same  weights  of  fuel  sprays  will  give  varying  fuel-air  ratios 
in  the  gas  phase  depending  upon  the  mean  drop  size  of  the  spray.  Secondly,  some  of  the  fuel  in  the 
larger  drops  will  crack  thermally  before  vaporization  and  will  eventually  leave  the  reaction  zone 
unburned  as  carbon  particles.  It  was  observed  by  the  authors  that  the  limiting  mist  for  complete 
combustion  required  more  excess  air  the  larger  the  average  drop  size  of  the  spray. 

The  explanation  for  the  above  follows  the  same  reasoning  as  was  used  on  the  lower  limit 
miats,  except  that,  for  richer  fuel  mists,  flame  propagation  rates  increase  as  the  mist  becomes 
richer  in  fuel  vapors  with  the  result  that  burning  of  the  vaporized  portion  occurs  too  rapidly  to 
permit  the  remaining  fuel  drops  to  vaporize,  so  that  both  highly  fuel-rich  and  less  fuel-rich 
regions  reach  the' flame  front;  the  latter  readily  burn  to  completion,  whereas  the  former  regions 
do  not.  *  *  ’ 

Table  18-2  lists  comparisons  of  propagation  rates  in  mists  and  in  homogeneous  vapor  mix¬ 
tures.  These  rates  are  propagation  rates  in  a  tube  and  were  determined  by  the  time  of  passage  of 
the  flame  between  two  fine  strips  of  tin  at  known  separations.  The  data  indicate  that  the  rate  in 
the  mist  is  lower  than  the  rate  in  the  homogeneoun  mixture  of  fuel  and  air.  The  explanation  is  as 
before,  with  an  application  of  the  LeChatelier  principle:  since  the  mist  is  composed  of  fuel-rich 
and  fuel-poor  areas,  the  rate  will  average  out  accordingly,  whereas  the  richer  homogeneous  mix¬ 
ture  will  burn  at  its  uniformly  higher  rate. 

A  meager  amount  of  information  on  droplet  combustion  exists  in  the  chemical  literature  from 
1923  to  1949.  At  this  time  Burgoyne  and  Richardson(^®"29)(  jn  an  investigation  on  the  hazards  of 
fuel-mist  explosions  in  industrial  establishments,  took  up  the  study.  They  studied  low-volatility 
cutting  oils  in  the  form  of  condensed  and  atomized  mists.  The  differences  in  the  two  mists  were 
in  the  method  of  formation.  The  former  was  formed  by  vaporizing  the  fuel  completely  and  then 
having  the  vapor  condense  on  nucleii  in  an  air  stream.  Such  a  mist  is  of  very  fine  size,  small 
enough  that  settling  in  a  tube  is  very  slow.  The  atomized  mist  was  formed  by  the  method  of  an 
impinging  air  stream  on  a  film  of  liquid.  The  inflammability  limits  were  measured  in  the  usual 
manner,  described  in  Chapter  16,  by  upward  propagation  fin  a  closed  tube.  It  v/as  found  that  as  the 
diameter  of  the  tube  was  decreased  from  7  to  1.  75  cm,  tl?e  lower  limit  for  condensed  mists  was 
raised,  but  the  upper  limit  was  unaffected.  It  is  probable  that  there  is  a  limiting  diameter  of  tube, 
below  which  all  mists  would  be  quenched,  just  as  occurs  in  homogeneous  gas  mixtures;  likewise, 
above  a  certain  diameter,  the  lower  limit  probably  stays  fixed.  The  effects  of  diluents  on  the  con¬ 
densed  mists  were  studied  also  and  it  was  found  that  30  per  cent  nitrogen,  or  22  per  cent  carbon 
dioxide  or  5.  3  per  cent  methyl  bromide  in  the  air  would  completely  suppress  inflammation.  Table 
18-3  shows  the  effect  of  carbon  dioxide  in  proportions  less  than  required  for  complete  extinction. 

In  accord  with  Haber  and  Wolff  it  was  found  that  the  lower  limit  of  n-hexane,  n-heptane, 
n-octane,  isooctane,  cyclohexane,  and  benzene  were  rather  constant  at  57  mg  per  liter  of  air,  in 
a  two- inch-diameter  tube,  which  is  close  to  the  limit  for  the  pure  vapor  state.  Also,  since  the 
upper  limits  are  lower  for  mists  than  for  pure  vapors,  the  amount  of  diluent  necessary  as  a  sup¬ 
pressor  was  found  to  be  less.  For  example,  where  5? 2  per  cent  methyl  bromide  suppressed  an  oil 
mist,  7.  2  per  cent  was  required  to  suppress  a  flame  of  n-hexane  vapor. 

It  appears  from  those  two  reports  that,  although  little  has  been  reported  on  static  ignition 
limits  of  fuol  mists,  the  order  of  magnitude  of  effects  to  be  expected  can  be  fairly  well  approxi¬ 
mated.  Generally  the  lower  limit  will  not  vary  much  from  tho  vapor  value,  but  the  upper  limit  will 
probably  vary  in  proportion  to  the  mean  drop  size  of  the  mist. 


*  The  render  is  referred  at  this  point  to  Chapter  19  for  a  discussion  of  Wohlcnberg1  s  reaction  inter¬ 
face  extension  theory.  It  is  in  a  situation  such  as  this  one  that  this  theory  may  be  applied  to  fuel- 
mist  combustion  since,  as  a  result  of  the  presence  of  the  mist,  islands  of  fuel  are  "floating"  in 
surroundings  of  air.  This  is  slightly  different  from  Wohlcnberg1  s  and  Rummel’ s  models  of  turbu¬ 
lent  mixing,  but  in  droplet  combustion  the  picture  is  somewhat  simplified  since  the  interface  ex¬ 
tension  of  the  fuel  is  the  only  consideration,  if  a  rather  loose  adaptation  of  the  idea  is  allowed. 
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TABLE  18- 

-2.  COMPARISON  OF  PROPAGATION  RATES  IN 
MISTS  AND  IN  COMPLETELY  VAPORIZED 
MIXTURES.  (Haber  and  Wolff)  (18-28)/ 

Rate,  meters/ second 

Fuel,  mg /I 

Mist 

Vapor 

Petroleum 

52.0 

1.  1 

1.  3 

72.0 

4.9 

5.4 

85.0 

5.  7 

6.6 

Tetralin 

47.0 

0.7 

0.8 

94.0 

1.  1 

1.9 

Quinolin 

72.0 

— 

0.6 

TABLE  18- 

3.  THE  EFFECT  OF  C02  IN  SUPPRESSING  THE 

INFLAMMABILITY  OF  OIL  MISTS.  (Burgoyne 
and  Richardson) (18-29) 


Per  cent  C02  in 
(air  +  C02) 

mg  oil/ liter 
(air  +  C02) 

mg  oil/ 
liter  air 

0 

55 

55 

13.  0 

68 

78 

17.4 

91  — 

.. - 

11CL~ 

21.9 

noninflammable 

Bolt  and  his  as8ociates(18-30)  haVe  usecj  the  spinning  disk  atomizer  (Chapter  2)  and  photo¬ 
graphic  analysis  to  determine  the  lifetime  of  sprays  whose  mean  size  iB  in  the  50-130  micron 
range.  Their  results  for  sprays  agree  with  those  of  Godsave's  for  single  droplets  in  that  the  burn¬ 
ing  life  of  the  drop  is  proportional  to  the  square  of  the  diameter;  in  other  words,  the  burning  rate 
varies  as  the  first  power  of  the  diameter.  They  observed  that  the  ring  formed  by  the  burning  drops 
was  of  less  diameter  than  the  ring  formed  by  the  drops  when  not  ignited.  They  attributed  this 
change  in  radius  to  a  small  droplet  size  when  the  flame  is  present.  The  decreased  size  may  be  a 
result  of  radiation  to  the  drops  increasing  their  evaporation  rate  before  they  reach  the  ring,  or 
may  be  the  result  of  radiation  effects  on  the  disk  and  the  fluid  on  its  surface,  leading  to  a  change  in 
the  fluid  viscosity.  In  any  case,  a  complete  explanation  appears  difficult  because  of  the  numerous 
uncontrolled  variables  involved. 

Anson^®"^  '  has  studied  the  combustion  stability  of  kerosene  sprays  as  a  function  of  mean 
spray  size.  By  injecting  kerosene  into  a  small-scale  combustion  chamber  under  varying  injection 
pressures,  mean  spray  sizcB  in  the  range  50  -  150  micronB  were  obtained.  He  then  related  stabil¬ 
ity  limits  of  mean  spray  sizes  to  given  air-stream  velocities,  and  observed  that  the  fine  sprays 
extended  the  range  of  stable  combustion. 

Browning  and  Thorpe^®"^  obtained  flame  stability  diagrams  for  mixtures  of  n-heptane, 
isooctane,  and  benzene  burning  with  air  on  Bunsen  tubes.  They  varied  stream  temperature  and 
burner  diameter  and  found  that  only  at  low  temperatures  and  high  fuel  concentrations  did  the  results 
differ  from  those  obtained  with  homogeneous,  gaseous  combustion.  These  results  seem  to  indicate 
that  except  for  these  latter  conditions  the  fuel  spray  is  completely  vannri-cd  ar.d  burned  in  the 
flame  zone. 
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Kirtley  and  Lewis'^- 33)  have  investigated  the  case  where  the  liquid  fuel  is  completely 
vaporized,  but  where  the  mixing  with  air  is  heterogeneous.  This  situation  tends  to  parallel  the 
nonhomogeneous  mixing  in  fuel  spray  systems,  and  their  results  are  comparable  too,  in  that  the 
stability  limits  of  all  fuels  studied  were  wider  under  nonhomogeneous  mixing  conditions.  They 
used  a  wide  variety  of  liquid  fuels,  but  conclude  that  the  extinction  limits  of  the  various  fuels  can¬ 
not  be  compared  due  to  the  dependence  of  mixing  on  fuel  density  and  fuel  velocity.  They  also 
attempted  to  relate  burning  velocity  with  propagation  .limits,  but  could  not  obtain  any  correlation. 

Garner  and  CheethamO^-M)  have  designed  a  gas-turbine-type  combustion  chamber  which  is 
capable  of  atomizing  and  burning  fuel  at  the  rate  of  50  cc  per  hour  with  air  flows  of  5  to  40  grams 
per  minute.  They  investigated  the  lean  extinction  limits  of  several  hydrocarbons  at  pressures 
between  100  mm  Hg  and  atmospheric.  Although  the  problem  of  mean  drop  size  is  only  approached 
qualitatively  by  varying  the  atomizing  pressure,  they  observe,  in  accord  with  other  investigators, 
that  at  high  flow  rates  the  extinction  limit  becomes  leaner  as  the  mean  drop  size  is  reduced.  They 
also  observe  a  reversal  in  their  stability  curves  at  lower  air  rates  which  is  controlled  by  some 
minimum  drop  size,  below  which  the  stability  limit  moves  toward  the  rich  side.  This  is  consistent 
with  other  observations  in  which  it  is  generally  reported  that  spray  flames  have  a  lower  lean  limit 
than  homogeneous  gas  flames.  The  reason  for  this  is  that  the  nonhomogeneous  vapor-air  concen¬ 
trations  afford  the  flame  region  a  higher  fuel  concentration  near  the  limit  than  exists  in  the  homo¬ 
geneous  gas  flame.  As  a  result  the  spray  flame  may  still  be  stabilized  although  its  mean  fuel-air 
mixture  is  outside  the  limit  region  for  the  gas  flame.  The  point  of  reversal  then  signifies  the 
mean  drop  size  below  which  the  spray  behaves  as  a  homogeneously  vaporized  mixture. 

The  authors  do  not  explain  the  reversal  in  terms  of  limit  fuel-air  concentrations  as  above, 
but  instead  explain  the  stability  problem  in  terms  of  the  air-velocity  flow  pattern  in  which  low- 
pressure  regions  cause  reverse  flow  of  air  and  combustion  products  which  stabilize  the  flame.  The 
limits  are  also  related  to  static  inflammability  limits  and  normal  burning  velocity  in  the  reverse 
flow  region.  These  studies  showed  that,  at  atmospheric  pressure,  the  order  of  the  stability  limits 
for  the  different  fuels  varied  in  the  same  manner  as  the  static  inflammability  limits  at  lower  pres¬ 
sures,  however,  the  limits  appear  to  converge. 


FLAME  STABILITY  IN  HIGH-VELOCITY  SYSTEMS 


In  practical  combustion  chambers,  air  velocities  are  high  and  the  hot  gases  necessary  to 
ignite  the  oncoming  mixture  must  come  from  the  freshly  burned  recirculated  gases.  The  action  cf 
the  reverse-flow  zone  has  been  mentioned  earlier  and  is  of  major  importance  in  high-velocity 
systems.  It  is  quite  often  possible  to  set  up  reverse-flow  conditions  in  a  chamber  by  directing  the 
spray  nozzle  upstream,  although  this  method  iB  also  combined  with  a  baffle  system.  The  stability 
of  such  a  system  may  be  limited  by  excessive  evaporation  due  to  the  quantity  of  heat  brought  back 
into  the  reverse-flow  zone  or  to  the  quantity  of  fuel  introduced;  in  either  event  the  upper  limit  of 
inflammability  may  be  reached  which  would  cause  instability.  The  placement  of  the  injection 
system  relative  to  tho  flame  holder  can  be  very  important  under  such  circumstances.  The  length 
of  path  between  the  fuel  nozzle  and  the  flame  front  represents  a  competition  between  rate  of  vapor¬ 
ization  and  rate  of  dilution  of  the  vapors  in  the  total  air  supply.  If  the  fuel  is  highly  volatile,  a 
smaller  mass  of  spray  is  required  to  attain  the  proper  fucl/air  ratio  in  the  gas  phase  and  also  the 
flame  holder  may  be  placed  farther  away  from  the  nozzle  to  provide  batter  mixing.  Where  the  fuel 
is  not  readily  vaporized,  it  is  necessary  to  place  the  flams  holder  nearer  to  the  injection  point  so 
that  the  fuel  vapor  reaching  the  eddy  zone  may  not  be  diluted  below  its  lower  inflammability  limit. 
Witli  less  volatile  fuels,  the  flame  holder  must  be  designed  not  to  trap  too  much  liquid  on  its  sur¬ 
face,  otherwise  the  flame  holder  may  be  cooled  excessively  and  the  flame  will  bo  blown  off.  These 
requirements  arc  all  functions  of  the  size  of  chamber,  drop-size  distribution,  flow  velocity,  and 
design  of  flame  holder,  but  arc  not  too  difficult  to  establish  empirically. 

Hottell,  ct  ai,(  (18-35,  18-36)  ^avc  employed  the  system  used  by  Williams^®"^)  (see  Chapter 
16)  to  study  the  stability  of  flames  from  air-fuel  spray  mixtures  at  high  velocities.  They  intro¬ 
duced  the  heterogeneous  mixture  into  a  combustion  chamber  three  inches  square  by  17  inches  long. 
The  flame  holders  were  stainless  steel  rods,  which  were  heated  at  variable  rates  to  control  the 


W’ADC  TR  56-344 


18-18 


rate  of  evaporation  from  their  surfaces.  The  fuel  used  was  diesel  oil  (boiling  range  319  to  630  F) 
for  most  of  their  investigations. 

Their. data  may  be  summarized  as  follows.  Where  comparison  is  made  to  homogeneous 
mixtures,  reference  is  usually  meant  to  the  data  of  Reference  18-37  on  the  same  type  of  apparatus. 

(a)  Whereas  increased  velocity  reduced-the  lean  limit  air/fuel  ratio,  at  blowout, 
for  the  homogeneous  mixtures,  it  increased  the  limit  for  the  liquid  spray. 

(b)  Adding  heat  to  the  flame  holder  increased  the  stability  of  leaner  mixtures 
for  gaseous  fuels,  but,  with  liquid  fuel  sprays,  adding  heat  eventually 
extinguished  the  flame. 

(c)  The  stability  limits  for  burning  liquid  sprays  were  much  leaner  than  for 
gaseous  fuel,  the  air/vaporized-fuel  ratio  being  as  lean  as  60:1,  which  is 
well  outside  the  range  for  gaseous  hydrocarbon-air  mixtures.  Likewise, 
the  rich  limit  for  the  liquid  spray  was  on  the  lean  side  of  stoichiometric. 

This  point  checks  the  early  observation  of  Haber  and  WolffU8-28)# 

Drop-size  effects  were  studied  qualitatively  by  varying  the  atomizing  velocity.  It  was  ob¬ 
served  however  that,  as  the  atomizing  velocity  v/as  increased,  thus  decreasing  the  average  drop 
size,  the  limits  shifted  to  the  rich  side.  This  is  to  be  expected  since  the  mixture  is  then  approach¬ 
ing  homogeneity.  Likewise,  variation  toward  richer  limits  with  smaller  drops  may  be  due  to  a 
decreased  collection  efficiency  on  the  flame  holder.  These  effects  are  illustrated  in  Figure  18-6, 
reproduced  from  Reference  18-35. 
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FIGURE  18-6.  EFFECT  OF  ATOMIZING  VELOCITY  ON  STABILITY 
LIMITS  (Hottell,  et  al.  )(18-35) 


Another  important  observation  in  these  studios  is  that  the  flame-holding  ability  of  the  flame 
holder  is  related  to  its  ability  to  collect  liquid  drops  on  its  surface.  This  was  Bhown  rather 
<  trikingly  by  the  fact  that  as  soon  as  the  last  droplet  had  evaporated  from  the  flame  holder  the 
flame  was  extinguished. 

Four  possible  mechanisms  of  flame,  blowout  are  proposed  by  the  authors.  In  the  lean  limit, 
blowout  is  said  to  occur  when  vapor  binding  occurs,  or  when  there  is  insufficient  fuel  regardless 
of  vapor  binding.  The  effect  of  vapor  binding  is  to  reduce  the  heat-transfer  coefficient  and  thus  the 
heat  available  for  evaporation.  Rich-limit  blowout  is  due  to: 

(a)  Collecting  excess  fuel  with  insufficient  vaporization  and  excessive  cooling  of 
the  flame  holder,  the  result  being  that  liquid  is  sloughed  off  the  flame  holder. 


WAPC  TR  56-344 


18-19 


(b)  Accumulating  excess  fuel  vapor  in  the  eddy  zone. 

Williams  and  Maddocks^®- have  investigated  the  effect  of  the  size  of  the  flame  holder  on 
flame  stability.  An  interesting  part  of  the  results  is  the  fact  that,  in  contrast  to  the  effect  in  homo¬ 
geneous  gas  mixtures,  as  the  diameter  of  the  flame  holder  is  increased  from  1/16  to  1/2  in.  there 
is  a  reduction  in  the  rich  stability  limit  and  in  the  maximum  attainable  velocity,  while  below  1/16 
in. ,  the  effect  is  the  same  as  occurs  with  homogeneous  mixtures.  Below  1/40  in.,  stable  com¬ 
bustion  could  not  be  maintained. 

This  effect  cannot  be  explained  by  application  of  the  collection-efficiency  parameter,  because 
such  an  explanation  would  predict  the  opposite  effect,  that  is,  the  greater  the  size  of  rod,  the 
smaller  the  collection  efficiency.  Therefore  the  s'abilizer  would  be  hotter  and  the  shift  would  be 
to  richer  mixtures  rather  than  to  the  leaner  ones  that  the  data  show.  It  is  possible  that  the  heat- 
transfer  coefficient,  which  varies  inversely  with  the  square  root  of  the  diameter,  is  the  controlling 
parameter,  for  increased  heat  transfer  would  explain  the  improved  vaporization  and  the  accom¬ 
panying  shift  to  richer  mixtures.  The  increased  heat-transfer  coefficient  probably  explains  the 
ability  of  small  rods  to  attain  temperature  equilibrium  rapidly  with  the  result  that  the  fuel  concen¬ 
trations  can  be  changed  quite  rapidly  and  the  flame  will  retain  its  stability.  If  a  rod  greater  than 
1/4-in.  diameter  was  used,  blowout  resulted  even  though  the  change  occurred  within  the  normal 
stability  limits. 

CONCLUDING  REMARKS 


Stabilization  limits  in  heterogeneous  mists  are  different  from  those  in  homogeneous  fuel-air 
systems;  however  this  does  not  imply  that  the  burning  process  itself  occurs  differently.  The 
chemical  factors  remain  the  same,  but  physical  properties  such  as  heat  transfer  to  the  flame 
holder,  fuel  volatility,  drop-size  distribution,  and  air  velocity  exert  a  controlling  effect. 

The  actions  occurring  in  practical  combustion  chambers  are  numerous  and  complicated; 
therefore  most  of  the  work  in  this  phase  of  combustion  has  been  of  an  empirical  nature.  Knowledge 
of  sprays  at  present  is  still  too  limited  to  predict  what  type  of  spray  is  needed  for  the  most  efficient 
combustion  of  liquid  drops  in  a  combustion  chamber.  Probably  until  there  is  a  marked  advance  in 
the  technique  for  determining  drop-size  distribution  and  evaluating  the  physical  effects  that  depend 
on  it,  it  will  not  be  possible  to  apply  the  fundamentals  of  gas-phase  combustion  to  the  combustion 
of  fuel  sprays.  At  present,  the  application  of  the  knowledge  of  sprays  to  combustion-chamber  per¬ 
formance  remains  of  a  general  nature;  in  particular,  only  vague  relations  can  be  established  for 
such  measurements  as  spray  cone  angles  and  combustion  performance.  Such  parameters  involve 
also  the  geometry  of  the  combustion  system. 

In  the  following  chapter  the  theory  of  diffusion  flames  will  be  discussed;  this  will  aid  in 
answering  some  of  the  questions  on  burning  fuel  droplets  since  the  flame  surrounding  a  droplet  is 
a  diffusion  flame.  Howevei,  the  theory,  at  present,  is  only  able  to  approximate  the  observed  con¬ 
ditions  for  a  single  drop  in  controlled  surroundings,  A  better  understanding  of  this  simple  phenom¬ 
enon  will  be  a  necessary  prerequisite  to  the  full  description  of  the  behavior  of  a  cloud  of  burning 
drops  of  varying  sizes. 

It  should  be  said  in  conclusion  that  the  problem  of  single-droplet  burning  is  sufficiently 
solved  for  the  present,  so  that  it  ia  now  necessary  to  shift  the  experimental  emphasis  to  the  burning 
of  the  spray  assembly.  This  is  not  to  imply  that  the  theory  of  droplet  burning  is  completely  under¬ 
stood,  but  as  one  reviews  the  subject  one  observes  thru  the  main  difference  in  the  rccul  to  Of  liieetr 
theories  is  in  the  assumed  model  of  the  burning  droplet;  depending  upon  the  model  chosen,  burning 
and  evaporation  rates  have  been  predicted  within  reasonable  orders  of  magnitude. 


W ADC  TR  56-344 


18-20 


REFERENCES 


18-1.  Joyce,  J.  R. ,  Atomization  of  Liquid  Fuels  for  Combustion;  J.  Inst.  Fuels,  Vol.  22,  1949, 
p.  150. 

18-2.  Gibbs,  R. ,  Computing  Combustion  Volume  for  Burning  Oil  Fuel;  Chem.  Eng.,  January, 
1949,  p.  112. 

18-3.  Houghton,  G.  H. ,  from  Perry's  "Chemical  Engineer'3  Handbook",  McGraw-Hill,  New 
York,  1941,  p.  1991. 

18-4.  Probert,  R.  P. ,  Influence  of  Spray  Particle  Size  and  Distribution  in  Combustion  of  Oil 
Droplets;  Phil.  Mag.,  Vol.  37,  1946,  p.  94. 

18-5.  Godsave,  G.  A.  E. ,  Combustion  of  Fuel  Droplets;  Nature,  Vol.  164,  1949,  p.  708;  Vol. 
166,  1950,  p.  1111. 

18-6.  Kumagai,  S. ,  and  Isoda,  H. ,  Combustion  of  Fuel  Droplets;  Nature,  Vol.  166,  1950,  p. 

1111. 

18-7.  Lloyd,  P. ,  Fuel  Problem  in  Gas  Turbines;  Proc,  Inst.  Mech.  Eng.,  Vol.  159,  1948,  p. 

220. 

18-8,  Gudkov- Belyakov,  V.  K.  j  Critical  Analysis  of  the  Theory  of  the  Combustion  of  Fuel  in 
Liquid  Phaee;  Dizelstroenie,  Vol.  9,  1940,  p.  10. 

18-9,  Neuman,  K. ,  Investigation  ol  the  Spontaneous  Ignition  of  Liquid  Fuel;  V.  D.  I.,  Vol.  70, 
1926,  p.  1071. 

18-10.  Khudyakov,  G,  N. ,  Combustion  of  Drops  of  Liquid  Fuel  while  in  "Flight";  Bull.  Acad. 

Sci.  USSR,  April,  1949,  p.  503. 

18-11,  Lloyd,  P.  and  Probert,  R.  P. ,  The  Problem  of  Burning  Residual  Oils  in  GaB  Turbines; 
Proc.  Inst.  Mech.  Eng.,  Vol.  163,  1950,  p.  206, 

18-12,  Wolfhard,  H.  G.  and  Parker,  W.  G.  ,  Evaporation  Processes  in  a  Burning  Kerosene  Spray; 
i. 'Inst.  Pet.,  Vol.  35,  1949,  p.  118. 

18-13.  Pilcher,  J.  M. ,  et.  al. ,  Battelle  Memorial  Institute  Progress  Reports  1950-1951,  OAR 
Contract  AF  33(038)- 12656. 

18-14.  Lloyd,  P. ,  "Development  of  the  British  GaB  Turbine  Jot  Unit",  ASME  Report,  January, 
1947,  p.  462. 

18-15.  Godsave,  G.  A.  E. ,  Burning  of  Single  Droplets  of  Fuel,  Part  1.  Temperature  Distribution 
and  Heat  Transfer  in  the  Pre-Flame  Region;  N.G.T.E.  Reporl  No.  R-66,  March,  1950. 

18-16.  Tanford,  C.  and  PeaBe,  R.  N. ,  Theory  of  Burning  Velocity;  J.  Chem,  Phys.,  Vol.  15, 
1947,  pp.  431,  433,  and  861. 

18-17  f'-odsavi,  G.  A.  t;. ,  Burning  of  Single  Droplets  of  Fuel,  Fart  II  Experimental  Results; 

N.  G.  T.  E.  Report  No.  R-87,  April,  1951. 

i 

18-18.  Godsave,  G.  A.  E. ,  Burning  of  Single  Droplets  of  Fuci,  Part  III  Comparison  of  Experi¬ 
mental  and  Theoretical  Burning  Rates. and  Discussion  of  the  Mechanism  of  the  Combustion 
Process;  N.  G.  T.  E.  Report  No.  R-88,  August,  1952. 


WADC  TR  56-344 


18-21 


18-19.  Godsave,  G.  A.  E. ,  Studies  of  the  Combustion  of  Drops  in  a  Fuel  Spray  -  The  Burning  of 
Single  Drops  of  Fuel;  Fourth  Symposium  on  Combustion,  William  and  Wilkins,  Baltimore, 
1953,  p.  818. 

18-20.  Goldsmith,  M.  and  Penner,  S.  S.  ,  On  the  Burning  of  Single  Drops  of  Fuel  in  An  Oxidizing 
Atmosphere;  Jet  Propulsion,  Vol.  24,  1954,  p.  245. 

18-21.  Hall,  A.  R.  and  Diederichsen,  J. ,  An  Experimental  Study  of  the  Burning  of  Single  Drops 
of  Fuel  in  Air  at  Pressures  up  to  20  Atmospheres;  Fourth  Symposium  on  Combustion, 
William  and  Wilkins,  Baltimore,  1953,  p.  837. 

18-22.  Spalding,  D.  B. ,  Combustion  of  Liquid  Fuel  in  a  Gas  Stream;  I.  Fuel,  Vol.  29,  1950, 
p.  2;  Vol.  30,  Combustion  of  Fuel  Particles,  1951,  p.  121. 

18-23.  Ackerman,  G. ,  V.  D.  I.  Forschungschift,  1937,  p.  382. 

18-24.  Spalding,  D.  B. ,  The  Combustion  of  Liquid  Fuels;  Fourth  Symposium  on  Combustion, 
William  and  Wilkins,  Baltimore,  1953,  p.  847. 

18-25.  Spalding,  D.  B. ,  Experiments  on  the  Burning  and  Extinction  of  Liquid-Fuel  Spheres;  Fuel, 
Vol.  32,  1953,  p.  169. 

18-26.  Topps,  J.  E.  C. ,  An  Experimental  Study  of  Evaporation  and  Combustion  of  Falling  Drop¬ 
lets;  Jour.  Inst.  Petrol.,  Vol,  37,  1951,  p.  535. 

18-27.  Spalding,  D.  B. ,  Combustion  of  Liquid  Fuel  in  a  Gas  Stream  II.  Experimental;  Fuel, 

Vol.  29,  1950,  p.  25. 

18-28.  Haber,  F.  and  Wolff,  H. ,  On  Mist  Explosions;  Z.  fur.  Angew.  Chem. ,  Vol.  33,  1923, 
p.  373. 

18-29.  Burgoyne,  J.  H.  and  Richardson,  J.  F. ,  Inflammability  of  Oil  Mists;  Fuel,  Vol.  28,  1949, 
p.  2. 

18-30,  Bolt,  J.  A.,  Boyle,  T.  A.,  and  Mir  sky,  W.,  The  Generation  and  Burning  of  Uniform  - 
Size  Liquid  fuel  drops,  University  of  Michigan  Report,  Project  M-988  ARDC-USAF, 
Contract  No.  AF  33(600)—  5057,  May,  1953. 

18-31,  Anson,  D.  ,  Influence  of  the  Quality  of  Atomization  on  the  Stability  of  Combustion  of  Liquid 
Fuel  Sprays;  Fuel,  Vol,  32,  1953,  p.  39. 

18-32,  Browning,  J.  A.  and  Thorpe,  M.  L. ,  Flame  Stability  of  Liquid- Vapor  Air  Mixtures; 
Project  Squid,  Tech.  Memos.,  Dartmouth  1  and  2,  1952, 

18-33.  Kirtloy,  J.  G.  and  Lewis  A.,  Flame  Stability  Studies  of  Different  Vaporized  Fuels  Under 
Non-Homogcneou8  Mixing  Conditions  in  a  Small-Scale  Combustion  Tube;  Fuol,  Vol.  33, 
1954,  p.  5. 

18-34.  Garner,  F.  H.  and  Chectham,  H.  A.,  The  Flow  Pattern  of  Gas-Turbine  Combustion;  Jour. 
Inst.  Petrol.,  Vol.  37,  1951,  p.  554. 

18-35.  Hottcl,  H.  C.  and  May,  W.  G. ,  "Flame  Stabilization  in  Air  Fuel  Spray  Mixtures,  Parti, 
Characteristics  of  a  Transverse  Red  Stabilizer",  Fourth  Symposium  on  Combustion, 
Williams  and  Wilkins,  Baltimore,  1953,  p.  715. 

18-36,  Williams,  G.  C.  and  Maddocks,  F.  E. ,  Jr.,  "Flame  Stabilization  in  Air-Fuel  Spray  Mix¬ 
tures,  Part  II,  The  Effect  of  Stabilizer  Dimensions",  Fourth  Symposium  on  Combustion, 
William  and  Wilkins,  Baltimore,  1953,  p.  727, 


18-37.  Williams,  G.  C.  and  Hottell,  H.  C.,  and  Scurlock,  A.  C. ,  "Flame  Stabilization  and 
Propagation  in  High  Velocity  Gas  Streams",  Third  Symposium  on  Combustion,  Flam 
and  Explosion  Phenomena,  Williams  and  Wilkins,  Baltimore,  1949,  p.  21. 


CHAPTER  19.  DIFFUSION  FLAMES 


ABSTRACT 


Although  the  diffusion  flame  is  more  common  in  application 
than  the  premixed  flame,  and  is  the  end  flame  condition  in  many 
instances  when  a  premixed  flame  is  also  involved,  it  is  the  subject 
of  less  research  than  the  premixed  flame;  this  situation  possibly 
results  because  the  extra  complication  of  mixing  fuel  and  air  is  an 
essential  part  of  diffusion  flame  phenomena.  On  the  other  hand, 
this  mixing  process  is  usually  the  rate-controlling  factor  in  the 
diffusion  flame;  thus,  the  conditions  of  mixing  are  often  of  more 
importance  than  chemical  kinetic  considerations.  In  this  chapter, 
experimental  and  theoretical  work  are  analyzed  as  a  unit  for  each 
of  four  types  of  diffusion  flame,  the  confined  laminar  flame,  the 
unconfined  laminar  flame,  and  the  confined  and  unconfined  turbu¬ 
lent  flames.  In  the  confined  flame,  both  fuel  and  oxidant  are  in 
limited  supply,  while  in  the  unconfined  flame  only  the  fuel  is 
limited.  Also,  in  the  unconfined  flame,  buoyancy  effects  may  play 
a  large  part  in  the  observed  phenomena.  The  review  of  the  litera¬ 
ture  on  this  basis  of  classification  indicates  many  areas  where  a 
large  amount  of  fundamental  work  remains  to  be  done  with  respect 
to  the  diffusion  flame. 


CHAPTER  IV 


DIFFUSION  FLAMES 


by 


A.  Levy  and  A.  A.  Putnam 


In  the  ignition  and  combustion  phenomena  described  thus  far,  the  discussion  has  been  con¬ 
cerned  mainly  with  homogeneous  premixed  gases.  In  these,  diffusive  mixing  is  not  involved,  and 
the  burning  velocities  are  functions  of  the  reaction-rate  parameters.  Due  to  the  complexity  of  the 
reactions,  most  work  in  combustion  has  been  limited  to  studies  of  premixed  gases;  there  are, 
however,  many  instances  where  burning  takes  place  between  unmixed  gases.  Flames  produced  in 
such  a  manner  are  referred  to  as  diffusion  flames  and  exist  as  laminar  or  turbulent  diffusion 
flames.  When  the  temperature  of  combustion  is  high  enough,  the  reaction  velocity  is  subordinate 
to  the  rate  of  mixing  as  a  controlling  step  for  both  laminar  and  turbulent  diffusion  flames.  In  the 
case  of  the  laminar  diffusion  flame,  combustion  occurs  in  a  thin  flame  front  created  by  the  reaction 
zone  where  the  fuel  and  air  molecules  are  interdiffused.  Such  flames  are  observed  in  burning 
candles,  and  in  the  outer  flame  surrounding  the  blue  Bunsen  cone.  In  most  instances,  however, 
such  as  in  the  high-velocity  combustion  applications  referred  to  previously,  turbulent  mixing  is  the 
chief  factor  in  determining  combustion  rates. 

Diffusion  flames  may  not  only  be  classified  as  laminar  or  turbulent,  but  they  may  also  be 
classified  as  open  or  confined.  If  the  supply  of  oxidant  is  not  much  larger  than  the  supply  of  fuel, 
as  in  a  combustion  chamber  that  is  relatively  small,  compared  to  the  size  of  the  fuel  supply  line, 
the  flame  is  confined  and  may  even  be  underventilated.  If  the  supply  of  oxidant  is  large,  the  flame 
is  not  constricted  and,  especially  in  laminar  flames,  buoyancy  forces  may  have  a  large  effect. 


LAMINAR  DIFFUSION  FLAMES 


Confined  Flames 


Burke  and  Schumann^"*)  investigated  diffusion  flames  with  the  fuel  and  air  flows  held  equal 
and  constant  at  about  2  ft.  per  sec.  At  these  low  rates  of  flow,  the  flames  were  never  more  than 
10  inches  in  height,  and  the  influence  of  burning  on  the  mixing  (diffusion)  process  could  be  neglected. 
The  flames  were  produced  in  an  apparatus  consisting  of  two  concentric  tubes  shown  in  Figure  19-1. 
Because  the  rim  of  the  inner  tube,  through  which  the  fuel  was  supplied,  was  well  below  the  rim  of 
the  outer  tube,  the  flame  assumed  a  definite  shape.  Depending  upon  whether  the  flame  was  over- 
ventilated  or  underventilated,  the  laminar  diffusion  flame  appeared  as  A  or  B,  respectively,  as 
shown  in  the  figure.  A  flat  diffusion  flame  could  have  been  obtained  if  parallel  plane  surfaces, 
rather  than  concentric  tubes,  had  separated  the  air  and  gas. 

Four  simplifying  assumptions  are  made  by  Burke  and  Schumann  in  their  mathematical  treat¬ 
ment: 


(1)  The  velocities  of  the  gas  and  of  the  air  in  the  flame  region  are  equal  and  constant. 

(2)  The  coefficient  of  diffusion  is  constant. 

(3)  Interdiffusion  is  radial. 

(4)  The  two  gas  streams  mix  only  by  diffusion. 
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A  Overventilated  flame 
B  Underventilated  flame 


FIGURE  19-1.  LAMINAR  DIFFUSION  FLAMES  (SCHEMATIC) 


x  *  Radial  Distonce,  in. 

FIGURE  19-2.  FLAME  SHAPES  CALCULATED  BY  EQUATION  19-3 
Burke  and  Schumann^"^ 
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Actually,  as  the  temperature  increases,  the  velocities  and  diffusion  coefficient  must  also  increase; 
but  any  increases  are  approximately  in  the  same  proportion  so  that  temperature  effects  can  be  dis¬ 
regarded.  Assumption  (3)  holds  qtite  well  for  tall  flames  and  (4)  merely._implies  parallel  stream¬ 
line  flow*. 


The  diffusion  equation  in  cylindrical  coordinates  is 


dt 


=  D 


d**  Cry  ^  _1  dCry 
L  dr2  r  d 


£Y' 

r  _ 


(19-1) 


and,  because  velocity  is  constant,  the  equation  in  terms  of  distance  along  the  axis  of  the  tube  (y 
ordinate)  is 


<?Cry  _  D 

~  =  V 


Cry  ^  f^rV 


dr 


(19-2) 


where  D  is  the  diffusion  coefficient,  V  is  the  velocity  of  the  gas,  Cry  is  the  concentration  of  gas, 
and  r  is  the  radial  distance  from  the  axis  of  the  tube.  The  equation  is  solved  in  terms  of  Bessel 
functions  of  the  first  kind.  By  making  the  additional  assumption  that  the  fuel  and  oxidant  combine 
in  stoichiometric  proportions  at  the  front**,  the  boundary  conditions  on  Cry  for  the  individual  solu¬ 
tions  on  fuel  and  oxidant  side  are  determined;  that  is,  at  the  flame  front  where  r  =  x,  Cry  =  0  and 
the  concentration  gradients  must  be  related  byjj  the  number  of  moles  of  oxygen  that  combine  with 
one  mole  of  fuel.  Hence, 


2  J  J  1  (^l-1)  Jo  (Mx)  e 
M  Jo  (MH)^ 


D V2  y 


C2  L 
2  LiC  "2 


(19-3) 


where  /jR  assumes  the  values  of  all  positive  roots  of  the  equation  J]  (pR)  =  0.  The  values  of  x  and 
y  which  satisfy  the  equation  define  the  shape  of  the  flame  front,  Cj  and  C2  are  the  initial  fuel  and 
oxygen  concentrations  respectively,  and  C  =  Cl  +  C2  / i.  Figure  19-2  illustrates  the  two  flame 
shapes  that  result  from  these  calculations. 

Bell  and  Putnam(l9-3)  have  generalized  the  set  of  curves  presented  by  Burke  and  Schumann 
for _R/L  =  2,  _and  have  replotted  them  in  the  form  of  Dy/VL^  as  a  function  of  r/L  for  various  values 
of  C,  where  C  is  given  by 


(1  / c) - 1  =  (i  Ci  -  C 1  2)/c2 , 


(19-4) 


where  C'  2  is  the  oxidant  concentrate  in  the  jet,  if  any.  It  is  seen  that  C  is  constant  for  any  particu¬ 
lar  fuel-oxidant  combination.  Bell  and  Putnam  also  showed  that  for  C  >  0.45,  the  theoretical  flame 
shape  was  influenced  lictlc  by  the  ratio  of  R/L,  if  R/L  >  2. 


The  equations  for  flat  flames  are  handled  in  the  same  mannei,  with  use  of  the  corresponding 
boundary  conditions.  The  diffusion  equation  now  is 


► 

/  f 

t 

$ 

% 


dr 


D 

V 


*2  cr) 


(19-5) 


Solving  the  equation  for  the  boundary  conditions,  that  is,  that  the  fuel  and  air  are  at  stoichiometric 
concentration  and  Cry  =  0,  the  concentration  equation  for  the  flame  front  is 


®  1  .  nrrL  ntTX  _  Dnfrrfy 

Z  r  sin  —5 —  cos 
1  n 


7t/  C2  l'n 

R  —  IT  c  VR2  3  ll  7c  "  rJ' 

where  L  and  R  refer  to  the  half  widths  of  the  parallel  walls  here. 


(19-6) 


*  A  more  extensive  discussion  of  Burke  and  Schumann's  assumption  is  given  by  Barr  and 
Mullins  09-2). 

**  This  assumption  of  complete  combustion  at  the  flame  front  is  discussed  later. 
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Returning  to  the  axially  symmetric  flame,  it  was  observed  that  DY/VL2  was  a  function-of 
(i  Cj  -  C'2)/C2,  where  Y  is  the  flame  height.  From  Burke  and  Schumann's  curves,  DY/VR2 
increases  with  (i  Cl  -  Cz')I^Z  *or  overventilated  flames,  and  decreases  for  underventilaced  flames. 
Thus,  as  Burke  and  Schumann  pointed  out: 

(1)  Y  is  independent  of  volume  flow  rate, 

(2)  Y  is  proportional  to  velocity, 

(3)  Y  varies  inversely  with  diffusivity, 

(4)  The  introduction  of  an  inert  gas  decreases  the  height  of  an  overventilated  flame 
and  increases  the  height  of  an  underventilated  flame, 


(5)  A  change  in  fuel  which  increases  i  shortens  an  underventilated  flame  and 
lengthens  an  overventilated  flame, 

(6)  There  is  no  effect  of  pressure  on  height  at  constant  mass  flow  rate  (since  D 
varies  inversely  with  pressure),  and 

(7)  There  should  be  little  temperature  dependence  at  constant  mass  flow  rate. 


Generally,  all  the  above  effects  have  been  borne  out  by  experiment  and  are  illustrated  in 
Tables  19-1  through  19-4,  taken  from  the  work  of  Burke  and  Schumann.  The  temperature  effect, 
Table  19-4,  indicates  some  shortening  of  the  flame  as  the  temperature  is  increased.  The  data  are 
rather  limited,  but  it  would  appear  that  over  this  wide  temperature  range,  the  diffusivity  increases 
to  a  greater  extent  than  the  gas  velocity,  as  is  to  be  expected. 

Jost^1^"  '4)  presents  a  very  simple  treatment  of  diffusion  flames,  which  does  not  define  the 
shape  of  the  flame,  but  does  arrive  at  most  of  the  other  conclusions  arrived  at  by  more  complicated 
treatment  of  Burke  and  Schumann. 


Considering  the  flow  through  two  concentric  tubes  of  radii  L  and  R^  where  L  refers  to  the 
inner  tube  again,  the  maximum  flame  height,  is  determined  by  the  time  required  for  the  fuel 
and  air  to  diffuse  to  stoichiometric  proportions. 

The  air  must  diffuse  into  the  gas  a  distance  L  for  the  overventilated  flame  (see  Figure  19-1), 
and  the  gas  into  air,  a  distance  R-L  for  the  underventilated  flame.  These  depths  of  penetration,  <5, 
in  a  time,  _t,  can  be  expressed  as 

bl  =  2  Dt,  (19-7) 

where  D  is  the  diffusion  coefficient.  If  t  is  the  time  needed  for  the  gas  to  flow  at  a  constant  veloc¬ 
ity  from  the  mouth  of  the  inner  tube  to  the  tip  of  the  flame,  then 

t  =  \  (19-8) 


where  V  is  the  gas  velocity;  combining  Equations  (19-7)  and  (19-8)  gives 


V  5 
“  2D 


(19-9) 


Equation  (19-9)  is  capable  of  explaining  all  the.effccts  that  were  explained  by  Equations  (19-3) 
and  (19-6)  except  the  effect  of  an  inert  gas  (Conclusion  Number  4,  above). 

It  is  to  be  noted  that  the  reaction  mechanism  and  reaction  rate  arc  of  secondary  importance 
since  burning  is  assumed  to  occur  in  an  infinitesimally  thin  zone  and  at  stoichiometric  conditions; 
the  rate  controlling  process  is  just  the  rate  of  diffusion  of  the  two  gases  to  the  point  ol  reaction  at 
the  flame  front. 
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TABLE  19-1.  FLAME  HEIGHT  PROPORTIONAL  TO  GAS  FLOW 


-.r 


f 

i 

i 


A 

\ 


1 

I. 


I 


tfi  iZterjA 


T 


Air, 
ci!  ft/ hr 

Methane, 
cu  ft/ hr 

Flame  Height, 
inch 

Col.  3 
Cel.  2 

7.  0 

0.  38 

1. 23 

**.  56 

18.  0 

1.  00 

4.  47 

4.47 

29.  5 

1.  64 

7.  25 

4.42 

41.  1 

2.  28 

9.90 

4.32 

i 

i 


TABLE  19-2.  EFFECT  OF  INCREASE  IN  i 


Height,  inch 


Gas 

i 

Calculated 

Experimental 

Manufactured  gas 

1. 05 

1.66 

1.44 

Methane 

2.  00 

0.93 

0.87 

Ethane 

3.  50 

0.67 

0.  62 

TABLE  19-3.  EFFECT  OF  GAS  DIFFUSIVITT 

Air, 

Hydrogen, 

CO, 

Height, 

cu  ft/hr 

cu  ft/ hr 

cu  ft/hr 

inch 

22.  2 

25 

2.  75 

22.  2 

25 

6.  95 

TABLE  19-4.  EFFECT  OF  TEMPERATURE  ON  METHANE  FLAME 


Temperature,  C 

Height,  inch 

20 

0.78 

370 

0.  69 

510 

0.  70 

I 
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Guyomard^^-5)  makes  some  short  comments  on  modifying  Burke  and  Schumann's  work  to 
correct  for  temperature;  he  also  studies  briefly  a  system  with  a  parabolic  fuel  velocity  profile, 
such  as  might  be  given  by  fuel  from  a  pipe  passing  into  open  air;  the  specific  formula  he  gives  for 
flame  height  apparently  applies  to  methane,  although  it  is  not  so  stated. 

Barr  and  Mullins^^-2)  have  studied  the  diffusion  flame  as  part  of  a  more  general  program 
dealing  with  the  combustion  of  gases  in  a  vitiated  atmosphere.  "Vitiated"  as  used  by  the  authors 
refers  to  the  contamination  of  the  air  by  the  products  of  combustion  (water  vapor,  carbon  dioxide) 
so  that  the  resulting  air  is  reduced  in  oxygen  content  compared  with  pure  air.  The  vitiation  is 
measured  by  an  index,  a,  defined  as  the  fractional  partial  pressure  or  volume  of  oxygen  in  the  air, 
for  example,  a  =  -  0.  21  for  pure  air. 

Combustion  in  vitiated  atmospheres  is  related  to  full-scale  combustion  chamber  problems. 
Since  the  fuel  usually  enters  the  chamber  in  the  form  of  droplets  of  various  sizes,  combustion  oc¬ 
curs  over  a  finite  length  of  the  chamber.  Unless  secondary  air  is  introduced  in  sufficient  amount, 
the  larger  fuel  drops  must  burn  in  an  atmosphere  partially  choked  with  reaction  products  from  the 
faster  burning  fractions  of  the  fuel  spray.  This  has  a  large  effect  on  the  efficiency  of  the  over-all 
combustion  process  as  a  result.  For  the  most  part,  the  effects  of  vitiation  are  threefold.  These 
are: 

(1)  A  sharp  lowering  of  the  flame  temperature,  especially  in  rich  mixtures  where 
more  oxygen  is  needed  for  complete  combustion.  A  corollary  to  this  is  the 
reduced  efficiency  in  the  evaporation  of  the  fuel  spray. 

(2)  Crocking  and  polymerization  is  increased.  Ordinarily,  a  certain  amount  of 

v  cracking  occurs  in  the  primary  zone.  This  is  actually  beneficial,  since  the 

cracking  produces  volatile  hydrocarbons.  But  the  lack  of  oxygen  reduces  the 
benefit  of  the  cracking  and  permits  more  polymerization. 

(3)  The  limits  of  inflammability  are  reduced. 

It  was  found,  for  example,  that  a  diffusion  flame  of  a  Calor  gas-air  mixture  (Calor  gas  is  a 
mixture  of  lower  saturated  hydrocarbons  consisting  mainly  of  propane  and  butane)  could  not  be 
ignited  by  a  heated  Nichrome  spiral  for  a  <  0.  17.  Similar  effects  have  been  noted,  and  studied 
quantitatively,  by  Lewis  and  von  Elbe^^-S)  in  their  ignition  studies  on  the  methane-oxygen- 
nitrogen  system;  the  greater  the  vitiation  the  more  energy  was  required  for  spark  ignition, 

Barr  and  Mullins  made  their  studies  on  diffusion  flames  of  Calor  gas  and  air  at  flow  veloci¬ 
ties  of  less  than  one  foot  per  second.  Also,  the  air  and  fuel  velocities  were  not  equal,  whereas 
Burke  and  Schumann's  velocities  were  equal.  The  tests  were  run  in  concentric  tubes  with  L  equal 
to  0.46  cm,  and  R  equal  to  2.46  cm.  The  vitiated  diffusion  flames  are  described  as  flimsy, 
unstable,  blue  flames.  With  decreasing  oxygen  content,  the  yellow  crown  in  the  top  of  the  flame 
becomes  smaller,  pointed,  and  finally  disappears.  The  faint  luminous  halo  around  the  flame 
broadens,  the  gap  between  the  burner  and  base  of  the  flame  increases,  and  the  entire  flame  surface 
broadens  and  lengthens  with  increased  vitiation. 

In  a  scries  of  experiments  with  a  a  0.21  (normal  air),  Barr  shows  that  as  the  air  velocity  is 
increased  there  is  a  rapid  decrease  in  the  flame  height  above  a  fuel  velocity  of  0.  7  cm/sec.  How¬ 
ever,  it  appears  from  the  data  that  as  the  air  velocity  is  increased  to  about  13  cm/sec  (for  these 
particular  tests),  the  mixing  becomes  independent  of  the  air  velocity  again. 

The  authors  present  a  sequence  of  photographs  of  the  flameB  at  pressures  between  one  at¬ 
mosphere  and  0.  06  atmosphere.  There  is  some  tendency  toward  a  changing  flame  shape,  but  the 
flame  heights  remain  remarkably  constant  over  more  than  a  tenfold  change  in  pressure  ratio.  One 
cannot  quantitatively  compare  the  data  of  the  other  workers  with  these  data  because  of  the  ex¬ 
tremely  low  flow  velocities  used  by  these  authors.  The  comparisons  can  only  be  qualitative  and  in 
this  sense  the  general  agreement  is  quite  good.  As  the  oxygen  content  is  reduced,  the  flames 
which  were  overventilated  exhibit  increased  flame  heights.  The  dependence  on  flow  velocity  is  no 
longer  a  direct  proportionality,  but  now  varies  in  a  more  complicated  way. 
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The  question  of  what  happens  to  the  flame  length  when  the  exhaust  gases  are  recirculated  is 
of  practical  interest.  Assuming  j  change  in  the  diffusion  process  at  increased  temperatures,  and 
a  constant  fuel  flow^  the  authors  calculate  that  the  height  would  not  be  changed  by  as  much  as  10 
per  cent  for  a  mass  flow  of  recirculated  gases  equal  to  twice  the  mass  flow  of  puii  air. 

Barr^-7)  extended  this  study  with  the  concentric  tube  system  to  cover  a  range  of  both  butane 
and  air  velocities.  Using  a  2.2-cmouter  tube,  a  0.  85-cm  jet,  fuel  flows  from  0.  01  to  100  cc/sec, 
and  air  flows  from  1  to  3000  cc/sec,  Barr  observed  a  wide  variety  of  flame  types.  Over  most  of 
the  range  of  variables,  the  flames  had  much  the  same  forms  as  indicated  in  Figure  19-2,  with 
modifications  caused  by  smoking  tendencies.  At  higher  air  velocities,  this  region  of  normal  forms 
was  bounded  by  lifted  flames,  which  become  tilted  and  then  vortexlike  in  character  as  the  fuel 
velocity  was  decreased.  (See  also  Garside  and  Jackson)U9-8).  At  low  fuel  velocities,  before  ex¬ 
tinction,  the  flame  took  on  a  meniscus  shape.  Near  the  extinction  limit  using  low  air  flow  veloci¬ 
ties,  the  meniscus  flame  was  also  apparent,  but  was  longer  and  became  unstable  as  the  fuel  veloc¬ 
ity  increased.  1 

In  a  later  paper^^-9)^  Barr  made  a  more  detailed  study  of  enclosed,  over  ventilated,  laminar 
flames.  He  found  that  whereas  increases  in  air  flow  caused  only  a  slight  decrease  in  flame  length, 
increases  in  the  fuel  flow  caused  even  larger  increases  in  flame  length. 

Barr  also  examined  the  influence  of  the  jet  diameter  on  flame  height.  At  constant  rates  of 
fuel  flow  and  air  flow,  an  increr  <e  in  the  ratio  of  inner  to  outer  diameter  from  0.  133  to  0.  905  had 
only  a  slight  tendency  to  decrease  flame  height.  This  later  observation  seems  to  indicate  that  any 
enclosed,  over  ventilated  flame  system  can  be  treated  theoretically  by  Burke  and  Schumann's 
method  by  using  the  volume  flow  rates  to  determine  the  equivalent  jet  diameter  to  give  a  uniform 
flow  velocity. 

Although  Barr  has  givqn  no  correlating  equation  for  his  data,  one  of  the  forms 

—  =  A  +  B  (qf/qa)  (Y/L)  ,  (19-10) 

9f 

appears  to  be  satisfactory,  where  q£  and  qa  are  the  volume  flow  rates  of  fuel  and  air,  respectively, 
and  A  and  B  are  constants  evaluated  from  the  data.  In  this  equation, 


Unconfined  Flames 

Hottel  and  Hawthorne^ 10)  8tudied  diffusion  flames  in  the  cases  where  (1)  the  fuel  flows 
into  still  air,  and  (2)  where  fuel  and  air  flow  at  different  velocities.  Precautions  were  taken  to 
minimize  rotation  and  to  control  turbulence  by  placing  straighteners  and  screens  in  the  gas  stream. 
In  some  instances,  primary  air  was  mixed  with  the  fuel  gas.  The  gas  studied  was  manufactured 
gas  and  the  burning  took  place  from  nozzle  ports  of  1/8-,  3/16-,  and  1/4-inch  diameters.  Since 
the  outer  chamber  diameter  was  much  larger  than  the  nozzle  diameter,  these  flames  had  the  char¬ 
acteristics  of  the  open  flame. 

Figure  19-3  presents  a  qualitative  picture  of  the  results  of  an  experiment  performed  in  the 
course  of  this  study  to  confirm  the  type  of  concentration  gradients  that  might  be  expected  fn  diffu¬ 
sion  flames.  The  authors  obtained  these  curves  by  sampling  across  the  flame  surface  at  several 
distances  from  the  burner  port.  As  simple  diffusion  theory  predicts^^-l  1)(  the  curves  resulting 
from  these  experiments  show  that  the  maximum  concentration  gradients  occur  at  the  flame  bound¬ 
ary,  where  the  fuel  and  air  combine  in  stoichiometric  proportions. 

Further  experimental  evidence  indicating  that  oxygen  is  completely  consumed  at  the  flame 
front  separating  the  fuel  and  air  has  been  shown  recently^- 12),  With  the  aid  of  spectroscopic 
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evidence,  very  little,  if  any,  oxygen  has  been  shown  to  penetrate  the  diffusion  flame  interface. 

This  does  not  preclude  the  fact  that  the  combustion  products  dilute  the  diffusing  fuel  stream,  but 
nevertheless  the  fuel-air  concentrations  are  essentially  stoichiometric  at  the  flame  front. 

It  may  be  noted  that  Zeldovich^*^" extending  Shvab's  work(^-ll)j  made  a  lengthy  mathe¬ 
matical  study  of  the  diffusion  flame  process,  and  shows  that  the  temperature  profile  is  the  same  as 
the  "p-oducts"  profile  of  Figure  19-3,  if  the  thermal  and  molecular  diffusivities  are  equal.  Also, 
the  peak  temperature  equals  the  theoretical  flame  temperature  for  a  stoichiometric  mixture. 
Actually,  due  to  conduction  Ipases  to  the  surroundings,  radiation  losses,  and  the  rounding  off  of  the 
temperature  peak  {since  the  reaction  is  not,  in  reality,  infinitely  fast),  the  theoretical  flame  tem¬ 
perature  for  a  stoichiometric  mixture  is  not  obtained. 


1|' 


metric  oxygen/fue!  ratio  for 
complete  combustion 


proportions 


FIGURE  19-3  DISTRIBUTION  OF  GASES  IN  A  DIFFUSION  FLAME 

Hottel  and  Hawthorne ^  ^ 

I) 


Figure  19-4  schematically  indicates  typical  temperatures  and  concentrations  at  the  front  as 
calculated  by  Zeldovich.  The  amount  of  overlap  of  the  concentrations  indicates  tiie  thickness  of  the 
,  diffusion  flame;  as  the  combustion  becomes  more  intense  this  thickness  decreases. 

i 

i 


T,o;b 


FIGURE  19-4  TEMPERATURE  AND  CONCENTRATION  GRADIENTS 
AT  THE  REACTION  SURFACE 
Zeldovich  (19-13) 
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Hottel  and  Hawthorne  have  analyzed  the  open  diffusion  flame,  using  the  same  assumptions  as 
Burke  and  Schumann.  They  obtain  the  relation 


=  1  .  .  -  ® 

1  +  at 


(19-11) 


where  aQ  is  the  mole  air/mole  fuel  gas  in  the  nozzle  fluid,  at  is  the  moles  air/moles  fuel  gas  for 
complete  combustion,  and 


9  = 


(19-12) 


where  d  is  the  nozzle  diameter.  For  short  flames,  the  height  of  the  flame,  Y,  they  point  out,  is 
given  by  tV,  and  thus 


7tD 


(19-13) 


This  result  is  in  agreement  with  observation. 

Figure  19-5  indicates  the  actual  change  in  flame  height  as  the  flow  rate  increases.  The  de¬ 
creased  rate  of  increase  with  increasing  velocity,  in  the  laminar  region,  is  explained  on  the  basis 
of  a  change  in  flow  velocity  along  the  length  of  the  flame.  For  longer  flames  (those  of  Hottel  and 
Hawthorne  were  more  than  5  in.  long  as  were  those  of  Rembert^?-  ^),  whose  data  they  also 
analyze),  the  buoyancy  effects  and  the  momentum  interchange  effect  became  increasingly  important 
in  the  open  flame,  and  the  flow  velocity  tends  to  decrease  along  the  flame  length.  Equation  19-12 
no  longer  holds,  and  Hottel  and  Hawthorne  advance  the  empirical  relation, 

Y  =  A  log  (qf0)+  B  ,  (19-14) 


to  fit  their  data. 

Hottel  and  Hawthorne  carried  out  a  dimensional  analysis  of  the  open  diffusion  flame.  They 
introduced  the  Grashof  number, 


G  a  d3p20  g(At)/p2  , 

where  j3  is  the  temperature  coefficient  of  expansion  and  the  other  terms  have  the  usual  meaning,  to 
provide  for  the  buoyancy  effects.  The  dimensionless  groups  qf  S/YD,  Y/d,  G,  and  a0  thus  deter¬ 
mine  the  flame  height.  They  aiso  noted  that,  for  their  tests,  the  changes  in  the  diameter,  d,  .did 
not  affect  the  height;  this  observation  allows  the  combination  of  two  groups  into  one,  namely, 

(Y  G1/3/d). 


It  appears  logical  to  extend  this  result  and  propose  an  equation  of  the  form 


q£ 

YD 


o  A  +  B  f 


(19-15) 


for  expressing  flame  height  data.  Then,  regarding  a0  as  constant,  for  the  tests  of  Hottel  and 
Hawthorne,  f  ((•)  «  £2  appears  quite  satisfactory,  where  £  =  YG*/3/d,  The  similarity  of  this  form 
to  that  proposed  for  Barr's  data  on  closed  flames  (Equation  19-10)  may  also  be  noted. 

Wohl,  Gazley,  and  Kapp(19-15)  have  made  an  extensive  investigation  of  the  flames  of  manu¬ 
factured  gas  and  butane  in  about  the  same  flow  range  as  Hottel  and  Hawthorne.  Their  studies  start 
in  the  laminar  range  and  go  into  the  turbulent  range  at  velocities  over  100  fps.  Unlike  Hottel  and 
Hawthorne,  they  preferred  to  burn  their  flame  in  open,  still  air,  rather  than  use  secondary  air. 
The  experimental  data  consisted  principally  of  shadow  photographs  and  measurements  of  flame 
heights.  The  photographs  show  the  behavior  of  the  flames  at  various  Reynolds  numbers.  A  photo¬ 
graph  of  a  100  per  cent  manufactured-gas  flame  at  Nr  *  1980  shows  a  well-defined  inner  cone  of 
fuel  to  the  tip  of  the  flame.  This  tip  is  much  below  the  actual  top  of  the  luminous  flame. 
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FIGURE  19-5.  CHANGE  IN  FLAME  APPEARANCE  WITH 
VARYING  NOZZLE  VELOCITY 

Hottel  and  Hawthorne^  10) 


Wohl,  et  al.  ,  noted  that  (1  +  at)  was  sufficiently  greater  than  (1  +  al0)  that  the  approximate 
equation, 


4  7T  DY 
Tf 


=  0  +  at)/0  +  ao)  , 


(19-16) 


could  be  used  for  the  theoretical  flame  height  (compare  with  Equation  19-11). 

Like  others,  Wohl,  et  al. ,  found  that  this  equation  does  not  fit  the  data  for  longer  flames. 
For  their  data  on  100  per  cent  city  gas  flames,  they  advanced  the  relation. 


Y  =  1/(0.  206/  Vqf  +  0.  354/qf)  , 


(19-17) 


where  Y,  are  measured  in  centimeters  and  cc/sec.  They  explain  this  relation,  which  bears 
little  resemblance  to  Equation  19-16,  as  follows.  is  not  constant,  and  the  average  value  is 
assumed  to  vary  linearly  with  height,  thus 


D  c  D0  +  kY  . 


(19-18) 


If  kY  »  D0,  then  Equation  19-16  becomes 


Y  o 


/  9f  U  +  at) 
'47Tk(I  J  a0)  ’ 


(19-19) 


which  accounts  for  the  lead  term  of  Equation  19-17.  By  including  the  second  term  in  the  approxi¬ 
mation  of  Equation  19-16,  and  not  dropping  D0,  a  form  of  equation  like  that  of  Equation  19-17  is 
obtained. 

» 

With  50  per  cent  city  gas  mixture,  the  diameter  of  the  jet  appeared  to  be  important,  and  the 
correlating  equation  took  the  form 


Y  =  1/(0.  244/\^J  +  3.  15  d/qf)  . 


(19-20) 
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which  is  similar  in  fo-m  j  Eviction  (19-1°'. 


Hottel,  in  a  discussion  of  the  paper  by  Wohl,  et  al.  ,(19-15)^  has  shown  that  marked  similar¬ 
ity  exists  between  his  approach  and  that  of  Wohl.  Hottel  took  some  of  Wohl's  results  and  trans¬ 
formed  them  into  his  terminology,  and  then  plotted  flame  height  against  log  (q£ 8),  as  he  had  done 
with  his  owr.  data.  It  was  found  that  Wohl's  equation  is  not  linear  as  is  Hottel's  equation,  but  the 
data  fall  close  to  the  curve.  Actually,  Wohl's  equation  appears  somewhat  better  at  the  lower  flow 
rates,  and  Hottel's  equation  appears  preferable  at  the  higher  flow  rates. 


(19- 19) 

Barr'  '  suggests  .that  an  equation  for  the  height  of  an  open  flame  could  be  obtained  as 
follows.  The  velocity  of  the  gas,  which  decreases  with  height  in  the  open  flame,  is  considered  to 
vary  exponentially  with  height.  Thus,  t  (See  Equation  19-12)  is  given  by 


and 


V  exp  (-by)  ’ 


(19-22) 


(19-23) 


as  contrasted  with  Equations  19-13  through  19-20. 

In  concluding  this  section,  it  might  be  noted  that  the  study  of  ethane-nitrogen-air  or  ethylene- 
nitrogen-air  mixtures  as  jet  fuels  would  appear  more  fruitful  than  some  of  the  past  investigations. 
These  gases  all  have  nearly  the  same  molecular  weight,  and  the  ratio  of  moles  of  reactants  to 
products  is  near  one.  Use  of  diluent  nitrogen  permits  control  of  the  final  temperature.  Once  these 
systems  were  understood,  then  the  superimposed  effects  brought  about  by  use  of  the  much  lighter 
fuels,  such  as  hydrogen,  or  the  much  heavier  fuels,  such  as  butane,  could  be  determined. 


TURBULENT  DIFFUSION  FLAMES 


Turbulent  diffusion  flames  arc  usually  discussed  from  the  viewpoint  of  turbulent  mixing  as 
the  rate-controlling  factor;  the  reaction  rate  is  not  considered  to  be  controlling,  or  even  important. 
In  all  but  a  few  possible  exceptions,  this  has  proved  to  be  a  satisfactory  approach.  However,  as 
has  been  indicated  in  Chapter  12,  turbulence  itself  is  not  well  understood;  when  a  turbulent  system 
involves  the  presence  of  a  flame  which  acts  as  a  volume  source,  the  complications  become  appar¬ 
ent. 


However,  laminar  and  turbulent  diffusion  flames  have  at  least  one  common  feature:  the 
flame  must  be  held  at  some  point  or  in  some  area,  In  the  laminar  diffusion  flame,  the  adjacent 
fuel  and  air  interdiffuse  near  the  edge  of  the  burner.  At  some  distance  less  than  the  quenching 
distance,  a  combustible  mixture  of  varying  composition  is  reached  over  a  region  greater  than  the 
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normal  flam  :  thi'  knees  thie  region,  at  th?  Quenching  distance  a  inncd  flame  occurs,  an.-J 

holds  the  diffusion  flame,  'm  fact,  the  diffusion  flame  can  be  pu  Im  .  d  ■;  a  stepwise  series  of  pre- 
niiAi-d  flames,  each  with  ,,  h  tter  but  more  dilute  entering  compos  it  n  . 

In  the  case  of  the  tu  1  .ilent  flame,  this  seating  of  the  flame  near 
occur.  On  the.  contrary,  l  i.«r  *  are  only  local  regions  whore  the  m.i;u. 
the  oncoming  velocity;  the.  ■  'ore,  the  holding  points  shift  as  these  lot  .. 
ah  oi  t  m  the  turbulent  stir  1 1  .  This  is  clearly  shown  by  the  ph.otog  rap 
Furthermore,  ail  of  the  Jr  g  edges  of  the  flame  must  move  at  maxis 
through  the  turbulent  mix  ,  itietchir"  ’  spreading  'he  •’lam  >V 
find  large  enough  h'cal  re  vj  wh  ■  •  .1  .«  hurt-  1  lit  jnrc.nir 

•  . '  >  <  .■*.<)  <ilO»  iiamu  or  prarV. 

Before  covering  the  experimental  work  on  confined  or  unconfined  turbulent  flames,  the  theo¬ 
retical  considerations  of  WohlonbergU^nj^  which  are  baDed  on  some  investigations  of  turbulent 
mixing  by  RummelO^- 18)^  should  be  discussed.  These  involve  both  th*  .urbolent  and  kinetic  as¬ 
pects  of  the  problem.  It  is  observed  in  the  mixing  process,  induced  by  turbulence  where  two 
streams  enter  along  parallel  paths,  that,  in  the  inner  zone,  where  chemical  reactions  occur,  the 
surface  is  composed  of  a  relatively  turbulent  mixture  of  islands  or  streams  of  gas  and  air.  These 
islands,  also  referred  to  as  concentration  zones,  are  composed  of  fuel-rich  and  air-rich  zones 
and  between  these  zones  chemical  reactions  and  diffusion  processes  occur  in  a  thin  zone. 

Wohlenberg  has  expanded  these  observations  into  what  he  terms  the  reaction  interface  exten¬ 
sion.  His  model  consists  of  an  array  of  islandlike  volumes  of  air  and  fuel,  which  originate  at  the 
boundary  between  the  fuel  and  air  streams,  as  in  a  vortex  shedding  phenomenon,  and  continue  to 
break  up  thereafter  and  become  a  random  mixture.  Due  to  the  high  concentrations  of  the  respec¬ 
tive  air  and  fuel  zones,  the  reactants  tend  to  diffuse  toward  each  other  across  the  interface  separ¬ 
ating  them.  If  every  collision  results  in  a  reaction,  the  interzone  would  only  be  as  deep  as  about 
five  molecular  free  paths.  However,  the  fraction  of  collisions  which  result  in  chemical  reaction 
is  small  since  besides  being  a  probability  function,  it  also  is  dependent  upon  the  reaction  energy 
and  temperature;  consequently,  the  interface,  or  interzoue  as  Wohlenberg  refers  to  it,  takes  on  a 
measurable  thickness.  (See  also  Reference  19-12).  The  scale  of  the  turbulence  probably  deter¬ 
mines  the  size  of  the  islands;  however,  and  since  the  actual  collision  range  is  so  email  compared 
to  turbulent  scales  it  is  not  likely,  as  Wohlenberg  points  out,  that  turbulence  would  increase  the 
number  of  collisions. 

Wohlenberg  has  defined  thie  potential  flame  front  in  terms  of  a  reaction  interface  extension, 
A,  which  is  a  specific  area  per  unit  volume  of  mixture,  and  a  mean  depth,  1,  which  is  the  penetra¬ 
tion  distance  into  the  reaction  zone  normal  to  this  surface.  The  specific  volume  is  then  equal  to 
the  product  A/,  a  dimensionless  quantity.  For  a  uniform  mixture  then,  it  is  obvious  that  At  is 
unity,  and  thus  for  any  mixture  there  exists  a  maximum  extension,  A  =  l/J. 

This  model  allows  for  the  evaluation  of  combustion  as  a  function  of  the  molecular  diffusion, 
kinetics  of  the  molecular  collision,  and  the  reaction  interface  area.  The  primary  variables  are 
expressible  in  turn  as  functions  of  pressure,  temperature,  velocity,  and  fuel/air  ratio. 

For  stable  combustion,  the  fuel-air  supply  must  be  in  equilibrium  with  its  consumption  by 
the  chemical  reaction;  therefore,  Wohlenberg  attacks  the  problem  by  setting  up  equations  for  the 
rate  of  energy  release  as  a  result  of  (a)  effective  collision  and  (b)  the  diffusion  processes.  The 
problem  becomes  one  of  evaluation  of  the  effect  of  turbulence  on  the  supply  of  the  reactants  to  the 
interzonc.  Obviously,  turbulence  increases  A  and  decreases  J.  Now  if  i  is  made  so  small  that 
the  diffusion  process  is  no  longer  controlling,  the  collision  equation  will  define  the  combustion 
process.  In  the  usual  diffusion  study  the  development  is  based  on  the  reverse  situation. 

Whatevei  the  situation,  it  follows  that  the  collision  equation  and  the  supply  equations  are  both 
functions  of  the  reaction  Interface  extension,  and  by  equating  these  quantities  under  the  proper 
combustion  conditions,  one  can  relate  the  progress  of  combustion  to  the  fraction  of  material  con¬ 
sumed. 


i<‘  burner  often  does  not 
m  flame  epee'*  can  exceed 
low  velocity  regions  shift 
of  Yagi  and  Saj'0  9-ib) 
urn  premixed  flame  speed 
'i  Hu  Oi-yir  -an  no  I  age 
and  no.  be  quern. hed, 
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The  ;ict  .1  significance  of  the  reactio.  interface  extcnaic.i  oust  li  erified  further  before 
pp)  it  to  othe*-  combustion  .ituai-'s,  If  A  is  a  significant  j  ..  ititv,  i  its  role  in  such  a  com¬ 
bust, on  picture  can  be  very  useful,  and  may  possibly  have  an  <  tensive  ,  ,  Mention  in  the  burning  of 
fuel  spray-air  mixtures,  where  the  island  concept  is  appropriate.  The  i  terogeneous  s  stem  will, 
of  course,  complicate  the  development  in  its  present  form. 


Some  workers  have  claimed  that  the  instability  of  .  in  >”-rl  ogen-ot  pmi  flan-  s  jr 
fact  that  tne  tas  i -  tu i  **  •-'.ghl  no’  '  e  ipie'  ••  hi  ig"'  .  ■  ut  iswa4  ..  t0  ;  f<'u8- 

•’itv  1  'd:  •  .  u  ill  e,  '  ke  place  at  1  'gh-con..  jntrat.1  n  filarnc  its,  so  that  only  part  of  the 

fres  l  ga.  is  burnedU  7- 1 /).  '1  is  concept  has  been  used  to  offer  a  poss  >le  explanation  for  the  fact 

that  ~.dy  10  per  cent  of  the  hydrogen  burns  at  its  lower  limit  (3.85  per  cent  hydrogen).  The  pres- 
ce  uf  the, ct  ....  traMon  filaments  parallels  Wohlenberg  and  Rurmnel's  concept  of  fuel-rich 

air  rich  ifl«  •.•■i*  '  ui-lt.:  of  an  ,iir-r"cV  c-mM'  .  ;r-  nd  Wohlenberg'a  treatment  mignt  be 

modil  4  to  apply  >  ouch  a  situation,  This  is  a  difficult  probl.m,  experimentally,  since  the  flame 
appears  uniform  throughout. 


In  two  subsequent  papers^9-20,  19-21)^  Wohlenberg  considers  in  detail  the  specific  reaction 
of  dodecane  and  air.  He  not  only  gives  specific  values  for  maximum  energy  release  rates  which 
are  limited  by  kinetic  considerations,  but  indicates  that  "tail-end"  diffusion  is  the  rate  limiting 
factor  in  the  actual  case;  that  is,  the  final  diffusion  of  the  fuel  and  oxygen  to  each  other  must  take 
place  by  the  molecular  diffusion  process  and  not  as  a  result  of  turbulent  mixing. 


i 


Unconfined  Flames 


The  unconfined  turbulent  diffusion  flame  is  treated  ordinarily  as  a  problem  in  turbulent  mix¬ 
ing  of  a  jet.  (See  Chapter  12).  This  gives  results  which  can  be  interpreted  in  terms  of  complete¬ 
ness  of  combustion,  but  does  not  indicate  the  stability  of  the  flame.  In  fact,  a  systematic  treatment 
of  diffusion  flame  stability,  for  either  laminar  or  turbulent  flames,  is  greatly  to  be  desired.  Some 
discussion  of  the  stability  problem  is  given  by  Scholefield  and  Gar3ideU9-22;>  and  this  will  be  dis¬ 
cussed  first. 

Figure  19-5  shows  that  as  the  nozzle  velocity  increases,  the  flame  moves  into  a  turbulent 
region.  A  turbulent  flamo  first  occurs  near  the  tip,  and  then  moves  downward  to  a  point  near  the 
jet.  When  this  point  is  reached,  the  length  of  the  flame  ceases  to  show  any  variation  with  velocity. 

“  Scholefield  and  Garside  show  that  a  jet  alone,  without  combustion,  exhibits  this  same  pattern  of 

breakdown  into  turbulent  flow  with  increasing  velocity.  For  some  jets,  this  break  region  first 
moves  down  slowly  and  then  takeB  a  sudden  jump  to  rest  at  the  nozzle.  It  is  thus  expected  that 
some  diffusion  flames  will  show  the  same  characteristics  as  the  flow  rate  increases. 

Figure  19-6  shows  some  of  Scholefield  and  Garside's  results  on  flame  stability.  Below  a 
certain  jet  diameter,  the  velocity  at  blow-off  is  independent  of  diameters.  Above  that  diameter, 
the  velocity  at  blow-off  becomes  dependent  on  diameter;  the  larger  the  diameter  the  more  unstable 
the  flame.  It  appears  that  finally  blow-off  occurs  at  a  constant  value  of  Reynolds  number.  How¬ 
ever,  above  the  same  critical  diameter,  as  mentioned  before,  the  flame  will  not  blow  off  com- 
pletely,  but  will  persist  as  a  lifted  flame.  In  this  case,  the  final  blow-off  velocity  increases  with 
jet  diameter.  Observation  of  the  lifted  flame  indicates  that  it  first  appears  as  a  annulus,  and 
gradually  closes  in  on  the  center.  When  it  closes  in  completely,  even  the  lifted  flame  blows  off. 

It  might  be  noted  that  this  phenomenon  starts  to  occur  with  rich  bunsen-type  flames  (and  other  pre- 
rrixed  open  flames)  and  increases  in  range  with  increasingly  rich  primary  mixtures.  (See  Figure 
17  of  Reference  19-23,  for  instance). 

Returning  to  the  problem  of  where  transition  takes  place  from  the  laminar  to  turbulent-type 
flame,  it  must  be  pointed  out  that  the  Reynolds  number  corresponding  to  cold  flow  docs  not,  in 
itself,  determine  the  transition  point.  Ho'tel  and  Hawthorncf  19-  10)  listed  the  Reynolds  numbers 
at  which  transition  commenced  as  2000  for  hydrogen,  about  3500  for  city  gas,  5000  for  CO,  from 
6000  to  9000  for  city  gas  or  hydrogen  with  some  primary  air,  and  about  9000  to  10,  000  for  propane 
and  acetylene,  Wohl,  ct  al. ,  (19-T5)  indicated  a  value  of  1 1 ,  000  for  butane. 
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FIGURE  19-6.  STABILITY  R/.  .'IGF- ’  OF  DIFFUSION  FLAMES 
FOR  CAR BURL  '  iv- type  jets 

Scholefielci  a •  \  ‘  xi  8  ide(19-22) 


Once  the  flame  is  completely  turbulent,  the  turbulent  diffusion  rate  becomes  a  primary  factor 
in  promoting  mixing.  From  the  simplest  dimensional  considerations  of  turbulence,  the  diffusivity 
is  given  by 

Dt  =  aVd  ,  (19-24) 

where  a  is  a  proportionality  constant.  Substitution  of  this  result  into  Equation  19-12  shows  that  the 
ratio  of  flame  height  to  jet  diameter  is  a  function  of  only  the  properties  of  the  primary  mixture. 

Hawthorne,  et  al  ,  (19“24)  carrje(j  out  a  much  more  detailed  analysis  of  the  open  turbulent  jet 
flame.  They  incorporated  information  on  jet  mixing,  and  considered  buoyancy  and  momentum 
forces.  In  the  final  eqiation,  however,  they  neglected  buoyancy  terms  (this  assumes  a  high  nozzle 
velocity  and  small  dianeter)  and  obtained  the  following  relation  for  flame  height: 


Y  _  5.  3 
d  =  Ct 


,  ,  Mb! 


(19-25) 


where  Y  is  the  visible  flame  height,  d  is  the  nozzle  diameter,  Tf  is  the  adiabatic  flame  tempera¬ 
ture,  Tn  is  the  temperature  of  the  nozzle  fluid,  M0)  n  are  the  molecular  weights  of  the  surroundings 
and  nozzle  fluid,  Ct  is  the  mole  fraction  of  nozzle  fluid  in  the  unreacted  stoichiometric  mixture, 
and  at  is  the  ratio  of  moles  of  reactant  to  moles  of  product,  for  stoichiometric  combustion.  The 
visible  height  was  found  to  be  somewhat  greater  than  the  height  at  which  combustion  was  99  per  cent 
complete,  based  on  a  gas  analysis  on  the  axis. 

It  is  interesting  to  note  that  the  actual  calculations  yield  the  ratio  of  flow  width  to  jet  diameter 
at  the  level  where  the  concentration  reaches  C(.  In  the  cold  jet,  such  a  width  increases  linearly 
with  height  above  some  break  point,  s,  such  that 

w  =  a  (y  -  s)  ,  (19-26) 

where  a  again  is  a  proportionality  constant.  For  many  cases,  s  «  y,  and  may  be  disregarded. 
Therefore  Hiwthorne,  ct  al. .  found  empirically  the  ratio  of  visible  flame  height  to  computed  width 
by  plotting  ' /d  against  w/d  for  tests  on  propane,  hydrogen-propane,  acetylene,  city  gas,  hydrogen, 
CO^  -  city  |  as,  and  CO.  This  gave  the  numerical  constant  of  Equation  19-25. 

Hawt’  ornc,  ot  al. ,  also  obtained  axial  concentrations  as  a  function  of  distance  along  the  flame. 
Whereas  tl  5  reciprocal  of  the  time-mean  concentrations  of  nozzle  fluid  in  a  sample  reduced  to  its 
unreached  constituents  was  found  to  vary  linearly  with  distance  in  the  confimd  flame,  the  recipro¬ 
cal  concentration  increased  more  slowly  at  first  and  at  an  increasingly  rapid  rate  for  the  unconfined 
stream.  On  his  curves  Hawthorne  indicates  the  distances  at  which  combustion  is  99  per  cent  cu>  • 
plcte;  t  is  is  at  a  concentration  of  air  two  or  three  times  as  much  as  required  for  stoichk  »tric 
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combustion.  This  is  a  result  of  an  "unmixedness"  which  is  discussed  extensively.  Even  though  the 
time  average  value  of  the  mixture  is  stoichiometric  at  c  given  point,  there  are  numerous  islands  of 
fuel  and  others  of  oxygen  passing  the  point  in  time,  as  Wohlenberg  has  pointed  out.  Thus,  even  at 
a  stoichiometric  time-average  ratio,  only  a  small  amount  of  fuel  and  oxygen  may  have  had  the  op¬ 
portunity  to  burn.  Before  the  islands  are  broken  up  so  that  all  the  fuel  has  oxygen  within  the  range 
of  molecular  diffusion,  much  more  than  the  necessary  amount  of  oxygen  will  have  been  grossly 
mixed  with  the  fuel.  Further  discussion  of  the  analysis  and  interpretation  of  data  obtained  under 
these  conditions  is  given  in  Reference  19-25. 


Hawthorne,  et  al. ,  in  developing  their  equation  for  flame  height  average  out  radial  variations 
in  concentration,  velocity,  and  temperature.  Baron(  19-26)  accounts  for  the  variation  by  using 
Reichardt's  hypothesis  (See  Chapter  12),  and  obtains  Equation  19-25.  with  a  negligible  change  in 
the  value  of  the  numerical  constant.  Because  of  the  similarity  of  equations,  Baron  identified  sym¬ 
bols  term  to  term  and  thus  identified  Ct  of  Hawthorne,  et  aL,  with  his  concentration  at  the  tip  of 
the  flame;  this  infers  that  the  tip  concentration  is  that  of  a  stoichiometric  mixture.  However,  as 
noted  previously,  the  time-average  tip  concentration  is  tar  leaner  than  stoichiometric.  This  dis¬ 
crepancy  may  be  the  result  of  the  different  spread  coefficient  for  the  cold  and  hot  jets;  this  point 
should  be  investigated  more  carefully. 


Baron  also  computes  the  flame  shape  as 


df 

h 


0.  29 


(19-27) 


and  shows  that  this  agrees  with  a  photograph  of  a  city  gas  flame  taken  by  Wohl,  et  al, ,  (1<,-15) 
Finally,  Baron  indicated  the  procedure  for  analysing  systems  of  multiple,  parallel  jet  flames. 

Wohl,  et  al. ,  ( 1 9-  1 5 1  studied  turbulent  flames  for  jets  of  50  and  100  per  cent  city  gas.  They 
expressed  their  data  in  the  form 


Y_ 

d 


(19-28) 


where  j3  and  y  differ  for  the  two  mixtures.  It  may  be  noted  (and  was  noted  by  Wohl)  that  for  large 
V,  this  is  the  form  developed  in  the  first  part  of  this  section.  Wohl,  et  al. ,  point  out  that  by  adding 
a  small  constant  velocity  to  the  stream  velocity  in  their  equations  for  turbulent  diffusivity,  this 
exact  form  of  equation  is  obtained.  They  also  show  that  reasonable  values  of  |3  can  be  predicted  by 
using  for  the  value  of  a  in  Equation  19-24  the  product  of  0.  00255  (obtained  from  cold  flow  jet  tests) 
and  an  arbitrary  constant  of  about  1. 

Yagi  and  Saji^^”^)  obtained  some  high-speed  photographs  of  turbulent  diffusion  flames, 
which  show  th?.t  at  any  instant,  the  flame  appears  to  have  a  diaphanous  form  extending  over  only 
part  of  the  combustion  zone.  Such  photographs  probably  led  to  their  formulation  of  the  equation  for 
flame  height  as  a  function  of  the  critical  diffusion  across  a  cylindrical  shell  with  the  thickness  pro¬ 
portional  to  the  mixing  length.  The  resulting  equation  for  flame  height  is 


where 


(Y  -  s) 


,  \  1/2 

10.  8  (2  -  log  >)(1  +  M)"1  [(1  -  a)  Q  +  a] 


a=  0  _10o)  (2’3(2“  lo8  7)]'1,  1 00  »  y  >  0  , 


(19-29) 


and  7  is  per  cent  fuel  concentration  at  the  tip  relative  to  the  initial  fuel  concentration,  M  is  the  pri¬ 
mary  air/fucl  ratio.  Q  is  the  theoretical  combustion  gas  volume  without  excess  air,  ^  are  the 
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nozzle  fluid  density  and  mean  flame  density.  Assuming  y  at  the  flame  tip  to  be  3  per  cent*,  Yagi 
and  Saji  computed  flame  lengths  in  good  agreement  with  the  visible  lengths  obtained  by  Hawthorne, 
et  al. ,  and  for  some  previous  data  by  Yagi. 

For  use  of  their  equation  to  predict  the  length  of  pulverized  coal  flames,  Yagi  and  Saji  re¬ 
placed 

(1  +  M)'1  [(1  -  a)  Q  +  a] 


[1.25  Mw~ 1  (1  -  a)  Q'  +a]  , 


where  Mw  is  the  ratio,  by  weight,  of  p  .m  -/  air  to  the  pulverized  coal,  and  Q'  is  the  theoretical 
combustion  gas  volume  (nm^)  per  unit  weight  of  pulverized  coal  (kg).  Again  the  agreement  between 
calculated  and  observed  flame  lengths  is  reasonable,  although  a  y  value  of  1-1/2  per  cent  seems  to 
be  a  better  assumption  than  the  3  per  cent  used  for  gaseous  fuels. 


Thring  and  Newby^^-^)  make  some  remarks,  based  on  similarity  considerations,  about  an 
unconfined  jet  flame  burning  oil.  They  note  that  for  sufficiently  large  Reynolds  numbers  and  h  > 

15  r, 


1 


(19-30) 


where  Cm  is  the  mass  concentration  of  the  nozzle  fluid  on  the  axis,  £  is  the  distance  along  the  axis, 
pf  is  the  density  of  the  flame  gases  at  their  actual  temperature,  p0  is  the  density  of  the  nozzle 
gases  at  their  temperature,  K  is  a  constant  evaluated  from  the  relative  distribution  of  velocity  and 
concentration  normal  to  the  jet  axis,  and  r1  =  r  \lp0/p£.  Thus,  r'  is  the  aperture  of  a  jet  through 
which  the  same  mass  flow  rate  of  nozzle  fluid  will  have  emerged  at  the  same  jet  momentum,  but 
with  the  density  pf  instead  of  pQ.  If  the  original  fuel  jet  is  an  oil  stream  with  high  pre  ;ure  air  or 
steam  injection,  £  is  not  the  actual  nozzle  radius,  d/2,  and 


m 


•Jpf 


(19-31) 


where  m  is  the  mass  flow  rate  of  nozzle  fluid  and  G  is  the  momentum  flow  through  the  nozzle. 
Thring  and  Newby  point  out  that  when  the  effect  of  temperature  change  along  the  axis  is  taken  into 
account,  perfect  similarity  cannot  be  preserved.  They  finally  suggest  that 


Y'  a  a 


10.  5  r' 

-  C't  . 


(19-32) 


where  Y'  is  the  distance  along  the  axis  to  the  point  where  the  time  mean  concentration  of  nozzle 
fluid  is  equal  to  the  stoichiometric  masB  concentration,  C't,  and  0.  9  <  a  <  1.1. 


Enclosed  Flames 


Thring  and  Newby^^”^^  point  out  the  following  differences  between  the  free  jot  and  a  jet 
enclosed  downstream.  The  walls  interfere  with  the  free  expansion  of  the  jet;  the  amount  of  sur¬ 
rounding  fluid  is  finite,  (recirculation  must  occur  beyond  the  point  where  all  the  available  air  is 
entrained);  and  the  jet  momentum  is  eventually  converted  mainly  to  static  pressure.  Thus,  con¬ 
fined  jets,  unlike  free  jets,  are  not  all  similar.  Moreover,  Thring  and  Newby  show  that  for  jets 
in  containers  of  large  diameter,  and  with  large  quantities  of  excess  air,  the  reciprocal  concentra¬ 
tion  on  the  axis  times  the  ratio  of  jet  diameter,  d,  to  container  diameter,  D,  is  proportional  to  the 
ratio  of  axial  distance  to  chamber  diameter.  However,  as  the  third  parameter, 


•  This  is  not  97  per  cent  completion  of  combustion;  such  a  value  would  have  to  come  from  a  gas 
analysis  as  per  Hawthorne,  et  al. 
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increases  (where  ma  is  mass  flow  rate  of  air),  the  curves  fall  off  more  and  more  rapidly  toward  a 
finite  value  of  the  reciprocal  concentration  times  the  diameter  ratio.  This  is  a  result,  of  course 
of  the  finite  amount  of  air,  and  the  recirculation. 

As  with  the  free  jet,  when  combustion  occurs  the  problem  becomes  more  complicated. 

Thring  and  Newby,  in  comparing  the  cold  and  hot  enclosed  jets,  replace  r1  by  m/  GTrpf,  as  be¬ 
fore.  They  then  find  that  tests  on  an  oil-fired  furnace  using  both  air  and  steam  atomization  corre¬ 
late  quite  well  with  cold  flow  tests  on  a  1/ 10-scale  model. 

They  also  discuss  the  "mixedness"  of  Hawthorne,  et  al. ,  and  make  some  computations  on  the 
fraction  >f  fuel  unreacted  at  the  stoichiometric  mixture  position.  Finally,  they  suggest  that  for  a 
jet  in  a  >-y  Xarge  chamber,  but  with  limited  air, 


Y,=  1°.5r,a{_J_.1„,.7(1.£?)} 


(19-33) 


where  C’oo  =  m/(m  +  ma)  and  0.  8  <  a  <  1.2. 

Berry,  et  al. ,  (19-28)  cuiminated  a  series  of  articles  on  turbulent  transport  by  a  study  of  a 
coaxial  flame.  Shortly  after  leaving  straightening  vanes,  the  air  in  a  4-in.  tube  mixeB  with  the 
natural  gas  from  a  central,  1-in.  tube.  Extensive  studies  were  made  of  temperature,  concentra¬ 
tion,  and  velocity  profiles  at  average  cold  flow  velocities  of  10,  25,  and  50  fps.  There  is  some 
as  symmetry  in  the  data  as  a  result  of  both  gravitational  effects  and  the  off-axis  location  of  the 
spark  found  necessary  to  hold  the  flame. 

At  10  and  25  fps,  the  upstream  flame  surface,  as  defined  by  the  1600*F  temperature  profile, 
remains  fixed,  but  at  50  fps  the  profile  moves  downstream.  This  is  taken  by  Berry,  ct  al. ,  as 
indicating  that  the  "flame  velocity"  increases  directly  with  flow  velocity  (or  intensity  of  turbulence) 
at  first,  and  then  less  rapidly,  as  appears  to  be  the  case  in  some  instances  with  premixed  turbulent 
flames.  However,  ouch  an  explanation  leads  to  no  better  understanding  of  the  turbulent  diffusion 
flame. 


Rummel(^-18)(19-4)  rep0rto  the  concentration  and  velocity  (essentially)  curves  of  flat  dif¬ 
fusion  flames  in  which  air  and  fuel  are  introduced  side  by  side  into  a  confined  chamber.  The  con¬ 
centration  curves  are  much  as  would  be  expected  from  the  previous  discussion  of  axially  symmetric 
flames.  Rummel  conducted  model  tests,  in  which  ho  mixed  1/2  per  cent  Hz  in  air  to  simulate  the 
fuel,  and  studied  the  concentrations  in  a  cold  system.  Changes  in  concentration  pattern  as  a  result 
of  velocity  changes  and  changes  in  injection  angle  arc  readily  apparent.  For  instance,  an  increase 
of  impingement  angle  of  the  fuel  and  air  jets  increases  the  rate  of  mixing  considerably.  Thin  is 
interpreted  as  indicating  in  a  combustion  system,  a  considerable  decrease  in  flame  length.  How¬ 
ever,  as  indicated  by  Thring  and  Newby(  19-27)^  it  is  a  long  step  from  a  cold  flow  model  to  a  cor r- 
bustion  system,  if  quantitative  results  are  desired. 


Sawai,  et  al.,  ^ ^ 9-29)  trcat  mathematically  the  flat  flame  system  in  which  gas  and  air  jets  are 
of  the  same  width  and  are  symmetrically  spaced  in  a  combustion  chamber.  They  make  the  same 
assumptions  as  Burke  and  Schumann^*?-  1)(  and  thus  are  forced  to  compute  an  average  velocity  and 
corresponding  jet  concentration  from  the  actual  jet  velocities  and  widths,  and  size  of  the  combustion 
chamber.  Since  they  consider  the  turbulent  case,  the  coefficient  of  eddy  diffusion,  Dt,  is  used  and 
is  assumed  to  be  given  by  aUa  where  U  is  the  average  velocity,  and  a  is  the  chamber  width.  The 
length  of  the  flame  then  becomes 


Y  >-|-ln  £ 

ira  7T 


'  9f  +  q0/i 
.C  i  q  -  qf  +  ^2  „ 


(19-34) 


whe.e  qf  is  the  fuel  flow  rate,  qc  is  the  oxidant  flow  rate,  i  is  the  moles  of  oxidant  required  to  burn 
on<*  mole  of  fuel,  c[  is  the  total  flow  rate  (with  air,  q  £  qf  +  q0),  and  Cj  is  the  concentration  of  fuel 
•  the  flam"  tip.  For  fuel  and  air  jets  each  of  half  the  width  of  the  combustion  chamber,  p  =  2\r2, 
whereas  for  jets  on  opposite  sides  of  the  chamber  and  one-third  its  width,  p  =  9/2.  For  very  small 
jets  of  width,  b,  separated  by  the  small  distance,  6,  and  centered  on  the  axis  p  =  71^(6  +  b)/\£  a. 
This  last  solution  appears  unrealistic,  since  such  a  system  is  more  like  a  close  pair  of  free  jets, 
and  the  diffusivity  would  not  be  a  function  of  a  and  U  as  assumed.  If  Barr's(19-9)  observations  that 
the  length  of  the  axially  symmetric  laminar  flame  is  little  affected  by  the  ratio  of  inner  to  outer 
tube  diam  ;ter,  as  long  as  the  flow  ratios  are  constant,  is  any  indication  of  what  can  happen  in  the 
turbulent  case,  then  the  first  two  solutions  above  may  be  quite  reasonable. 

One  test  was  made  with  a  burner  having  small,  closely  spaced  jets,  and  a  was  determined  as 
0.  016.  Flame  height  was  not  found  to  vary  as  long  as  the  ratio  of  fuel  to  air  velocity  was  pre¬ 
served.  Although  this  result  is  in  agreement  with  the  prediction  of  the  theoretical  equation,  the 
agreement  does  not  confirm  the  theoretical  equation. 

Sawai,  et  al. ,  continued  their  investigation  by  using  model  tests  with  liquids,  in  which 
changes  in  pH  in  the  mixing  zone  between  the  two  liquids  indicate  the  position  of  the  flame  front*. 

As  noted  previously,  such  tests  are  more  of  a  qualitative  than  quantitative  value.  For  the  system 
studied,  in  which  the  wall  jets  are  separated  by  a  partitioning,  it  is  shown,  among  other  things, 
that  "flame  height’1  decreases  with  increasing  excess  air,  increases  slightly  with  increasing 
Reynolds  number,  and  increases  first  and  then  decreases  with  increasing  partition  thickness. 

Hottel  and  Person^9-31/  Btudied  a  different  diffusion  flame  system  from  those  previously 
discussed.  Air  was  introduced  with  a  large  tangential  velocity  component  at  the  lower  end  of  a 
cylindrical  combustion  chamber  about  6  in.  in  diameter.  Fuel  was  admitted  axially  from  a  2-in. 
pipe.  The  completeness  of  combustion  of  the  vortex  combustion  system  at  various  heights  was 
measured,  by  use  of  a  variable  length  chamber,  followed  by  spray  quenching,  mixing,  and  analysis. 
The  completeness  of  combustion  was  found  to  be  independent  of  the  tangential  velocity  or  the  ratio 
of  radial  to  tangential  velocity.  For  a  given  length  of  chamber,  me  combustion  efficiency  in¬ 
creased  about  linearly  with  fuel/air  ratio  to  near  a  maximum,  then  flattened  out  and  ber/an  to  drop 
off  as  the  stoichiometric  ratio  was  approached.  The  peak  efficiency  increased  with  the  length  of 
the  combustion  chamber,  and  occurred  at  lower  values  of  fuel/air  ratio  as  the  length  increased. 

The  first  observations  above  are  explained  on  the  basis  that  an  increase  in  rate  of  through¬ 
put  is  balanced  by  an  increase  in  the  local  rate  of  mixing,  since  the  chemical  reaction  is  so  fast 
that  it  is  not  the  controlling  factor. 

It  is  worth  noting  that,  in  this  system,  an  increase  in  pressure  drop  alone  does  not  corre¬ 
spond  to  an  increase  in  efficiency. 

Cor  nor  ( 19-32)  ancj  Goldenberg^ 1 9-  33)(  19-  34)  ,  r  r  -  amount,  ion  of  solids  in  pipe  form. 

Corner  considers  the  solid-fuel  rock*  :-type  unit,  in  which  heat  transfer  to  the  surface  decomposes 
the  solid,  and  the  vapors  burn  in  the  stream.  Goldenberg  considers  the  carbon  tube  whero  both 
heat  and  oxygen  at  the  surface  are  necessary,  and  a  secondary  reaction  of  the  CO  follows  in  the 
main  stream.  Since  diffusion  is  a  controlling  factor  in  both  of  these  processes,  the  situation  is 
analyzed  on  the  basis  of  turbulent  pipe  flow. 

Goldenberg  also  gives  some  experimental  results  of  gas  composition  at  the  end  of  the  tube, 
with  variables  of  carbon  temperature,  flow  rate,  and  tube  length.  He  indicates  no  disagreement 
with  his  mathematical  analysis,  and  draws  some  conclusions  relating  to  the  chemical  aspects  of 
carbon  combustion.  It  would  seem  that  there  should  be  some  correlation  betweeh  this  work  and 
that  of  Berry,  ct  al. ,  09-28)  on  ^  coaxiai  diffusion  flame. 


♦See  Reference  19*30  for  report  of  other  work  of  this  type. 


CONCLUDINCf  REI 


A  consideration  of  -he  previous  discussions  of  *!  ■  m.  a  1 1  i'.i  ,  >n  (!  ,  msIk  »tes 

there  as-c  many  large  areas  which  should  he  investigate  '-or:.  •!  (net  ••  a  •<*  as  follows: 

Considerably  more  work  is  required  of  the  typ  r  1  has  report.-  1.  This  eoi  .nut  of  iuir>  .  - 
ing  tl  changes  in  the  flame  as  various  parameter:..  ~  <  ”  •>  n  -I'  .  typ,;„ 

flames  (la^i.-ar  c;»ea,  laminar  enclosed,  turbulent  c  ’  ■  1  .lcloaed),  what  changes 

take  place  v.ith  changes  in  (a)  the  ratio  of  primary  air  to  .  uel,  (b)  the  initial  temperature  of  the 
fuel,  (c)  the  flame  temperature,  and  (d)  the  molecular  we:.. it  of  the  fuel’  Some  of  these  effects  are 
known  in  a  ucartered  fashion,  h-  in  many  instances  the  obi>  ■  ations  apply  only  to  a  small  region. 

In  view  of  r-  c  at  irteres4,  in  co.noustion  in  ram  jets  and  turbo  's,  pressure  has  also  become  an 
impcr^ n*.  v.  'a ole. 

The  florae  scaoi. .  _  of  ~  -e  "inous  types  of  diffusion  .umes  •  '  mo.  °  stu  /.  Wliat  lactors 

are  of  basic  importance  in  determining  the  flame  holding  ability  of  laminar  and  turbulent  diffusion 
flames?  In  view  of  Ber.  s  results,  it  might  also  be  asked  how  the  flame  propagates  through  the 
turbulev.  mixture,  a  .  there  are  quenching  effects. 

Sin-re  turbulence  appears  to  be  the  limiting  factor  in  the  rate  of  combustion  of  turbulence 
diffusion  flames,  systems  with  multiple  small  jets  and  systems  using  grids  should  be  studied. 
Result’,  o*  ouch  studies  should  be  valuable  in  the  design  of  practical,  high  duty  combustion  cham¬ 
bers. 


More  attention  should  be  given  to  the  use  of  dimensional  analysis  and  similarities  in  analy¬ 
zing  combustion  data.  Surely,  in  the  many  empirical  and  semiempirical  equations  there  should  be 
some  common  grouping  of  factors. 

The  combustion  of  droplets,  the  ballistics  of  droplets,  and  dispersions  have  been  covered  in 
'irevioua  chapters.  However,  it  should  be  noted  that  more  basic  work  is  required  on  heterogeneous 
combustion  where  liquid  fuels  are  involved. 

The  degree  of  "unmixedness"  is  an  important  parameter  in  turbulent  diffusion  flames.  This 
factor  should  be  investigated  thoroughly,  both  experimentally  and  theoretically,  since  it  is  through 
this  factor  that  time  mean  concentration  can  be  related  to  completeness  of  combustion. 

Attempts  should  also  be  made  to  break  units  like  can-type  comuuators,  and  the  high  pressure 
oil  flame,  into  fundamental  components  which  can  be  studied. 
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